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Abstract

This study shows the conditions for local and global asymptotic stability of the equilibrium points in the nonlinear system
of difference equations
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The boundedness of the positive solutions of the systems is examined. Additionally, the solutions of the systems are investigated.
Numerical examples are presented to show the outcomes.
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1. Introduction

Dynamic equations are essential in modeling various phenomena across in engineering and natural
sciences; see, e.g., [6, 28, 29]. In recent years, interest in studying systems of difference equations has
increased. This interest stems from the desire to find analytical solutions, gain a better understanding of
dynamic behaviors, and apply these concepts in various fields. For example, Riccati difference equation
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This equation is important in population dynamic, engineering, control theory, and mathematical finance.
Most authors who study difference equations provide general forms of solutions. They also investigate
the stability properties of equilibria due to the potential difficulties in determining explicit solutions.
Nonlinear difference equations have been examined, for instance, in [15], where Elsayed studied the
following difference equation:
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Abdul Khaliq and Hassan [25] investigated the properties of a rational equation in one dimension:
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Furthermore, many authors have investigated systems of difference equations. For example, Althagafi

and Ghezal in [16] examined the following system of difference equations:
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Zhang et al. [4] established the existence of closed-form solutions for the system:
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Zn+1 =
Touafek and Elsayed [33] presented the periodic nature of the solution and derived a formula for the

solution of the following system:
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The periodic nature and the form of the solutions of the rational difference equation system

Zny1= " Y1 = Zn
Tz (1Y) YT T Y (—1xZy)

was obtained by Touafek et al. [34]. For additional examples related to the analysis of the behavior of
difference equations and the derivation of solutions, we refer the reader to [1-38]. This paper aims to
extend the analysis from a one-dimensional to a two-dimensional system, as

01Yn—1Zn—4
Z =B1Yn— — = 1.1
n+1 = B1Yn 1+r+Yn_2+Z_4 (1.1)
02724 1Yn_
Vo1 = BoZy_1 + — 5014 (1.2)

T+ anz + Yﬂ*4,

where Z_4, Z_3,Z 5,7 1,7Z0,Y_4,Y_3,Y_2,Y_1,and Y are nonzero real initial conditions. All parameters
are real and positive. We examine the stability characteristics and solution forms of the system.

Our work focuses on enhancing the understanding and applications of complex mathematical models
across various scientific and technological fields by analyzing the dynamics of discrete nonlinear systems.
This study explores systems of difference equations. In Section 1, we provide a detailed review of the rele-
vant literature, highlighting major developments in the field. Section 2 focuses on analyzing the system’s
behavior and presents empirical findings through numerical simulations and graphical representations
that support our theoretical analysis. Finally, Section 3 discusses solutions for specific cases of the system,
along with relevant numerical examples.

2. Analysis of the behavior of system solutions

The behavior of the solution to the system (1.1)-(1.2) is discussed in this section, including their local
and global stability, as well as boundedness properties, under the assumptions.
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2.1. Boundedness of solution

We aim to prove that the positive solutions of system (1.1)-(1.2) are bounded in this subsection.

Lemma 2.1. A condition for the boundedness of the positive solutions of system (1.1)-(1.2) is as follows:

(B2 (B1+81) +8182 (B1+81)] <1 and  [B1(B2+82) +8182 (B2 +82)] <1
Proof. From equation (1.1) we obtain
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we get from equation (1.2),

(B s BaZaaYas ) 81Yn_1Zy_4
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. <f5 zszznlYn2> L8 YaiZo

Y2 Zn s

1(B24n-1+02Zy—1) +01Yn1
8162Z4y 1 V4

B ( )
B1 (B2Zn-1+82Zn-1) + o+ Zn2t Yo
< B1 (BoZn—1+82Zn—1) + 8182 (B2Zy—1 + 82Z—1)

= [B1 (B2 +82) + 8182 (B2 + 02)1 Zy 1
< Zyqif [B1 (B2 +02) + 8102 (B2 +82)] < 1.

Similarly, if [B2 (B1+01)+ 8182 (B1+81)] < 1, we get Y41 < Yy_1. Hence {anYn} >, is decreasing.
Therefore M is upper bound, where M =max{Z_4,7Z 3,7 27 1,7Z0,Z_4,Z_3,Y_1,Yp}. O

2.2. Analysis of stability

Consider tenth-dimensional difference equation system of the form:

Zn—l—l = F(Zn—4/ Yn—4/ Zn—3/ Yn—3/ ZT]—Z; YT]—Z/ Zn—lr Yn—lr Zn/ Yn)/ (21)
YT]+1 = G(ZT]74I YT]74/ ZT]*?)/ YT]*?)/ anzi Yn—zf Zﬂ*llYnfllzn/Yn)/ (22)

where F:1° x I° — T and G : i° x I° — I are continuously differentiable functions and i, I are real numbers
intervals. In addition, the system (2.1)-(2.2) is solution unique and determined by initial conditions
(Zi,Yi) € ixIfori e {—4,0}. We consider the corresponding vector map H = (F, Z,,, Zy,_1,Z—3,G, Yy,
Yn—1, Yn—2, Yn—3), along with system (2.1)-(2.2). The equilibrium point of the map H is the equilibrium
point of (2.1)-(2.2). Let’s assume (Z,Y) is the equilibrium point which satisfies

Z=¥(ZY,2,Y,2,Y,ZN,2Y), Y=G(ZY,ZY,2,Y,ZY,ZY).
Consider (Z,Y) is the equilibrium of the system (1.1)-(1.2). That it is

_ _ 5YZ _ YYAY
Z: Y ——— Y: Z —_— =
PY+ 7y B T

By solving the system above, we obtain that (0,0) is the equilibrium point.

Theorem 2.2. The condition for local asymptotic stability of the equilibrium point (0,0) for the system (1.1)-(1.2)
is 312 < 1 while the equilibrium point is unstable if 3132 > 1.
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Proof. We obtain the linearized system by creating the transformation
(Zn/ YT]/ Z]’]*l/ YT]*l/ anzl Yﬂ*Z/ ZT]73/ YT]73/ ZT]74/ YT]74) — (F/ G/ Fl/ Gl/ FZ/ GZ/ F3/ G3/ F4/ G4)/

where F = Zn+1, G = Yn+1,F1 = ZT]' Gl = YT],FZ = anl, Gz = Yﬂfl' F3 = anz, G3 = Ynfz, F4 = Zn,3, G4 =
Yy—3. The linearized form of system (1.1)-(1.2) is as Wy, 11 = J(Z, Y)W,,, where

Ly

373 3 3 3 <
[ [ =
R W W NN R
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|

3
|

and J(Z,Y) is Jacobian matrix in (Z,Y). The Jacobian matrix for system (1.1)-(1.2) is given by

0 0 0O 0 ¥ 0 V¥ VY3 0 O
1 0 0 0 0 O 0O 0 0 o
0 1 O 0 0 0 0o 0 o0 o
0 0 1 0 0 0 0 O 0 o0
0 Fir. F 0 0 0 0 0 0 Frs |,
0 0 o 0 o1 0 0 0 O
0 0 0O 0 0 0 1 0O 0 O
0 0 O 0 0o 0 0 1T 0 O
O 0 0 0O O 0O o o0 1 o
where
51Y 4 1Y 1Z 4 5,7 4 81Y 1Z 4
= - ’ Y, = + WYy =— ’
YT Yo+ Zy) (r+Y o+2Z 4) 2=P1 (r+Y 2+Z 4) > (r+Y o+2Z 4)?
51Y_4 812 1Y_4 5,Y_1 5,V 174
F1= + ’ For=— 7 F3= - .
B N P 2t Z a4 Y ) YT YL Z ) (r+Y ,+Z )

The characteristic equation about equilibrium point (0,0) is given by A!® — 3;3,A% = 0. Then, all eigenval-
ues lie inside open unit disk if 3132 < 1. Hence the point (0, 0) is locally asymptotically stable according to
Rouche’s theorem. Define the following function: Q(A) = A1 — B;3,A% = 0. We have limy_, Q(A) = oo,
if Q(1) = —PB1P2+1 < 0, indicating that there is one at least eigenvalue greater than one. This implies
that the equilibrium point is unstable. O

2.3. Analysis of the global attractor
The character of global attractor of the system (1.1)-(1.2) will be discussed in this subsection.

T2B14+81M2) (122 +8,M?)
T‘4

Theorem 2.3. If X _!
attractor.

< 1, then the equilibrium point of system (1.1)-(1.2) is a global

Proof. Letting F(Y, Y2, Z1) = B1Y + 4125, G(Z, Zo, Y1) = B2Z + 13357}, hence

E _ B . 6121 oF _ 51Y(T+Y2) ﬁ o —61Y21
oY P riv, 7y 0Z1  (t+Ya+21)? Yo (T4 Ya+21)?
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E_ﬁJrL 0G _ &Z(r+7,) 0G =57V
Z P rrz+vy N1 (r+2Zo+Y,)? 0Z, (r+ Y142

Hence, F is decreasing in Y, and increasing in Y, Z;. G is decreasing in Z, and increasing in Y, Z. Suppose
that (uq, Uy, up, Uy) is a solution of

d1UpUp S U Uy
=B U+ —, U, =Ry + ———=—, 2.3
Bill (r+ U + 1) 2= Pa2th (r+w + U) 23)
51u1u2 62u1u2
w=pu+——- W =PRouy + — . 2.4
1= Bruz CEETERT) 2 = Pow CERTRESTY (2.4)
Multiplying Eqgs. (2.3) by ulluz and Egs. (2.4) by ﬁ, we obtain
1 B 01 1 B2 &2
i e =t
u, Uy (T+U1 +u2) Uy u, (T+u1 +U2)
L I B 1 B, %
up up (r+u1 +U2), uq Uy (T+U1+LL2)'
Subtracting the equations,
W-w fh-—w) &sr+Uh+w—r—uw—U)
Uou, [UERVE} (r+U+u) (r+uw +Up) ~
W—w  PaUa—w) SHrtu+U—r—U —u)
[UERVE] Uoup (r+ U +u) (r+U; +up) ~
U —up By (U —w) n S1(r+Up+uy—r—u; —Up)
U2U2 U1u1 T2 ’
W—w _ P2 (Uy —u) n Hr+u+Uy—r—U; —uy)
u1u1 UZLLZ T2 !
2+ 81 Usuy mB1 + 51Uy
Uy —wp) [ L o222 ) gy gy ((DPLTOIEIM )
e U ey
TZ + 62U1u1 262 + 62u2u2
Uy — ) (D225 oy,
(Up —uq) < Uy > 2 —Up) < 1T ) ,
2 2
Bl + 61U1u1 T u2u2
U, — 2.
( 2 LLZ < r2u1u1 T‘2 + 61U2u2 ! ( 5)
2 2
[32 + 62U.2u2 T Ulul
u; — (Upy — . 2.6
( 1 2 U.z ( T‘ZUZUQ T2 + 62U1u1 ( )
From (2.5) and (2.6), we get
T2[31 + 61 Uuq 1‘2[52 + 0o Usruy T2f31 + 51M2 Tzﬁz + 52M2
u, — u, — < (Up — p
(U ~u2) < (U — 1) < 2+ 8 Uy > < 2 + 81 Upuy > (U2 =) ( 2 ) < 2 >

2 2 2 2
therefore, (U, —uy) (1 —K) < 0, where X :(r PitoM 14“ pato:M?) < 1, it follows U, = u,. Similarly, we

get Up = uy. O

2.4. Numerical examples
We confirm the results of this section by providing examples.
Example 2.4. Consider 31 =0.2,3, =0.2,8; = 0.3,8;, = 0.3, 7 = 0.2. Hence, the system becomes as follows:
0.3YnZn—1 0.3Z,Yn—1
0'2+YT1 —I—Zn,l, 0'2+ZT] :|:Yn,1’

with initial conditions Z_4 = 0.6,Z_3 =0.6,Z_, =05,Z_1 =09,Z3 =05,Y_4 =0.1,Y_ 3 =0.1,Y_, =
0.7,Y_1 =0.3,Yy = 0.3. Since 3132 < 1. Then, (0,0) is locally stable (see Figure 1).

Zni1 =02Y, +

Yy i1 =027, +
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Example 2.5. Assume that 3; = 0.2, 3, =0.2,81 = 0.3, = 0.3, = 0.2. Then the system can be written as:

1.4Y,Z,,_
Zoi1=05Y, + nen

with initial conditions

. Yo =01Z
10+Yy+2Zy 1 nt

52, Yn_1

IC1: Z,4 == 10, Z,3 == 6, Z,2 = 5, Z,1 = 9, ZO == 5,Y,4 = 1,Y,3 == 1,Y,2 == 7,Y,1 = 3,Y0 = 3,‘
1C2: Z,4 == 9, Z,3 = 5, Z,Q == 4, Z,1 = 8, ZO = 4, Y,4 == 4, Y,3 = 4, Y72 == 6, Y,1 = 2, YO == 2;
IC3: Z 4y =11,Z 3=7,Z =67 1=10,Z0=6,Y_ 4 =1,Y 3=6,Y ,=8,Y_ 1 =4,Y) =4.

Since X =0.9979 < 1. Then (0, 0) is globally stable (see Figure 2).

Example 2.6. Suppose that 31 =5, =1,8; = 3,02 =2,r =1, then the system is expressed as:

14Y,Zy 4

ZT]+1 == 2Y +

P10+ Yy +Zy

YT]+1 — ZT] +

52y Va1

and IC1-IC3 are initial conditions. Since 3132 > 1, then (0,0) is unstable (see Figure 3).

Figure 1: This figure illustrates that the point (0, 0) is unsta-
ble for system (1.1)-(1.2).

x10
T

Figure 3: This figure illustrates Unstable of the point (0,0)
of system (1.1)-(1.2) with IC1-IC3.

x10*
;

Figure 2: This figure illustrates Unstable of the point (0,0)
of system (1.1)-(1.2) with IC1-IC3.

Figure 4: This figure illustrates that (0,0) is globally stabe
for the system (1.1)-(1.2) with IC1-IC3.
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Figure 5: This figure illustrates that (0,0) is globally stabe for the system (1.1)-(1.2) with IC1-IC3.

3. Solutions formulation for system (1.1)-(1.2)

In this part, our goal is to solve two cases of system (1.1)-(1.2) where all initial values are nonzero
numbers and 1 € .

. . . Zy 4Yn1 o Zy 1Yn_4
3.1. Solution formulations for system Zy 1 = Ynq—1 + YooZoy Yn41 =Zy—1+ p =

The solution of the system

Zn Yo
Yo 2—Zn 4

anlYn,A}

fu1 =Yo-1 Zo2 Vs

s Yne1 =Zy1+ 3.1)

is investigated in this subsection where all initial conditions are nonzero real arbitrary numbers and 1 € o.

Theorem 3.1. Forn = 1,2,..., the solution of difference equations system (3.1), {Zn Yy}, is expressed as the
following equations

—1,m-1,m-1 -1
—21, 2% 2y YLYLY

Lipn—11 = —— — ——— —,
" 2N Y = Z )V Y = Z) " IY Y N (Z Y ) (Z oY)
~Z"7 Y v
Lipn—10 = —— — ,
" 20N Y =2 )" 2N Z Y )T
APV ANy S U U A
Zim—9 = n—1 n—1 n—1ym—1 n n’
LY (Zg—=Y o) (Yo —2Zo)" Y3  (Yu—2Z )" (Z2—Y))
~Z 57" 23 (1Y g
e I ANS AN n
1 (Z3—Y_q) 2y (Y3—2Z4)
—1 —1
Zi o — VAR ARV AL IS (R
I Y= Z )" (Y= Z) Y (Z = Y ) (Z = Y)Y
~Z"7Z9Y" Yy
Lim—6 = — —— —,
T (Z =Y )Y (Y -z )]
-1
Zi s — S APYASY A NN
2 (Z =Y )M (Z = Y)Y (Y = Z ) (Y —Zp)" !
FANVANARY,
Lipg—4 = — —

2N Y3 —Z )Y (Z - Y )
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S 20,20, 23V, Yy |
2V (Yo=Y ) (Z = Yo)" Y (Zy— Z )" (Y5 — Zp)"
Ziogn—2 = Al Z_zZ‘l%ZS:LYS T
2423 =Y )Y, (Y 3—-2Z4)
Zizn—1 = 7 7 anznT]ﬁg\TZYﬂlYg 7 n/
D (Zg =Y ) N (Z o= Y)Y, (Yoyu —Z )" (Yo — Zyo)
n zn+lymn yn
len = yal (z le Z())n le(io —Z )V
N (Z =Y )"Y (Y324
S _:szlvjllyg_ll zjflzll 2! -
YU (Zg =Y ) (2= Yo)V 20 (You—Z )" (Y — Zp)"
Yion—10 = —YﬂlegflzLZS ,
YU Z =Y ) Y (Y 5= Z )"
Vom0 — _1YE2YLY81§11212‘}1128 ,
YO (You—Z )" (Z=Yo)V 20 (Zy — Y )V (Yoo — Zp)"
_ M yN(_1yn7n—17,n-1
o
Ny Y3—27 4 1, (Z3—-Y 4
—— RSN AN Rra)
YU (Zoy =Y )V (2= Y)" 2N (You —Z )" (Yoo — Zp)"
Yion—6 = — ETIYQZLZQ ,
YO, (Y 3—Z )2V (Z Y )"
Yizy 5= —YLYLYG 111112211123 .
Y (Yu—Z )" (Yoo = Zo)" 20 (Z s — Y )" (Z — Yp)"
Yion—4 = — YLY(T)] ZLZS ’
YO, (Z3—=Y )" 20 (Y 3—Z )"
N R AR AR AN S |
YIS HZ g = Z )" (Y2 = Zo)" 205 (Yos = Y 2)" (Z 2 — Yp)"
n ynzn 7N
Vi 2 = vy ey
Y3 —Z )72V (Z 3-Y 4
Yizn-1 = ‘4 m YEZYETl@ZT?zZLZS n n
DAYy —Z )" (Yo —Zo)" 22, (Z 4 =Y 2)" (Z2—Y))
Vi = Y Yptizn, 70

YO, (Y 3—Z )" 2" (Z_5—Y_ 1)V

where Z_4, 7 _3,Z_5,7_1,7Z0,Y_4,Y_3,Y_5, Y_1, and Zy are initial values.

Proof. Our result holds for 1 = 1. Suppose that 1 > 0 and for n — 1, our assumption holds which is
—211;1211]1ZE_ZYlleL_lYS_l

2N Z =Y ) T Z Y)Y A (Y = Z )V R (Y- 2

Z’lflz}}‘lYL‘lYS‘l

2" a—z )Y Nz -y Y

Zigm—17 =

Zigm—16 =
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—1 —1 —1 —1 —1
PPV AN

Lim—15 = —— — — — —
k 2V (Y=Y )" Z = Y)Y (Z = Z ) (Y= Zo)
U )2
k 2N Z =Y )Y (Y -z
Zﬂ—lzl Zﬂ—lyﬂ—lyﬂ—lyﬂ—l
Zizn—13 = n—1 n—1 2 ?1*1 712—1 . n—1 n—1’
LY (L= Y o) (Za—=Yo)' YL (Y u—Z )" (Yo —Zo)
Lipgn—12 = (_1)117121:128\@1_1\@_1
k 2N Z =Y ) T (Y =z
Yion-17 = 55 n—1 = n0,1 n—zz S n—2 n—2’
Y (Yu—Z )" (Yo—Zo)" 2157 (24— Y 2)" " (Z2—Y0)
RN | e
Yz Y)Y (Y -z
ynotynyngzndznizn—t
Yion-15 = 5 n—1 S n(Ll 7271—171 ° n—1 n—1’
Y, (Z oy —Z )" (Ya—2Zo)" 215 (Yyu =Y 2)'  (Z2—Y0)
Y_ YN tyntznstzn-t
Yion-14 = —— 10 — —/
YV (Y3 —Z )" 20 (Z3—Y_q)"
Yoyl yntznoiznizn-t
Yion-13 = 55 n—1 S Onfl 7712—1 - n—1 n—1’
Yo (Yu—Z )" (Ya—Zo)" 215 (Z4—Y2)"  (Z2—Y0)
Yion—12 = (_1)n71YEI1Y(TJ]ZTlIlZg_1
no12 =

VI (Y =2 2 Z sy )
Now we find from Eq. (3.1) that

Yi2n—13Z12n—16
Yion—14 — Z12n—16

Zipn—11 = Yion-13 +
YE;1Y2I1Y371 legl ZEII Z10—|71
YU Y —Z ) (Y= Z) ' 20N (Z =Y ) H(Z Y !
YooY tyg izt zg ! B VAR A G
VI (Yos—Zo )" 20N 2=y 2 (Y2 ) Y (Z Y )T
—1-m—1yn—1yn—1
Z" 7YY
1 %o 1 Yo
X n—2 n—1yn—1 n—2
20, (Y 3—Z )" Y, (Z3—-Y_)
nglelleg)]flziglzizlzgfl
VI YUY 4=Z )" (Y = Zo)" 20 (Z s =Y ) (Z oY)
N YooY gtz ez 2 gz,
YUY =2 )" 20N (Z -y )
Zzn iz tyn tyn -t
1 %0 1 Yo
—— P pp—— p—
20, (Y 3—Z )" Y, (Z3—Y )
Yy gtz izt ze » (—nntzntze gt
YUY 4=Z )Y p—Z0)" 20N (Z Y ) N Z oY) 1
YooY )zt za oz tza iy oz,
1
n—1lyn—1yn—-1-n—1-m—15,n-—-1
YOV Y 2,2 7

B YUYy Z ) (Y= Zo) 20N (Z s Y ) T (Z - Y

= Yion—13 +

= Yion—13 +
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: AP AR AR AT A
YUY 4= Z )V (Y= Z) 2 (Z =Y ) (Z = Yo
_ YO YN Tz 2N 2 (2 Y~ Z )
YUY 4= Z )V (Y= Z) 2 (Z =Y ) (Z = Yo
LYYz, 2 g

YN Y= Z )V (Y= Zg)" T 2N (Z Y ) (Z Y)Y

All remaining relations can be proved in the same manner. O

Example 3.2. Let the difference system (3.1) with the nonzero initial values Z_4 = 1,Z 3= 3,Z_, =
1,2 1=3,Z0=1,Y_4=4Y 3=2,Y_ »=4Y_1 =2,Yy) =4 (see Figure 6).

50

40

30

20

X(n),Y(n)

-20

-30

-40

Figure 6: Solution of system (3.1).

. . Zy 4Ynq Zy_1Yn—4
3.2. Solution formulations for system Z, 11 = Yy_1 + Ty Y1 = Lnat 2N

The solution of the following system
Zy—4Yn—1
ZTI 4+ Yno2

Ly 1Yn—4

fni1 =Wo-1 Zooa t Vos'

, Yni1=Zno1+ (32)

is discussed in the subsection where 1 € ; and the initial conditions are real nonzero arbitrary numbers.

Theorem 3.3. Forn =1,2,..., the solution of difference equations system (3.2), {ZnYn 321, is expressed as follows

j=1 j=1
n—1
.Hl ((Xo5—1 +Waj_1)Y_3+ Zpj1Z_1) (szlefz +
=
n n—1
11 (Xoj—1Z_4+Woj—1Y_2) TT (XojY—4+WojZ_5) (Xoj_1Y—2 +Waj_1Zy)
j

n n—1
Yoq TT ((Xoj—1 +2Waj1)Y_3+ (Xoj—1 + Waj—1)Z_1) (Xp5Z_5 + W5 Yp) 11 ((Xaj +2Wo;)Z_5 4 (Xoj + Wa;)Y_1)

Zigm—11 =

. n-1 .
Xy Zo) I1 (szY,4+ %272>
=1

= ):1

1 ) n ) 4
H1 ((Xoj +Wo5)Z_3+Z55Y_4) (sz Z 5+ %%) .1_[1 (W2j71274 + XZYI Y72>
j= j=

—_

X
n

—1
Yojl_[ ((X2j —1+2W2j 1) Z 4+ (X25 1+W2j 1) Y ) ((X5+2Wj )5 Y 2+ (X5 1+ Wo; 71)Z0)>ln_[1(X2j 1Z 3+Wa5 1Y )
Zipgn_10 = ——— = —— .
IE[ (sz 1273+$Y71)HH ((ij 1+W2i71>zf4+ZjY72>((X21 1+Wo5 )Y 2+Zy; 1Zo)nl_[ (WZij?)JF%Zfl)
j=1 j=1 7=
n—1
TT ((Xo5 +2Wo3)Y_y + (Xoj + Wa5)Z_2) ((Xgj +2Waj)5Z_2 + (Xg5 + Waj)Y0) 1
j=1
« ) — (ij Y_ 3+ szZ,l) ,
IT ((Xgj +Waj) Yoy + Zo5Z5) ((Xoj—1 +Waj—1) Zo + Z25—1Y0) =1
=1
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n—1 n—1
Z_4 '1:[1 (X251 +2Waj_1)Z_3+ (Xpj—1 + Waj_1)Y_1) '1:[1 (X5 Z_g + W5 Y_5) (Xp5Y_p + WojZp)
2121]79 = L n—1 n—1 =
TT (01 +Waj 1)Z 5+ 2Y1) 1‘[ (WayYo+28.20) (WyZ 4+ 2527 5)
j= j=
n—1 n
Hl ((Xz) +2W2] )Y_3+ (le +W2] ) H (X2j71Y,4 +W2j,1Z,2) (ij,lzfz +W2j,1Y0)
]7 :
X
n—1 n , A ’
Hl ((Xoj +Wo3)Y_3 + Z25Z_1) l_[ (Wijlsz + X2§71 Yo) <W2j71Y74 + X2§71 Z,2)
]7 :
n— n—1
Zy _l:[1 (X251 +2Wa5_1)Z_5 + (Xpj—1 + Waj—1)Y) '1:[1 ((Xoj +2Wo5)Z_4 + (X5 + Woj)Y_2) (X5 Z_3 + Wa;Y_1)
Zion g = —— | = —
'H1 ((ij + sz) 274 + sz ) <W2)Z 3 + Y ) H ((X2j71 +W2j,1) 272 + ZijlYO)
j= j=1
n—1
TT ((Xgj +2Way) Yoo + (Xo5 + Waj)Z)
X =1
a Xaj 1
'H1 ((X2j—1+Waj_1) Yoy + Zp51Z») <W2571Y73 + Tzfl>
j=
n n
1_[1 ((Xoj—1 +2Wa5_1)Y_4 + (Xj—1 + Waj_1)Z_5) l_[ (Xoj—1Y—3+Wp1Z_1)
j= j=1
X n_1 ,
1T ((Xej +Waj) Yoo + 22y 20)
J:

n—1 —
Y4 .l_[ ((Xg5 +2Wo35)Z_3 4 (Xp5 + Wo3)Y_q) H (Xo5Z_p+W2jYp) (Xo5Y_s +Wo;Z_5)
Lipyy—7 = = — —
H ((Xo5 +Wa3)Z 3+ Zp5 Y )(szz,ﬁ%vo) (WZJY 7 )

= H

((Xpj—1+2Waj_1)Y_3 4 (Xpj—1 + Waj_1)Z_1) (X2j—1Z_4 + Waj_1Y_5) n

X m - -~ I I (X2j71Y72 +W2j,120) ,
.Hl ((ijfl + sz,l)Y,:g + Z2j,12,1) <W2j71Y72 + zﬁil Zo) <W2j71Z74 + %Yfz) j=1
j=

\..
||
iR

n—1
Yo .Hl ((ij + 2W2j )Y_4+ (ij + sz )Z,z) ((ij + 2W2j )jZ,Z + (ij + sz )YO) (ij Y_ 3+ szZ,l)

Zigm—6= —

.Hl <W2j Y_3+ %Z,1> ((ij + sz) Z 5+ Z2j Yo) ((X2j + sz) Y_4+ Z2j Z,z)
]:

((Xaj—1 +2W2a5_1)5Y_2 + (X251 + Waj—1)Zo) ((Xaj—1 +2Wa5_1)Z_4 + (Xpj—1 + Waj_1)Y_2)

fa®

—.

bl )
.l_[l <W2j71273 + #Yfl) ((X2j—1+Waj_1) Z_g+ Z25_1Y_)
]:

" (Xoj—1Z_3+Woj_1Y_1)
(X251 +Waj—1) Yoo + Zp5_1Zp)’

n—1 Ll
VAR .1_[1 ((Xgj +2Wo)Y_3 + (Xpj + Wo)Z_1) (XgjY_2 + Wa;Zg) .Hl (Xoj—1Y—a+Wpj1Z_5)
o =

]7
Zipn—5= -

n n X
'1‘[1 ((Xa5 +Waj)Y_3 + Zoj Z_1) (Wz,z ,t ’YO) .1‘[1 <W]-Y,4+ %Z,z)
j= =

¥

(Xgj—1Z 2+ Woj—1Y0) ((Xgj—1 +2Waj—1)Z_3 4 (Xpj—1 + Waj_1)Y_1) (Xo5Z_4+ W Y_3)
8 a X251 ’
I1 (W2j—1Y—2 + TZO> ((Xaj—1+Waj—1)Z_3+Zpj—1Y_1)

=1

—.
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n—-1 |
Zy 'H1 ((ij +2W2j]Z,4 + (ij +W2j)Y ) ((le +2W2))Y 2+ (X2] +W2) Zo) H (X2j71Y73 +W2j,1Z,1)

leﬂi‘l - = il X, n—1
.Hl (sz,lY,_g + %Z,1> .Hl ((X2j + sz) Z74 + sz Y,z) ((ij + sz) Y o+ sz Zo)
)= )=

(Xgj—1+2Wa5_1)Z 2 + (Xoj—1 + Waj—1)Yo) ((Xaj—1 +2Wa5_1)Y_g + (Xoj_1 + Woj_1)Z_2)

fan®

—.

(X251 +Waj—1) Z_a+ Z5-1Yo) ((Xoj—1 + Waj—1) Z_2 + Zpj_1Y_4)

f=_

)

I (X235 + Wo5Z_1)
>< 7
WoiZ g+ 38y )

_
Il
—

:]:

n
Y, Hl ((XZJ +2W2] )Z 3+ (X2] + WZ] ) Hl (X2j71Z74 +Wz) 1Y ) (XZj —1 YfZ + sz 1ZO)
2121173 = ;_1 - ( )=

((Xpj5 +Waoj)Z_54ZpY_1) T]

X5-1 Xa5-1
; Wz) Yoo+ )2 Zy Wz] WAES )2 Y_»
j= j=1

(XZJY 4+ Y 2 Z,z)

I :]:

n
.Hl (X251 +2Waj_1)Y_3 + (Xpj_1 + Waj_1)Z_1)
= j

n n _

TT ((Xoj—1 +Wa51)Y_5 + Zpj1Z 1) [T szz—2+%Y0 (Xo3Y_s + W, Z_5)
i1
s

’

\_a
Il
-

n n
Yo 1_[1 ((Xgj +2Wo5)Z 5 + (Xp5 + Wa;)Y) l_[l ((Xgj—1 +2Wa5_1)Z_4 + (Xj—1 + Woj_1)Y_2) (Xpj—1Z_3+ Waj_1Y_1)
= =

n n—1
Hl ((Xoj—1 +Waj—1) Z_s + Zo5_1Y_5) <W2j71 Z 3+ X%*l Y—l) .Hl ((Xoj +Waj) Z_p+ Z5;Yp)
s j=

n n
11 ((X2] 1+ 2W2) )Y o+ (XzJ 1 +W2] 1 Z()) 11 ( ij + 2W2)-]Y_4 + (ij Jrsz )Z_z) (ij Y_3+ WQjZ_l)
% j=1 . j=1 .
H1 ((X2) 1+ Wzl 1) Y o+ ZZ) 120) H1 (WZJ Y_3 + Z ) ((ij + sz) Y_ 4+ sz Z_z)

= j

n n
271.1'[1( Xoj—1 4+ 2Woj_1)Z_3 + (Xpj—1 +Wrj_1)Y_1) H (Xoj—1Y—4+Waj_1Z_3) (Xoj—1Z_p +W2j_1Yp)

Zign—1=

0 Xoj Xoj_
.Hl ((Xj—1 +Waj_1)Z_3+ Z3j—1Y_1) (Wijlsz + == Yo) <W2j71Y74 + == Z,2>
j=

n
TT ((Xgj +2Wo5)Y_3 + (Xoj +Woj)Z_1) (XojZ—4 + Wo3Y_3) (Xp5Y_2 +Wa;Zo)
X =1 n 7
T ((Xgj + Way)Y5 + Zp5Z )(Wz]Y_er Jzo) (wzlz s ’Y_)

_.
Il
—

0
I1 (W2] 1Y_3+ 2’ —Z_ > (X251 +2Woj—1) Yoy + (Xoj—1 + Waj_1) Z_2) ((Xoj—1 + Waj—1) Z_2 + Zr;_1Y0)

=
n
TT ((Xaj +2Waj)Y_a + (X5 +Wa;)Zp) ((Xaj +2Waj)Z s + (Xaj + Wo;)Y_2) (Xgj—1Y—3 +Woj-1Z1)

>< 4

n
11 (WasZos+ 25Y 1) ((Xaj +2Way) Zoa+ (Xaj + Way) Yoa) (Xaj + Way) Yoo + Zay Zo)
j=1

n—1
VAR _l_[l ((Xpj—1+2Waj_1)Z_3+ (Xaj—1 + Waj_1)Y_1) (XojY_2 + Wa; Z) 1_[1 (X5 +2Wa;)Y_3 + (Xo5 + Wo5)Z_4)
]: =

Yion—11 = o1 n—1
Xo:
'H1 ((Xoj—1 +Waj—1)Z_3+ Zpj—1Y_1) <W2] 1Zp+ 22y, ) H <W2jZ—4 + %Y—2>
j= j=1
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n n—1
jl;[l (Xoj—1Y_4+Woj_1Z_5) jl;[l (XpjZ_g + W5 Y_5) (Xpj_1Z_p + Waj_1Yp)
X - n Xoi s 7
_Hl ((Xgj + W)Y 34+ ZpZ_4) <W2;Y 2+ Zo) .1_[1 (W2j71Y74 + =5 Z,2>
j= j=

n—1

Zo [T ((X2j—14+2Waj 1) Y 4+ (Xoj 14+Waj 1) Z ) ((X54+2W;)5Z 24 (Xoj 1+Wa5 1) Yo) TT (Xo5 1Y 3+Wo; 1Z )
i ;

Yion-10 = 5 —

Xoi n n—1 X s
I1 (Wz; 1Y +422*12—1) [T ((X2571+W2] 1) 74+ZjZfz)((X2171+W2j71)272+sz71Y0] 11 (Wz;‘Zfer%szl)
j=1 j=1 j=1

=

n—1
.Hl (X5 +2Wpj)Z g+ (Xoj + Wo;)Y_2) ((Xoj +2Waj)5Y_2 + (Xoj +Waj)Zo) 1
« = — H (X2j2_3 +W2jY_1) ,
T (X +Waj) Zoa + Z5¥o0) (Xyo1 + Woyo1) Yoo + Z2jaZ0) - 07
=
n—1 n—1
Y1 .l_[l ((Xgj—1 +2Wa_1)Y_3 + (Xoj—1 + Woj_1)Z_1) .1_[1 (Xo3Y_g +Wa5Z_3) (Xo5Z_2 + W5 Y)
Yion—9 = — -1 n—1 =
‘1‘[1 ((Xg5 1 +Way 1)Y 3+2Z5Z 1) 1‘[ (W2]Z 2+—Y0) (WZJY i+ Bz )
j= j=
n—1 bl
[T ((Xoj +2Wo5)Z_3 + (X5 + Wo;)Y_1) H (Xoj—1Z—4 +Woj_1Y_3) (Xoj—1Y_2 + Waj_1Zy)
X j=1 1 1 =1 7
Hl ((Xoj +Wo35)Z_3 4 Zp;Y_1) H ( ) <W2j71274 + X%*l Yfz)
= =1
n—1 n—1
Yo ‘Hl ((X2j71 + 2W2j71)Y72 + (Xijl + W2j—1)zo) ‘Hl ((ij +2W2j WY 4+ (ij + sz )Zfz) (ijY,3 + sz Z,1)
Yion—g = —— — = p—
.1‘[1 ((Xoy +Waj) Y 4+ Zo 2 )<W2]Y,3+ Xz ) 1‘[ ((Xgj 1 +Way 1) Y o+ Zoj 12,)
j= j=1
n—1
.Hl ((Xg5 +2Wo3)Z 5 + (Xz5 + Wa;)Y)
j=
8 a Xaj 1
.1_[1 (X251 +Waj—1) Z_4+ Zp51Y_) <W2j71273 + =5 Y71>
]:
n n
1_[1 ((Xpj—1 +2Wo5_1)Z_4 + (Xpj—1 + Waj_1)Y_2) 1_[ (Xoj—1Z—3+Wpj_1Y_1)
j= j=1
X — ,
'H1 ((ij + sz) VAR VAT Yo)
]:
n—1 n—1
Z 4 .1:[1 ((ij +2W2j Y 3+ (ij + sz)Z,l) .1:[1 (ij Y_o,+ sz Zo) (ijZ,4 + szY,z)
Y12T|77 = = n—1 =
1‘[1 ((Xaj +Wa;)Y 3+ Z2iZ 1) (wzjv_2+%zo) (wz)z A )
j=
n
1_[1 (X251 +2Waj_1)Z_3+ (Xpj—1 + Woj—1)Y_1) (Xoj—1Y_g4 +Woj_1Z_5) n
X = -~ -~ [T X122+ Wa51Y),
Hl((Xz] 1+ Wa5_1)Z_3+ Z35-1Y_1) (Wijlsz"‘ zﬁleo) (W2j71Y74+ o Zfz)izl
=
n—1
Zy 'H1 ((Xgj +2Wo5)Z_4 + (Xgj + Wo3)Y_2) ((Xaj +2Waj)5Y_2 + (Xoj + Waj)Zg) (Xo5Z—3 + Wa;5Y_1)
Yion—6 = — —
I (WasZos+ 3Y 1) ((Xaj + Way) Yoo+ 25 Zo) ((Xoj +Waj) Z-a+ 25y Y o)
i
n
.1_[1 ((Xgj—1+2Wo5_1)5Z 5 + (Xoj—1 + Waj—1)Yo) ((Xoj—1 +2Wa5_1)Y_g + (Xoj—1 + Woj_1)Z_3)
j=
X

il )
'H1 (WZj—lY—3 + Xzifl Z—1) ((Xoj—1+Waj1) Yoy + Zoj1Z_5)
]:
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o (Xoj—1Y_3+Wpj_1Z_1)
(X251 +Waj—1) Z_o+ Zr51Yo)’

n—1 il
Y1 Hl ((Xg5 +2Wo5)Z 3+ (Xg5 + Wa;)Y_1) (Xp5Z_2 + Wa;Yo) Hl (Xoj—1Z—4+Waj_1Y_)
j= j=

Yion-s5 = — T

T .
-H1 ((ng + sz Z_3+ sz ) <W2]Y o+ H Zo) -H1 <sz_4 + %Y_z)
j= =
n
Hl (Xoj—1Y—2 +Waj—_1Zg) ((Xgj—1 +2Waj—1)Y_3+ (Xpj—1 + Waj_1)Z_1) (Xo5Y_4 + W Z_5)
j=
X 7

0
Xaj_

'H1 (Wijlsz + == 1Y0) (X251 +Waj—1)Y_3+ Zpj_1Z_1)

j=

n—1 l
Yo .Hl ((Xaj +2W23)Y_4 + (X5 + Wa3)Z_3) ((Xpj +2Wa3)Z_5 + (Xoj + Wa;)Yo) H (Xpj—1Z_3+Wpj_1Y_)

Yion—4 =
n Xoi n—1
.Hl (sz,lz,3 + %Y,l) 'Hl ((ij + sz) Y_4+ szZ,z) ((ij +W2j) Z 5+ szYo)
j= j=
_lﬂ[((xz; 1 2Wa5 1) Y o+ (Xoj 1+ Waj 1) Zo) (X2 14+2Woj5 1) Z 4+ (X5 1 +Waj1)Y ») -‘1 (X2; W _3+WoY )
x 1= j=1 ,
»12[1 (X25 1+Wa5 1)Y 2+2Z25 1Z0) ((X25 1+Waj 1)Y 2+2Z25 1Z 4) IE[ (W21Y73+ Pz )
i= i=1
n—1 n
Z_4q 'Hl ( Xz) +2W2])Y 3+ (le +W2] ) H (X2j71Y74 +W2) 1Z ) (XZJ 1Z 2+ W, 2 1YO)
Vi3 = n-1 n X,. X,.
[T (X5 +Wao5)Y_3+Z5Z 1) 1 <Wz, Lo+ Yo) (Wz] LYo+ Zfz)
L x|
n n
[T (Xgj—1+2Wa5_1)Z_3 + (Xgj—1 + Waj_1)Y_1) l_[ (XojZ_g+ W, Y_3)
% ]:1 A " ]: ’
.Hl ((Xoj—1 +Waj_1)Z_3+ Z35-1Y_1) .Hl ( Yoo+ - Zo) (Xg3Z_4+ W, Y_3)
]: S
n—1 n
Z _Hl ((Xgj +2Wo5)Y_2 + (Xpj + Wh3)Zy) H ((Xgj—1 4+ 2Wa5_1)Y_g + (Xoj—1 + Waj_1)Z_3) (Xpj—1Y_3 + Waj_1Z_4)
Yion—2 = — = — —
TT ((Xj-1+Waj 1) Y st Zog 1Z 5) (Way 1Y s+ 33727 1) TT ((Xaj +Waj) Y_2 + Z2; Z)
Ll 2j—1 2j—1) T—4 2j—14-2 2j—11-3 2 —1 =1 2j 2j) 12 2j 40
j= =
n n
Hl ((Xoj—1 +2Wa5_1)Z_5 4 (Xpj—1 + Waj_1)Yo) H ((Xaj +2Wo5)Z_4 + (Xoj +Waj)Y_2) (X523 + Wo;Y_1)
j= j=1
X
n 0 ’
'H1 ((X2j71 + W2j71) Z_,+ ZZJ',lYQ) H (WZJZ 3 + Y > ((ij + sz) Z_ 4+ szY,z)
j= j=1
n n
Y 1.1_[1( Xoj—1 +2Wa5_1)Y_3 + (Xoj—1 + Waj_1)Z_1) H (Xpj—1Z_4 +Woj_1Y_2) (Xoj—1Y—2 + Waj_1Zy)
Y1211 1= = n = o o
.Hl ((Xoj—1 +Waj_1)Y_3 + Zpj_1Z_1) <W2j71Y72 + %%) (W2j71zf4 + %\Lz)
=
n
Hl ((XZJ +2W2))Z 3+ [Xz) +W2]) ) (XzJY 4 +W2]Z ) (ij Z , +W2J-Y0)
]:
X
n - ’
.1‘[1 ((Xaj +Waj)Z 3+ Zp5Y 1) (wz,-z_2+ %Y()) (WZJY_4+ Xz )
]:
n
Yo Hl (X251 +2Waj_1)Y_p + (Xpj—1 + Waj—1)Zg) ((X2j—1 +2Waj_1)Z_4 + (Xpj—1 + Waj—1)Y_2) (Xo;Y_3 +WoZ_1)
Vi = —— ,
H1 (W2) 123+ 2’ Y ) (X251 +2Waj_1) Z_4+ (X2j—1 + Waj—1) Y_2) ((Xoj—1 + Waj_1) Y_2 + Z2j_1Zy)
5=
n
TT ((Xgj +2Wo5)Z_o + (Xoj + Wo3)Yo) ((Xo5 +2Wo3)Y_y + (Xo5 + Wo5)Z_5) (Xpj—1Z_3+ Waj—1Y_1)
j=1

n
1l (WayYos + 2221 ) ((Xa +2Way) Yo+ (Xaj + Wag) Zoa) (Xaj + Way) Z-a + 25 Yo)
]:
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where Z 4,72 3,7 5,7 _1,20,Y_4,Y_3,Y_5,Y_1,and Zy are nonzero real numbers, {Xx, }1‘;0:1 ={2,10,58,338, ...},

j
Wikt =1{1,7,41,239,.. } {Zy}; = {2,12,70,408, .. .}, such that for j > 2, Z; = 3 Xj, W; = 2X;_1 +
j=1
3W]'_1, XT = Xj_l + Zj_l +Wj_1, Wj = % + Zj_l, Xj = Wj +Wj_1 +Xj_1, % + Zj-i— = +Xj + W;,
Proof. The proof is similar to the previous theorem. O

Example 3.4. Consider the difference system (3.2) with initial conditions Z_4 =1, Z_3 =3, Z_, =1,
Z,1 = 3, ZQ = 1, Y,4 = 4, Y,3 = 2, Y72 = 4, Y,1 = 2, YO =14 (see Figure 5)

60

Figure 7: Solution of system (3.2).
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