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Abstract

This article establishes novel fixed point theorems for Ψ-orbitally continuous mappings in b-metric spaces, extending the
foundational results. The findings are applied to demonstrate the existence and uniqueness solutions for nonlinear integral
equations and analyzing the stability of neural networks.
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1. Introduction

Fixed point theory is a cornerstone of nonlinear analysis and is applicable to differential equations,
optimization, and fractal theory. Recent advances have extended classical results to generalized spaces,
such as b-metric spaces presented by Bakhtin [5] and Czerwik [9], which relax the triangle inequality to
allow real-world complications.

Czerwik [10] constructed fixed point theory in b-metric space, demonstrating that Banach-type con-
tractions [6] hold if the coefficient λ satisfies λs < 1. Significant advancements in fixed-point theory
have resulted from the study of b-metric spaces, presenting novel ideas and extensions of the traditional
findings. Many researchers have found several fixed point results in b-metric spaces; see, e.g., ([1–4]).

A critical development in this domain involves Ψ-orbitally continuous mapping, which generalizes
continuity requirements to sequences generated by iterative mappings. Orbital continuity, introduced by
Rhoades [18] and Ćirić [7, 8], requires that for any starting point κ0 ∈ 𭟋, if the orbit sequence {Ψκκ0} con-
verges to a point z, then the sequence {Ψ(Ψκκ0)} converges to Ψz. Since this is weaker than requiring Ψ to
be continuous (i.e., if {κκ} converges to κ, then {Ψκκ} converges to Ψκ for any convergent sequence {κκ}),
it enables fixed point results for mappings exhibiting irregular behavior. In mappings where standard
continuity fails, the idea of Ψ-orbital continuity allows for fixed point the results by applying continuity
to the orbit of Ψ.
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Nashine et al. [13] and Fallahi et al. [11] investigate fixed point results in b-metric spaces, with
the first focusing on orbitally lower semicontinuous functions and the second introducing wt-distance
and graph structures. Tsegaye [19] presented fixed point theorems for generalized α-Suzuki-Geraghty
type contractions in f-orbitally complete b-metric spaces. Nashine and Karapınar [14] extended these
concepts to partial metric spaces by introducing orbitally complete and orbitally continuous mappings.
All studies aim to generalize and improve existing fixed point theorems, with applications ranging from
fractal integral equations [13] to antenna energy reduction and solutions to integral equations [19]. In
addition to providing new methods for the analysis of contractive mappings and their applications, these
studies collectively contribute to fixed point theory in a variety of metric space generalizations; see, e.g.,
([12], [15–17]).

This article establishes novel fixed point theorems for Ψ-orbitally continuous mappings in b-metric
spaces and discusses their important applications in nonlinear integral equations and neural network
stability analysis.

We review the fundamental concepts and our results in the following.

Definition 1.1. Let 𭟋 be a non empty set. A function ρ : 𭟋×𭟋 → R+ is called a b-metric space if there
exists a constant s ⩾ 1 such that for all κ1,κ2,κ3 ∈ 𭟋, the following conditions are holds:

i. ρ(κ1,κ2) = 0 if and only if, κ1 = κ2;
ii. ρ(κ1,κ2) = ρ(κ2,κ1);

iii. ρ(κ1,κ3) ⩽ s [ρ(κ1,κ2) + ρ(κ2,κ3)].

The pair (𭟋, ρ) is then called a b-metric space with parameter s ⩾ 1.

As shown in the following examples, b-metric spaces do not satisfy the conditions of metric spaces.

Example 1.2. Define the metric ρ : R× R → R+ by the formula ρ(κ1,κ2) = | κ1 −κ2 |p, p > 1, κ1,κ2 ∈ R.
Thus (R, ρ) is a b-metric space with s = 2p−1.

Example 1.3. Let p ∈ (0, 1), and 𭟋 = lp(R) = {κ = {κκ} ⊂ R :
∑∞

κ=1 |κκ|
p < ∞}. For κ,ω ∈ 𭟋, set

ρ(κ,ω) = [
∑∞

κ=1 |κκ −ωκ|
p]

1
p . Then (𭟋, ρ) is a b-metric space with s = 21/p.

Example 1.4. Let (𭟋, J) be a metric space. For parameters β > 1, λ ⩾ 0, and µ > 0, define ρ(κ,ω) =
λJ(κ,ω) + µJ(κ,ω)β for all κ,ω ∈ 𭟋. Then ρ is not a metric on 𭟋. However (𭟋, ρ) is a b-metric space
with s = 2β−1. Indeed, for any υ ∈ 𭟋,

ρ(κ,ω) = λJ(κ,ω) + µJ(κ,ω)β ⩽ λ[J(κ,υ) + J(υ,ω)] + µ[J(κ,υ) + J(υ,ω)]β

⩽ λ[J(κ,υ) + J(υ,ω)] + 2β−1µ[J(κ,υ)β + J(υ,ω)β]

⩽ 2β−1[ρ(κ,υ) + ρ(υ,ω)].

It is obvious that the distance function in a b-metric space does not have to be continuous, and open
balls in these areas do not necessarily have to be open sets.

Lemma 1.5. Let (𭟋, ρ) be a b-metric space with s ⩾ 1, and assume that {κκ} and {yκ} are convergent to κ and y,
respectively. Then we get

1
s2ρ(κ,y) ⩽ lim

κ→∞ inf ρ(κκ,yκ) ⩽ lim
κ→∞ sup ρ(κκ,yκ) ⩽ s2ρ(κ,y).

And also, if κ = y, then lim
κ→∞ ρ(κκ,yκ) = 0. Furthermore, for every c ∈ 𭟋, hence

1
s2ρ(κ, c) ⩽ lim

κ→∞ inf ρ(κκ, c) ⩽ lim
κ→∞ sup ρ(κκ, c) ⩽ sρ(κ, c).
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Definition 1.6. Let {κκ} = {κκ : κ ∈ N} be a sequence in a b-metric space (𭟋, ρ).

i. A sequence {κκ} converges in 𭟋 if there exists κ ∈ 𭟋 such that lim
κ→∞ρ(κκ,κ) = 0.

ii. A sequence {κκ} is a Cauchy sequence in 𭟋 if for every ε > 0, there exists κ0 ∈ N such that:

ρ(κκ,κl) < ε, ∀κ, l > κ0.

iii. The space 𭟋 is called complete if every Cauchy sequence in 𭟋 converges in 𭟋.

Orbital continuity refines continuity by focusing on sequences generated by iterative mappings.

Definition 1.7. Let Ψ : 𭟋 → 𭟋 be a mapping of a b-metric space 𭟋 into itself. Ψ is said to be orbitally
continuous if lim

i−→∞Ψκiκ = ω implies that, lim
i−→∞ΨΨκiκ = Ψω and that 𭟋 is said to be Ψ-orbitally complete

if every Cauchy sequence of the form {Ψκiκ}∞i=1 converges in 𭟋.

2. Main results

Now we are discussing our main result

Theorem 2.1. Let (𭟋, ρ) be a b-metric space with parameter s ⩾ 1, and let Ψ : 𭟋 → 𭟋 be a self-mapping satisfying
the following: for each ε > 0, there exists δ(ε) > 0 such that

ε ⩽ max
{
ρ(κ1,κ2), ρ(κ1,Ψκ1), ρ(κ2,Ψκ2),

1
2s2 [ρ(κ1,Ψκ2) + ρ(κ2,Ψκ1)

}
< ε+ δ(ε) (2.1)

implies ρ(Ψκ1,Ψκ2) < ε. Then, for each κ ∈ 𭟋, the sequence {Ψκκ} is Cauchy. Furthermore, if 𭟋 is Ψ-orbitally
complete and satisfies either

ρ(Ψκ1,Ψκ2) ⩽ max
{
ρ(κ1,κ2),α[ρ(κ1,Ψκ1) + ρ(κ2,Ψκ2)],

1
2s2 [ρ(κ1,Ψκ2) + ρ(κ2,Ψκ1)

}
(2.2)

for some α ∈ (0, 1
s), or Ψ is orbitally continuous, then Ψ has a unique fixed point ω ∈ 𭟋, lim

κ−→∞Ψκκ = ω for all
κ ∈ 𭟋.

Proof. Given κ ∈ 𭟋, define κκ = Ψκκ−1, assume that:

max
{
ρ(κκ−1,Ψκκ−1), ρ(κκ−1,Ψκκ−1), ρ(Ψκκ−1,Ψ2κκ−1),

1
2s2 [ρ(κκ−1,Ψ2κκ−1) + ρ(Ψκκ−1,Ψκκ−1)]

}
> 0

implies

ρ(Ψκκ−1,Ψ2κκ−1) < max
{
ρ(κκ−1,Ψκκ−1), ρ(Ψκκ−1,Ψ2κκ−1),

1
2s2ρ(κκ−1,Ψ2κκ−1)

}
,

if max
{
ρ(κκ−1,Ψκκ−1), ρ(Ψκκ−1,Ψ2κκ−1), 1

2s2ρ(κκ−1,Ψ2κκ−1)
}

= ρ(Ψκκ−1,Ψ2κκ−1), due to contradic-
tion, we have ρ(Ψκκ−1,Ψ2κκ−1) < ρ(Ψκκ−1,Ψ2κκ−1). It follows that

ρ(Ψκκ−1,Ψ2κκ−1) < max
{
ρ(κκ−1,Ψκκ−1),

1
2s2ρ(κκ−1,Ψ2κκ−1)

}
.

Suppose that ρ(κκ−1,Ψκκ−1) <
1

2s2ρ(κκ−1,Ψ2κκ−1), we get ρ(Ψκκ−1,Ψ2κκ−1) <
1

2s2ρ(κκ−1,Ψ2κκ−1),

ρ(κκ−1,Ψκκ−1) + ρ(Ψκκ−1,Ψ2κκ−1) <
1
s2ρ(κκ−1,Ψ2κκ−1) <

1
s
ρ(κκ−1,Ψ2κκ−1),

s[ρ(κκ−1,Ψκκ−1) + ρ(Ψκκ−1,Ψ2κκ−1)] < ρ(κκ−1,Ψ2κκ−1),
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which is a contradiction with the s-triangle inequality, then

ρ(Ψκκ−1,Ψ2κκ−1) < ρ(κκ−1,Ψκκ−1) (2.3)

for each κ = 1, 2, 3, . . . . Then {ρ(κκ,κκ+1)} non increasing and bound below and hence has a limit ξ ⩾ 0.
Assume that ξ > 0. Then δ(ξ) > 0 and for some ι, ρ(Ψι−1κ,Ψικ) < ξ+ δ(ξ). Then by (2.1) and (2.3), it im-
plies, ρ(ΨΨι−1κ,ΨΨικ) = ρ(Ψικ,Ψι+1κ) < ξ, which is a contradiction; therefore, lim

κ−→∞ρ(κκ−1,Ψκκ−1) =

0. Now, we are proving it (κκ) is a Cauchy sequence in 𭟋. Assume that (κκ) is not Cauchy; then there
exist ε > 0 and the subsequences (κκi

) and (κmi
) of (κκ) with κi > mi > i such that ρ(κκi

,κmi
) ⩾ ε,

and κi is the least number. We obtain ρ(κκi−1 ,κmi
) < ε. By using the s-triangular inequality,

ε ⩽ ρ(κκi
,κmi

) ⩽ s[ρ(κκi
,κmi+1) + ρ(κmi+1 ,κmi

)],
ε

s
⩽ lim sup ρ(κκi

,κmi+1). (2.4)

Also, lim sup ρ(κκi−1 ,κmi
) ⩽ ε, and by (2.1),

max
{
ρ(κ1,κ2), ρ(κ1,Ψκ1), ρ(κ2,Ψκ2),

1
2s2 [ρ(κ1,Ψκ2) + ρ(κ2,Ψκ1)

}
> 0,

imply

ρ(Ψκ1,Ψκ2) < max
{
ρ(κ1,κ2), ρ(κ1,Ψκ1), ρ(κ2,Ψκ2),

1
2s2 [ρ(κ1,Ψκ2) + ρ(κ2,Ψκ1)

}
,

ρ(κκi
,κmi+1) = ρ(Ψκκi−1 ,Ψκmi

)

< max
{
ρ(κκi−1 ,κmi

), ρ(κκi−1 ,Ψκκi−1), ρ(κmi
,Ψκmi

),
1

2s2 [ρ(κκi−1 ,Ψκmi
) + ρ(κmi

,Ψκκi−1)]

}
< max

{
ρ(κκi−1 ,κmi

), ρ(κκi−1 ,κκi
), ρ(κmi

,κmi+1),
1

2s2 [ρ(κκi−1 ,κmi+1) + ρ(κmi
,κκi

)]

}
,

using the s-triangle inequality,

ρ(κκi−1 ,κmi+1) ⩽ s[ρ(κκi−1 ,κκi
) + ρ(κκi

,κmi+1)], ρ(κmi
,κκi

) ⩽ s[ρ(κmi
,κκi−1) + ρ(κκi−1 ,κκi

)],

we get

ρ(κκi
,κmi+1) ⩽

1
2s2

[
s[ρ(κκi−1 ,κκi

) + ρ(κκi
,κmi+1)] + s[ρ(κmi

,κκi−1) + ρ(κκi−1 ,κκi
)]
]

⩽
1
2s

[2ρ(κκi−1 ,κκi
) + ρ(κκi

,κmi+1) + ρ(κmi
,κκi−1)],

ρ(κκi
,κmi+1)[1 −

1
2s

] <
1
2s

[2ρ(κκi−1 ,κκi
) + ρ(κmi

,κκi−1)].

Letting the upper limit as i → ∞, [1− 1
2s ] lim

i→∞ sup ρ(κκi
,κmi+1) <

ε
2s , then lim

i→∞ sup ρ(κκi
,κmi+1) <

ε
2s−1 <

ε
s , which is contradiction with (2.4), hence (κκ) is a Cauchy sequence in 𭟋. Since 𭟋 is Ψ orbitally complete,
the Cauchy sequence (κκ) = (Ψκκ) converges to some point ω. Now, if Ψ is orbitally continuous, Ψω =
limΨ(Ψκκ) = Ψκ+1κ = ω, so ω is a fixed point. If Ψ satisfies (2.2), then we need to show that ω is a fixed
point for Ψ,

ρ(ω,Ψω) ⩽ s [ρ(ω,κκ+1) + ρ(κκ+1,Ψω)] = s [ρ(ω,κκ+1) + ρ(Ψκκ,Ψω)] ,

using condition (2.2),

ρ(Ψκκ,Ψω) ⩽ max
{
ρ(κκ,ω),α [ρ(κκ,Ψκκ) + ρ(ω,Ψω)] ,

1
2s2 [ρ(κκ,Ψω) + ρ(ω,Ψκκ)]

}
.



G. M. Abd-Elhamed, J. Math. Computer Sci., 41 (2026), 82–93 86

Letting the upper limit as κ → ∞, Max tends to max
{

0,αρ(ω,Ψω), 1
2s2ρ(ω,Ψω)

}
, since α < 1

s and
1

2s2 < 1
s . Thus

lim
κ→∞ρ(Ψκκ,Ψω) ⩽ qρ(ω,Ψω),

q = max{α, 1
2s2 } <

1
s , ρ(ω,Ψω) ⩽ ρ(ω,Ψω). Hence Ψω = ω.

To prove the uniqueness of the fixed point, suppose that there are two fixed points υ,ω. Then ρ(υ,ω) ⩽
ρ(Ψυ,Ψω), applying condition (2.1), we have ε = ρ(υ,ω), and thus

ε ⩽ max
{
ρ(υ,ω), ρ(υ,Ψυ), ρ(ω,Ψω),

1
2s2 [ρ(υ,Ψω) + ρ(ω,Ψυ)]

}
< ε+ δ(ε) ⩽ max

{
ε, 0,

ε

s2

}
= ε.

Therefore, ρ(Ψυ,Ψω) < ε. But ρ(Ψυ,Ψω) = ρ(υ,ω) = ε, which is a contradiction, hence ε must be 0, so
υ = ω. If we applied condition (2.2), we obtain

ρ(υ,ω) = ρ(Ψυ,Ψω) ⩽ max
{
ρ(υ,ω),α.0,

1
s2ρ(υ,ω)

}
= ρ(υ,ω),

which implies ρ(υ,ω) = 0.

Example 2.2. Let 𭟋 = [0, 1], and Ψκ = κ
3 , ρ(κ1,κ2) = |κ1 −κ2|

2 ,κ1,κ2 ∈ 𭟋. Then Ψ have a unique fixed

point in 𭟋. Indeed, ρ(Ψκ1,Ψκ2) =
∣∣κ1

3 − κ2
3

∣∣2 = 1
9 |κ1 −κ2|

2 = 1
9ρ(κ1,κ2). For α = 1

3(α < 1
s = 1

2), we get
the condition (2.2) holds. For any κ ∈ 𭟋, Ψκ(κ) = ( 1

3)
κκ converges to 0.

Example 2.3. Let 𭟋 = R, and Ψκ = θκ, where θ < 2
−(p−1)

p , p > 1, and ρ(κ1,κ2) = |κ1 −κ2|
p ,κ1,κ2 ∈ 𭟋,

be a b-metric with s = 2p−1. Then Ψ has a unique fixed point in 𭟋. Indeed, ρ(Ψκ1,Ψκ2) = |θκ1 − θκ2|
p =

θp |κ1 −κ2|
p = θpρ(κ1,κ2). For θp < 1

s = 2−(p−1), if we let p = 2, θ < 1√
2
= 0.7, Ψκ = 0.7κ, satisfies

ρ(Ψκ1,Ψκ2) = 0.49ρ(κ1,κ2) ⩽ max
{
ρ(κ1,κ2),α[ρ(κ1,Ψκ1) + ρ(κ2,Ψκ2)],

1
2s2 [ρ(κ1,Ψκ2) + ρ(κ2,Ψκ1)

}
.

For any κ ∈ 𭟋, Ψκ(κ) = θκκ converges to 0.

Theorem 2.4. Let (𭟋, ρ) be a b-metric space with parameter s ⩾ 1, and let Ψ : 𭟋 → 𭟋 be a self-mapping. Suppose
𭟋 is Ψ-orbitally complete. If Ψ satisfies the conditions:

ρ(Ψκ1,Ψκ2) < Qmax
{
ρ(κ1,κ2),

ρ(κ1,Ψκ1)ρ(κ2,Ψκ2)

ρ(κ1,κ2)
,σ(κ1,κ2)ρ(κ1,Ψκ2)ρ(κ2,Ψκ1)

}
(2.5)

for all κ1 ̸= κ2, where Q < 1
s and σ(κ1,κ2) is a non-negative real function satisfying σ(κ1,κ2) ⩽

1
ρ(κ1,κ2)

. Then
for each κ ∈ 𭟋, lim

κ−→∞Ψκκ = ω ∈ 𭟋 with Ψω = ω. Moreover, the fixed point is unique.

Proof. Let κ ∈ 𭟋. If Ψκ = κ, the result is trivial. Assume Ψκ ̸= κ. Applying (2.5):

ρ(Ψκ,Ψ2κ) < Qmax
{
ρ(κ,Ψκ),

ρ(κ,Ψκ)ρ(Ψκ,Ψ2κ)
ρ(κ,Ψκ)

,σ(κ,Ψκ)ρ(κ,Ψ2κ)ρ(Ψκ,Ψκ)
}

,

ρ(Ψκ,Ψ2κ) < Qmax
{
ρ(κ,Ψκ), ρ(Ψκ,Ψ2κ), 0

}
,

if ρ(Ψκ,Ψ2κ) ⩾ ρ(κ,Ψκ), this would imply ρ(Ψκ,Ψ2κ) < Qρ(Ψκ,Ψ2κ), which is impossible since Q <
1
s . Therefore ρ(Ψκ,Ψ2κ) < Qρ(κ,Ψκ). By induction, ρ(Ψκκ,Ψκ+1κ) < Qκρ(κ,Ψκ). To show {Ψκκ} is
Cauchy, note that for ι > κ,

ρ(Ψκκ,Ψικ) ⩽ s

ι−1∑
i=κ

Qiρ(κ,Ψκ) ⩽ s
Qκ

1 −Q
ρ(κ,Ψκ).
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Since Q < 1
s , Qκ → 0, then {Ψκκ} is Cauchy. By Ψ-orbitally completeness, Ψκκ → ω ∈ 𭟋. Orbitally

continuity of Ψ gives Ψω = lim
κ→∞Ψκ+1κ = ω, proving ω is a fixed point. For uniqueness, suppose υ,ω

are distinct fixed points. Applying (2.5) and σ(κ1,κ2) ⩽
1

ρ(κ1,κ2)
, then

ρ(υ,ω) = ρ(Ψυ,Ψω) < Qmax {ρ(υ,ω), 0,σ(υ,ω)ρ(υ,Ψω)ρ(ω,Ψυ)} = Qρ(υ,ω).

That is a contradiction; hence, the fixed point is unique.

3. Applications

3.1. Solving a Volterra integral equation
Theorem 3.1. Let 𭟋 = C[0, 1] be the space of continuous functions on [0, 1], equipped with the b-metric:

ρ(υ,ω) = sup
κ∈[0,1]

|υ(κ) −ω(κ)|2 , υ,ω ∈ 𭟋

with coefficient s = 2. The Volterra integral equation is investigated:

ϕ(κ) = η

∫κ
0
k(κ, τ)ϕ(τ)dτ+ c(κ), κ ∈ [0, 1],

where k : [0, 1]× [0, 1] → R is continuous and bounded by |k(κ, τ)| ⩽ β, c ∈ C([0, 1]), |η| < 1√
2β

. Then there exists
a unique continuous solution ζ ∈ C[0, 1].

Proof. Define the operator Ψ:

(Ψϕ)(κ) = η

∫κ
0
k(κ, τ)ϕ(τ)dτ+ c(κ).

For ϕ,φ ∈ 𭟋, compute:

|Ψϕ−Ψφ| ⩽ |η|β

∫κ
0
|ϕ(τ) −φ(τ)|dτ ⩽ |η|β sup

τ

|ϕ(τ) −φ(τ)| .

Squaring both sides, we get
ρ(Ψϕ,Ψφ) ⩽ |η|2 β2ρ(ϕ,φ).

Let α = |η|2 β2. Choose |η| < 1√
2β

, ensuring α ∈ (0, 1
2). For a given ε > 0, set δ(ε) = ε

2 (
1
α − 1), if the

maximum in (2.1) satisfies:

ε ⩽ max
{
ρ(ϕ,φ), ρ(ϕ,Ψϕ), ρ(φ,Ψφ),

1
8
[ρ(ϕ,Ψφ) + ρ(φ,Ψϕ)]

}
< ε+ δ(ε),

then
ρ(Ψϕ,Ψφ) ⩽ α(ε+ δ(ε)) < α(ε+

ε

2
(

1
α
− 1)) < ε.

Thus, condition (2.1) holds. C[0, 1] is complete under the supremum norm. Since the b-metric topology
corresponds to the uniform convergence topology, 𭟋 is Ψ-orbitally complete. Now we verify condition
(2.2), ρ(Ψϕ,Ψφ) ⩽ αρ(ϕ,φ), where α ∈ (0, 1

2). Since

αρ(ϕ,φ) ⩽ max
{
ρ(ϕ,φ),α[ρ(ϕ,Ψϕ) + ρ(φ,Ψφ)],

1
8
[ρ(ϕ,Ψφ) + ρ(φ,Ψϕ)]

}
,

then condition (2.2) is satisfied. All conditions of Theorem 2.1 are satisfied. Therefore the sequence {Ψκϕ}

is Cauchy for any ϕ ∈ 𭟋. Hence Ψ has a unique fixed point ζ ∈ 𭟋 and for all ϕ ∈ 𭟋, lim
κ→∞Ψκϕ = ζ. The

fixed point ζ satisfies:

ζ(κ) = η

∫κ
0
k(κ, τ)ζ(τ)dτ+ c(κ),

which is the unique solution to the volterra equation under the condition |η| < 1√
2β

.



G. M. Abd-Elhamed, J. Math. Computer Sci., 41 (2026), 82–93 88

Example 3.2. Solve the Volterra integral equation:

ϕ(κ) =
1
2

∫κ
0
τϕ(τ)dτ+ 1, κ ∈ [0, 1].

Solution: Let 𭟋 = C[0, 1] with ρ(υ,ω) = sup
κ∈[0,1]

|υ(κ) −ω(κ)|2 , υ,ω ∈ 𭟋 and s = 2. Define an operator:

Ψϕ(κ) =
1
2

∫κ
0
τϕ(τ)dτ+ 1.

Now we compute ρ(Ψϕ,Ψφ):

|Ψϕ−Ψφ| ⩽
1
2

∫κ
0
τ |ϕ(τ) −φ(τ)|dτ ⩽

κ2

4
sup

τ∈[0,1]
|ϕ(τ) −φ(τ)| ⩽

1
4

sup
τ∈[0,1]

|ϕ(τ) −φ(τ)| ,

ρ(Ψϕ,Ψφ) ⩽
1

16
ρ(ϕ,φ).

Here α = 1
16 ∈ (0, 1

2), satisfying condition(2.2). For iterative solution, start with ϕ0(κ) = 1. Compute
successive approximations as follows.

Iteration 1:

ϕ1(κ) = Ψϕ0(κ) =
1
2

∫κ
0
τdτ+ 1 =

κ2

4
+ 1.

Iteration 2:

ϕ2(κ) = Ψϕ1(κ) =
1
2

∫κ
0
τ(

τ2

4
+ 1)dτ+ 1 =

κ4

32
+

κ2

4
+ 1.

Iteration 3:

ϕ3(κ) = Ψϕ2(κ) =
1
2

∫κ
0
τ(

τ4

32
+

τ2

4
+ 1)dτ+ 1 =

κ6

384
+

κ4

32
+

κ2

4
+ 1.

Analytical solution: if ϕ
′
(κ) = 1

2κϕ(κ), then ϕ(κ) = Ae
κ2
4 . Using this, ϕ(0) = 1, we find A = 1. Thus

ϕ(κ) = e
κ2
4 . The Taylor expansion is satisfied by the iterative approximation solution of e

κ2
4 :

e
κ2
4 = 1 +

κ2

4
+

κ4

32
+

κ6

384
+ · · · .

The sequence {ϕκ(κ)} converges uniformly to ϕ(κ) = e
κ2
4 , verifying Theorem 2.1, which guarantees a

unique fixed point.

3.2. Solving nonlinear integral equations
Theorem 3.3. Let 𭟋 = C[a,b] be the space of continuous functions on [a,b], equipped with the b-metric:

ρ(υ,ω) = sup
κ∈[a,b]

|υ(κ) −ω(κ)|p , for p > 1,

with coefficient s = 2p−1. Consider the nonlinear integral equation:

ϕ(κ) = η

∫b
a

Λ(κ, τ)ϖ(τ,ϕ(τ))dτ, κ ∈ [a,b],

where Λ : [a,b]× [a,b] → R is a continuous function and ϖ : [a,b]× R → R is continuous and Lipschitz in ϕ.
Then there is a unique solution ϕ ∈ C[a,b].
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Proof. Define the operator Ψ : 𭟋 → 𭟋 by

(Ψϕ)(κ) = η

∫b
a

Λ(κ, τ)ϖ(τ,ϕ(τ))dτ.

Since ϖ is Lipschitz in ϕ, there exists a constant L ⩾ 0 : |ϖ(τ,ϕ) −ϖ(τ,φ)| ⩽ L |ϕ−φ| . Then

ρ(Ψϕ,Ψφ) = sup
κ

∣∣∣∣∣η
∫b
a

Λ(κ, τ)[ϖ(τ,ϕ(τ)) −ϖ(τ,φ(τ))]dτ

∣∣∣∣∣
p

⩽ |η|p sup
κ

[∫b
a

|Λ(κ, τ)|L |ϕ(τ) −φ(τ)|dτ

]p
⩽ |η|p ∥Λ∥p Lp(b− a)pρ(ϕ,φ),

where ∥Λ∥ = sup
κ

|Λ(κ, τ)| . To satisfy (2.5) with Q < 1
s , choose η such that |η| <

(
1

s∥Λ∥pLp(b−a)p

) 1
p

. We

get

ρ(Ψϕ,Ψφ) < Qmax
{
ρ(ϕ,φ),

ρ(ϕ,Ψϕ)ρ(φ,Ψφ)

ρ(ϕ,φ)
,σ(ϕ,φ)ρ(ϕ,Ψφ)ρ(φ,Ψϕ)

}
,

Ψ is orbitally continuous because Λ and ϖ are also continuous. By Theorem 2.4, Ψ has a unique fixed
point.

Example 3.4. Solve the nonlinear integral equation:

ϕ(κ) = 0.3
∫ 1

0
(κτ+ 1) cos(ϕ(τ))dτ, κ ∈ [0, 1].

Solution: Let 𭟋 = C[0, 1] with ρ(υ,ω) = supκ∈[0,1] |υ(κ) −ω(κ)|2. Define

(Ψϕ)(κ) = 0.3
∫ 1

0
(κτ+ 1) cos(ϕ(τ))dτ,

ρ(Ψϕ,Ψφ) = sup
κ

∣∣∣∣∣0.3
∫ 1

0
(κτ+ 1)[cosϕ(τ) − cosφ(τ)]dτ

∣∣∣∣∣
2

⩽ (0.3)2 sup
κ

(

∫ 1

0
(κτ+ 1) |ϕ(τ) −φ(τ)|dτ)2

= 0.09ρ(ϕ,φ) sup
κ

(
κ
2
+ 1)2

= (0.09)(1.5)2ρ(ϕ,φ)

= 0.2025ρ(ϕ,φ) = Qmax
{
ρ(ϕ,φ),

ρ(ϕ,Ψϕ)ρ(φ,Ψφ)

ρ(ϕ,φ)
,σ(ϕ,φ)ρ(ϕ,Ψφ)ρ(φ,Ψϕ)

}
,

Q = 0.2025 < 1
s , then Ψ satisfies (2.5). A numerical solution can be obtained using the fixed point iteration

approach by choosing ϕ0(κ) = 1, as the initial function Picard iteration:

ϕn+1(κ) = 0.3
∫ 1

0
(κτ+ 1) cos(ϕn(τ))dτ.

Split [0, 1] into N = 10 points: κκ = τκ = κ
9 for κ = 0, 1, 2, . . . , 9. Use the trapezoidal rule for integration.

For iteration results after 10 see Table 1.
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Table 1

N κ ϕ(κ)

0 0.0 0.462
1 0.111 0.465
2 0.222 0.469
3 0.333 0.473
4 0.444 0.477
5 0.556 0.481
6 0.667 0.485
7 0.778 0.489
8 0.889 0.493
9 1.0 0.497

For constant solution ϕκ = c:

c = 0.3
∫ 1

0
(κτ+ 1) cos(c) dτ = 0.3 cos(c)(

κ
2
+ 1),

this cannot hold for all κ unless c = 0.48 (corresponding numerical results at κ = 1). Unique solution
exists by the fixed point Theorem 2.4 and numerical iteration converges to a near-linear function.

3.3. Stability analysis of neural networks

Theorem 3.5. Let 𭟋 = Rκ be state space with b-metric ρ(κ,υ) = ∥κ − υ∥2
p , for κ,υ ∈ Rκ, 1 ⩽ p ⩽ 2, s = 2

2
p .

Consider a discrete-time recurrent neural network (RNN) model where the state vector κi+1 updates as:

κi+1 = Ψ(κi) = Λ(Wκi + b),

where Λ : Rκ → Rκ is a Lipschitz-continuous activation function with constant LΛ, W ∈ Rκ × Rκ is the weight
matrix satisfied ∥W∥p < 1

sLΛ
, and b ∈ Rκ is the bias vector. Then there is a unique equilibrium state κ∗ = Ψ(κ∗),

ensures network stability.

Proof. To show that ρ(κ,υ) = ∥κ − υ∥2
p , for κ,υ ∈ Rκ, 1 ⩽ p ⩽ 2, s = 2

2
p is a b-metric on Rκ, where

∥κ − υ∥2
p =

(
κ∑

i=1

|κi − υi|
p

) 2
p

.

It is easy to verify the two axioms of a b-metric. To show the third axiom, by the triangle inequality,

∥κ − υ∥p ⩽ ∥κ − z∥p + ∥z− υ∥p , for all κ,υ, z ∈ Rκ.

Now, by the Cauchy-Schwarz inequality,

ρ(κ,υ) = ∥κ − υ∥2
p ⩽ ∥κ − z∥2

p + 2 ∥κ − z∥2
p ∥z− υ∥2

p + ∥z− υ∥2
p

⩽ 2
[
∥κ − z∥2

p + ∥z− υ∥2
p

]
⩽ 2

2
p

[
∥κ − z∥2

p + ∥z− υ∥2
p

]
= s[ρ(κ, z) + ρ(z,υ)], 1 ⩽ p ⩽ 2.
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Then (𭟋, ρ) b-metric space with s = 2
2
p , 1 ⩽ p ⩽ 2. Define Ψ : 𭟋 → 𭟋 by Ψ(κ) = Λ(Wκ + b). Then

ρ(Ψκ,Ψυ) = ∥Λ(Wκ + b) −Λ(Wυ+ b)∥2
p

⩽ L2
Λ ∥W(κ − υ)∥2

p

⩽ L2
Λ ∥W∥2

p ∥κ − υ∥2
p

= Qρ(κ,υ) < Qmax
{
ρ(κ,υ),

ρ(κ,Ψκ)ρ(υ,Ψυ)
ρ(κ,υ)

,σ(κ,υ)ρ(κ,Ψυ)ρ(υ,Ψκ)
}

,

(3.1)

where Q = L2
Λ ∥W∥2

p < 1
s , and Rκ with the b-metric is complete, Ψ-orbitally complete, Ψ is continuous due

to the continuity of Λ, ensuring orbital continuity. By Theorem 2.4, the RNN has a unique equilibrium
state κ∗ = Ψ(κ∗). Iterations κi+1 = Ψ(κi) converge globally to κ∗, guaranteeing stable network dynamics
regardless of initial conditions.

Example 3.6. Let 𭟋 = R2(state space) with b-metric ρ(κ,υ) = ∥κ − υ∥2
2 with coefficient s = 2. Define

Ψ : 𭟋 → 𭟋 by Ψ(κ) = Λ(Wκ + b) = tanh(Wκ + b), satisfying Lipschitz-continuous with LΛ = 1,W =[
0.4 0
0 0.4

]
, spectral norm ∥W∥2 = 0.4 < 1

s , and bias vector b =

[
0.1
0.1

]
, κ0 =

[
0.5
−0.5

]
. Indeed,

for κ = 1, κ1 = tanh(Wκ0 + b) = tanh
[

0.3
−0.1

]
=

[
0.2913
−0.0997

]
;

for κ = 2, κ2 = tanh(Wκ1 + b) = tanh
[

0.2165
0.0601

]
=

[
0.2133
0.0600

]
;

for κ = 3, κ3 = tanh(Wκ2 + b) = tanh
[

0.1853
0.1240

]
=

[
0.1833
0.1234

]
;

for κ = 4, κ4 = tanh(Wκ3 + b) = tanh
[

0.1733
0.1494

]
=

[
0.1717
0.1485

]
;

for κ = 5, κ5 = tanh(Wκ4 + b) = tanh
[

0.1687
0.1594

]
=

[
0.1673
0.1583

]
.

The right-hand side of (3.1) becomes

max{ρ(κκ,κκ−1),
ρ(κκ,κκ+1)ρ(κκ−1,κκ)

ρ(κκ,κκ−1)
,α(κκ,κκ−1)ρ(κκ,κκ)ρ(κκ−1,κκ)} = ρ(κκ,κκ−1),

0.16ρ(κκ,κκ−1) > ρ(κκ+1,κκ), κ = 1, 2, 3, . . . ,

Q = 0.16 < 1
s . After 10 iterations, κ10 =

[
0.1612
0.1612

]
, and converges to unique fixed point (equilibrium

state) κ =

[
0.161
0.161

]
.

Example 3.7. Let 𭟋 = [0, 1]3(state space) with b-metric ρ(κ,υ) = ∥κ − υ∥2
2 with coefficient s = 2, and

Ψ(κ) = Λ(Wκ+b) = tanh(Wκ+b), satisfying Lipschitz-continuous with LΛ = 1,W =

 0.2 0.1 0.0
0.1 0.2 0.1
0.0 0.1 0.2

,

and bias vector b =

 0.05
−0.05

0.1

. Indeed, we verify spectral norm:

WTW =

 0.05 0.04 0.01
0.04 0.06 0.04
0.01 0.04 0.05

 ,
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with eigen values λ = 0.116, 0.05, 0.004, and spectral norm ∥W∥2 =
√

max λ =
√

0.116 = 0.34. Thus
Q = ∥W∥2

2 = 0.116 < 1
s . We verify condition (2.5):

ρ(Ψκ,Ψυ) = ∥tanh(Wκ + b) − tanh(Wυ+ b)∥2
2

⩽ ∥W(κ − υ)∥2
2

⩽ ∥W∥2
2 ∥κ − υ∥2

2

= 0.116ρ(κ,υ) < Qmax
{
ρ(κ,υ),

ρ(κ,Ψκ)ρ(υ,Ψυ)
ρ(κ,υ)

,σ(κ,υ)ρ(κ,Ψυ)ρ(υ,Ψκ)
}

,

condition (2.5) holds for all κ ̸= υ in 𭟋, satisfying Theorem 2.4. This guarantees global convergence to a
unique fixed point ω ∈ 𭟋.

4. Conclusion

This article established novel fixed point theorems for Ψ-orbitally continuous mappings in b-metric
spaces, extending the foundational results. The theorems were applied to prove the existence and unique-
ness solutions for nonlinear integral equations and to analyze the stability of neural networks, demonstrat-
ing their adaptability to solving complicated computational and mathematical problems. These theorems
can be extended to cone b-metric spaces, and neuro-inspired iterative algorithms can be developed as
avenues for future research.
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[8] L. B. Ćirić, Fixed points of weakly contraction mappings, Publ. Inst. Math. (Beograd) (N.S.), 20(34) (1976), 79–84. 1
[9] S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Univ. Ostrav., 1 (1993), 5–11. 1

[10] S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, Atti Sem. Mat. Fis. Univ. Modena, 46 (1998),
263–276. 1
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