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Abstract

This article studies a sequential time-fractional diffusion equation characterized by the Caputo derivative. We establish
the existence of a mild solution using the resolvent operator and Schaefer’s fixed point technique. Moreover, we explore Ulam-
Hyers and Ulam-Hyers-Rassias stabilities through nonlinear methods. The study also presents examples of applications of these
techniques, such as application to a partial Caputo time-fractional diffusion equation.
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1. Introduction

Fixed point theorems play an essential role in studying the qualitative properties of partial, ordinary,
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and fractional differential equations. For more details on fractional calculus and its applications, refer to
[1–3, 15, 20, 21, 28–31, 33, 34, 38, 40, 42, 45, 46, 48]. Formerly, researchers employed fractional calculus to
investigate the existence results and stability of sequential fractional differential equations (SFDE). Ahmed
and Ntouyas [4] investigated the existence and uniqueness of solutions for Caputo-Hadamard SFDE of
order neutral functional. Ahmed et al. [5] studied SFDE with semi-periodic and integro-multipoint
conditions. Al-Khateeb et al. [7], demonstrated UH stability and uniqueness for nonlinear SFDE with
integral boundary conditions. Aqlan et al. [9] evolved the existence theory for SFDE with anti-periodic
conditions. Salem and Almaghamsi [44] investigated the solvability of SFDE at resonance, while Zada
et al. [51] demonstrated the existence and stability analysis of a coupled system of nonlinear Caputo
SFDE with integral conditions. In addition to previous work on SFDE, other scholars have investigated
pantograph FDE. Ali et al. [6] proposed the stability analysis of the initial problem of implicit pantograph-
type FDE with impulsive conditions, Balachandran et al. [12] discussed in depth with examples the
existence of solutions of nonlinear pantograph FDE. Derfel and Iserles [14] focused on two FDE with
complex functions and addressed qualitative theorems of solutions and their asymptotic action. We also
refer the reader to the important research of Iserl [22, 23] that deals with the exact and discretized stability
of the pantograph problem. Khan et al. [10] conducted a significant study on a nonlinear multi-term
problem of pantograph FDE. Vivek et al. [49] also conducted research on the existence and UH-S results
for a neutral pantograph problem with complex order. In [8], the authors used the numerical collocation
techniques to solve the pantograph FDE:

Diαζ(w) = σ(w) +
m∑
r=0

ℓr (w)y(prw), a < w < b, n− 1 ⩽ mα ⩽ n,

under the initial conditions Diζ(c) = ρi, a ⩽ c ⩽ b, i = 0, 1, . . . ,n− 1, where 0 < pr < 1 and ρi is suitable
constant. In [19], the authors treated a pantograph SFDE,(

Dα + κDδ
)
ζ(w) = ϕ(w, ζ(w), ζ(ηw),Dδζ(ηw)), w ∈ [0,χ] , (1.1)

with
ζ(0) = σ(ζ), ζ(χ) = θ, θ ∈ R. (1.2)

where 1 < α ⩽ 2, 0 < δ ⩽ 1, 0 < η < 1, κ ∈ R+, Dα and Dδ denote the CFD, and ϕ and σ are
continuous functions. The authors explored the issue defined by equations uniqueness of (1.1)-(1.2), as
well as its UH and UHR stability characteristics. Pantograph equations have a significant impact on pure
and practical mathematics, as well as physics. In acknowledgment of their significance, many researchers
have generalized these equations in numerous directions and investigated the availability of numerical
and theoretical solutions to such problems. In addition, other authors used various fractional derivative
operators to study the existence and UH stability of these generalized pantograph equations.

The theory of nonlocal problem with abstract FDE has progressed significantly over the previous two
decades, as evidenced by the references [11, 16–18, 24, 27, 32, 36] and the broader relevant literature. In
[50], the authors treated the TFDE with the equation

∂αζ(x, w)
∂wα

−
∂2ζ(x, w)
∂x2 = −Q(x)ζ(x, w), 0 ⩽ x ⩽ 1, 0 ⩽ w ⩽ χ,

and the initial condition ζ(x, 0) = Φ (x), and

∂ζ(0, w)
∂x

− kζ(0, w) = 0,
∂ζ(1, w)
∂x

+ kζ(1, w) = µ(w), 0 ⩽ w ⩽ χ,

with Q(x) = Q(1− x), Q(x) ⩾ 0 is a symmetric potential. In [47], the authors investigated the existence of
TFDE with the equation

∂αζ(x, w)
∂wα

−
∂2ζ(x, w)
∂x2 = Q(x, w), 0 ⩽ w ⩽ χ, 0 ⩽ x ⩽ 1,



K. Ould Melha, et al., J. Math. Computer Sci., 41 (2026), 421–436 423

supplemented by the initial constrain ζ(x, 0) = Φ (x), and the conditions of Dirichlet type ζ(0, w) = 0,
ζ(1, w) = 0, 0 ⩽ w ⩽ χ, with Dα denotes the Caputo time-fractional derivative. Let us define the operator
B by Bζ (x) = ζ′′(x) with domain D(B) = {ζ ∈ Z : ζ(0) = ζ(1) = 0}, then the abstract TFDE becomes

Dαζ(w) −Bζ(w) = Q(w, ζ), 0 ⩽ w ⩽ χ,

and the corresponding sequential abstract TFDE is given by

Dβ (Dαζ(w) −Bζ(w)) = Q(w, ζ), 0 ⩽ w ⩽ χ,

where 0 < α < 1, 0 < β < 1, and the closed linear unbounded operator B defined on D(B) ⊂ Z, where Z
is a Banach space.

The study of abstract fractional differential equations plays an important role in applied mathematics.
For example, in [43], Saeedian et al. studied the memory effect of an SIR epedimic model using the Caputo
fractional derivative. They proved that this effect plays an essential role in the spreading of diseases. The
mathematical form of this model is:

DαS(w) = Λ− µS−
βSI

1 +α1S+α2I+α3SI
,

DαI(w) =
βSI

1 +α1S+α2I+α3SI
− (µ+ d+ r)I,

DαR(w) = rI− µR,

(1.3)

where S(w), I(w), and R(w) represent the numbers of susceptible, infective, and recovered individuals at
time w, respectively. Let ζ(w) = (S(w), I(w),R(w))T , then system (1.3) can be reformed as following abstract
fractional differential equation:

Dαζ(w) −Bζ(w) = Q(w, ζ(w)),

where

B =

 −µ 0 0
0 −(µ+ d+ r) 0
0 r −µ

 , Q(w, ζ(w)) =


Λ−

βSI

1 +α1S+α2I+α3SI
βSI

1 +α1S+α2I+α3SI
0

 .

Motivate by the papers [8, 19, 47, 50], we will study an abstract generalized problem, the sequential
equation, pantograph equation, and time-fractional diffusion equation. The study of abstract sequential
pantograph time-fractional diffusion equations is motivated by their ability to model complex processes
that exhibit both memory effects and proportional delays, which are common in fields such as physics,
biology, and control theory. Traditional diffusion equations often fail to capture anomalous diffusion
and hereditary behavior observed in real-world systems. By incorporating time-fractional derivatives and
pantograph-type delays, these models provide a more accurate and flexible framework. In our work, we
treat the existence of mild solution, UH and UHR stability properties of abstract sequential pantograph
TFDE with boundary conditions{

Dδ (Dα −B) ζ(w) = Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)), w ∈ [0,χ] ,
ζ(0) = ζ0, ζ(χ) = Jαχ(Bζ),

(1.4)

where Dα, Dδ are two CFD and Jσ the Sturm-Liouville integral, 0 < α < 1, 0 < δ,σ < 1, 0 < η < 1, B
is a closed linear unbounded operator with D(B) ⊂ Z, Z is a Banach space, D(B) is the domain of the
mapping B equipped with the graph norm ∥ζ∥D(B) = ∥ζ∥+ ∥Bζ∥ and ∥ζ∥C([0,χ),Z) = max

w∈[0,χ]
∥ζ(w)∥ and

Gλ ∈ C ([0,χ] ,Z) depending on a parameter λ ⩾ 0 with Gλ : [0,χ]×Z3 → Z is a continuous function.
Here, the major goal is to study the mild solutions of abstract sequential pantograph TFDE (1.4) by

using the Schaefer theorem and R-operator. Furthermore, we investigate UH and UHR stabilities for the
proposed problem (1.4).
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This article is organized as follows. In Section 2, we present the basic preliminaries and results that
are related to our analysis. In Section 3, we investigate the existence of mild solutions and prove theorems
of UH-S and UHR-S for the problem (1.4). Section 4 focuses the case where B = κ, for some κ ∈ R, and
presents the corresponding existence results. Finally, Section 5 studies an example involving a partial
TFDE with CFD.

2. Preliminaries

This part gives some relevant definitions and results.

Definition 2.1 ([26]). Consider δ ∈ R with m− 1 < δ < m, such that m is a positive integer. The CFD of
δ-order for h in Cm (0,∞) is defined as

Dδ [ζ(w)] =
1

Γ (m−α)

∫w

a

(w− ν)m−δ−1 ζ(m)(ν)dν = Im−δζ(m)(w), w > 0.

Definition 2.2 ([26]). The Riemann-Liouville integral of δ-order, δ > 0 of h, is define by

Jδw [ζ(w)] =
1
Γ (δ)

∫w

0
(w− ν)δ−1 ζ(ν)dν, w > 0,

where Γ (δ) =
∫∞

0 e
−xxδ−1dx.

In this part, we shall discuss the following lemmas. For additional details, please see the reference
[26].

Lemma 2.3 ([19]). Let β, δ > 0, ζ ∈ L1 ([a,b]) . Then JβJδζ (w) = Jβ+δζ (w), DδJδζ (w) = ζ (w), where
w ∈ [0,χ].

Lemma 2.4 ([19]). Let δ > β > 0, ζ ∈ L1 ([a,b]). Then DβJδζ (w) = Jδ−βζ (w), where w ∈ [0,χ].

In all this work, we suppose the integral equation

ζ(w) =
1

Γ (α)

∫w

0
(w− ν)α−1

Bζ(ν)dν, w ⩾ 0, (2.1)

has a corresponding R-operators (R(w))w⩾0 on Z.

Definition 2.5 ([41]). Let R(w)w⩾0 denotes a family of bounded linear mappings, and R(w)w⩾0 acting on
the Banach space Z is called a R-operator for the equation (2.1) if the next conditions are verified:

a) R(·)x ∈ C ([0,∞),Z) and R(0)x = x, ∀x ∈ Z.
b) R(w)D(B) ⊂ D(B), BR(w)x = R(w)Bx, ∀x ∈ D(B), and w ⩾ 0.
c) R(w)x = x+ 1

Γ(α)

∫w
0 (w− x)α−1

BR(ν)xdν, where w ⩾ 0 and ∀x ∈ D(B).

Definition 2.6 ([41]). A R-operator (R(w))w⩾0 for (2.1) is differentiable if R(w)x ∈ W1,1
loc (R

+,Z) for each
x ∈ D(B) and there is φA ∈ L1

loc (R
+), where ∥R′(w)∥ ⩽ φB ∥x∥D(B) for every x ∈ D(B).

Definition 2.7 ([41]). Consider v ∈ C([0,χ] ,Z) to be a mild solution of the integral equation

ζ(w) =
B

Γ (δ)

∫w

0
(w− ν)δ−1 ζ(ν)dν+H(w), w ∈ [0,χ] , (2.2)

if
∫w

0 (w− ν)δ−1 v(ν)dν ∈ D(B), ∀w ∈ [0,χ], ζ(w) ∈ L1([0,χ] ,Z) and

v(w) =
B

Γ (δ)

∫w

0
(w− ν)δ−1 v(ν)dν+H(w), w ∈ [0,χ] .

The next result follows from [39, 41].
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Lemma 2.8 ([41]). Suppose the conditions of Definition 2.5 are satisfied, so we have the following properties.

i) Suppose (R(w))w⩾0 is analytic, ζ ∈ Cδ([0,χ] ,Z) for some δ ∈ (0, 1), then

ζ(w) = R(w)ζ(w) +
∫w

0
R′(w− ν) (ζ(ν) − ζ(w))dν, w ∈ [0,χ] ,

is a mild solution of (2.2) on [0,χ].
ii) Assume (R(w))w⩾0 is differentiable, ζ ∈ C([0,χ] ,D(B)), then h : [0,χ] → Z define by

ζ(w) =
∫w

0
R′(w− ν)ζ(ν)dν+ ζ(w), w ∈ [0,χ] ,

is a mild solution of (2.2) on [0,χ].

Now, we present the UH-S and UHR-S stability for the abstract sequential pantograph TFDE (see
[13, 19, 25]).

Definition 2.9 ([35]). The abstract sequential pantograph TFDE (1.4) is UH-S, if ∃γGλ : ∀µ > 0 and ∀v ∈
C([0,χ],Z) solution of the following inequality:∣∣Dδ (Dα −B) ζ(w) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

∣∣ ⩽ µ, w ∈ [0,χ] , (2.3)

∃ζ ∈ C([0,χ] ,Z) solution of the abstract sequential pantograph TFDEs (1.4) with

|v(w) − ζ(w)| ⩽ γGλµ, w ∈ [0,χ] .

Definition 2.10 ([35]). The abstract sequential pantograph TFDE (1.4) is said to be generalized UH-S if
∃gGλ ∈ (R+, R+) with g(0) = 0, such that ∀v ∈ C([0,χ],Z) solution of the inequality (2.3), ∃ζ ∈ C([0,χ],Z)
solution of the abstract sequential pantograph TFDE (1.4) with the following property:

|v(w) − ζ(w)| ⩽ gGλ (µ) , w ∈ [0,χ] .

Definition 2.11 ([37]). The abstract sequential pantograph TFDE (1.4) is UHR-S concerning ψ ∈ C([0,χ],
R+) if ∃θGλ ⩾ 0, where ∀µ > 0 and ∀v ∈ C([0,χ],Z) solutions of the following inequality:∣∣Dδ (Dα −B) ζ(w) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

∣∣ ⩽ µψ(w), w ∈ [0,χ] , (2.4)

so, ∃ζ ∈ C([0,χ] ,Z) solution of the abstract sequential pantograph TFDE (1.4) with

|v(w) − ζ(w)| ⩽ θGλµψ(w), w ∈ [0,χ] .

Definition 2.12 ([37]). The abstract sequential pantograph TFDE (1.4) is generalized UHR-S concerning
ψ ∈ C([0,χ], R+) if ∃θGλ,ψ ⩾ such that ∀v ∈ C([0,χ],Z) solution of the following inequality:∣∣Dδ (Dα −B) ζ(w) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

∣∣ ⩽ ψ(w), w ∈ [0,χ] ,

so, ∃ζ ∈ C([0,χ] ,Z) solution of the abstract sequential pantograph TFDE (1.4) with

|v(w) − ζ(w)| ⩽ θGλ,ψψ(w), w ∈ [0,χ] .
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3. Main results

The first part of this section focuses on the existence of mild solutions for the abstract sequential
pantograph TFDE (1.4). Throughout this paper, the next hypotheses are assumed.

(H1) The operator B : D(B) ⊂ Z→ Z is closed linear.
(H2) It is assumed that R-operator R(w), for w ⩾ 0, is differentiable and ∃φB ∈ L1

loc([0,∞); R+), satisfying
the following inequality: ∥R′(w)ζ∥ ⩽ φB (w) ∥ζ∥D(B), ∀w > 0.

Lemma 3.1. Let H ∈ C ([0,χ] ,Z) and consider the problem{
Dδ (Dα −B) ζ(w) = H(w), w ∈ [0,χ] ,
ζ(0) = ζ0, ζ(χ) = Jαχ(Bζ), δ ∈ R. (3.1)

Then the problem (3.1) is equivalent to

ζ(w) =
1

Γ (α)

∫w

0
(w− x)α−1

(
1
Γ (δ)

∫x
0
(x− ν)δ−1H(ν)dν

)
dx

−
wα

χα

(
1

Γ (α)

∫χ
0
(χ− x)α−1

(
1

Γ (β)

∫x
0
(x− ν)δ−1H(ν)dν

)
dx

)
+

(
1 −

wα

χα

)
ζ0 +

1
Γ (α)

∫w

0
(w− x)α−1

Bζ(x)dx. (3.2)

Remark 3.2. The equation (3.2) can also be transformed to the the integral equation

ζ(w) =
1

Γ (α)

∫w

0
(w− x)α−1

Bζ(x)dx+ ĥ(w), w ⩾ 0,

where

ĥ(w) = Jαw
(
JδwH(w)

)
−

wα

χα
Jαχ
(
JδwH(w)

)
+

(
1 −

wα

χα

)
ζ0.

We use the Lemma 3.1, so the problem (1.4) is equivalent to

ζ(w) = Jαw (Bζ(w)) + Jαw
(
Jδw (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

wα

χα
Jαχ
(
Jδw (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

(
1 −

wα

χα

)
ζ0,

where w ∈ [0,χ].

Definition 3.3. A function ζ ∈ C([0,χ] ,Z) is mild solution of (1.4), on [0,χ] if
∫w

0 (w− x)α−1 ζ(x)dx ∈ D(B)
for all w ∈ [0,χ] and

ζ(w) = B (Jαw (ζ(w))) + Jαw
(
Jδw (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

wα

χα
Jαχ
(
Jδw (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

(
1 −

wα

χα

)
ζ0, w ∈ [0,χ] .

3.1. Existence results
Here, we establish the existence theorem of the proposed system (1.4) by employing technique of

Schaefer.

Theorem 3.4. Suppose that (H1) and (H2) hold true and ∃M ⩾ 0 such that

|Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))| ⩽ M, w ∈ [0,χ] , 0 < η < 1.

Then, the problem (1.4) owns at least one mild solution on [0,χ].
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Proof. We assume that there exists an R-operator R(w), with w ⩾ 0, which is differentiable. Additionally,
it is assumed that the function Gλ is continuous in the space Z and since the Remark 3.2 and the Lemma
2.8 property 3, let the operator Λ : C([0,χ] ,Z) → C([0,χ] ,Z), for λ ⩾ 0, defined by

(Λζ)(w) =
∫w

0
R′(w− ν)

(
Jαν
(
Jδν (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
−
να

χα
Jαχ
(
Jδν (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
+

(
1 −

να

χα

)
ζ0

)
dν

+ Jαw
(
Jδw (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

wα

χα
Jαχ
(
Jδw (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

(
1 −

wα

χα

)
ζ0.

(3.3)

Now, we prove Λ defined by (3.3) is completely continuous. Since Gλ is continuous, then Λ is continuous.
Let

Br = {ζ ∈ C([0,χ] ,Z), ∥ζ∥ ⩽ r, r ⩾ 0} ,

be a bounded ball in C([0,χ] ,Z). Then for w ∈ [0,χ], we have

|(Λζ)(w)| ⩽
∫w

0

∣∣R′(w− ν)
∣∣ (Jαν (Jδν (|Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))|)

)
+
να

χα
Jαχ
(
Jδν (|Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))|)

)
+

∣∣∣∣(1 −
να

χα

)
ζ0

∣∣∣∣)dν
+ Jαw

(
Jδw (|Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))|)

)
+

wα

χα
Jαχ
(
Jδw (|Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))|)

)
+

∣∣∣∣(1 −
wα

χα

)
ζ0

∣∣∣∣
⩽ M

∫w

0

∣∣R′(w− ν)
∣∣ (Jαν (Jδν (1))+ να

χα
Jαχ
(
Jδν (1)

))
dν+

∫w

0

∣∣R′(w− ν)
∣∣ ∣∣∣∣ζ0

(
1 −

να

χα

)∣∣∣∣dν
+M

[
Jαw
(
Jδw (1)

)
+

wα

χα
Jαχ
(
Jδw (1)

)]
+

∣∣∣∣(1 −
wα

χα

)
ζ0

∣∣∣∣
⩽ M ∥φB∥L1

(
Jαw
(
Jδw (1)

)
+

wα

χα
Jαχ
(
Jδw (1)

))
+ 2 ∥φB∥L1 ∥ζ0∥

+M

[
Jαw
(
Jδw (1)

)
+

wα

χα
Jαχ
(
Jδw (1)

)]
+ 2 ∥ζ0∥

⩽ M (∥φB∥L1 + 1)
(
Jαw
(
Jδw (1)

)
+

wα

χα
Jαχ
(
Jδw (1)

))
+ 2 (∥φB∥L1 + 1) ∥ζ0∥

⩽ (∥φB∥L1 + 1)
(

2
χα+δ

Γ (α+ δ+ 1)
M+ 2 ∥ζ0∥

)
,

which consequently implies that

∥Λζ(w)∥ ⩽ (∥φB∥L1 + 1)
(

2
χα+β

Γ (α+β+ 1)
M+ 2 ∥ζ0∥

)
. (3.4)

The next step is to investigate that Λζ is equicontinuous set within the space C([0,χ],Z). Let τ1, τ2 ∈ [0,χ]
with τ1 < τ2 and ζ ∈ Br. Then, we have

|(Λζ)(τ1) − (Λζ)(τ2)| ⩽

∣∣∣∣∫τ1

0
R′(τ1 − ν)

(
Jαν
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
−
να

χα
Jαχ
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
+

(
1 −

να

χα

)
ζ0

)
dν
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−

∫τ2

0
S′(τ2 − ν)

(
Jαν
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
−
να

χα
Jαχ
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
+

(
1 −

να

χα

)
ζ0

)
dν

∣∣∣∣
+

∣∣∣∣Jατ1

(
Jβx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+
τα1
χα

Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−Jατ2

(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−
τα2
χα

Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)∣∣∣∣
+

∣∣∣∣(1 −
τα1
χα

)
ζ0 −

(
1 −

τα2
χα

)
ζ0

∣∣∣∣ .
As the difference τ2 − τ1 approaches 0, the right-hand side of the preceding inequality also approaches
to zero, independently of the choice of h from the bounded set Br. Consequently, by the Arzel-Ascoli
theorem, we have Λ : C([0,χ],Z) → C([0,χ],Z) is completely continuous. Finally, let us define V =
{ζ ∈ C([0,χ] ,Z) : ζ = γΛζ, 0 < γ < 1} and prove that V is bounded. For ζ ∈ V and w ∈ [0,χ]. By using
(3.4), we get,

∥ζ∥ = ∥γΛζ∥ ⩽ (∥φB∥L1 + 1)
(

2
χα+β

Γ (α+β+ 1)
M+ 2 ∥ζ0∥

)
.

Therefore, V is bounded. As a consequence to the well known Schaefer fixed point technique, we infer
that the system (1.4) owns at least one solution on [0,χ].

3.2. Stability
In the second part, we discuss UH-S and UHR-S of the problem (1.4). We assume following.

(H3) For λ ⩾ 0, Gλ : [0,χ]×Z3 → Z is completely continuous and ∃Lλ > 0 such that: ∀w ∈ [0,χ] , zi, xi ∈ Z,
i = 1 − 3, we have

∥Gλ(w, z1, z2, z3) − Gλ(w, x1, x2, x3)∥ ⩽ Lλ (∥z1 − x1∥+ ∥z2 − x2∥+ ∥z3 − x3∥) .

(H4) There exist λ0 ⩾ 0,∀λ ⩾ λ0,

2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)
∥φB∥L1 < 1 −

2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)

. (3.5)

Theorem 3.5. Let (H1)-(H4) are satisfied. For 0 < δ,α,σ < 1, then the abstract sequential pantograph TFDE
(1.4) is UH-S and consequently, generalized UH-S.

Proof. Assume that ζ̃ ∈ C([0,χ] ,Z) satisfying:∣∣Dδ (Dα −A) ζ̃(w) − Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))
∣∣ ⩽ µ, w ∈ [0,χ] , (3.6)

and let ζ ∈ C([0,χ] ,Z) the unique solution of the system{
Dβ (Dα −B) ζ(w) = Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)), w ∈ [0,χ] ,
ζ(0) = ζ̃(0), ζ(χ) = ζ̃(χ).

(3.7)

By the Lemma 3.1, we can write

ζ(w) =
∫w

0
R′(w− ν)

(
Jαν
(
JβxGλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

)
−
να

χα
Jαχ
(
JβxGλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

)
+

(
1 −

να

χα

)
ζ0

)
dν
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+ Jαw
(
JβxGλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

)
−

wα

χα
Jαχ
(
JβxGλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

)
+

(
1 −

wα

χα

)
ζ0.

By Definition 2.9 of UH-S and by integration of (3.6), we have∣∣∣∣ζ̃(w) − ∫w

0
R′(w− ν)

(
Jαν
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−
να

χα
Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

(
1 −

να

χα

)
ζ0

)
dν

− Jαw
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

wα

χα
Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

(
1 −

wα

χα

)
ζ0

∣∣∣∣ ⩽ µ

Γ (α+ 1)
χα.

(3.8)

If ζ̃(0) = ζ(0) and ζ̃(χ) = ζ(χ), then we have

ζ̃(w) − ζ(w) = ζ̃(w) −
∫w

0
R′(w− ν)

(
Jαν
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
−
να

χα
Jαχ
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
+

(
1 −

να

χα

)
ζ0

)
dν

− Jαw
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

wα

χα
Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

(
1 −

wα

χα

)
ζ0

+

∫w

0
R′(w− ν)

(
Jαν
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
+
να

χα
Jαχ
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

)))
dν

+ Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
−

wα

χα
Jαχ
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
,

so

ζ̃(w) − ζ(w) = ζ̃(w) −
∫w

0
R′(w− ν)

(
Jαν
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
−
να

χα
Jαχ
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
+

(
1 −

να

χα

)
ζ0

)
dν

− Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
+

wα

χα
Jαχ
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
−

(
1 −

wα

χα

)
ζ0

+

∫w

0
R′(w− ν)

(
Jαν
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

))
+
να

χα
Jαχ
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

)))
dν

+ Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

))
−

wα

χα
Jαχ
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

))
,

(3.9)

and on the other hand∣∣ζ̃(w) − ζ(w)∣∣ = ∣∣∣∣ζ̃(w) − ∫w

0
R′(w− ν)

(
Jαν
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
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−
να

χα
Jαχ
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
+

(
1 −

να

χα

)
ζ0

)
dν

−Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
+

wα

χα
Jαχ
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
−

(
1 −

wα

χα

)
ζ0

∣∣∣∣
+

∫w

0

∣∣R′(w− ν)
∣∣ (Jαν (Jδx (∣∣Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

∣∣))
+
να

χα
Jαχ
(
Jδx
(∣∣Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

∣∣)))dν
+ Jαw

(
Jδx
(∣∣Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

∣∣))
+

wα

χα
Jαχ
(
Jδx
(∣∣Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

∣∣)) ,

then ∣∣ζ̃(w) − ζ(w)∣∣ ⩽ µ

Γ (α+ 1)
χα + Lλ

(∥∥ζ̃− ζ∥∥+ ∥∥ζ̃− ζ∥∥+ ∥∥Jσζ̃− Jσζ
∥∥)

×
∫w

0
R′(w− ν)

(
Jαν
(
Jδx (1)

)
+ Jαν

(
Jδx (1)

))
dν

+ Lλ
(∥∥ζ̃− ζ∥∥+ ∥∥ζ̃− ζ∥∥+ ∥∥Jσζ̃− Jσζ

∥∥) (Jαw (Jδx (1))+ Jαχ
(
Jδx (1)

))
.

Since ∣∣Jσζ̃(w) − Jσζ(w)
∣∣ = ∣∣∣∣ 1

Γ (σ)

∫w

0
(w− ν)σ−1 ζ̃(ν)dν−

1
Γ (σ)

∫w

0
(w− ν)σ−1 ζ(ν)dν

∣∣∣∣
⩽

1
Γ (σ)

∫w

0
(w− ν)σ−1 ∣∣ζ̃(ν) − ζ(ν)∣∣dν ⩽

χσ

Γ (σ+ 1)

∣∣ζ̃(ν) − ζ(ν)∣∣ , (3.10)

then, due to (3.8) and (3.10), we get

∣∣ζ̃(w) − ζ(w)∣∣ ⩽ µ

Γ (α+ 1)
χα +

2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)∥∥ζ̃− ζ∥∥

+ ∥φB∥L1
2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)∥∥ζ̃− ζ∥∥

⩽
µ

Γ (α+ 1)
χα + (1 + ∥φB∥L1)

2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)∥∥ζ̃− ζ∥∥ .

Hence, (
1 − (1 + ∥φB∥L1)

2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
))∥∥ζ̃− ζ∥∥ ⩽

µ

Γ (α+ 1)
χα.

Consequently, we have

∥∥ζ̃− ζ∥∥ ⩽
χα(

1 − (1 + ∥φB∥L1)
2Lλχα+δ
Γ(α+δ+1)

(
χσ

Γ(σ+1) + 2
))
Γ (α+ 1)

µ = βGλµ.

Consequently, the abstract sequential pantograph TFDE (1.4) is shown to be UH-S. Furthermore, by con-
sidering gGλ(µ) = βGλµ with gGλ(0) = 0, we establish that the abstract sequential pantograph TFDE (1.4)
is also generalized UH-S.

We will now proceed to study the UHR-S of the abstract sequential pantograph TFDE (1.4).
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Theorem 3.6. Assume (H1)-(H4) and

(H5) ∃ψ ∈ C([0,χ] , R+) and ∃θψ > 0 such that, ∀w ∈ [0,χ], 1
Γ(α)

∫w
0 (w− ν)α−1ψ(ν)dν ⩽ θψψ(w) is satisfied.

Then the abstract sequential pantograph TFDE (1.4) is UHR-S.

Proof. Let ζ̃ ∈ C([0,χ] ,Z) be a solution of the inequality (2.4), i.e.,∣∣Dδ (Dα −B) ζ̃(w) − Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))
∣∣ ⩽ µψ(w), w ∈ [0,χ] . (3.11)

Let ζ ∈ C([0,χ] ,Z) be a the unique solution of the problem (3.7), thanks to proof of last theorem, we have

ζ(w) =
∫w

0
R′(w− ν)

(
Jαν
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
−
να

χα
Jαχ
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
+

(
1 −

να

χα

)
ζ0

)
dν+ Jαw

(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

wα

χα
Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

(
1 −

wα

χα

)
ζ0.

Integrating (3.11), we get∣∣∣∣ζ̃(w) − ∫w

0
R′(w− ν)

(
Jαν
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
−
να

χα
Jαχ
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

))
+

(
1 −

να

χα

)
ζ0

)
dν

− Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
+

wα

χα
JαχJ

δ
x

(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

)
−

(
1 −

wα

χα

)
ζ0

∣∣∣∣ ⩽ µ

Γ (α)

∫w

0
(w− ν)α−1ψ(ν)dν.

(3.12)

Since the formula (3.9), we get

∣∣ζ̃(w) − ζ(w)∣∣ ⩽ ∣∣∣∣ζ̃(w) − ∫w

0
R′(w− ν)

(
Jαν
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Iσζ(ην)))

)
−
να

χα
Jαχ
(
Jδx (Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην)))

)
+

(
1 −

να

χα

)
ζ0

)
dν

− Jαw
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+

wα

χα
Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

(
1 −

wα

χα

)
ζ0

+

∫w

0
R′(w− ν)

(
Jαν
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ

(
s, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)

)))
+
να

χα
Jαχ
(
Jδx
(
Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην))

)))
dν

+ Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))
−

wα

χα
Jαχ
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw))

))∣∣∣∣ .
So by (3.12), we obtain∣∣ζ̃(w) − ζ(w)∣∣ ⩽ µ

Γ (α)

∫w

0
(w− ν)α−1ψ(ν)dν

+

∣∣∣∣∫w

0
R′(w− ν)

(
Jαν
(
JδxGλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

)
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+
να

χα
Jαχ
(
JδxGλ(ν, ζ̃(ν), ζ̃(ην), Jσζ̃(ην)) − Gλ(ν, ζ(ν), ζ(ην), Jσζ(ην))

))
dν

+ Jαw
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

))
−

wα

χα
Jαχ
(
Jδx
(
Gλ(w, ζ̃(w), ζ̃(ηw), Jσζ̃(ηw)) − Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw))

))∣∣∣∣ .
Now, using (H3), (H5), and (3.10), we have

∣∣ζ̃(w) − ζ(w)∣∣ ⩽ µθψψ(w) + (1 + ∥φB∥L1)
2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)∥∥ζ̃− ζ∥∥ ,

which implies that(
1 − (1 + ∥φB∥L1)

2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
))∥∥ζ̃− ζ∥∥ ⩽ µθψψ(w).

Consequently, we can write

∥∥ζ̃− ζ∥∥ ⩽
θψ(

1 − (1 + ∥φB∥L1)
2Lλχα+δ
Γ(α+δ+1)

(
χσ

Γ(σ+1) + 2
))µψ(w).

Since the condition (3.5), there exist

δGλ =
θψ(

1 − (1 + ∥φB∥L1)
2 Lωχα+δ
Γ(α+δ+1)

(
χσ

Γ(σ+1) + 1
)) > 0,

such that
∥∥ζ̃− ζ∥∥ ⩽ δGλµψ(w). Then, by the Definition 2.11, the abstract sequential pantograph TFDE (1.4)

is UHR-S.

4. The case B ≡ κ

In this case we have the following problem:{
Dδ (Dα − κ) ζ(w) = Gλ(w, ζ(w), ζ(ηw), Jσ(ζ(ηw))), w ∈ [0,χ] ,
ζ(0) = ζ0, ζ(χ) = κJαχ(ζ),

(4.1)

with Dα, Dβ being two CFD and Jσ is integral of Sturm-Liouville, 0 < α < 1, 0 < δ,σ < 1, κ ∈ R,
0 < η < 1, and Gλ ∈ C ([0,χ] ,Z) depending on a parameter κ ⩾ 0 with Gλ : [0,χ]×Z3 → Z is continuous
function. The problem (4.1) is equivalent to

ζ(w) = κJαw (ζ(w)) + Jαw
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
−

wα

χα
Jαχ
(
Jδx (Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)))

)
+ ζ0

(
1 −

wα

χα

)
, w ∈ [0,χ] .

Corollary 4.1. Assume (H2)-(H4) hold true. Then, the system (4.1) owns a mild solution.

Corollary 4.2. Assuming conditions (H1)-(H4) hold, for 0 < δ,α,σ < 1, the abstract sequential TFDE (4.1) is
UH-S and it follows that it is also generalized UH-S.
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5. Applications

We investigate the existence result of solution for the pantograph TFDE with CFD, which is formulated
as follows.

Example 5.1. Let the pantograph sequential fractional problem with CFD: D
3
5

(
D

1
2 + 1

2

)
ζ(w) =

1
λ

(
cos(ζ( 1

2w)) + J
1
2
w
(
ζ( 1

2w)
))

, w ∈ [0, 1] ,

ζ(0) = 3
5 , ζ(1) = −1

2J
1
2
χ(ζ (w)),

(5.1)

where δ = 3
5 ,α = 1

2 ,σ = 1
2 ,η = 1

2 , Bζ = −1
2ζ, and λ > 1 parameter large enough. The problem (5.1)

associated differentiable R-operators (R(w))w⩾0 and ∃K > 0 such that ∥R′(w)z∥ ⩽ K ∥z∥, ∀w > 0, z ∈ D(B).
Hence the assumptions (H1) and (H2) are satisfied. Now for λ large enough, we have

Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)) =
1
λ

(
cos(ζ(

1
2

w)) + J
1
2
w

(
ζ(

1
2

w)
))

and

∥Gλ(w, z1, z2, z3) − Gλ(w, x1, x2, x3)∥ ⩽
1
λ
(∥z1 − x1∥+ ∥z2 − x2∥+ ∥z3 − x3∥) with Lλ =

1
λ

.

So, (H3) is satisfied and for (H4), we have

(1 + ∥φB∥L1)
2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)

⩽ (1 +K)
1
λ

2
Γ
(11

10 + 1
) ( 1

Γ
(1

2 + 1
) + 2

)

⩽
(1 +K)

λ

2
1.04

(
1

0.88
+ 2
)

⩽ 6.03 ×
(1 +K)

λ
.

Then ∃ λ∗ = 6, 03 (1 +K) > 0, such that, ∀λ > λ∗,

(1 + ∥φB∥L1)
2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)
< 1.

Hence, based on Theorem 3.4, the problem (5.1) possesses a solution on [0, 1]. On the other hand, in view
of Theorem 3.5 this problem is UH-S.

Example 5.2. Consider the below sequential pantograph TFDE with CFD in the space Z = L2 ([0,π]):

∂
1
2

∂w
1
2

(
∂

3
4

∂w
3
4
−
∂2

∂x2

)
ζ(x, w) =

1
λ

(
sin(ζ(x, 1

3w)) + J
1
2
w
(
ζ(x, 1

3w)
))

,

ζ(0, w) = ζ(π, w) = 0, w ∈ [0, 1] ,

ζ(x, 0) = ex, ζ(x, 1) = J
3
4
1

(
∂2ζ

∂x2 (x, 1)
)

, x ∈ [0,π] .

(5.2)

where δ = 1
2 ,α = 3

4 ,σ = 1
2 ,η = 1

3 , and λ > 1 parameter large enough. Let Bζ = ζ′′ with

D(B) =
{
ζ ∈ Z, ζ′′ ∈ Z, ζ(0) = ζ(π) = 0

}
.

Due to [11], problem (5.2) is associated analytic and differentiable R-operators (R(w))w⩾0 and ∃K > 0 such
that ∥∥R′(w)z

∥∥ ⩽ K ∥z∥ ,∀w > 0, z ∈ D(B).
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Hence, the assumptions (H1) and (H2) are satified. Now for λ large enough, we have

Gλ(w, ζ(w), ζ(ηw), Jσζ(ηw)) =
1
λ

(
sin(ζ(x,

1
3

w)) + J
1
2 ζ(x,

1
3

w)
)

and

∥Gλ(w, z1, z2, z3) − Gλ(w, x1, x2, x3)∥ ⩽
1
λ
(∥z1 − x1∥+ ∥z2 − x2∥+ ∥z3 − x3∥) , with Lλ =

1
λ

.

On the other hand, we have

(1 + ∥φB∥L1)
2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)

⩽ (1 +K)
1
λ

2
Γ
(5

4 + 1
) ( 1

Γ
(1

2 + 1
) + 2

)

⩽
(1 +K)

λ

2
1.13

(
1

0.88
+ 2
)

⩽ 5.5 ×
(1 +K)

λ
.

Then ∃ λ∗ = 5, 5 (1 +K) > 0, such that, ∀λ > λ∗,

(1 + ∥φB∥L1)
2Lλχα+δ

Γ (α+ δ+ 1)

(
χσ

Γ (σ+ 1)
+ 2
)
< 1.

So, (H3) and (H4) are satisfied. For (H5), Let ψ(ω) = ω ∈ C([0,χ] , R+), ∃θψ = 2χ
α > 0 such that,

∀w ∈ [0,χ],
1

Γ (α)

∫w

0
(w− ν)α−1 νdν ⩽ 2

χ

α
ψ(w).

Then, due to Theorem 3.4, the problem (5.2) has at least one solution, also based on Theorems 3.5 and 3.6
this problem is UH-S and UHR-S.

6. Conclusions

In this paper, our results are expected to motivate the generation of the concept of TFDE via the
CFD. In this case, we introduced an operator in one coefficient of a sequential pantograph equation.
We have discussed the existence of mild solutions and the UH-S and UHR-S for the abstract sequential
pantograph TFDE (1.4) with nonhomogeneous boundary conditions. The R-operators play a key role in
this study. We have established the existence results by applying the Schaefer fixed point theorem, along
with UH-S and UHR-S investigated by utilizing nonlinear topics. To justify our findings, we provide
some applications to which our results can be applied. For future research, we will focus on establishing
the uniqueness, existence, and stability of this equation, but with two operator coefficients by using the
semi-group approach.
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