J. Math. Computer Sci., 41 (2026), 406—420
Online: ISSN 2008-949X

Journal of Mathematics and Computer Science 3

AatiCs ang
o0 (@ o,
%

(\L
X
Q¥

RRlEIRE

yournal o,

Pusiicanons
Journal Homepage: www.isr-publications.com/jmcs

Stabilization of fractional hybrid systems with applications
in biomedical dynamics

M) Check for updates

Ibrahim Alraddadi?, Michael Precious Ineh?, Dodi Kanu Igobi®, Umar Ishtiag®*, loan-Lucian Popa®f

4Department of Mathematics, Faculty of Science, Islamic University of Madinah, Saudi Arabia.

bpepartment of Mathematics and Computer Science, Ritman University, Ikot Ekpene, Akwa Ibom State, Nigeria.

®Department of Mathematics, University of Uyo, Uyo, Nigeria.

dOffice of Research, Innovation and Commercialization, University of Management and Technology, Lahore, Pakistan.

€ Department of Computing, Mathematics and Electronics, “1 Decembrie 1918” University of Alba lulia, Alba lulia 510009, Romania.
fFaculty of Mathematics and Computer Science, Transilvania University of Brasov, luliu Maniu Street 50, Brasov 500091, Romania.

Abstract

This work introduces a novel analytical framework for analyzing the stability of Caputo fractional dynamic equations
on time scales (CFDET) using a two-measure approach combined with comparison principle. By applying paired measures
(mp, m) and vector Lyapunov functions, we derive sufficient conditions for both (mg, m)-stability and asymptotic stability. The
method simplifies analysis by relating the system to a well-understood comparison system, reducing the task to verifying
quasimonotonicity and avoiding the need for explicit solutions. The framework’s effectiveness is demonstrated through two
biological models, an immune response system and a 3D hypothalamic-pituitary-adrenal (HPA) axis, highlighting its ability to
handle nonlinearities, hybrid time scales, and varying system dimensions. This study bridges theoretical stability analysis with
practical biomedical applications, advancing the understanding of fractional-order hybrid dynamics.

Keywords: Immune response model, neuro-endocrine regulation model, two measure stabilization, fractional calculus, time
scales, comparison principle.
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1. Introduction

Time scale calculus offers a unified methodology for investigating dynamical systems, encompassing
purely continuous, purely discrete, and mixed-type behaviors within a single theoretical framework.
Introduced in [8], the theory of time scales provides a comprehensive mathematical structure to unify and
extend the theories of differential equations [2] and difference equations [21]. This approach has found
widespread applications in various fields, including biology, economics, engineering, and physics, where
processes evolve over time in a manner that is neither purely continuous nor purely discrete.
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Stability analysis is a cornerstone of dynamical systems theory as it provides critical insights into the
long term behavior of solutions to dynamic equations [15, 24, 25]. Understanding the stability properties
of a system is essential for predicting its behavior under perturbations, designing control strategies, and
ensuring the reliability of mathematical models. Although significant work has been done on the stability
of integer-order dynamic equations on time scales, recent trends have shifted toward fractional-order dy-
namic equations, which offer a more generalized framework for modeling physical phenomena [14, 17].
Fractional calculus, particularly the Caputo fractional derivative, has gained prominence due to its ability
to capture memory effects and hereditary properties, making it a powerful tool for describing complex
systems [1, 4, 5]. Several stability approaches for fractional dynamic equations have been recently ex-
plored, including stability, uniform stability, eventual stability, practical stability, and asymptotic stability
[18, 22, 23].

Among the various methods developed for stability analysis, the comparison principle is an elegant
and effective tool [13]. This method leverages the properties of auxiliary comparison equations to de-
termine the stability of the original system, often simplifying complex analyses and providing clear and
interpretable results. By employing Lyapunov methods and vector Lyapunov functions, the comparison
principle enables the reduction of stability analysis to checking the quasimonotonicity property of the
comparison system [27]. This approach not only broadens the scope of stability analysis but also provides
a unified framework applicable to a wide range of time scales. Consider the Caputo fractional dynamic
system for 0 < J < 1 as

CATp=R(t,9), teT, plto)=go to=0, (1.1)

where R € Cp4[T x RN, RN] with R(t,0) = 0, T is known as the time scale (any close subset of R) and
CA7p denotes the Caputo fractional delta derivative (FrAD) of p € RN of order J. Let p(t) = p(t, tg, po) €
C7,4[T, RN] be the unique solution of (1.1)-existence and uniqueness results can be found in [3, 7, 11].

In this work, we explore two-measure stability analysis of the CFrDET (1.1) using the comparison
principle approach. By employing two measures (mg, m), we establish sufficient conditions for (mg, m)-
stability and (mg, m)-asymptotic stability of solutions using vector Lyapunov functions. To achieve this
using our comparison approach, we consider a comparison system of the form

CAls =G(t,5), s(to) =50 >0, (1.2)

where § : T x RT — RT} with §(t,0) = 0, n < N. Assuming a unique solution s(t) = s(t;tg,s0) €
Cﬂ 4[T, R7] exists (see [9, 20, 26]).

The assumptions on (1.2) are that it represents a simpler system whose qualitative properties, in-
cluding the existence of a unique solution and stability, are either already established or can be easily
determined, as demonstrated in [19]. This allows us to draw parallels between the behavior of the main
system (1.1) and that of the well-understood comparison system (1.2), enabling us to infer stability prop-
erties without directly solving (1.1). This approach not only simplifies the analysis but also unifies various
stability concepts under a single framework through the use of our two measures (mg, m). The practi-
cal utility of this methodology is demonstrated through applications in a nonlinear immune response
model, describing T-cell-pathogen interactions, and a 3D neuro-endocrine HPA axis model both of which
highlights the framework’s adaptability to varying dimensions, nonlinearities, and biological contexts.
By bridging theoretical criteria with biomedical systems, this work advances stability analysis of Caputo
fractional dynamics on time scales.

This work is arranged as follows. In Section 2, we provide the necessary preliminaries on time scales
calculus, FrAD, and two-measure stability and also introduce the comparison lemma. In Section 3, we
then present our main results, including sufficient conditions for (mg, m)-stability and (mg, m)-asymptotic
stability. In Section 4, we illustrate the theoretical findings with concrete examples which is then applied
in Section 5 to two real world applications in bio-medicines.
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2. Methods

Dynamic equations on time scales represent a class of differential equations that provide a unified and
flexible framework for analyzing system behavior across both continuous and discrete time domains, as
highlighted in [10]. For a given time scale (any closed subset of real numbers) T, we present the following
key definitions.

Definition 2.1 ([6]). For a time scale T and t € T, the forward jump operator is defined as p(t) = infla € T |
a > t}, while the backward jump operator is given by @(t) =sup{a € T | a < t}. A point t € T is classified
as:

right-dense (rd) if p(t) = t;

right-scattered (rs) if p(t) > t;

left-dense (1d) if @(t) =t;

left-scattered (Is) if @(t) < t.

Additionally, the graininess function w(t) is defined as w(t) =p(t) —t.

Definition 2.2 ([6]). We define the following class of functions:

K ={ € [[0,7],[0,00)]} : (1) is strictly increasing on [0, 7] and {(0) =0,
CK ={a e Cq[T xRy,R,]:a(t,s) € X for each t},
A={me Cq[TxR"™R,]: itnfm(t, p) =0}
9

Definition 2.3. We define the Caputo FrADiD of the Lyapunov function, NX(t, p) € Cyq[T x RN, ]RT] with
respect to the solutions of system (1.1) given as:

1
CAiN(t,p) = lim sup o7 [

and can be expanded as

Al K(t,p) = limsup s { X(p(1), 0(0) ~ (10, 90

w—0t
[%] . (2.1)
S (p) X (p() — paw, 9(p(8)) — wIR(E, () — Ko, g0)] }
p=1

wheret € T, p, 90 € RN, w = p(t) —t, and p(p(t)) — wIR(t, p) € RN. Applying (2.3) to (2.1), we obtain

CAiN(t, p) = limsup

w—0*

2]

L {x(n(t),p(p(t))

wl

] X (to, o) (t —tg)
Ly (—1)?( ) [R(p(t) — pav, p(p(t)) — WR(t, p(t))] }— o, £o)(t o)
= p ri1-—1
Remark 2.4. In [12, 16], it has been established that
(-t 1
Jim > () =, 22)
p=1
and
p 1 (t—to)
. L _1\p _RL A3 _ — b
hcrunj;p 5 > (-1 <p> =RL Al(1) = =T t > to. (2.3)

p=0
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Definition 2.5. Let p(t) = p(t; to, po) be any solution of (1.1), then the fractional dynamic system (1.1) is
said to be

(M1) (mp, m)-stable if, for each € > 0, tgp € T, 3 a positive function & = 5(t, €) that is rd-continuous in tg
for each € such that my(tg, ) <& = m(t, p(t)) < e, t > tg;

(M3) (mp, m)-asymptotically stable if, it is stable and there exist positive functions 8y = dg(tp, €) and
T = T(tg, €) that are rd-continuous in ty for each e: for t > ty + T, the inequality my(to, ») < o
implies m(t, p(t)) < e.

Definition 2.6. Let mp, m € A. Then we say that

(i) myp is finer than m if there exists a Yy > 0 and a function T € CX such that my(t, p) < y implies
m(t/ ZQ) < T(t/ mO(t/ p))/

(ii) mg is uniformly finer than m if there exists a y > 0 and a function T € CX such that my(t, p) <y
implies m(t, p) < T(my(t, p)).

Definition 2.7. The Lyapunov function X € C,4[T x RN, R"] is said to be

(i) m-positive definite if there exists a y > 0 and a function ¢ € K such that ¢(m(t, p)) < N(t,p)
whenever m(t, p) < y;
(i) m-decrescent if there exists a v > 0 and a function x € X such that X(t, p) < x(m(t, »)) whenever
m(t,p) <v;
(iif) m-weakly decrescent if there exists a y > 0 and a function x € CX such that X(t, p) < x(m(t, o))
whenever m(t, p) <.

Lemma 2.8 ([16]). Assume that

(i) G € CralT x RY, R} with §(t,s)w being non-decreasing with respect to s;
(i) N € Crq[T x RN, RV is locally Lipschitz continuous in its second argument, satisfying

CATN(tp) <S4, R(t, ), V(o) eTxRY;

(iii) the maximal solution @(t) = @(t; to,s0) of system (1.2) exists on T.

Then, the inequality
N(t, p(t)) < @(t), Vt=>to, (2.4)

holds whenever X(tg, o) < so, where p(t) = p(t;to, o) denotes any solution of (1.1) defined for t € T with
t > to.

3. Results

Theorem 3.1. Suppose the following hypotheses hold.

(1) For X(t,p(t)) € Crq[T x ]RN,]RE}:
(i) X satisfies a local Lipschitz condition in p and vanishes at zero (X(t,0) = 0);
(i) there exists ¢ € K such that d(m(t, p)) < Ro(t, o), where Xy(t, p) = Z}il N (t, (1)),
(2) for the measures mg, m € A:
(i) mg is uniformly finer than m;
(i) X(t, p) exhibits my-decrescent behavior;
(3) the function § € Crq[T x R}, R%] is:
(i) quasimonotone nondecreasing in its second argument V t € T;
(ii) vanishes at zero (5(t,0) = 0);
(iii) satisfies the differential inequality: CA-lN(t, o(t)) < G(t, X(t, 0(t));
(4) stability holds for the trivial solution of comparison equation (1.2).
y p q
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Then, system (1.1) achieves (my, m)-stability.

Proof. Consider an arbitrary € > 0. The stability of the trivial solution s = 0 of system (1.2) guarantees
that for any ¢(e) > 0 and initial time ty € T, there exists A = A(tp, €) > 0 satisfying

n
> sj(tito,s0) < le), V=t (3.1)
j=1

provided that Z};l so; < A, where s(t) = s(t, to, 50) represents an arbitrary solution of the comparison
system (1.2). By the my-decrescent property of X(t, p(t)) and since mg is uniformly finer that m, then we
can find a positive number y and functions x € X and 3 € CX, such that

No(to, £0) < X(mo(to, po)) if mo(to, po) <v,and m(to, po) < B(mo(to, o)) 3.2)
Combining (3.2) and assumption 1 (ii) above for (to, po) € (T, RN), we obtain

d(m(to, 90)) < No(to, 9o) < x(molto, o)),

whenever my(to, 90) < y. Now, we claim that for any solution p(t) = p(t;to, o), and functions & =
5(tg, €) € (0,7v], x(8) < A, such that

m(t, p(t)) < €, whenever my(tg, o) < 0. (3.3)

If this assertion is invalid, we could find a time instant t; > t( satisfying:

m(ty, p(t1)) > €, (3.4)
m(t, p(t)) <e,  forallt € [ty,t1). ‘
However, from Lemma 2.8, we have that
N(t, p(t) < @(t), (3.5)

for t € [to, t1), where @(t) = @(t;to,50) is the maximal solution of (1.2). Combining assumption 1 (ii),
(3.5), (3.4), and (3.1), at time t;, we get

b(e) < Wo(ty, p(t1)) < Do(t1) < d(e), where, @o(t1) = ) @i(t1),
=1

which is a contradiction so the claim (3.3) is true, and therefore, (1.1) is (mg, m)-stable. O

Theorem 3.2. Let the following assumptions hold.

(1) For the function W (t, p(t)) is Crq in [T x RN, RN

(i) X satisfies local Lipschitz condition in p and vanishes identically at zero;

(ii) there exists ¢ € K such that b(m(t, p)) < No(t, o), with Xo(t, o) = Z}il N (t, o(t)).
(2) Concerning the measures mp, m € A:

(a) myg is uniformly finner than m;

(b) X(t, ) exhibits my-decrescent behavior.
(3) The mapping G € Crq[T x R, R%] is:

(a) quasimonotone nondecreasing in s for all t € T;

(b) identically zero at the origin;

(c) satisfies the differential inequality: CAiX(t, o(t)) <0, where 0 = (0,0,...,0)T.
(4) The trivial solution of (1.2) is asymptotically stable.
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Then, the system (1.1) achieves (my, m)-asymptotic stability.

Proof. By the assumption of the asymptotic stability of the zero solution of system (1.2), we deduce that
for ¢(e) > 0, we can find positive numbers A; = Aq(tg) and T = T(to, €) > 0 such that

n n
D so, <M = ) sj(t)<dle)fort>to+T, (3.6)
j=1 j=1

where s(t) = s(t;t,50) is any solution of (1.2). To show that (1.1) is (mg, m)-asymptotically stable, it
suffices to show that it is (mg, m)-stable and (mg, m)-attractive, that is given € > 0, and for some positive
functions 65 = &; € (0,v] and T = T(e), we can find a sequence {ti}, t; > to+ T, t; = co as i — oo such
that

m(ti, p(ti)) <e, 3.7)

whenever my(to, 9o) < 8o, where p(t) = p(t;to, 9o) is any solution of (1.1). If this is false, then the
sequence of time {ti}, would be such that

m(ti, pi(ti)) > €, (3.8)

whenever my(tg, po) < &p. However, by the m-positive definite property of N(t, ), (2.4) of Lemma 2.8,
and (3.6) we obtain

d(m(t, p(t))) < Wo(t, o) < @o(t) < P(e), (3.9)

where @¢(t) = Z]T‘:l @i (t) is the maximal solution of (1.2), which is a solution of (1.2) and so will satisfy
(3.6). Now, from (3.8), (3.9) becomes ¢p(e) < No(t,p) < @o(t) < d(€), which is a contradiction and
concertizing that (3.7) is indeed correct and so system (1.1) is (mgp, m)-asymptotically stable. O

4. Illustrations

4.1. Ilustration 1

Consider the Caputo fractional dynamic system
CA%p1(t) = —61 — P2 cOS 291 — 22 5in” 1, CA%pa(t) = —p2 cOs 291 — 295 cos” g1, (4.1)

for t > ty, with initial conditions g1(ty) = 10 and p(tg) = K20, where p = (1, 92) and R = (Rq, Ry). We
can also choose a vector Lyapunov candidate function X = (Nq, N,)T, where X; = |p1| and X, = |gs], for
t € T and (1, 92) € R%. So that

2

No(p1,92) = ) Nilp1,2) = ol + g2l
im1

The Caputo FrADiD of X = |p1] is obtained as follows:

CAixdtpﬂ:=Mnmm1{NﬂpﬁLpﬂMﬂD

w—0+ w

() ; N1 (to, p10) (t— to) 2
+ > (—1)p< > (X1 (p(t) —pw, p1 (p(t)) — wIR1 (t, 91(t)))] }_ 1 0’1?(110—1) :
p=1 P
Rty
‘ 1 @ b ] lp10l(t — to)
<T$WJMMW+;PmQﬁmmmmmmmﬂ—lmq)
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(2
1 - J
< limsup {upl( W+ Y (1)?( )Im(p(t))l
o o1l — to)
1 _ lpwol(t—to) ™~
+ 3 PP )I} Lo
t—tg =t
g o E Yy Iplt—tg)
< lp1(p(t) Ihmsup Z +IRe(t, 1) limsup > (~1) — B —.
w—0* p=0 w—0+ p=1 P ( - )
Using (2.2) and (2.3), we get
C Al Cleilp)It—to) Ly lerol(t—to)
A+N1(t/p1) - r(l—:‘) |:R1(t/531)| r(l—J) s
Al o (p()I(t—t0) T o .
AN < F1T) [Ri(t; p1)l-
when t — oo, lpl(p(;gi‘_(;;torj — 0, so that
CATR; < —[Ry(t; 1) = — |61 — 92 cO8 21 — 29 5in? 1 |
< —[6p1l] + g2 [|1 —2sin” g1 + 2sin” p1] < —6lp1l — g2, (4.2)
CAIR; < —6X; + X
We also compute the Caputo FrADiD of X, = |g| as follows:
_ 1
CAL Ry (t, py) = lim sup J{xz(p(t),m(p(t))
w—0+ W
(= to]
N, (to, t—to)
+ Z 107 (7 [Ra(p(0) — p,ea11) - @t g3(0))] - 202t
] & 1 ] l920l(t —to) 7
—timsup 3 § alplt)] + 3 (1P () eap(t) - it pall § ~ L
w—0t p=1 P ( - )
(= to
1 t—tg) 7
<limsup 5 4 loa(p(0)] + Z 17 () Uoalpl0) +lw?Ra(t )  — 202 )
w—0+ -
(= tO
1
<limsup s {lsatto+ Z 17 (2 leslp(o))
t tO | | j
Y 1 _ lozol(t —to)™~
2 < )'“’ folt )'} M=)
[t t ] [tfto]
G , C ] t—t9) 3
< lga(p(t) Ihmsup Z < >+IfRz(t,pz)lhmsup > (—1)p< >—|m’0r|(1]0)
Using (2.2) and (2.3) we obtain
Calw.  lo2plt—t)) ™ o lgaol(t—to)
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o2 (p (1)) (t — o)~

CATR, < F—T —Ra(t; 2],
when t — oo, o 2(”(; HETOH — 0, obtaining
CALR, < —|Ra(t; 92) = — [| — 92 c0s 2901 — 292 cos 1] < — [|— p2(2cos® p1 — 1 —2cos® 1)I] < —lpal.
Therefore,
AN, <ON; — X, (4.3)

From (4.2) and (4.3), we obtain

CATX < (_06 _11> (i;) — §(t, X).

Choosing comparison system, such that
CAls=G(t,5) = As, (4.4)
—6 1
0o —-1)
stable and by Theorem 3.1, we can immediately infer the (mp, m)-stability of (4.1).

where A = since the eigen values of A are —6 and —2, then the comparison system (4.4) is

1Time Response of the System

@ 5,0
% O L Sz{t)_
S
Q 1L
5 1
[¥p]
-2 |
0 5 10

Time (1)
Figure 1: Time response of the comparison system: decay of state variables s (t) and s,(t) demonstrating (mg, m)-stability.

Figure 1 depicts the time response of the comparison system (4.4) defined by the matrix A, with state
variables s1(t) and sy(t). Both curves decay to zero over time, confirming the (mg, m)-stability of the
system. This behavior arises because the eigenvalues of A are —6 and —2, both of which have negative
real parts. The plot visually demonstrates that the system asymptotically returns to equilibrium after any
initial disturbance, highlighting its stability properties in a clean and intuitive manner.

4.2. Illustration 2
Consider the Caputo fractional dynamic system

273 273 232 233
2 CATT () = — 0T 443, 73 CAT35(t) = —72 + 233, (4.5)
2 3

371’ Jo

CAITL(t) = 671 —

for t > ty, with initial conditions J1(ty) = J19, J2(tg) = Joo, and J3(tg) = T39, where J = (J1,T>,T3), and
the right hand side is given as R = (R, R, R3). We also consider a vector Lyapunov candidate function
N = (Xq, Xy, N3)T, where X; = 32, Xy = TJ%, and N3 = 3%, for (J1,72,733) € R3. Then we compute the
Caputo FrADiD for X; = 37 as follows:

=]
CATK, = limsup 1{ [(Ga(p(0))] — [(30)2] + Y (—1)v< )[(Jl(p(t)) — IRy (,9))) [((310)2]}

]
]
w—07t w p:1 p
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= lim sup 13{ [(31(p()))?] — [(310)*] + Z (—1)P <J> [(F1(p(1)))* — 231 (p())wIRs (t, T1, T2, T3)

w—0+
+ W™ (R1(t, 31,72, 33))2] — [(T10)?] }

(s ()
:—limsupﬁ Z(—l)p<p> [(310)2] —l—limsupﬁ Z

w—07t =0 w—0* PZO

o]

~timsup {3 (17 () 221 (p(0))e R 1,31,32, 321

w—0" p:1
Using (2.2) and (2.3), we obtain

(t—to)~
S TA-T

[(T1(p(1)))?] — 231 (p(£))R1 (t, 1, Tp, T3)].
When t = co, (5247 [(31(p(1)))?] = 0, s0 that

CATRy < =231 (p(t))Re(t, J1, Tp, T3)].
Using the fact that J(p(t)) < wCAII(t) +3(t),

CATN; =2 [w(t)ﬂ%%(t, J1,32,33) + 31 (1) R1(t, T1, T2, ’33)]

4.6)
232\ 32 232\ a2y
=2 [w(t) <631 — f) + 71 (531 — 3) ] = —2w(t) <631 — J) —27 [631 — f} )
J1 N J1 J1
Setting T = R, then w = 0, so that (4.6) becomes:
C Al ~ ~ 23% ~ ~ ~2 T
A+N1 = —2J1 6.}1 ——=| = —12J1 —|—4J2 —|—0J3 = (—12 4 0) . (Nl xz 2{3) . (47)
1

Setting T = Ny, then w =1, so that (4.6) becomes:

72\ ? 32 32
CAIR; =2 (531 — 3) —27 [531 — 3] < =201 [531 — 3} .
J1 J1 J

This likewise results in the same conclusion as (4.11). Evidently, this approach remains valid for any other
discrete time instance. Also, we compute the Caputo FrADiD for ¥(J) = J2 as follows:

5
ol ,02) = timsup s { (1320007 - [G?] + 3 (0P () 0alplt) - 3 Ralt, ) - (220

w—07t p
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(= ; (= ;
=—limsup—< ¢ ) (-1)P [(320)] p +limsup—5 ¢ Y (-1)P [(32(p(1)))?]
w w

w—07t p=0 P w—0t p=0

~ limsup { S (1P <J> 29 (6)) W Rat, 30, T, T }
w—0* p=1 p
From (2.2) and (2.3) we obtain

CATNR, ¢ =0

When t — oo, (5247 [(9(p(1)))?] - 0, and

CAIR, =2 [w(t)ﬂ%%(t, J1,32,33) + To(t)Ra(t, T1, Jo, Js)}
252+ 232\ 2 232+ 272
= 2|w(t) | =L 47, — =3 A | 43, — =8
[w( ) ( A +4J2 32> + 2( 3 +4J2 A (4.8)

2732 272\ 2 272 232
= —2w(t) (— 3+ +432—,ﬁ> — 27, [— )+ +432—~3].
Jo Jo Jo Jo

For T = R, then w = 0, then from (4.8) we obtain

C Al ~ 2j%+ ~ 23% ~2 ~2 ~2 T
ANy =27, |— 5 +4J2—j— =477 —835+435=(4 —8 4)-(N; N, N3)'. (4.9)
2 2

For T = Ny, then w =1, then from (4.6) we obtain:

2
2524 232 2772 232 2524 232
CAIR, =2 [(- jl + 47, — 3) —27, [— jﬁ 147, — 3] < —27, [— jl + 47, — 3} .
2

~ ~ ~
J

2 2 2 2

This likewise results in the same conclusion as (4.11). Evidently, this approach remains valid for any
other discrete time instance. Finally, we determine the Caputo FrADiD for X3 = J3 using the following
computation:

Cadxy = timsup 3 { [Oa(p(0)?) = [0+ Y (<1077 ) 0alp16) — w2078 = (122071}
w—0" r=1
1 2 ]
—timsup 5 { [Ga(p()?) = [0+ Y (10770000007 20 (p(0) P Ra(t, 30,2,

r=1

+ wzj(iRg,(t, J1,3o, 33))2] — [(330)2} }
=

0

= —limsup
w—0+

(—w@ [(350)7] b +limsup = ¢ Y (—1)*(3) [(33(p(1)))?]

J
w w—0*t w r=0

T
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—limsup{ > (—1)r<3) 233 (p(t)) @ Ra(t, 31, o, 33)]}.

w—0+ =1
From (2.2) and (2.3), we obtain

(t—to)

C Al
AR, <
ST o)

[(33(p(£)))?] — 2F1(p())R3(t, T1, Ta, T3)).

When t = oo, (51907 [(33(p(1)))%] - 0, then
CAL R < —2[T3(p(1))Ra(t, T1, To, T3)].

Using J(p(t)) < wCAIT(t) 4+ 3(t),

CAT N, = —2 [w(tm%(t, 3, T2, 35) + T (ORs(t, 31, T2, 3 }
2

32452 32
:—2[w(t)< 1j_2+3J3> +J3< JJ; + 37 3)] (4.10)

3

= 2w(t) [( %—FBJ >
3

Set T =R, then w =0, and (4.10) becomes

2

J7+73
— 27, [—22 + 333} .
J3

232
CAIN; =273 [—32 +2J} =435 433 =(0 4 —4)-(X; X, N3)T. (4.11)
3

Set T = Ny, then w =1, and (4.6) becomes:

272 2 272 272
CAIN; =2 [(—f +233> ] — 273 [—,2 + 233} < 273 [—J +233] .
J3 J3 J3

This likewise results in the same conclusion as (4.11). Evidently, this approach remains valid for any other
discrete time instance. From (4.7), (4.9), and (4.11), we obtain

~10 2 0 N,
AN 4 -6 4 N, | = G(t, X). (4.12)
0 4 —4) \x;

Set the comparison system for (4.12) to be

CAls =G(t,5) = Us, (4.13)

-10 2 O
where 2t = [ 4 —6 4 |. Since 2 has negative real eigen-values; {; = —4(2+/3), { = -8, (3 =
( 0 4 4)

4(1/3 —2), then the comparison system (4.4) is asymptotically stable, inferring the (mg, m)-asymptotic
stability of the main system (4.5).

The Figure 2 above shows the time response of system (4.13) defined by the matrix 2, with state
variables s1(t), s(t), and s3(t) plotted over time. All three curves decay to zero as time progresses,
demonstrating the asymptotic stability of the system. This behavior confirms that the system, governed
by eigenvalues with negative real parts, returns to equilibrium after any initial disturbance.
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Time Response of the System

i 2
k)
81
@
2 0
% e S (1)
0 4 _Sz(t)
5,0
5 ‘ . ‘ .
0 2 4 6 8 10

Time (t)

Figure 2: Time response of the system: decay of state variables s (t), sp(t), and s3(t) demonstrating asymptotic stability.

5. Applications in Bio-medicines

Application 5.1. Consider a Caputo fractional-order Delta model of order J € (0,1) describing the inter-
action between cytotoxic T-cells (T(t)) and a viral pathogen (P(t)) during infection clearance

CAIT(H) = a? — bT , Tty =To,
~—~— ~—
T-cell activation ~ T-cell death (5 1)
CAPH) = —cP  — aT?P , Plto) = Po, ‘
—~— <~

Pathogen decay ~ Pathogen elimination

where a,b,c,d > 0. Here, Ty > 0 and Py > 0 are initial T-cell and pathogen concentrations. Choose a
vector Lyapunov function to be NX(t,7T,P) = (Xq,¥5)T, where X1(t,T) = |7], Xa(t,P) = |P|. Following
through with the computation as in (4.1) and applying the definition of the Caputo FrADiD as given in
Definition 2.3 we immediately obtain following. For ¥X; = |T|:

-1 -3
Al < TEOIE—t) T [Tl to)
A S TR ) S L v
As t — oo, the fractional terms vanish, leaving:
CAIR; < —b|T]+ alP| = —bX; + aX,. (5.2)
Also, for X, = |P|:
-1 -3
e, < POME—t0) 3 [Pl to)
AN, < F ) | —cP—dTP| rA )
Since —d|T|P| < 0, asymptotically:
CAIR, < —c|P| = —cX,. (5.3)
Combining (5.2) and (5.3) we obtain:
CAJ < —b a Nl _
A7 N < ( 0 —c> <t~t2 Gs. (5.4)
Set the comparison system for (5.4) to be
CAIR = G(t,X) = As, (5.5)
where A = _Ob _ac> . Clearly the eigenvalues A of A are A; = —b, Ay = —c. Both eigenvalues are strictly

negative for b, c > 0, confirming asymptotic stability of the comparison system (5.5) and by Theorems 3.1
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and 3.2, we infer the (mg, m)-stability and (mg, m)-asymptotic stability of the zero solution (T, P) = (0,0)
of the immune system (5.1). This means that despite initial pathogen load Py, the system dynamics drive
both T-cell activity and pathogen concentration to zero, reflecting successful immune clearance. This

result aligns with biological expectations where resolved infections exhibit damped immune responses

)] )] . I
and pathogen eradication. Also, mllm((tl_?)) and l%lr(a_go)) decay to zero as t — oo, ensuring stability is

independent of initial concentrations.

Application 5.2. Consider a 3D Caputo fractional-order Delta model of order J € (0,1) describing the
interaction between corticotropin-releasing hormone (x), adrenocorticotropic hormone (x;), and cortisol
(x3) in the hypothalamic-pituitary-adrenal (HPA) axis. The Caputo fractional dynamic system is:

CAM(t) = a1 —bixg —cixs, x1(to) = X0,

AT (1) = apxg —boxa —coxa,  X2(to) = X2,
CAIx3(t) = azxa — baxs,  x3(to) = Xap,

with Initial conditions x19, X20, X30 = 0 which represent fasting hormone levels, where a;, bi, ¢; > 0, a; are
the Basal CRH secretion rates, by, by, b3 are the hormone degradation rates, cy, c; are the cortisol-mediated
inhibition coefficients, and a,, az are the stimulatory feedback gains. Set the vector the Lyapunov function
to be N (t,x1,%2,%3) = (X1, Ny, X3)T, where X; = x%, Ny = x%, N3 = x%. Applying Definition 2.3 and
following through the simplifications done for (4.5), then we obtain: for X; = x%,

X2, (t — o)~

]
CA+X1 < 2x1(ap —bixg —e1x3) — r1-1

As t — o0, the transient term vanishes. Assuming a; < € (small basal rate):
CAI R < —2b1%% —2¢1x1x3 = —2b1 N — 2¢1 /N N3, (5.6)

Also, for Xy = x%:
2 -1
X5t — 1t
CATR, < 2x(azx1 — baxp — cax3) — 2015(1_.9';
Ast — oo:
CA:JIFNZ < 2a2x1x2 — 2b2X% — 2C2X2X3 = (.12(2{1 + xz) — 2b22<2 — Cz(xz + x3). (57)

Finally, for N3 = x2:

2 3
X5,(t—1
€A1 N3 < 2x3(azxy —baxz) — X5(t—to) 7

ri1-1
Ast — oo:
CAixg, < 2a3xpx3 — 2b3X% = az(N, + N3) — 2bsN3. (5.8)
So that combining (5.6), (5.7), and (5.8), we obtain
—2b; —C1 —C1 Ny
CAiV < a» —Cp —2b2 —C2 0 NQ = 98.
0 as —2b3 N3
Setting the comparison system to be
CAIR = G(t, %) = As, (5.9)
—2b1 —C1 —C1
where A= ay,—¢c, —2br—cy 0 . Now, the eigenvalues A of A satisfy:
0 as —2b3

det(A —AI) = (—A —2bq)(—A — 2bs — ca) (—A — 2b3).
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For ap, a3 < by, ¢i (physiological damping), all eigenvalues have negative real parts, leading to the conclu-
sion of the asymptotic stability of the comparison system (5.9) and by Theorems 3.1 and 3.2, we can con-
clude the (mg, m)-stability and (mg, m)-asymptotic stability of the equlibrum point (x1,x2,x3) = (0,0,0)
under physiological damping conditions. This reflects the HPA axis’s homeostatic regulation, where corti-
sol feedback suppresses CRH/ACTH activity, stabilizing hormone levels. The result aligns with endocrine
system dynamics during stress recovery.

6. Conclusion

In this work, we investigated the stability of FrDET using a comparison principle approach within
a two-measure framework. By employing two measures (mg, m) and vector Lyapunov functions, we
established new sufficient conditions for (mg, m)-stability and (mg, m)-asymptotic stability, thereby uni-
tying stability concepts across continuous and discrete domains. This framework simplifies the analysis
by reducing the stability assessment to verifying the quasimonotonicity of a related comparison system,
enhancing both computational efficiency and practical accessibility. Theoretical results were validated
through two biologically relevant examples: an immune response model, illustrating stability in a non-
linear T-cell-pathogen interaction system, and a Neuro-Endocrine Regulation Model, demonstrating the
scalability of the approach through a three-dimensional HPA axis system. These examples highlight the
practical applicability of the proposed method in biomedical contexts and emphasize its ability to bridge
theoretical stability analysis with complex, real-world biological systems. Moreover, by incorporating the
Caputo fractional delta Dini derivative, the framework naturally accommodates hybrid time scales and
discontinuous interventions. Overall, this study advances the understanding of fractional dynamic sys-
tems on time scales and offers a unified, robust tool for stability analysis across diverse fields, including
pharmacokinetics and neuroendocrinology.

References

[1] J. O. Achuobi, E. P. Akpan, R. George, A. E. Ofem, STABILITY analysis of Caputo fractional time-dependent systems
with delay using vector Lyapunov functions, AIMS Math., 9 (2024), 28079-28099. 1
[2] R. P. Agarwal, S. Hristova, D. O’'Regan, Practical stability of Caputo fractional differential equations by Lyapunov
functions, Differ. Equ. Appl., 8 (2016), 53-68. 1
[3] A. Ahmadkhanlu, M. Jahanshahi, On the existence and uniqueness of solution of initial value problem for fractional order
differential equations on time scales, Bull. Iranian Math. Soc., 38 (2012), 241-252. 1
[4] J. E. Ante, M. P. Ineh, J. O. Achuobi, U. P. Akai, J. U. Atsu, N. A. O. Offiong, A novel Lyapunov asymptotic eventual
stability approach for nonlinear impulsive Caputo fractional differential equations, Appl. Math., 4 (2024), 1600-1617. 1
[5] J. E. Ante, O. O. Itam, J. U. Atsu, S. O. Essang, E. E. Abraham, M. P. Ineh, On the novel auxiliary Lyapunov function
and uniform asymptotic practical stability of nonlinear impulsive Caputo fractional differential equations via new modelled
generalized Dini derivative, Afr. J. Math. Stat. Stud., 7 (2024), 11-33. 1
[6] M. Bohner, P. Allan, Dynamic equations on time scales: an introduction with applications, Birkhduser, Boston, (2001).
21,22
[7] S.E.Ekoro, A. E. Ofem, F. A. Adie, ]. Oboyi, G. I. Ogban, M. P. Ineh, On a faster iterative method for solving nonlinear
fractional integro-differential equations with impulsive and integral conditions, Palest. J. Math., 12 (2023), 477-484. 1
[8] S. Hilger, Analysis on measure chains—a unified approach to continuous and discrete calculus, Results Math., 18 (1990),
18-56. 1
[9] D. K. Igobi, M. P. Ineh, Results on existence and uniqueness of solutions of dynamic equations on time scale via generalized
ordinary differential, Int. J. Appl. Math., 37 (2024), 1-20. 1
[10] D. K. Igobi, E. Ndiyo, M. P. Ineh, Variational stability results of dynamic equations on time-scales using generalized
ordinary differential equations, World J. Appl. Sci. Technol., 15 (2024), 245-254. 2
[11] D.Igobi, W. Udogworen, Results on Existence and Uniqueness of solutions of Fractional Differential Equations of Caputo-
Fabrizio type in the sense of Riemann-Liouville, IAENG Int. J. Appl. Math., 54 (2024), 1163-1171. 1
[12] M. P.Ineh, J. O. Achuobi, E. P. Akpan, J. E. Ante, CDq on the uniform stability of Caputo fractional differential equations
using vector Lyapunov functions, J. Niger. Assoc. Math. Phys., 68 (2024), 51-64. 2.4
[13] M. P.Ineh, E. P. Akpan, Lyapunov uniform asymptotic stability of Caputo fractional dynamic equations on time scale using
a generalized derivative, Trans. Niger. Assoc. Math. Phys., 20 (2024), 117-132. 1
[14] M. P. Ineh, E. P. Akpan, On Lyapunov stability of Caputo fractional dynamic equations on time scale using vector Lyapunov
functions, Khayyam ]. Math., 11 (2025), 116-143. 1


https://doi.org/10.3934/math.20241362
https://doi.org/10.3934/math.20241362
https://doi.org/10.7153/dea-08-04
https://doi.org/10.7153/dea-08-04
https://doi.org/10.1007/s10489-012-0357-9
https://doi.org/10.1007/s10489-012-0357-9
https://doi.org/10.3390/appliedmath4040085
https://doi.org/10.3390/appliedmath4040085
https://doi.org/10.52589/AJMSS-VUNAIOBC
https://doi.org/10.52589/AJMSS-VUNAIOBC
https://doi.org/10.52589/AJMSS-VUNAIOBC
https://books.google.com/books?hl=en&lr=&id=MA-Ec-N46NgC&oi=fnd&pg=PR3&dq=Dynamic+equations+on+time+scales:+an+introduction+with+applications&ots=9T84nbj6Un&sig=iXdjMqpKWxE9q3Da424RKWVYClY
https://pjm.ppu.edu/sites/default/files/papers/PJM_12%284%29_2023_477_to_484.pdf
https://pjm.ppu.edu/sites/default/files/papers/PJM_12%284%29_2023_477_to_484.pdf
https://doi.org/10.1007/BF03323153
https://doi.org/10.1007/BF03323153
http://dx.doi.org/10.12732/ijam.v37i1.1
http://dx.doi.org/10.12732/ijam.v37i1.1
https://doi.org/10.4314/wojast.v15i2.14
https://doi.org/10.4314/wojast.v15i2.14
https://www.researchgate.net/profile/Dodi-Igobi/publication/382387483_Results_on_Existence_and_Uniqueness_of_solutions_of_Fractional_Differential_Equations_of_Caputo-Fabrizio_type_in_the_sense_of_Riemann-Liouville/links/669a8268cb7fbf12a45ccf60/Results-on-Existence-and-Uniqueness-of-solutions-of-Fractional-Differential-Equations-of-Caputo-Fabrizio-type-in-the-sense-of-Riemann-Liouville.pdf
https://www.researchgate.net/profile/Dodi-Igobi/publication/382387483_Results_on_Existence_and_Uniqueness_of_solutions_of_Fractional_Differential_Equations_of_Caputo-Fabrizio_type_in_the_sense_of_Riemann-Liouville/links/669a8268cb7fbf12a45ccf60/Results-on-Existence-and-Uniqueness-of-solutions-of-Fractional-Differential-Equations-of-Caputo-Fabrizio-type-in-the-sense-of-Riemann-Liouville.pdf
https://doi.org/10.60787/jnamp.v68no1.416
https://doi.org/10.60787/jnamp.v68no1.416
https://doi.org/10.60787/tnamp.v20.431
https://doi.org/10.60787/tnamp.v20.431
https://www.kjm-math.org/article_218636.html
https://www.kjm-math.org/article_218636.html

I. Alraddadi, M. P. Ineh, D. K. Igobi, U. Ishtiaq, I. Popa, ]J. Math. Computer Sci., 41 (2026), 406420 420

(15]
[16]
(17]

(18]

(19]
(20]
[21]
(22]

(23]

[24]
[25]
[26]

(27]

M. P. Ineh, E. P. Akpan, U. D. Akpan, A. Maharaj, O. K. Narain, On Total Stability Analysis of Caputo Fractional
Dynamic Equations on Time Scale, Asia Pac. J. Math., 12 (2025), 1-14. 1

M. P. Ineh, E. P. Akpan, H. A. Nabwey, A novel approach to Lyapunov stability of Caputo fractional dynamic equations
on time scale using a new generalized derivative, AIMS Math., 9 (2024), 34406-34434. 2.4, 2.8

M. P. Ineh, U. Ishtiaq, J. E. Ante, M. Garayev, L.-L. Popa, A robust uniform practical stability approach for Caputo
fractional hybrid systems, AIMS Math. 10 (2025), 7001-7021. 1

M. P. Ineh, V. N. Nfor, M. I. Sampson, J. E. Ante, J. U. Atsu, O. O. Itam, A novel approach for vector Lyapunov
functions and practical stability of Caputo fractional dynamic equations on time scale in terms of two measures, Khayyam
J. Math., 11 (2025), 61-89. 1

M. E. Koksal, Stability analysis of fractional differential equations with unknown parameters, Nonlinear Anal. Model.
Control, 24 (2019), 224-240. 1

V. Kumar, M. Malik, Existence, stability and controllability results of fractional dynamic system on time scales with
application to population dynamics, Int. J. Nonlinear Sci. Numer. Simul., 22 (2021), 741-766. 1

N. Laledj, A. Salim, J. E. Lazreg, S. Abbas, B. Ahmad, M. Benchohra, On implicit fractional q-difference equations:
analysis and stability, Math. Methods Appl. Sci., 45 (2022), 10775-10797. 1

J. Oboyi, M. P. Ineh, A. Maharaj, J. O. Achuobi, O. K. Narain, Practical stability of Caputo fractional dynamic equations
on time scale, Adv. Fixed Point Theory, 15 (2025), 19 pages. 1

R. E. Orim, M. P. Ineh, D. K. Igobi, A. Maharaj, O. K. Narain, A novel approach to Lyapunov uniform stability of
Caputo fractional dynamic equations on time scale using a new generalized derivative, Asia Pac. J. Math., 12 (2025), 16
pages. 1

R. E. Orim, A. B. Panle, M. P. Ineh, A. Maharaj, O. K. Narain, Strict uniform stability analysis in terms of two measures
of Caputo fractional dynamic systems on time scale, Adv. Fixed Point Theory, 15 (2025), 1-17. 1

R. E. Orim, A. B. Panle, M. P. Ineh, A. Maharaj, O. K. Narain, Integral Stability of Impulsive Dynamic Systems on
Time Scale, Asia Pac. J. Math., 12 (2025), 1-16. 1

M. O. Udo, M. P. Ineh, E. ]J. Inyang, P. Benneth, Solving nonlinear Volterra integral equations by an efficient method,
Int. J. Stat. Appl. Math., 7 (2022), 136-141. 1

J. A. Ugboh, C. F. Igiri, M. P. Ineh, A. Maharaj, O. K. Narain, A novel approach to Lyapunov eventual stability of
Caputo fractional dynamic equations on time scale, Asia Pac. J. Math., 12 (2025), 19 pages. 1


https://doi.org/10.28924/APJM/12-39
https://doi.org/10.28924/APJM/12-39
https://doi.org/10.3934/math.20241639
https://doi.org/10.3934/math.20241639
https://doi.org/10.3934/math.2025320
https://doi.org/10.3934/math.2025320
https://www.kjm-math.org/&url=http:/www.kjm-math.org/article_214999.html
https://www.kjm-math.org/&url=http:/www.kjm-math.org/article_214999.html
https://www.kjm-math.org/&url=http:/www.kjm-math.org/article_214999.html
https://doi.org/10.15388/na.2019.2.5
https://doi.org/10.15388/na.2019.2.5
https://doi.org/10.1515/ijnsns-2019-0199
https://doi.org/10.1515/ijnsns-2019-0199
https://doi.org/10.1002/mma.8417
https://doi.org/10.1002/mma.8417
https://doi.org/10.28919/afpt/8959
https://doi.org/10.28919/afpt/8959
https://doi.org/10.28924/APJM/12-6
https://doi.org/10.28924/APJM/12-6
https://doi.org/10.28924/APJM/12-6
https://doi.org/10.28919/afpt/9202
https://doi.org/10.28919/afpt/9202
https://doi.org/10.28924/APJM/12-41
https://doi.org/10.28924/APJM/12-41
https://www.mathsjournal.com/pdf/2022/vol7issue4/PartB/7-4-17-836.pdf
https://www.mathsjournal.com/pdf/2022/vol7issue4/PartB/7-4-17-836.pdf
https://doi.org/10.28924/APJM/12-3
https://doi.org/10.28924/APJM/12-3

	Introduction
	Methods
	Results
	Illustrations
	Illustration 1
	Illustration 2

	Applications in Bio-medicines
	Conclusion

