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Abstract

This work obtained a novel nonlinear coupled Ambartsumian system subject to nonlocal integral conditions with the (k, {)-
Hilfer proportional fractional operator. According to this study, we presented an extended (k,)-Hilfer proportional fractional
Gronwall inequality. The results concerning existence and uniqueness were established by employing the fixed point theory of
Banach’s and Krasnosel’skii’s types. Furthermore, a variety of stability in the context of Ulam-Hyers-Mittag-Leffler and Ulam-
Hyers-Rassias-Mittag-Leffler were investigated. In addition, two numerical examples were demonstrated to illustrate and apply
the main results by using a novel numerical technique based on decomposition formula.
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1. Introduction

Differential equations (DEs) in classical calculus are formulated to describe applications in various
domains, including physics, chemistry, mechanics, fluid systems, engineering, etc. The well-known equa-
tion, often referred to as the Ambartsumian equation, was introduced by Ambartsumian to investigate
the qualitative aspects of surface brightness within the Milky way, which explains the absorption of light
by interstellar matter [7]. It is introduced in the context of a differential equation with a linear delay ()
as follows:

{ u' (1) = —u(1) + %u(%), n € (1,00), (1)

u(0) =u € R.

*Corresponding author
Email addresses: weerawat.s@rumail.ru.ac.th (Weerawat Sudsutad), chatthai@go.buu.ac.th (Chatthai Thaiprayoon),
jutarat_k@go.buu.ac.th (Jutarat Kongson), aphirak.a@mail.rmutk.ac.th (Aphirak Aphithana)

doi: 10.22436/jmcs.041.04.02
Received: 2025-01-22 Revised: 2025-07-24  Accepted: 2025-09-12


http://dx.doi.org/10.22436/jmcs.041.04.02
http://dx.doi.org/10.22436/jmcs.041.04.02
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.041.04.02&domain=pdf

W. Sudsutad, C. Thaiprayoon, J. Kongson, A. Aphithana, J. Math. Computer Sci., 41 (2026), 456486 457

Many studies have investigated the analytical solution of (1.1) using various methods. For example, in
2017, authors [31] used the Daftardar-Gejji and Jafari technique to achieve the analytical solution under
a power series form. Next, in 2019, Ebaid et al. [12] applied the adomian decomposition method to
establish the approximate solutions. Adel et al. [1] developed the shifted bernoulli matrix method to get
an approximate solution in 2020 while Abdullah et al. [3] investigated the approximate solution by using
the homotopy perturbation method. Other works that study this equation include [2, 9, 15, 25, 27] and
references therein.

A generalization of classical calculus that deals with non-integer (fractional) order and is concerned
with the operations of differentiation and integration is called fractional calculus (FC). It is an effec-
tive method for comprehending materials and processes” memory and heredity qualities. Diverse forms
of fractional derivative and integral operators involving distinct kernel functions, including Riemann-
Liouville (RL), Caputo, Hadamard, Katugampola, Hilfer (H), and so on, which can be found in many
literary surveys on FC, see the interested works in [8, 18, 21, 22, 24, 34] and references cited therein. Note
that the theory of FC has rapidly developed, mainly as a foundation for several applied subjects. Its
applications are extensive in many fields, including fractional differential equations (FDEs) and systems
to explain the phenomena of various problems in real-world situations.

Over the past few years, the Ambartsumian equation and its generalized forms have gained increasing
attention in modeling real-world problems in physics, engineering, and biology. In 2020, Patade et al. [30]
investigated a system of fractional-order Ambartsumian equations motivated by astrophysical modeling
and provided convergent analytical solutions using the Picard iterative method. This highlights the equa-
tion’s applicability in understanding radiative transfer phenomena in astronomy. Subsequently, in 2021,
Ebaid and Alqahtani [13] proposed a fractional formulation of the Ambartsumian equation via the Ca-
puto derivative and derived exact solutions in terms of Mittag-Leffler functions. Their work emphasized
applications to viscoelastic and biological systems, where memory effects are significant, showcasing the
equation’s biological relevance. In 2023, Ortigueira [29] introduced a Liouville-type fractional extension
and demonstrated its applicability in wave propagation and electromagnetic modeling, supported by ef-
ficient computational methods such as the Fast Fourier Transform (FFT), making the model suitable for
physical and electrical engineering contexts. Most recently, in 2024, Alyoubi and Hristova [4] analyzed
a delay differential form of the Ambartsumian equation with variable coefficients. Their results led to
closed-form analytical solutions that are particularly relevant for engineering systems with time-delay
dynamics. Collectively, these studies establish that the Ambartsumian-type equations are not only of
theoretical interest but also serve as powerful tools for simulating complex systems in applied sciences.

The discussion of coupled systems of FDEs has also attracted much attention. We focus on recent
studies on coupled systems of FDEs. For example, in 2022, George et al. [16] examined the assumptions
for the existence and uniqueness properties to a nonlinear coupled system comprising two pantograph-
type equations within the framework of RL and Caputo formulations. In the same year, Jiang and Bai
[20] studied generalized Gronwall inequality under a -fractional operator, while Samadi et al. [33]
investigated with the qualitative results for the nonlinear coupled (k,)-Hilfer FDEs under the (k,)
RL-fractional boundary conditions. In 2023, Theswan et al. [36] studied the qualitative results for the
boundary value problem (BVP) of the nonlinear coupled system under a \-Hilfer proportional fractional
derivative operator (-HPFDO). Ntouyas et al. [28] established the existence and uniqueness properties
for a nonlinear coupled system under the HPFDO. Later, in 2023, Elsayed et al. [15] established the
qualitative properties of the Ambartsumian equation with the {-HPFDO:

{ HpBety(n) =h (tuw,u(F)), 0<p<l, Te(aT, (12)

JTYPPu() = YT wu(8:), mieR, a<8;<T, i=1,...,m,

where HD*P.P¥ denotes the Y-HPFDO of fractional-order o € (0,1) and type B € [0,1], JJl-YP¥
represents the 1p-RL-proportional fractional integral operator (-RL-PFIO) of fractional-order 1 —+y > 0,
vy = a+p(1—«a), h € €(la,b] x R R), h(t,u(t),u(t/n)) = (I/Mu(t/n) —u(t),and 1 < 1 < co. In
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2024, Sudsutad et al. [34] developed the (k,{)-HPFDO and analyzed its importance properties. They
studied the qualitative properties for the higher-order initial value problem (IVP). Additionally, Sudsutad
et al. [35] also studied the qualitative results and approximate solutions of the differential equations
under (k,)-Caputo-PFDO for the blood alcohol levels model. A Gronwall-type inequality plays a crucial
role in studying the qualitative properties of the solution, which was first given and proved by Bellman
[10]. Many researchers often apply Gronwall inequality through the fractional differential and integral
equations; see the monographs [5, 6, 20, 39] and references cited therein. In addition, Ulam’s type stability
analysis is consistently applied in various fractional derivative order research regarding the stability of
DEs. Ulam initiated it to study the approximation degree of the numerical and exact solutions of these
equation [37]. Then, Hyers [19] defined the stability of Ulam-Hyers (UH) type. Later on, the stability of
Ulam-Hyers-Rassias (UHR) type was defined by Rassias [32]. Besides, authors [14] have established the
stability of Ulam-Hyers-Mittag-Leffler (UHML) for an integral equation under a fractional-order.
Inspired by [15, 34, 35], this study is driven by realizing the significance of each previously described
component, which leads us to create the nonlinear coupled system involving a (k,{)-HPFDO of the
Ambartsumian model under nonlocal integral conditions, which is in the following coupled system:

Heoebevu() = f (tun,v (L)), £ e©1), k>0 pe(01], Te(ab],

by =g (tu () vw),  £e©1), k>0 pe (0], Te (bl
hm WJeveeby(n) = 3 g (JOP(E), a< & <b, i=1,2,...,m,

"C—)Cl

lim Jk_W'p?‘l’v(T) = Z};l d; alkJAi'p;‘l’u(ﬁj), a<0;<b, j=12,...,1m,

T—a

(1.3)

where H axDv B0 denotes the (k,\)-HPFDO of o; and 0 < B < 1, IV Pb denotes the (k,)-RL-
PFIO of order q > 0, where q € {k—v1,04,Aj}, v1 == oq + (k o) B, m >1, 8 €R, forl =1,2,
i=12,....m,j=12,...,n,f, g€ C(la,b] x le R), where f(t,u(t),v(t/n1)) = (1/n1) (t/m)—u(t), and
g(T,u(T/nz),v(T)) = (1/n2)u(T/n2) —v(7). The advantages of the proposed system (1.3) generation are
that it is a novel system of Ambartsumian equations considered under the (k,1)-HPFDO with nonlocal
integral conditions. So, this BVPs enriches the literature works on BVPs under (k,1{)-HPFDO, which is
the operator that generalizes various well-known fractional derivative operators. Besides, it also expands
the scope of the standard Ambartsumian equations study and generates more general types of systems,
which include initial and/or boundary conditions.

The main objective is to investigate the qualitative properties of the solutions for the coupled system
(1.3) through the application of the well-known fixed point theorems. In addition, we analyze a variety
of the stability for the coupled system (1.3). We provide examples to prefer the qualitative results and
guarantee the integrity of the conclusions. To achieve the said goal, all compositions will be presented
in sections as follows. Section 2 offers a few essential tools associated with the our main results. Section
3 gives an extended Gronwall-type inequality within the framework of the (k,1)-PFIO. In Section 4, we
examine the existence and uniqueness properties for the coupled system (1.3) via the well-known fixed
point theorems. Moreover, we establish the stability analysis of the solution for the coupled system (1.3)
under the UHML stable framework, as well as the stability of the Ulam-Hyers-Rassias-Mittag-Leffler
(UHRML) type and its generalizations. Some two numerical examples to present the exactness of the
qualitative properties are provided in Section 5. A summary report of our main results is offered in the
last part.

2. Preliminary materials

This section contains the definitions, lemmas, and tools required for our study, which can be more
detailed in [34, 35]. Now, we give the following notation for simple computation in this paper:

-1
P
¥

-C—r\a

(5,5) = ()~ (s exp 2t (vl - wis)).
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Definition 2.1 ([34]). Let x >0,k > 0,0 < p < 1, and u € L'([a, b],R). Hence, the (k,1)-RL-PFIO of « of
u is provided as

I () = 1( )j owE (g, s)u(s)v(s)ds,

kI

where ¢ (u) = fgo s lexp (—%) ds, u is an element in complex number C, that is Re(u) > 0, and

Mu) =Nc(w) as k = 1, Ti(z+k) =zl (z), Te(z) = k& 71T (£), T (k) = 1.

Defmltlon 2.2 ([34]). Let x>0,k >0,0< p<1,ueClab]l,R), P(t) € € ([a,b],R) with }’(1) # 0, and
=1,2,..., s0 that n = [a/k| 4+ 1. Hence, the (k,1)-RL-PFDO of « of u is provided as

ax®*PVu(r) =

n,p;P T nk—x
s | DT W uts)ds = @ (o),
p x k(MK —x

where  D1P (1) = DV u(T) = (1 —p)u(T) + ko and KOeh — e, peb. . e,

n times

q)

Definition 2.3 ([34]) Letx>0,k>00<p<1 ue C(abl,R), P(t) € C([a, b],R) with ’(t) # 0,
andn€1,2,..., so that n = [a/k| + 1. Hence, the (k,{)- Caputo -PFDO of « of u is provided as

1
= [ e
p T kM (nk — &)

7"‘71

DX uf(T) = (T, 8)W'(s) (1k@™P%u(s))ds = q IKT %P (DPPY(T)).

Definition 2.4 ([34]). Let x >0,k >0,0<p <1,0< B <1, ue C[ab],R), P(t) € € ([a,b],R) with
P’(1) #0, and n € N so that n = [«/k| + 1. Hence, the (k,{)-HPFDO of « and f of u is provided as

RIL oy, ;P : _
. _ o o DxPwy(t), ifp=0
H o B,e0 B(nk—e),pp n, P\ (1-B) (nk—e),p; — ak ’ ’
ak® w(T) = axd ( 0 ( < um» _{ cx 2P u(), if B =1.

Next, we give some important properties that are applied in this work.

Lemma 2.5 ([34]). Assume &, § € R* U{0}, k,y € R*, p € (0,1], w € R, and w/k > —1. Hence

—1

() 0 I PU 7 (r, )| = T

%

hd )

(i) ”D""B'p?‘l’ [p‘yk 1 (t,a ] = %k(‘”% i‘l’ﬁ_l(ﬂg a), particularly, m =0,..., n—lwithn = |w/k|+1,
we obtain ', DxB.PiP [p‘P (T, a)} =0

(iii) arkja,p;tl) (a/kj‘sfp?‘l’u(fr)) - a,kjé,p;tb (a/kﬂ""p"wu('t)) - arijcx,p;wu(T);

(iv) H D@ beb (a,kﬂ%p;u’u('c)> = xJY 9P Y(T), wheren = |w/k| + 1, and y > nk;

Y_i
mn P\yk ; . . .
(V) axI%P "’( DB eby (T )) =u(t)— Y =5 (a) [kﬁ“’l’p*" <a,k5“k*%p""u(a+)>}, where y =
i=1p * Tx(y+k—ki)

o+ B(nk — ).

It is worth noting that this work is driven by the fact that the (k,1)-HPFDO is broader and specializes
to various other types of FDOs by fixing the values of {, p, k, and 3. The details of special cases of the
(k,P)-HPFDO are shown in Table 1. For more information, see [24, 34].
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Table 1: The details of special cases of the (k,)-Hilfer-PFDO.

L DB 0<p<l p=1
$(r) B|k>0 k=1 k>0 k=1
0 | (k,¥)-RL-PFDO V-RL-PFDO (k, ¥)-RL-FDO $-RL-FDO
¥(T) 1 | (k,¥)-Caputo-PFDO P-Caputo-PFDO (k,p)-Caputo-FDO P-Caputo-FDO
B | (k,)-Hilfer-PFDO -Hilfer-PFDO (k,)-Hilfer-FDO -Hilfer-FDO
0 | k-RL-PFDO RL-PFDO k-RL-FDO RL-FDO
T 1 | k-Caputo-PFDO Caputo-PFDO k-Caputo-FDO Caputo-FDO
B | k-Hilfer-PFDO Hilfer-PFDO k-Hilfer-FDO Hilfer-FDO
0 | k-RL-Katugampola-PFDO RL-Katugampola-PFDO k-RL-Katugampola-FDO RL-Katugampola-FDO
™, u>0 1 | k-Caputo-Katugampola-PFDO Caputo-Katugampola-PFDO | k-Caputo-Katugampola-FDO Caputo-Katugampola-FDO
| k-Hilfer-Katugampola-PFDO  Hilfer-Katugampola-PFDO | k-Hilfer-Katugampola-FDO  Hilfer-Katugampola-FDO
0 | k-RL-Hadamard-PFDO RL-Hadamard-PFDO k-RL-Hadamard-FDO RL-Hadamard-FDO
log T 1 | k-Caputo-Hadamard-PFDO Caputo-Hadamard-PFDO k-Caputo-Hadamard-FDO Caputo-Hadamard-FDO
B | k-Hilfer-Hadamard-PFDO Hilfer-Hadamard-PFDO k-Hilfer-Hadamard-FDO Hilfer-Hadamard-FDO
0 | k-RL-Exponential-PFDO RL-Exponential-PFDO k-RL-Exponential-FDO RL-Exponential-FDO
e’ 1 | k-Caputo-Exponential- PFDO  Caputo-Exponential- PFDO | k-Caputo-Exponential- FDO  Caputo-Exponential-FDO
| k-Hilfer-Exponential-PFDO Hilfer-Exponential-PFDO k-Hilfer-Exponential-FDO Hilfer-Exponential-FDO

Now, we offer a support result that will help us turn the nonlinear coupled system (1.3) to a fixed-point
problem.

Lemma 2.6. Let k > 0,0 < p < 1 0<B <1 uve AC*la,b,R), hy € AC(la,bl,R), oy € (0,1),
yi=x1+B(k—oa), andny > 1, 1=1,2. If wywy # 1, hence, a unique solution of

‘J,k@““ﬁ"’?“’u(ﬂ—mu L DeBriby(1) =hy(1), Té€ (qbl,

_}1_1;]:}1 a, kjk yie /ll)u Z Hi o Jdi’p;w\’(ai), Esi € ((1, b]/ i= ]-/ 2/ cee, M, (21)
1131 (Jeveenby(t Z 8 IV PPu(0;), 05€(ab], j=1,2,...,n,
T a a,

can be presented in the context of the below equations

Y1_4q
Py (1, a)
u(t) = a,kﬂo‘]'p"‘l’M(T) + koW

(1— wiws)p® N (1)

m n

> i IRy (E) w1 ) 85 o IOy (05) ],

i=1 s

. (2.2)

v2_
]‘i‘l’ K (T a)

V(1) = 1 IP Py (1) +
¢ (1— wiwy)p ¥ 1rk(Y2)

n
D85 IR (65) + w) Z Mi g1 I PPy (8 |,

where
y2+c o m_l
Hi kly (&i,a) = 6)’ ilylp b (ej/ a)
wl—Z e and szZ e .
s1p F My(va+oi) =1 p~ & Nc(y1 +A4)

Proof. Let (u,Vv) represents a solution to the coupled system (2.1). Applying Lemma 2.5 (v), we get the
following results

+ xR (1) and V(1) = + i IV (T),  (23)
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where c; € R, for 1 =1,2. Now, taking the (k,{)-RL-PFIO of order «; for 1 = 1,2, into (2.3), we have
a,kgk—vhp;lbu(fr) =c+ a,kj“1+k_V1,p}¢hl(T) and alkﬂk_yz’p;‘l’v(’t) =cy+ a,kjo‘ﬁk_w'p“bhz('t).
Similarly, taking the (k,1)-RL-PFIO of orders o; and A; into (2.3), one has

.- k P
o) PPU(T) = o + IOy (), (2.4)

a,kj“ﬁci'pn‘th(T)'

p T Mc(ya+ o)
By using the nonlocal integral conditions in the coupled system (2.1) into (2.4), we get

V2+U

I"I'l ]2\1} Ev1./ X+ 0 11)
cl—czZ 7 —ZM W JOFTOVP P hy (&), (2.5)
r (YZ + 01) i=1
0 y1+)\] )
oy Py (05, a) o ,
—C1 Z ! k ll’ ) +c = Z d; a’kjcxl+)\j’p'¢hl(ej)- (2.6)
=1 P (v1+Aj) j

Solving the system (2.5)-(2.6), we obtain two values

1 — o = o
ek T D i IRy (E) Fwr )85 o, MNPy (05) ],
— w12 i1 —
1 [ n m i
Q=g D85 @i IO (6)) + wy Y i o1 I TP PR (&5)
wywy | -

Substituting two constants ¢; and ¢y into (2.3), we achieve the equations (2.2). The reverse follows by
direct calculation. O

When 3 =1, the (k,)-HPFDO reduces to the (k,)-Caputo-PFDO of order «. The following lemma
presents an approximation of this operator for o« € (0,1], which is subsequently applied in Section 5 to
solve a nonlinear coupled system of Ambartsumian-type equations.

Lemma 2.7 ([35]). Assume that N =1,2,...,and u € AC*([a,b],R). Let

1 ir(wg—l)
plikN(2k—o) & T (§-1) 7
BY . — Mi+g-1) i=1,2,...,N
N,i pl,,( )'rk(Zk. (X)r(k 1)/ 74 7 Ny

and let Vi : [a,b] — R be a function, which is given by

A% =

vi(r)_r (W(s) —w(a)) L' (s)e o ¥ ) DPby(s)ds, i=1,2,...,N.

a

Hence,
CL@%P¥ (1) ~ A (W(T) —P(a) F DPWu(T)

. N L 2.7
— e ¥(T) Z BR i (W (T) —P(a) T (1) + Er (), 7

where  DPVu(t) = (1 —p)u(t )—i—kpw( and 11m Eir(Tt) =0, T € [a,b].
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Let C([a, b],R) be the Banach space of all continuous functions u, v from [a, b] to R supplemented
_Y
with [Ju|| = supTE[a,M{lu(T)I} and |jv|| = SUP (o pV(T)}. Next, the weighted space G}b k(la,b],R) of
continuous functions u on [a, b] is given by as follows:

_Y
k

W =€y F(la, 6L R) = {ulr) : (a,0]: 0¥y * (r, a)u(r) € €(la, DL R) |,

. 1-11 1-Y2
supplemented with ||uljw = supTe[a,b}{l{i\Plp *(t,a)u(7)]} and |v|lw = supTe[a,b}{ll‘i\l’lb * (1, a)v(T)[}.
Hence, the product space (W x W, ||(u,v)|lw) is the Banach space supplemented with ||(u,v)|w =
[ullw + [[V]w-

3. An extended (k,1)-proportional fractional Gronwall inequality

Theorem 3.1 (An extended (k,)-proportional fractional Gronwall inequality). Let k, ; > 0, o > 0,
p € (0,11, and the function p € C'([a,bl,R) be an increasing such that the property \'(t) # 0, T € [a,b].
Suppose that the following properties hold.

(Hy) Let three functions u(t), v(t), k1, and «; be locally integrable non-negative on [a, b].

(Ha) Let the functions ¢ (T) be non-negative, non-decreasing, and continuous, which defined on T € [a, b], so that
$i(T) < &7 with ¢ € R, i=1,2.

If

{ w(t) < K1 () (1) g I (1), -

+ F (koq]d)l
V(1) < ko) + =2 gy (1) (I (1),

M (oe1)
k

d)l('r)q,kjoq'pnb Kz(T) +JT Z E;El(filz)rk(“ﬂd)l( )‘bZ(T)] iwl(“l}jﬁz),l(’t’s)

a T pt I (o + a0)) (3.2)
B1(5) 3P as) ) ds,
V(1) < ko) 4 Fk(ocz)d)z(ﬂa’kjazlp;ﬂ, (%) +JT 5 [N (o) T (02) 1 (T) o (T)]™ ]‘2‘{’11(“1‘:“2)71(’('5)

k n(ag+a)

ansip ko KV Mg + o)) (3.3)
x P (s) <K2(S) + rk(“Z)q)z(s)a,kJ“z'P;w K1(S)) ds.

u(t) < ki (T) +

M (o)
k

< (s) <K1(s) ;

k

Proof. Define two operators

¢1(T)
pT K

—

(Arv)(T) =

J oy )0 (s)v(s)ds and  (Ayu)(r) = S22 rgwfl(T,s)w’(s)u(s)dS.

p%k2 a
From (3.1), implies that

{ u(t) < «a(T) + (Arv)(T),
v(1) < k2(T) + (A2u) (T).

Using (3.4) with a monotonic property of the operators A; and A, one has

(3.4)

u(t) < k(1) + (Av) (1) < K1 (T) + (Ark2) (T) + (A1 A2u) (T)
< K1(T) + (A1) (T) + (A1A2K1) (T) + (A1 A2A1K2) (T) + (A1A2)u(T).
By iterative process, for m =1,2,.. ., it yields that

m—1

m—1
<) (AA) (D) + ) (ArA) M (Ark)(T) + (A1) ™Mu(t), T € [a,b],
n=0

n=0
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where (A1A,)1(T) = k1(T). In the same ways, for T € [a, b], then

m—1

m—1
<D (AN (1) 4+ D (ApAr) M (Azk)(T) + (AzAr) ™v(T),
n=0

n=0

where (A2A1)%k2(T) = ka(T). Subsequently, it will be demonstrated that

(.Al.Az)mLL(T) < JT H:]:(fil)rk(oQ)d)l( )d)Z(T)]m p\y (‘X{rqz) 1(T,s)l|)/(8)u(8)d8, (35)
@ p™ M (o + ag)) |
[rk((X‘l)rk(CXQ)d)l( )(I)Z(T)] iw%*l(,r,s)w/(s)v(s)ds, (36)

(Azﬂl)mv(rmj Skl
ap &k K2MHN (Mg + o))

(t) = 0asm — oo, T € [a,b]. It is straightforward to verify that the

and (A1A)™u(t) — 0, and (AxA1)™v(T
) holds true if m =1 with ¢(7) is a non-decreasing, ¢2(s) < ¢2(7), for any s < 7, that is

inequality (3.5
(ArAxu)(T) = Aq(Au)(T)
d)l( ) J p‘y";l 1(T S)’ll) (S) |:d)2( ) JS pwfl(s,‘r)ﬂ)l(ﬂu(ﬂd‘r] ds

P i3 k2 s p¥ k2

p En p R k4 J “ f (T, )Py ’ 1(s,r)1l)/(s)ds]w’(r)u(r)dr (3.7)
Tl Tk J H %_1(11’(5) —II)(T))O‘?_lll)’(s)ds}
e (VTP Dy (1)) dr.

z(P(T) —(r)), the inequality (3.7) reduces to the following result

By setting P (s) —(r) =

T (o) T (o) pr (T) b2 (T) Py s (s)u(s)ds.

o pVPTKN(og + ) v

Assume that the inequality (3.5) isholdif m =n,n=1,2,..., we have
n(ag+a) 1

JT [rk(ocl)rk((XZ)q) ( )CDZ(T)]TL ](z\ylp 13 (T,S)d)/(S)u(S)dS.
ap

N

(A1A2) ™ u(T) o)
K2R (o 4 o))

Applying mathematical induction technique, for m =n + 1, we get

(A1) (1) = ArAs (ArA) Mu(T)
<A1A2“T Ell;t(fq}rk(m)d) 1D ()" Wy, . 1('c,s)ll)'(s)u(s)ds]
172k2n+1rk( ((X1+0€2))

ap
( )T‘L n(og+ay) 1

<JT[ * Neloa) T (o) pa(s)d by T (S,T)q,'(r)u(r)df]

n(x)+oy)
kAT (g + o))
oc1+042 1

kll)

a

p

( ) (Oéz)cl)l( )$2(T) (T, )0 (s)ds
p
M

0 F p KM (01 + o)
ou )T (02) 1 (T) o (7)™

<
= (n+1) (ot + o
p R an AT (o + o) Ty (o + o))

T T o [D(1+L‘X2)71 0 n[oc1+oc2)7l , ,
xJ U Yy k (T shYy, * (s, 7)Y (s)ds}p (Mu(r)dr
a T
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n+1 T n+1) (o) +xy
[Ne (o) T (02) 1. (T) 2 (7)) ))J ﬁw%fl(nr)

(n 1)(06 )
P TR, (o + o) T (o + o

l o [o4 n(x 24
X “ 1—z] : 21y S 2)_1dz}1b/(r)u(r)dr

0
N (M (o1 ) e (¢ At (1) (o)
— J (n+1)(1:l(+a12) k( Z)d) ( )(I)Z( ) ]‘z\y 1’3 l(T, T)ll),(T)u(T')dT.
k23T (4 1) (o + o))
In the similar procedure of (3.6) with ¢1(t) being non-decreasing, ¢1(s) < ¢1(t1), s < T, we have
T I T T o (D) (o +og)
(e < | (nﬂ[)(‘:(fi” st T vy 5w nv(rdr.
@ p RN (4 1) (e + )

Now, we prove that (A1A;)™u(t) — 0 and (AxA;)™v(T) = 0 as m — oo for any T € [a,b]. Since ¢,
¢2 € C(la,bl,R), thus, by the theorem of Weierstrass’s [11, 26], there exist two constants ¢; > 0 and
5 > 0 so that ¢y(1) < ¢ and ¢o(7) < ¢3, for any T € [a, b], then

JT _ [N (1) T (02) b 3] iw%_l(ﬂc,s)ll)’(s)u(s)d&

(‘Al‘AZ)mu(T) < a1+og)
ap— & K2MFIN (m(og + ap))

Consider the infinite series

- Me (o) 3]
i O] @9
m—1p & KM (m(eg + o))
Applying the ratio test technique to (3.8) with the asymptotic approximation [38], we have
lim Nmix+o0))

m—oo k2T (M +1) (0 + o))

Then, (3.8) converges, indicating that
"  [Mloa)h "
u(e) < w0+ 2 e s satsas+ |y ke nloalei D)
k2 nm1p kKN (g + o))
n(oq+os) o
pw, s (s) [Kl(s) + q)il(k)z J bwr 1(S,T)1I)’(r)l<z(r)dr] ds.
pr

The inequality (3.2) is obtained. Similar process can be used for inequality (3.3). O

Corollary 3.2. Let k, oy € R, 1 =1,2,p € (0,1], and ¢ € €!([a,b],R) be the increasing so that P'(t) # 0,
for any © € [a,bl. Let the functions u(t), v(t), and «i(t) be locally integrable non-negative on [a,b], and
¢i(t)=b>0foranyi=1,2.If

{ W) < k() + 2lea) L genenby(g),
<

V(1) < ko) + 2EL2) L geaeity (),
then,
bl (g ) T bzrk(ocl)Fk(ocz)]n “(061+0¢2) ]
u(t) < k(7)) + > X0 (1) —i—J Z p‘l’w (t,s)
e ATy (o + x2))
b} .
X (Kl(s) + klial)a,kj“l"’""Kz(S)> Y'(s)ds, T€la,b],
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bl . T b2T N " nlegtag)
(1) < kal) + k(OQ)a,kJ"‘z’p"pKl(T)—i—J nmﬁ[txz) (o) Ne(ox2)] iqu 1o 1(T,S)
k an—1p ko KYIN(n(eg 4+ o))
bl" )
X <K2(S) + k]E(XZ) a,kﬂ“z'p'”’m(s)) P’(s)ds, 7€ [a,b].

Corollary 3.3. Based on all conditions in Theorem 3.1, let the functions ki(T) be non-decreasing for i = 1,2 and
T € [a, b]. Hence, we obtain the following inequalities:

k)1 L1
w(t) < [Klm L RN (v (b, a)}
x N . (3.9)
e (R CHLACA T TR LT B
Px)1 %
9 < [ia0) + g g (v,
%2 (3.10)

o1+ (1 +oy)
X Fip  ak ((plk 1) (o) P () b1 (D) pa ()W, (T,a)),

where By op(2) = Y 5o W;Hﬂ’ ze€R, « B €C,Re(x) >0, and k > 0.

Proof. By applying (3.2)-(3.3) and the property of ¢i(T) are non-decreasing functions for T € [a, b] with
Ki(s) < ki(1) fori=1,2, then

e (1)
k

$1(7) 0 PV 2 (1) Ry, (t,s)

u(T) g Kl (T) + n oc1+cx2

JT e [Nc(o)Tc(o) b1 (D) pa(T)]™ 5 Rlorrea) g
=1p K2 T (g + o))

an

< <K1(s)+r‘<(k“”d>1( )a s 5P o (5) )w
rk((xl)

< ki(T) + b1(T)Ka(T) o 1 TP T +< ¢1( Jka(T )a,kj“l’p“”[l]>

x> KNl Tielo) br (T) o (1)] ™ T (X122 ]
n=1

Sy Y
< Pt + P g o )]
1
o [T R o) (00200 e
" +n_1 Ne(m(oaq + az) +k) kT (v.a)
)1 o
- [Klm + Y gy i a)]
o [(0"51) (e )ilea)br (1)ba(0)] " 09, 5 (x,0)
<D
oy Ne(mloq + az) + k)
)1 o
< [mm + g wapw ,0)

a1 +on (g +ag)

X By, o+ 00,k ((D K kz)ilrk(al)rk(ocz)d)l(T)Cbz(’f))zlyu, A (T,a)>-

The inequality (3.9) is obtained. The case of the inequality (3.10) is a similar process. O
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4. Main results

From Lemma 2.1, we provide an operator 7 : W x W — W x W related to the coupled system (1.3)
as follows:

_ 9’1(u,v)(’r)
Fu vl = (), @)
where
nyk 1 T (1 m a
F1(wv)(1) = - [Z i I g (£ u( =) v(E))
(1 — wlwz l"k Yl i=1 N2 (4 2)
. 0; . T
+w 8 a1 I NP9 u(0:), v 2 + @1 JPf (,u(T),v(— ),
Z jak (05,0 v(( )| + ard™ oo (v (o))
nyk 1 T,Cl n 0.
Ty, v)(1) = - [Zf’] o i I (05, (0;),v( )
(1—wiwy)p Ne(v2) [ m 43)

+ Wy Z Miqd®t v g (51,11(1(?;),\1(51))

+ 4 kﬂ“z’p""’ g (T, u<l>,v(’r)> .
i=1 ’ M2

For the ease of computation, we give some symbols

€7k+oc1+7\]~

(¢ s | Py K (0;,a)
A% L= |w1|y]k,£+)a] Z } ]‘)\]j( L ! ’ ¢ S {'Yl;'YZz k}/
1—wiwalp™ *  T(v1) j=1 p*Nc(€+ 0 +A)
0 — k+op+04
M lnih Wy, * &i a)
el:= |w2|y;(k€)“2 Z " - (& , tefyr,va ki,
11— wianlp™> % PNily2) I PET(l+an+03)
R0y, (b, a)
k ,a
Qllz L= A{ + ; k2 ’ ¢ S {Y1IYZ/ k}/
P N(f+ o)
0 (—k+oap+oy
Me (€ Dol Yy, ¢ (& a)
Qg L= ky(l—)k+o¢2 Z 1(5 L - ’ e S {Y1IYZI k}/
1—wiwalp™ ® T(v1) ic1 P*Tkll+ x4 0)
{+ap—yo
_ M(O2¥, & (b,a)
‘:’g L= ®§ + ; > ’ (), S {YL’YZ/ k}/
P (€ + o)
t—k+0q+A
_ M 8; < (95,a)
LS L= k( ke Z ‘ }k ) ’ e S {Y]JYZ/k}‘

11— wiwal % Tilya) i—1 kak(E—I—ocl—H\)

4.1. Existence and uniqueness results
This part proves the existence and uniqueness of the solutions for the coupled system (1.3) by utilizing
Banach’s contraction principle and Krasnoselskii’s fixed-point theorem.

Theorem 4.1. Suppose that f, g € €([a,b] x R?,R) verify the following conditions:

(Hyq) there are two numbers Li¢ > 0 and Ky g > 0,1 = 1,2, so that

If(t,uy,v1) — f(T,up, v2)l < L ¢ fug —unl+ Loplvi —vof, (uy,vi) € R xR,
lg(t,vi, ) — g(T,up, Vo)l < Ky g lug —un| + Ky g vi —val, (ui,vi) € R xR,
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Therefore the coupled system (1.3) has a unique solution, given that

2
> QY +EY)Lir+ (O +27)Kig) < 1. (4.4)
i=1
Proof. Assume that supTe[a,b]{lf(’t,O,O)l} = JF* < 400 and supTe[a,b]{lg(T, 0,0)[} := §* < +o00. Suppose
that By, :={(u,v) € W x W : ||(u, V)|l < 11} such that
(_Qk :12<)3r* (Qk+:k)9*

T 2 - - > 0.
1_21 1[(QY1+ Yl) 1f+(QY1+ ‘Y\)Ki,g]

Notice that B, is a bounded, closed, and convex subset of W x W.
Step 1. We show that FB,, C B,,. Applying Hj, for (u,v) € B,,, it follows

’f (T,u(T),v <T>)‘ < ‘f <T,u(’r),v <T)> —f(x, 0,0)' +1f(7,0,0)|
m 1
Gl
M1

—1 1
<Ly 1 )[ullw + L2 f{;w £, ) [v]lw + 5,

b (2)50) s o () o) -sno] o
(3

1

< Lyelu(t)[+ Lo

(4.5)

+J<29|v )|+ G*
717 1 *
<Kigp¥We (T a)l[ullw + Ko g Wy (1 a)||vllw + 5

By applying Lemma 2.5 with (4.5), we obtain

’iw}b_% (T, a)F1(u, v)(T) ‘

1 — . ;
g Y1 [Z|H| kJOCz-FO'i,p,U)’ <E»u (i) /V(ai)>‘

11— wiwylp® ~

+|w1|]Zl\6 ila kj"”“’p”" ( (1?1))”

N
+ {i‘{/l (T, @) q 1 IV | (T, u(T), v x
hd N1

1 i o &
< il g J 2t omPb (‘9 E,ul — ), v(&) Q(Ei,O,O)‘+|9(Ei,0,0)|)
11— wiwalp ® "N (v1) ; ( (le) )
+lwa] Y [85]q I A0 <‘f (ej,u(ej),v ({)) —f(ej,o,O)‘ + |f(ej,o,0)>
, 1
j=1
1—-"1 . b
+£‘Pw (T, a) g1 I P (‘f <b,u(b),v (n>> f(b,0,0)’ + [f(b, 0,0)|>
1
1
< il o J%2 TP (3¢ gﬁ‘i’ &4, @) ullw
11— wiwylp ® N (v1) [; (

v
+5<z,gﬁ‘1’q‘j (&, a)[[v]lw + G~ )+|w1|Z\5| kjoc1+7\yplb<Ll ]Fz\yk 165, @)l[uflw
j=1
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v2_
+L2,f£ql$ 1(9j,a)]\v|]w+9*) ‘1’ (T a)q kﬁo‘lpﬂ"(ﬁl {i‘l’k 1 (T, a)|[u||w

Y2 _q
Lo, R T (@)l Ml + T

717k+<x1+7\j oy
< e ( | T (1) Lo Ryt (Bj,a)+Fk(vl)£‘Pq§ (b/a))
X 1,f —k+o As *1
11— wiwylp™ T (y1) =1 P N(y1+ a1 +Aj) P N(v1 + o)
Y1—k+axpy+oy
oy Me(v1) i |Hi|£ww ¢ (&i,a) Il
’ —k+ o
11— wiwolp™ % 2T(y1) =5 0% Nly1+ o2 + %)
w1/ Tilya) nlslw T E (00 Tely)Ry E o (ba)
+ | Lot ! k?:f ]flb LA ’
11— wiwalp™ = Ti(y1) =1 p* Ne(y2 + a1 +Aj) p ¥ Ti(ya + o)
Yo—k+axpy+oy
ey Mc(v2) =il gy, 0 (&ia) vl
4 —k+ o o
1—wiwalp™ % 2T(y1) =5 o* Nkly2+ o2 + %)
5; ‘PMM (0 Py
+3_~*< |(,U1| Z’ ‘ )/a +k P ( /a)>
11— wiwolp™ & T k(v1) = 1pkrk(oq+7\ +k) p Ne(k+ o)
O(.+U
e 1 Uik |u1|p‘1’ (&, a)

+ oo

—k
11— wiwalp™ & “Te(y1) S e ENe(k+ 0+ 07)
< [L1:QY + K4 ;O Lo QY2 4K, QY2 F*Qk 4 grQk
< [L1,07" + K1, g O] luflw + [L2,,Q)2 4+ K2,g Q2] [[V]lw + T+97Q5.

Similarly, we obtain the following result

Y2

1_* H — L] k= kr—
{ilylp (1, a)F(u,v)(T1)] < [Ll,f—f +1K19 Y1] ||U||W+[L2f._. +1K29 YZ] ||VHW+3: ~]2<+9

Then,

|F(w, v)(D)lw = |F1(w,v) (1) [[w + [|F2(w, v) (T)||w
< [ + K16 Q'] [[uflw + [£2,6Q7% + K2, Q)] V]l + F*QF + 9*Q§<
[Ll = Y1y 3(1 gﬁyq ||U||'\W + [Lz f.—gz + 9(2 g,—yz} ||VHW + 37*:2 + 9*

<1 Z QY +Z7)Li s+ () +Z)Ks o] + (QF +Z5)F* + (QF + 215" <1y,

which implies that B, C B,,.

Step 2. We show that J is a contraction. For every (uj,v1), (uz,v2) € W x W and 7 € [a, b], it follows that

n_ 1
(T, u,v1) — (T, u,w)l < LWy (Ta Hul*u2||\w+52fk‘1’k '(x, a) [[vi —vallyy

1

1
lg(t,u1,v1) — gt w2, v2)l S Ky gy Wi (7, @) lug — quWJrJng{i‘i’ (T, a) [[vi —valgy -

From Lemma 2.5 with (4.6)-(4.7), it yields that

Pl ¥ (1, ) (91 (ur,v1) (7) — Fi (2, v2) (1))

(4.6)
(4.7)
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< |1—w1w2|p1vklll“k(kyl) imﬂa,kj(xz-’-m,mw ‘g(al,ul (;) v1(£1)) —Q(El,uz(jz) v2(£1)>'
PorE oo ()i

=1
"111 ¥ (1,a) a I ’f(w,ul(r),w(n:)) _f<T'u2(T)’v2 (;))‘

1

X ¥
11— wiwslp® "N (v1)

g
3 haland o2 (5, o0 (£, @) s — 1wl (48)
i=1

. RO |
—|—5<2,g]’2‘1/ 5.1, ) 1 —vz||w> + |1l Z 155, JeatAienb <£1,f£‘1’1}j (85, a) [[ug —uzlyy
j=1

py?—1 oyl % o1, PP oy 1
+ Lzlfkqu (9]', a) ||V1 —Vz”w) + kwll’ (T, a)a,kj B (Llrfk\yll) (t,a) ||LL1 —LL2||W
py Pl
+ Loy (T a)[vi —vallw )
< [LMQ}“ =+ KLQQ;I] ||u1 —quW + [LZIfQ}Q + KZ,QQ;Q] ||V1 _VZHW .
In the same way, one has

Y2

YL (1,0) (Fa(ug, vi) (1) — Fauz, v2) (1))

[Ll f—nz T+ X4 gHY1] Hu1 LLz”\W + [Lzle;” + sz,gElW] HV1 _VZHW .

(4.9)

Applying the inequalities (4.8)-(4.9), it implies

[|F (w1, v1) (1) — Flug, v2) (D)]|w < [(QF + 23 Ly r 4+ (QFT +Z2)1)K1,g] (w1 — uallyy
[(Qyz + Hyz)[;z £+ (Qyz + Hyz)szlg] H\)l *Vz”w
2
<l —wllyy + [vi = vallwl Z [(QY +Z2)9) L5+ (Q) + 2K 6] -
i=1

Under the condition (4.4), it follows that J satisfies the contraction property. Consequently, by [17], the
operator J has a unique fixed point. Thus, the coupled system (1.3) has a unique solution. O

Next, we prove the existence result for the coupled system (1.3) based on a fixed point theory of
Krasnosel$kii’s type [23].

Theorem 4.2. Suppose that f, g € C([a, b] x R?,R) verifies (1) in Theorem 4.1 and the following condition is
true:

(Hy) there exists two positive functions Y1, Yo € €([a, bl, R™) so that
If(t,w,v)| < Vi(T), lg(T,u, V)| < Ya(1), (t,u,v) € [a,b] x R?,

Therefore, the coupled system (1.3) has at least one solution, given that

2
> AV +2)Lis+(Q + 011K g] < 1. (4.10)
i=1
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Proof. Define a closed and bounded ball B, :={(u,v) € W x W : ||(u,v)|jw < 12}, where
Y*(QW—FQW—{—: +HY2) >O,

when Y* = maX{HYlHI ||Y2||},

1—-1 1—X2
{z‘yw F(t,a)Yi(t)] and ||YV2fjlw = sup 12\1’11) (1, a)Ys(T)]|. (4.11)

T€[a,b]

[V1llw = sup
T€[a,b]

Next, F(u,v)(t), which is provided by (4.1), will be separated into
T, v)(t) = F1(w,v) (1) + F2(w, v) (1) = Fr1(w,v) (1) + F12(w, v) (1) + T2 (W, v) (1) + Fp2(w, v)(T),

where

Fr1(w,v) (1) 1 = ¢, JVPF (T,u(T),v <T>> ,

M
Z Hia ij(erO'l b (El/ <£l> IV(E:L))

M2

,
{;\Wl‘lh a)

Fra(w,v)(1) 1 =

(1— wiwy)p® Ne(y1)

= . 0;
+ wq Z 8ja JeatA e <9‘ u(05),v (11])> ],
1
Ty (1, )(1) £ = TP < ( ) )>,
P\yk -1 n 0.
= Z 6] ak Jocﬁ-?\) pll’f (GJ,U(G)) v <)>>
(1—wiwy)p® Ne(v2) i1 m

+ws Z i g Jo2toveitbg <€1,u <§;> N(Ei)) ] :
i1

Firstly, we show that § C B,,. By applying the assumption (};), the properties (4.11), and Lemma 2.5,
for (u,v), (,v) € By, with T € [a, b], it follows that

(t,a)
Fop(w,v)(T) 1 =

2w, (1,0 (Faa(w,v) (1) + T () (1)

1 . (& -
< il g o2 oo ‘g <E,i,u <) m(&))’
11— wiwlp® ~Ti(y1) ; n
n
o 0; 11 T
. ‘Xl_'_)\ ,p,l,b Y . v 7] P k X1 plb -
—|—|w1|jg1 ‘SJ‘G,kIJ j ‘f(@l,u(el),v<m)>' —|—k11’1b (t,a) a1 J ’f<T’u(T)’V(T]1)>'
y17k+oc1+)\j oy
low1| T (v1) Y P, F (05,a)  Tly1)p¥y (b, a
< e - " allw
11— wiwslp™ T(v1) 5 k(Y14 o1 +Ay) pF rk(Y1+<X1)
Y1—ktap+oy
Fk(yl) i |Hi|]2ly¢ ¢ (Ei/ Cl)

Yollw < YO+ Q).
1—wiwalp® ilyr) &5 Nvi+oe+oi) 1] 1 2

In the same ways, one has the following result

A 2 (x, a) (F,1 (1w, v) () + ?z,z(ﬁ,\‘))(r))‘ <YHE +202).
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This yields that
[(F11 + F2,1) (W, V) (D]|w + [[(F12 + F22) (0, 9) (T) |lw < VH(Q + Q)T+ 22 +2)2) < .

Then (F11 + F21)(w,v) + (F12 + F22) (10, V) € By,. Next, we show (F12,F»p) is a contraction. By using the
assumption (1) and Lemma 2.5, for (uy,v1), (up,v2) € By, it follows

2wy (1 0) (Fa (s, ) (1) — T alaaz,v2) (1) |

< 1 —w1w2|:vkl_1rk(}/1) [; |Hi|a,kf]°‘2+di,9;1b (Eum <§2> w(&)) —Q(ai,u2<§;>,v2(£i)>'

+ || i \5j\a,k3“1+7\j’p;¢ ‘f(@l.,ul(ej),vl <$>) —f(ej,uz(ej),vz (?)) ”
j=1

N1

1

X ¥
11— wiwslp® "N (y1)

3 e, I (5 0 (£, @) s — wally (4.12)
i=1

. RO |
+J<z,g§w Y(&i,a Hvl—lelw)+|w1|Z\5| gmﬂypw(m,fgwqg (65, a) [[w —uz|lyy
j=1

Y2 _q
+ Lo @) v —val )|
= [L16A)" + K1,g0)" ] s — wplyy + [£2,6A)2 + Ko, g Q)] [V —vallyy

and

Y2

WL (1, @) (Foa(ug, vi) (1) — Faz(uz, v2) (1))

< [L1,e2) +K1,607] [ug — uallyy + [£2,,232 4+ K2,g07] Ivi —valwy -

(4.13)

From the inequalities (4.12)-(4.13), we obtain the result as follows

1(F12 + F22) (g, vi)(T) = (F12 + TF22) (up, v2) (T)||w
< (A" 2V L1+ (Q) 4+ 07Ky, g] Jur —uzlyy
+ [(A)?+ Hyz)ﬂz,f +(Q)* +OY) Ko g] Vi — V2l (4.14)

2
< [l —valyy + v —vallw] D_ [(AT +Z7)Loe + (Q) +0)Kig] -
i1

From (4.14) with (4.10), which yields that (F1, 4+ J5) is a contraction. Applying the continuity property
of f and g, which means that (37,1, J3,1) is continuous and uniformly bounded on B, as

[(F1,1, Fo1) (W, V)[[w < (Q — ATV [lw + (22 — 67| V2 |lw.

Finally, we prove that the set (J71 + J3,1)B, is equi-continuous. For any a < 71 < 12 < band (u,v) € B,,,
it follows that

_Yl
2wy (r, @)1, v) (1) — £¥, (11, @)1 (V) )|
1 n
< ﬁ‘l’}b ® (T, @) g IPF <T2 u(ta),v < 2>> _121‘1/11) ¥ (1, ) g JHPf <T1,u(’t1),v <T1>>'
m ' m
" n
< \P}b K (Tz, J“l’plbf <T1 u T1 ,V < l>) —{ij}b k (Tl,a)akjoqu;ll)f <T1,u(T1),\) <Tl>>' (4.15)
m ' m
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_l’_

1-1 . T
]2\1]11) K (TZI a)kjf?ll’prlbf <T21 'LL(TQ),V <2>> '

m
‘Y r x1+v1—k
p* (o +v1)

pyl— % pyl— %
k\}’ﬂ) (T2, a) — k\[’w (t1,0)

x1+v1—k Y1
7

1—+L
¥, 5 ()Y, Flr,a)

and

1—Y2 1—-2
Wy B (12, @)F21 (1, v)(T2) = pYy, * (T, @) (w,v)(Th)

xp+yp—k

vy ma

12

Yol lwe(v2) - 3
< IM2llwhilya) Ry ©lma) =¥y (m,a)

0% (o +v2)

P K P 1*Lk2
+kW¢ (TZ/Tl)k\yw (T2, a)] .

(4.16)

Since (4.15) and (4.16) are an independent of (u,v) € B;, and (4.15) and (4.16) tend to zero as T, — 1.
Then ||(F11 + F21) (W, v)(T2) — (F1,1 + F21) (w, v)(T1)|lw — 0 as T2 — T1. So, (F11,F21) is equi-continuous,
which means that (7,1, F2,1) is compact on B, by utilizing the Arzeld-Ascoli theorem. As a consequence,
all assumptions of [23] are fulfilled. Therefore, the coupled system (1.3) has at least one solution. O]

4.2. Ulam-Hyers-Mittag-Leffler stability and its generalization

Now, we analyze the stability for the coupled system (1.3) by means of the integral description of its
solution provided by u(t) = JF1(u,v)(1), v(t) = F2(u,v)(7), where F; and F, are provided by (4.2) and
(4.3), respectively. Before analyzing, we define the definitions of UHML stability for the coupled system
(1.3).

Definition 4.3. The coupled system (1.3) is considered UHML stable, if there are two constants ¢¢ > 0,
¢y > 0 so that, for every € > 0, and for any solution (u*,v*) € W x W of

DBy (1) — f <T,u*(T),V* <T>>‘ <,
’ M1

B Dby (7) — g (T,u* (;) ,v*m>' <e, (417)
2

there is a solution (u,v) € W x W of (1.3) verifying

(,v) = (W59 < (€5 + €g)eBroq tank (Krg¥y © (1,0)), Krg >0, 7€ la,bl.

Definition 4.4. The coupled system (1.3) is considered generalized UHML stable, if there are two functions
(r € C(RT,RY), g € C(R",R™) via (¢(0) = 0 = (g4(0), such that for every € > 0, and for any (u*,v*) €
W x W of

T

H DBy *(r) f <T,u*(T),v* (n)> ‘ < 4ol
1

DB Py (1) — g <T,u* (;) ,V*(T)>‘ < Gg(T),

there exists a solution (u,v) € W x W of (1.3) verifying

X+

4, v) = (W, V) < (€rle) + G Era ok (Krg ¥y © (1,@), Kig >0, T€labl

Definition 4.5. The proposed system (1.3) is considered UHRML stable with respect to a function x (), if
there are two constants &, > 0, €4, > 0 so that, for every e > 0, and for any solution (u*,v*) e WxW
of

EleaLB,p;wu*(T) —f (T,u*(T),v* (J))‘ < ex(T), (4.18)
1
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DBy () — g <T, u” (;) ,V*(T)>’ < ex(1), (4.19)
2

there exists a solution (u,v) € W x W of the proposed system (1.3) verifying

0(1+[X2

V) = (W5 V) < (€, + €, JeX(VE ok (Ko Wy © (1)), TE QDL Kpy g, >0.

Definition 4.6. The coupled system (1.3) is considered generalized UHRML stable with respect to a
function x (1) such that for every e > 0, and for any solution (u*,v*) €¢ W x W of

DB eiby*(q) — f <T,u* (1),v* <T)>
’ 1
(

by (1) g (r (5 ()
’ 2

‘ <x(1),
< x(T)

7

there exists a solution (u,v) € W x W of (1.3) verifying

|(U.,V) - (u*IV*)| < (Q:fx + Q:gX)X(T)IEk,oq—i-ocz,k(fo,gx\ylp K (Tr (1)), Q:fX/ Q:gx > 0/ KfX,gX = 0.

Remark 4.7. Let (u*,v*) € W x W is the solution of (4.17) if and only if there exist wy«,+ € W (depends
on (u*,v*)) so that

(i) W (1) < €

(ii) EkD“l'B'p"‘bu*(T) =f (T, u*(t),v* (%)) + Wyr v+ (T); and

(iii) L DoPery*(1) =g (T, u* (%) ,v*('t)) + Wy (T), T € [a, bl

Remark 4.8. Let (u*,v*) € W x W is the solution of (4.18)-(4.19) if and only if there exist z, - € W
(depends on (u*,v*)) so that

(i) [zus v (T)] < ex(T);

(ii) ];’k@“l'ﬁ'p"‘bu*('c) =T (T, u*(t),v* (%)) + zyx v+ (T); and

(iii) EkQ“Z'B'p"‘bv*(T) =g (T, u* (%) ,v*('t)) + zy v+ (T), T € [, bl.
Lemma 4.9. Let oy € (0,1), 1 =1,2, € [0,1], p € (0,1], and k € R*. If (u*,v*) € W x W satisfies the
inequalities (4.17), then (u*,v*) satisfies the following inequalities:

|

u () — My (1) — o kjoq,p;wf (T, u*(7),v* <T>> H < Aze,
’ 1 w

V(1) = Nuoe (1) — o I g (w* (T) ,v*m> H < Ave,
’ 2 A\

where

12‘{’?71(1, a)

(1— wiwy)p® M (y1)

Z ui g I tovPbg <51,u* (Ed) ,V*(ii)>
M2

i=1

. 0;
+w]Z 6) a,kja1+)\j’p'¢f <e]/u*(e])/\)* <ni>>] 7

(4.20)
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2_q
p‘l’ K (’l.' a)

A 0;
Noge e (1) = S e Z5 gt g <65,u*(9)~),v* <n]>>
12 k(v2) j=1 4.21)
— or+oy,e\ * Evi *
‘HUZZ i a,kj v 9 ((_,i,u E sV (((‘11) 7
i=1
and A\ = Q]f—l-Q‘z< and A\ :Ek—i-E‘2<
Proof. Let (u*,v*) be a solution of (4.17). Applying (ii) in Remark 4.7, we obtain
HDe Py (1) = f (ur (1), v () + W (1), m>1,
M DoB oy (1) = g (tu (&) v (1) + W (1), 2> 1,
lim , (TP (T Z M @i JOV (&), &€ (qb], 1=1,2,...,m, (4.22)
T a '
lim Jk Y2,07byx( Z 8 W INPPur(0;), 05€(ab], j=1,2,...,n
T*)(l a,
Applying the result in Lemma 2.6, a solution of (4.22) is given by
u (1) = alkﬂ“l'p;‘bwu*,v* () + Myx v+ (T) + alkﬂ“l’p;‘l’f <T, u*(1),v* <T;r>>
1
p\yYTl 1(’( a n
+ Z M @I %2 PP W v (E1) + w1 ) 85 @i NP W e (65) ],
(1—wiwy)p* j=1
V) = I 0y 0) 4 N (1) 0,350 (0" (1) w1
2
P\y%*l(,[ a m
+ Z d; j“1+7\; e II)WLL* * (9)) + w» Z Wi o kjo{ero-i'panu*,v* (‘(-vl) ’
(1— wiwy)lep ™ i

where M+ y+(T) and Ny» (1) are denoted by (4.20)-(4.21). Applying Remark 4.7 (i) with Theorem 4.1
and Lemma 2.5, implies that

lgly}p_% (T, 0.) (u* (T) - Mu*,v* (T) — a,kjoqlp}ll)f (T, u* (T),V* (T) >> '

m

1

n
< Vi D il e v (E)] il D [85]ap I IO [wye e (65)]
|1*w1w2\PT71rk(Y1) P —

+ ]2\1] (T CL) ,kjocl,p;tl) |Wu*,v* (b)|

1
<e il 32O (1) (E1) + il Y |85]a I PP (1)(05)
{|1—w1w2|9yk1_1rk(1/1) ; Z

Y1
+ 13‘1’114)_ 3 (b, a)a,kﬁ"‘l"’;‘b(l)(b)}

k— k+cx2+6
B 6{ Fk(k) o ||-'L1| qu h (Ei/ a)
|1—w1w2|pyri+‘xz Me(v1) iz1 p e T (k+ g + 03)
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o k— k+cxl+?\ 0 C+a—vq
k =105y, ¢ (65,a4) (Y, © (ba)
. | elk) | \ ) MOty Q¥+ 0¥ = Ase.
IT—wiwalp™ * Nly1) j=1 pTFk(k—i—ocl—i—?\,-) p* (€4 o)

Similarly, we have

1-12 X . «f T N
Wy ©(mal (H (1) = N (1) = 9% g (T’“ <nz ) " m)) |
1 n m
< ) Z 18501 I NP | e (05) | + s Z il @1 IO TP he e (£1)]
11— wiwolp® " Nely2) |55 i1

2 .
+ ]‘z‘if (T (1) ,kjaz,p,w |Wu*,v* (b)|

k— k+oc1+7\)
<€{ e ( Z}‘S Hi‘l’ (65, a)
11— wiwalp & )Tl pRTk(l+ g +A5)
Y (Gpa) Te(KEW E (b,
+ Iwz\l“k(k) |H1|k WP (Eua) n ( ) ( (1)}
11— wiwylp % 2 Mc(v2) i=1 P (K + 2 + 03) pE T (k + o)
1 = A oy LR o+
= & k_ pllj e,’ E o ( k—lp\y e.’ 1 2)
€{|1—w1wz|rkh/2) []ZI ! (85, JE_ o, s S (k™ &Yy (05, )
— O Kptop _ -+
+|w2|Z\u1|k SRV (B B, ey (KR (8, 0) )
i=1

k+op—vo

_ + —_ —_
R (b,a)IE“HOCL%H((k 1y, (b, a))™ “Z)}_(;}<+;§)e_Aze.

The results are obtained. O

Theorem 4.10. From all conditions in Theorem 4.1, the coupled system (1.3) is UHML stable and then its gener-
alization stable.

Proof. Suppose that € > 0, (u*,v*) €¢ W x W is a solution of (4.17), and (u,v) € W x W is the unique
solution of (1.3). From the result in Lemma 2.6, it yields

u(t) = My (T) + alkj“l"’;‘bf <T,u(T),v <T;[>> , V(1) =Ny (1) + alkﬂo‘z'p;‘pg <T,u (TT) ,v(T)) .
1 2

It is easy to see that My, (T) = M+ +(T) and Ny, (T) = Nys v+ (T). Then, [My (1) — Myx+(T)] = 0 and

N (T) — Nys v+ (T)] = 0. Now, using Lemma 4.9 and [u—v| < [u|+|v|, for each u, v € R, T € [a,b], it

yields that
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v
) qupw(ﬁlfk‘l’k (1) u—wlyy + Lorp ¥y '(t,a) (A ”W> e

1 Y1
< ﬁ‘l’w “(t,a
X1
Ne(y)p¥y (b, a) . -0 ,
<L =y + £2,68Wy ™ (b, @)1 3% ([ = vl ) + Are
P Me(y1+ o)
Then, we have
A o2V ¥ (b, )
1€ 2,k @ o mb( x )
Jx1.P; — . 4.23
+ 1 _zllf(Q‘l\/l _A‘i/l)a,k HV v HW ( )

—1* <
[ —ulw 1= 2@V — A7)
In the similar method, we obtain that
pyl— % *
2w, ¥ @) i) - v (o) |
pyl—?
< k‘yll) *(1,0a) (Nu,v(T) - Nu*,v* (T))
p‘{/ *(1,a) a,kﬂ“z'p"‘bg (T,u (T> ,v(T)) — L Jepitbg (T,u* (T) ,V*(T)>‘
M1 N1
Vz X T
pll’ k(1,a) [v* (T) — Nygr v (T) — alkﬂ“z'p"bg (T, u* (ﬂ) ,v*(T))} '
1

1_4q « Y2
(T, @) I pﬂ)(:}(lg{zwd‘j (t,a) lu—u H\W+9<2,g£‘1’1‘1j (t,a)|lv—v HW> + Aze

Y2

x‘\,\,

<

?T"O

1—
ww L),
%

Te(yv2)R¥Y (b, a)
kW lv—v*lw + Aze,

x2

(b, @)@ 30—y ) + Ko g
@ ( ) pE Ne(v2 + x2)

<K 912‘1'

which implies that
(4.24)

1—2Y2
AVYS X1 ngly “ (b, a) o,pp *
=v2 Yoy T 1 =V2 Yoy akd P (lu—utly ).
@ —077) T 1=%, 4 (Z]7 — 0]

By using Theorem 3.1 and Corollary 3.3 into (4.23)-(4.24), it yields that

1
e < ¢ . sz/\zk‘i’ I (b, )
u—u jjw s 1
1—L1,6(Q) = AT [1—%,,4(2)? —©)2)]p ¥ i (oq + k)
Y1tV
(0"F) Lo K gfWy 5 (ba) | sim
AT Kag G —ep) e (9]

X B, 4005,k [1—L1¢(QY —
, 1
V2

Jcllg/\l{i‘yﬁ k (b, (l)

€
v—vilw < = Ay + <
” 1=3G,6(E* —677) [1— L15(Q) = AY)]p ¥ Tielo + k)
(x]+oc2 7 Y1t¥2
(P % ) 1Ly gk‘l’  (b,a) 0‘1:“2 r.a)
A}/l)][l_ng('ﬂ/z @Vz)] ’

X lEk, k
aten [1—Lq1¢(Q) —

By setting
X1—71
1 - LotAaf¥y F (b,a)
1 x
A [1—Ks,9(Z) = OF2)]p® Te(0g + k)

Cr:=
U — L1,(Q" —
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1 K1 gAMYL F (b, a)
Q:g T 1— Ky (272 @yz Azt Y1 Y1y 422 ’
2,9(Z ) [1—L1,e(Q" —A{)]p® Ty (0 + k)
oc1+o<2 2— Y1tvo

(p ) Lfolgkw A (b (1)
1= L1 Q) — AV — Ky g (5 —O72))

Kf’g L=

it implies
X1 +xy

1w, v) — (W5 v) |y < (¢f+¢g)emkal+azk(.<fgxy¢k (T,a)).

Hence, the coupled system (1.3) is UHML stable. Additionally, taking (¢(€) = €re and (4(€) = €4€ under
(£(0) = Cg(0) = 0, it implies

10, 9) = (W9 )y < (Crle) + Co(€)) By o (Krg ¥y © (1,0))-

Therefore, the coupled system (1.3) is generalized UHML stable. O

Next, we give the following assumption.

(H3z) Suppose that o1 + x; > 0 and x € €([a, b],R) be a non-decreasing. There exists ¢, € R*, for any
€ [a, b], such that,
a ) IR (x(1)) < Cex(T)- (4.25)

Lemma 4.11. Assume that o € (0,1),1=1,2, 3 €[0,1], p € (0,1], and k € R If (u*,v*) € W x W satisfies
the inequalities (4.18)-(4.19), then (u*,v*) satisfies

where My v+ (T) and Ny« (1) are given by (4.20) and (4.21), respectively,

1 NG
As = (Zuwwlzs ) oWl ¥ (b, a),

W) = My e (1) — o JP0F <r, W (), v* (;)) H < A€ ex(),
1 w

V() — N () — 4 TP g <r, w (T> ,v*m) H < AdCyex(),
! N2 w

11— wiwalp® Ne(y

Ay = ! (Z5 |+wZZH1) v %(b,a).

11— wiwylp i (v2) i1

Proof. Let (u*,v*) is a solution of (4.18)-(4.19). By using Remark 4.8, it follows that

H @“lﬁp‘l’u ( ) =f (T, u*(7),v* (nl))—kzu*v*(ﬂ, T€(a,bl, m>1,

T (£) VD) Fzaew (1), TE(QD, M >,
o

lim o JE VPP ur(n) = 3 g o JOV(E), &€ (abl, i=12,...,m, (4.26)
T—)(l l_rfl 4

lim I 2Py (1) = 3 &5  JNPYur(05), 65€ (ab]l, j=12,...,n

T—a % =1 ’

From Lemma 2.6, a solution of (4.26) is

W (1) = 1 TPz e (T) + My (T) + o, TP F (T, u* (1), v* <;>)
1
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1

i
ka (T a)

n
<Z TR chz+ci,p;¢zu*’v* (81) + wq Z ; a/kjoqwxj,p;lbzu*,v* (6)-)>,

(1— wiwy)p® N (y1) o1

VT = @i TP 2 (1) N (1) @ I%P g (T, ur (;) ,v*(r)>
2

m
<Z 8 ) I NPz e (05) F w2 ) i g1 IO 2 (ai)>,
i=1

where My« +(T) and Ny« (T) are given by (4.20)-(4.21). Now, we apply Theorem 4.1, Lemma 2.5, and
Remark 4.8, we obtain that

2 _q

]2‘1"‘ (Ta

(1— wiws)p " Ne(v2)

Y1

](z,\y‘ll.biT (T, Cl) |:‘LL>|< (T) - Mu*,v* (T) — a,kjal,p;wf (T, u*(T),\)* (;) ):| ‘

1 i o
< (Z il 2T TP |z e ()] (&4)

i
11— wiwalp® Ne(y1) \ i

n
+lw1IZ|6j|a,kJ“l+wwzu*,v*(s)ue,-)) + 0w, (1, @) I [z e (5)] (b)
j=1

1 — L = .
< 6{ i (Z il T2 TV (x (7)) + |wi] Z |85] 3% AP (X(ej)))

11— wiwalp® Ne(v1) \iZ j=1

Y1

11— .
+ Wy, (b, @)1 3% (x (b)) }

Using (JH3), we obtain

(T, (1) |:LL>‘< (T) — Mu*,\)* (T) - a,kja],p;wf (T, w (T),V* (;) >:| ‘
1

< |: ! (Z |P|>1| + |1 Z ‘6 |) ]F?yip ?1 )] Q:xe)((T) = /\3Q:X€X(T)-

11— wiwslp ¥ i (v1) i

b=

pyl— %
Yy

Similarly,

l‘i‘yw *(1,a) [v*(’r) — Nys e (T) — alkﬂ"‘z"”‘l’g (T, u” (;) ,v*(’r)ﬂ ‘

< { ! (Z }5 ’+ | Z P-l) +£‘1’$L‘3(b, a)] Cyex(T) = AyCyex(T).

11— wiwslp ¥ T (v1) i1

The proof is finished. O

Theorem 4.12. From all conditions in Theorem 4.1, the coupled system (1.3) is UHRML stable and consequently
generalized UHRML stable.

Proof. Assume that € >0, (u*,v*) € W x W is a solution of (4.18)-(4.19), and (u,v) € W x W is a unique
solution of (1.3). Applying Lemma 2.6, it implies

X(T) = Moy (1) + 1 I F <T,u(T),v <nT>> )
1

V(1) =Ny (1) + alkj“z’p;‘l’g (T,‘LL (;) ,v(T)) .
2
Cleal‘l}’, Mu,V(T) = Mu*,v* (T) and Nu,v(T) = Nu*,v* (T)/ then |Mv,u(T) - Mu*,v* (T)| =0 and ‘Nu,v(’r) -
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Ny v+ (T)] = 0. Using Lemma 4.11 and [u —v| < [u| + |, for any u, v € R, T € [a, b, one has

y
+£W$%(Tf @) o, P ‘f <T,u(T),v (;)) —f <T,u*(T),v* (;))’

v
]2‘-1’11,_ 3 (t,a) [u*(*t) — My (1) — alkj‘xl’p;u’f <T, u* (1), v* <T>>} ‘
Lt

1—11 1 " 2 *
< lglyxb F (1, @) g i I o (Ll f]‘i\y ? (t,a) lu—u*||w +L2,f£\y$ (t,a)[[v—v HW) + A3&y ex(T)
Fk(vl)p‘lﬁ(b, a) -1 .
< g P 2 gy 4 L2 (b, ) I ([ vy ) + AsCex()

0 Ne(y1+ o)
Then,

1-1
/\36)( EX(T) 'CZ,f]g\ylp k (b/ a) Joq,p;ll) ( ||V o V* H ) (4 27)
1—L6(Q —AYY) T 1—Lq6(Q) —AY) &F w ) .

lu—ulyy <

In the similar procedure, we have

1—X2
/\49: €X( ) X1 g]‘iw K (b/ (l) .
x < Jo2,0p —q* . 4.28
HV v ”\W 1_g<2,g('-ﬂ/2 @Yz) 1_j<zg(r-ﬂ/z @Tz)a,k (”u u HW) ( )

By utilizing Theorem 3.1 and Corollary 3.3 with (4.27)-(4.28), it yields that

1+

||U U*H < €Xex(’c) A n sz/\4k\y (b, a)
_ < \
w 1—L]If(Q}/1 _Ag/l) [1— KZQ(HYZ @YZ)]p N (o + k)
oy +o _Y1t+v2
B (p™F7) M Ko f¥, F(b) e
etk | 1= £0,1(Q" = AT — 5,6 (EF — O3] F ¥

X2—Vv2

K1,9A3]2\y3])+ K (b, Cl)
[1—L1,6(QY' — AY)]p ¥ (0 + k)

(t,a) ],

— 2
W = 1_9<2’g(~1/2 @Vz)

Ay +

1+
ZVV

. (0™ ) g Ky gf¥y,  * (ba) g2
Pk | T oy Ay - Ko,Er ey v (Y

Thus,

D(,l+0(2
||(u,v) (‘LL v HW (Q:fx+€gx)€X( )]Ek,oc1+oc2,k(KfX,gX\y¢k (T,Cl)),
where
14+ 5.1
¢ LoiAal¥, © (b,a)
¢, X /\3+ 2,f/ M )

X1 Ly (QY = AT [1—Ka,g(=)> —OF)]p ¥ N0y + k)

14 %2-Y2
¢, K1,gAsf¥,, * (b,a)

L= — A4+ o2 ’
X 1-%04(217 - 00?) 1 —L1¢(QY =AY )p % (o2 + k)

g
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1+ 2 1— Y12
)™

_ 2
< o (p LZ K1 gkly “ (b,a)
T = Ly o (QY = AV — K g (272 — ©72)]

Hence, the coupled system (1.3) is UHRML stable. Additionally, taking € = 1, yields

0(1+KX2

||(U,,V) (U. \) HW (Q:fx + Q:gx) (T)]Ek,oq—i—ocz,k('(fx,gx‘ylp K (T/ Cl)) .

Therefore, the coupled system (1.3) is generalized UHRML stable. O

5. Numerical examples

This part provides two numerical simulations to demonstrate the illustration and practical applicabil-
ity of the main findings.

Example 5.1. Given a nonlinear coupled system of Ambartsumian equations under the nonlocal condi-
tions in the context of the (k, {)-HPFDO:

H VT, =
0,%9 o abu(t) =f (tu(t),v(3)), Te(01],
NGV
5[9 D3 TaVy(1) =g (T,u (%) ,V(T)) , 1€ (0,1],
2 5.1)
. 1y, ™ _ 2 (1 25y, (2i—1 (
llir}) 19032 et = Y (5 0%3”4 Y (351)
. v ¥ . 3 1 1 3j—1
ilg}) 19052 24%y(1) = Z;:l (4) 0,%33 “ru (4]—1)

Under the coupled system (5.1), we achieve 0y = /7/(1+1), mi =1+1,1=1,2, B = /r/4, p = /4,
k=9/10,a=0,b=1,p =1/2" 0y = 1/(1+41), & = 2i—1)/(2i+1),i = 1,2, 8 = 1/4, A; =j/3,
0; =3 —1)/(4j—1),j =1,2,3,and P(1) = —exp(—27). Then, x;/k =~ 0.984697 < 1, x»/k ~ 0.656464 < 1,
v1 & 0.892330, v, ~ 0.727821, w; ~ 0.627556, wy ~ 0.298084, AKX ~ 0.166568, A)! ~ 0.168784, AY? ~
0.229276, ©F ~ 0.161019, ©)" ~ 0.163049, ©,* ~ 0217541 QF ~ 1109342, Q' ~ 1.120760, Q) ~
1. 425547 QF ~0.661227, Q)" ~ 0.669564, O ~ 0.893336, =f ~ 1.108528, ="' ~ 1.117850, =)* ~ 1.362094,
=k ~ 0. 216834, =71 =~ 0. 219818 and =)? &~ 0.298465. Now, the nonlinear functions are given as matching
for the proposed system (5.1):

o 237 lu(T)] v(7)l

flru(dv(n) =e +cmqu+5<mun+3+w(n+5> (5:2)
. 1—7 3u(3)l ()

g(t,u(t),v(1)) = sin(37t) + 3sin(m) 1 6 <u( 14 + wE] +2> . (5.3)

Using (5.2)-(5.3), for any ui, vi € R,1=1,2, and t € [0, 1], we achieve

1 1 1
If(t, wy,vi) — f(T,up, v2)| < |u1 Wl + ——vi —wal, lg(T,ug,v1) —glT,up, v2)| < |u1 —uy| t1 \Vl —Vy|.

15
From condition (J{;) in Theorem 4.1, we obtain the constants £q¢ = 1/9, L5+ = 1/15, X1, = 1/8, and
XKp,g = 1/12. Then, 2 QY+ 2 L r + () + 271Ky 9] ~ 0.675255 < 1, we obtain that Theorem 4.1
is satisfied. Hence, the coupled system (5.1) has a unique solution on [0,1]. Next, by condition (H;) in
Theorem 4.2 with (5.2)-(5.3), we achieve

(T, w(t), v(T))] < e 27 + _ At and |g(T,u(t),v(T)) <1+ e Gl
’ ’ = cos(27mt) +5 9t ’ h 3sin(mt) +6°
Then,
2e 3T 2(1—m1)

Yi(t) =e 2T+ and Yi(t)=1+

cos(27mt) +5 3sin(ntt) + 6
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By direct computation, we have Y :_; [(AY* +Z)")Li s+ (Q) +O))K; 4] ~ 0274999 < 1. Hence, by
Theorem 4.2, the coupled system (5.1) has at least one solution on [0,1]. Furthermore, we can compute
all constants A =~ 1.770569 and A; ~ 1.325362. Applying above constants, we achieve €¢ ~ 2.073791 > 0,
¢y ~ 1.570461 > 0, k¢ g =~ 0.008236 > 0. Hence, by all conditions in Theorem 4.10, the coupled system
(5.1) is UHML stable on [0, 1]. Taking (¢(e) = €re and (4(€) = €ge with (¢(0) = (4(0) = 0, the coupled

2~
system (5.1) is generalized UHML stable on [0, 1]. In addition, by taking x(1) = ]2‘1’5) ! (T, a) in (4.25), then

@0, i) 2 WoF (ma)

_ N2y, * T,a N (2P ¥ T,a

1INV (y (1)) = Hf v = x(7).
(24 o1 + o) I“k(2+cx1+ocz)

(X+0(

This yields that €, = (% (2)} Y (1,0))/ ( (24 o1 + 1p)) ~ 0.235640. From all previous con-
stants, we can compute the Values Az ~ 1.934753, Ay ~ 1.298036, &, ~ 0.531477 > 0, &4, ~ 0.368739 > 0,
and kr, g, ~ 0.010420 > 0. Therefore, by all conclusions in Theorem 4.12, the coupled system (5.1) is
UHRML stable on [0, 1]. If we take € =1, the coupled system (5.1) is generalized UHRML stable on [0, 1].

Next, we use the numerical technique in [35] to show the graphical approximations of the given
Example 5.2.

Example 5.2. Given a nonlinear coupled initial value system of Ambartsumian equations in the sense of
the (k,)-Caputo-PFDO:

{ §k®“1'9;¢u(T) =f (T,u(T),v (%)) , ()C,kﬁo‘z’p’wv(’f) =g (T/u (%) ,V(T)> , (5.4)
u(0) =0, v(0)=0,

where f (T, u(t),v(t/n2)) and g (T, u(T/M1),v(T)) are provided by (5.2)-(5.3), respectively.
To achieve the numerical approximation of the proposed problem (5.4), we apply (2.7) in Lemma 2.7.
Then, the operators &kQ x1,0;% (1) and OC/kBD x2,0;by (1) can be replaced as follows:

SeDMPu(1) ~ AY (1) —p(0))' T F [(1 —pJu(t) + kpf;((:ﬂ
(5.5)
—ef ¥ ZB —p(0)) T F Ty (1),
€ DRy (1) m AT (1) — h(0))' T F [(1 p)v(mkpv,m]
/(1)
y N . (5.6)
—e® YUY BR (1) —p(0))' T F T Usi(1),
i=1
where
o 1 Do (i %1
AN_ 1— X Z '(r (xf_l), €:1,2,
P ® M (2k — og) io “'\x )
BR; = M+ s -1 , =12, i=12,...,N,
P - DIk — )T (S — 1)
and V;(t), Ui(1) are given in Lemma 2.7. Then
V(1) = (1)~ () W (e TP [(1-pu(r) + ko T], i=12,.. N,
U)o )= ()T (D)e B [(1—plvir) + ko g, i=1,2,0N, 57)

Vi(0) =0, Ui(0) =0.
By applying (5.5)-(5.7), then the problem (5.4) can be written as
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[°4

AR (1) = ()" F (1= plulr) + kp3T]

AR () = (0D ¥ [(1— pv(r) + kp S ]

p_] N " (5.8)
e 5 B b — 0 (0) T E U0 = g (v (i) vi0),
Vi) = (1)~ (0) W (e ™ P [(1—ppulr) + ko], i=12.N,
1=p V(1)

W (1) = (1) = () W (xe ® P [(1—phvir) +kogH], =12,
u(0) =0, v(0) =0, Vi(0) =0, U;i(0) =0.

Using a built-in function ode45 in MATLAB, the approximate solution of the coupled system (5.8) can
be shown with various parameters k = 0.9,1.0,10 and V(1) = T, /2 e~ T, log(t+1), and InT. For the
graphical simulations, we set &y = /t/(1+1), m  =1+1,1=1,2, p=mn/4, a =0, b =50, and N = 5. The
graphical simulations of the approximate solution are divided them into seven cases.

Case 1. Figure 1 displays the dynamics of the approximate solution via the fixed (1) = T and vary
values k = 0.9,1.0,10. As k grows from 0.9 to 10, the solution u(t) converges to a steady state while v(T)
oscillates more, see Figures 1a-1c.

10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

(@ k=09 and Y(1) =1. (b) k =1.0and P(7) =T. () k=10 and P(1) =T
Figure 1: The graphical simulations of the approximate solutions via oy = /1/2, &y = /7/3, p = /4, N =5, k = 0.9,1.0, 10,
and (1) = T for the coupled system (5.8).
Case 2. Figure 2 displays the dynamics of the approximate solution via the fixed (1) = —e~" and vary
values k = 0.9,1.0,10. As k grows from 0.9 to 10, the solution u(t) converges to a steady state, grows v(t)
oscillates before settling into a steady state, see Figures 2a-2c.

10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

(@) k=09 and P(t) = —e . (b) k=1.0and P(t) = —e " (c) k=10 and P(1) = —e~ ~.
Figure 2: The graphical simulations of the approximate solutions via &1 = \/71/2, 0y = \/n/3, p = /4, N =5, k = 0.9,1.0,10,
and (1) = —e™ " for the coupled system (5.8).

Case 3. Figure 3 displays the dynamics of the approximate solution via the fixed (1) = /2 and vary
values k = 0.9,1.0,10. As k grows from 0.9 to 10, the solution u(t) converges to a steady state while v(T)
oscillates more, see Figures 3a-3c.
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2
—utr)
— ()
o an
2

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

@) k= 0.9 and (1) = /2. (b) k = 1.0 and P(7) = /2. (0) k =10 and P (t) = /2.

Figure 3: The graphical simulations of the approximate solutions via &1 = \/71/2, 0y = \/1/3, p = n/4, N =5, k = 0.9,1.0,10,
and (1) = /2 for the coupled system (5.8).

Case 4. Figure 4 displays the dynamics of the approximate solution via the fixed (1) = log(t+ 1) and
vary values k = 0.9,1.0,10. As k grows from 0.9 to 10, the solution u(t) converges to a steady state while
v(T) oscillates more, see Figures 4a-4c.

i 0 10 20 30 40 50 0 10 20 30 40 50 ) 0 10 20 30 40 50
T

(@ k =0.9 and P(t) = log(Tt+1). (b) k =1.0 and P (1) = log(T+1). (c) k =10 and P(7) = log(T+1).

Figure 4: The graphical simulations of the approximate solutions via oy = /1/2, &y = /1/3, p = /4, N =5, k = 0.9,1.0, 10,
and P(t) = log(t+ 1) for the coupled system (5.8).

Case 5. We compared the approximate solution of the coupled system (5.8) with the classical-order
(1 = 1,0 =1, = 1,k = 1,p = 1), fractional-order (o; = /71/2, 00 = /7/3,p = 1,k = 1,p = 1),
proportional fractional-order (1 = 71/2, 00 = /7/3,f = 1,k = 1,p = 0.95), and k-fractional-order
(1 = V1/2, 00 = /1t/3, =1,k =0.9,p = 1), as shown in Figure 5.

0.6 T T T T 50
0
0.5
50 F
0.4
-100
o3 ] L 150}
-200
0.2}
Classical Operator -250 Classical Operator
| Caputo-Fractional Operator Caputo-Fractional Operator
0.1 k-Caputo-Fractional Operator 300 - k-Caputo-Fractional Operator
Proportional-Qaputo-Hactional (?perator B Proportional-Caputo-Fractional Operator
—— (k, ¥)-Proportional-Caputo-Fractional Operator —— (k,v)-Proportional-Caputo-Fractional Operator
0 | I I T 350 T T T L
0 10 20 30 40 50 0 10 20 30 40 50
T T
(a) The approximate solution u(t). (b) The approximate solution v().

Figure 5: Comparing of the approximate solutions for classical-order, fractional-order, proportional fractional-order, and k-
fractional-order via § =1, N =5, and {(t) = T for the coupled system (5.8).
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Case 6. Figure 6 displays the dynamics of the approximate solution via the fixed V(1) = 7, p = 7/4,
k = 1.5, and vary values «; = 0.65,0.70,0.75,...,1.00, 0 = 0.65,0.70,0.75,...,1.00. As ; and x grow
from 0.65 to 1.00, the solution u(t) converges to a steady state while v(t) oscillates more, see Figures
6a-6b.

0.45

T
a1 = 1.00,a; = 1.00
- - —a; = 0.95, a5 = 0.95| |
@ = 0.90, a5 = 0.90
----- a; = 0.85,a; = 0.85 L
a1 = 0.80, a5 = 0.80| 0
a; =0.75, a0 = 0.75
——a; = 0.70,a, = 0.70
03 et = 0.65, a5 = 0.65] |

0.4

0.35

—— a1 = 1.00,a, = 1.00
- - =y = 095,05 = 0.95

ay = 0.90, a5 = 0.90
----- a) = 0.85, a5 = 0.85

A5 |——ay = 0.80,a5 = 0.80
a; =0.75, a3 = 0.75

——a; = 0.70, a5 = 0.70

ey = 0.65, g = 0.65

= . 20 ; . . .
30 40 50 0 10 20 30 40 50
T T
(a) The approximate solution u(t). (b) The approximate solution v(t).

Figure 6: The graphical simulations of the approximate solutions via «; = 0.65,0.70,0.75,...,1.00, oy = 0.65,0.70,0.75, ...,1.00,
p=m/4, k=15 N =5, and {(t) = T for the coupled system (5.8).

Case 7. Figure 7 displays the dynamics of the approximate solution via the fixed {(t) = T, a1 = /7/2,
oy = /7/3, p = m/4, and vary values k = 0.8,1.0,1.2,14,1.6,1.8,2.0. As k grows from 0.8 to 2.0, the
solution u(t) converges to a steady state while v(t) oscillates more, see Figures 7a-7b.

——k = 0.8

--k=1.0

k=12

----- k=14

——Fk =16

k=18

—Fk =20

[ | 25 . | [ |
30 40 50 0 10 20 30 40 50
T T
(@) The approximate solution u(T). (b) The approximate solution v(t).

Figure 7: The graphical simulations of the approximate solutions via &1 = \/7t/2, oy = v/71/3, p =71/4,k =0.8,1.0,...,2.0,N =5,
and P(t) = 7 for the coupled system (5.8).

6. Conclusion

In a nutshell, we presented novel results that substantially contribute to the literature on (k,{)-HPFDO
for BVPs of coupled Ambartsumian system. The famous fixed point theorems, such as Banach’s and Kras-
nosel’skii’s, were relied on to analyze the desired existence and uniqueness results. The Ulam stability in
the context of UHML and UHRML were investigated to use the approximate solution to replace the exact
solution. Moreover, numerical examinations illustrate the theoretical results obtained well, confirming the
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theoretical analysis results. The work presented here is more general than other coupled systems because
the (k,1{)-HPFDO can be reduced to various fractional and classical operators, as shown in Table 1. Our
coupled system addresses a special case by determining the relevant parameters associated with the cou-
pled system. If we set 0y = A; =0 fori=1,2,...,m,j =1,2,...,n, we have the following multi-point
nonlocal coupled system

{ lim T vreby(n) = 3 0 wv(&), a< &

T—a

<

For future work, we intend to investigate the impulsive situations of the coupled system (1.3). In addition,
various boundary conditions will be considered, such as the fractional-integro-differential condition. We
will explore new analytical and numerical techniques to solve this operator.
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