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Abstract

This paper investigates a new category of a fractional boundary value problem (BVP) involving the generalized Atangana-
Baleanu-Caputo (ABC) derivatives of order belonging to (2,3]. First, the Green function with its properties for a proposed
fractional BVP are derived. Then, the theoretical results are established by various techniques. The existence and uniqueness of
theorems of the solutions are proved by utilizing the Weissinger, the Aghajani fixed point theorems, the Meir-Keeler condensing
operator, and the Kuratowski’s measure of non-compactness techniques. The sufficient conditions of the existence and non-
existence results of nontrivial solutions for the proposed problem are investigated by introducing the Lyapunov-type inequality
(LTT). Finally, our findings are compared with the existing results in the literature. The validity of the main outcomes is also
tested by numerical examples with graphs and tables, and the strict minimum borders of eigenvalues for several fractional BVPs
are estimated. This work is the first to deal with ILTI for fractional BVP in the sense of generalized ABC derivatives.
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1. Introduction

The idea of fractional derivatives extends differentiation beyond integer orders. Applications of these
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derivatives can be found in numerous fields like physics, engineering, and finance; such as these papers
[22, 42]. They are utilized to model systems that demonstrate non-local behavior, long-range interac-
tions, and memory effects [4, 36, 44]. In particular, Qiu et al. [35] presented a novel design approach for
fuzzy affine model-based output feedback control, while Bi et al [8] suggested an adaptive decentralized
finite-time fuzzy secure control strategy for uncertain nonlinear cyber-physical systems facing deception
attacks. In the fractional calculus field, there are many non-local operators with singular and non-singular
kernels. The most important of these operators are Caputo, Riemann-Liouville [45], Hilfer [19], \-Hilfer
[5], Caputo-Fabrizio [10], Atangana-Baleanu-Caputo (ABC) [6], where extended recently to higher arbi-
trary orders with respect to another function [2], and generalized to mixed kernel by [38]. In certain
cases, nonlocal fractional operators with singular kernels are unable to properly describe the dynamics
of a system, and their implementation leads to unaffordable ill-posedness. In this manner, a group of
scientists with an innovative approach and also an extra tool to provide different alternatives in order to
enhance the description of models of actual phenomena. It has proposed new fractional operators with
non-singular kernels; see [6, 14]. Fixed point theorems play essential roles in studying the existence and
uniqueness of solutions for ordinary, partial, and fractional differential equations, see [16, 28-30]. For
instance, the Banach, Weissinger fixed point theorems (FPTs), and the Meir-Keeler condensing operator
were employed to discuss the qualitative properties of two classes of fractional differential problems [11].
The Banach and Schaefer FPTs utilized to analyze the solutions of a p-ABC fractional problem [40]; for
more information see [7, 9, 37] and the references cited therein.

The Lyapunov-type inequality (ILTI) for boundary value problem (BVP) is considered an essential
device for investigating the existence and non-existence of nontrivial solutions for ordinary and fractional
BVP. The LTI has employed to determinate an eigenvalue for fractional BVPs such as Riemann BVP
[15], mixed BVP [18], g-fractional BVP [21], Hadamard BVP [27], impulsive BVP [23], Katugampola BVP
[20, 26], Hilfer BVP [34], Katugampola-Hilfer fractional BVP [39], Riemann-Atangana-Baleanu BVP [1],
and Caputo-Fabrizio (CIF) BVP [43], for more details see these surveys [31, 32]. In particular, paper [25]
considered as the first work that proved that if q (s) is a continuous function satisfying ILTI:

Jc lq(z)|dz > . 4 , (1.1)

co — ¢
then the following second ordinary BVP has nontrivial solution y(s) # 0:
y"(s)+q(s)y(s) =0, s€ (co,c),
y(co) =y(c) =0.
Further, authors of [33] proved that the following third ordinary differential equation:

Y’II(S)‘FCI(S)Y(S) :O/ seY = [COIC]I (1 2)
Y(CO) = Y(C) = OI Y“(d) = Or de [CO/ C], ‘
has nontrivial solution if the ILTT holds:
C
4
lq(z)|dz > . 1.3
Loq() — (13)
Also, Toprakseven [41] investigated the CIF-fractional BVP
CFDu y(s)+q(s)y(s) =0, s €Y =lco,cJ,uc (23], (1.4)
y(co) =y"(c0) = y(c) =0,
has nontrivial solution if the LTI holds:
C
4
dz > . 1.5
LO"“Z” > Bl )+ @ 2)(c— o (15)
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It is important to note that there is no work-proven ILTT for fractional BVP in the sense of ¢-ABC.
Thus, inspired by the above papers, in the present work, we establish sufficient conditions of the existence
and uniqueness of the solution as well as the ILTT for the next fractional BVP involving @-ABC derivative:

(1.6)

1

ABCOU? y(s) +h(s,y(s) =0, s€Y =1, ¢, ue (23],
y(eo) = [y(s)]g (el se, = ¥(€) =0,

where ¢ is a non-decreasing and non-negative function with ¢(s) € €3((¢o,¢),R"), and ¢’(s) #0, Vs € Y,

” 2
where [y(s)] o) = (ﬁ%) y(s). Furthermore, AB¢®{:? denotes to the @-ABC derivatives of arbitrary

order u € (2,3],and h : ¥ x R — R is continuous function such that h(co, y(co) = 0.

It's worth mentioning that this work contains the following novelty and contributions.

1. The fractional derivative used in the problem (1.6), is generalized more than the ABC fractional
derivatives [1, 6], and allows for dealing with the variety of a function ¢.

2. The main problem (1.6) is more general of the existing in the literature. For instance, if ¢(s) = s,
u =3, and h(s,y(s)) = q(s)y(s), then problem (1.6) returns to problem (1.2) when d = ¢y. Also, the
problem (1.6) becomes (1.4) if we replace ABC@‘C‘O by C]FBD‘QO, and h(s,y(s)) = q(s)y(s).

3. The existence and uniqueness results are established by utilizing the Weissinger, Aghajani FPTs, the
Meir-Keeler condensing operator, and the Kuratowski’s measure of non-compactness techniques.

4. The existence of a nontrivial solution is proved by using the ILTI.

5. The estimating of minimum borders for eigenvalues of new classes of @-ABC fractional BVPs are
provided.

The rest of this manuscript is assorted as: In Section 2 several important preliminaries are provided.
Section 3 investigates the Green function with its properties. Sections 4 and 5 prove the existence and
uniqueness of the solution for the proposed problem. Section 6 is introduced the LTI for ¢-ABC-
fractional BVP (1.6). Section 7 is focused on testing the effectiveness of main outcomes by some examples.
Finally, the conclusion of this work is provided in Section 8.

2. Preliminaries

In this part, we recall some important definitions and lemma, which are related to fractional ¢-ABC
derivative and our used techniques.

Definition 2.1 ([5]). Lety : [co,¢] = R and u > 0, then the equation

1 E
Iy E) = g Lo(cp(s) —¢(2))" o' (2)y(z) dz,

is uth left-side @-Riemann-Liouville fractional integral, such that I' is Gamma function.

Definition 2.2. ([2]). The @-ABC-fractional derivatives of y(m) € H'(cp, ¢) with order u € (m,m+1],v =
u —m, is defined as

(ABCDEey)(s) = (MFDY Py ™) (s)

O(u—m)

T mtl-u J ¢/ Bum < m (o) - @(ZJ)“““) yo"(z)dz,

where [E, is the Mittag-Leffler function, and ©(u) denotes the normalization function endowed by ©(0) =
O(1) =1. Also, the ¢-ABC-fractional integral of a function y with order u is defined by

(APCTEey)(s) = (TP APCTY y)(s)
~ ~ m+1—u
= (ABCoY e Rame y)(s) = R

Ou—m) o YEF
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Lemma 2.3 ([2]). Foru € (m,m+1], and y € 3}(Y,R), then,
m
(ABCTue ABCDULey) (s) = y(s)— ) di(@(s)—¢(w))', di €R.
i—0

Now, let us present a definition of the Kuratowski’s measure of non-compactness denoted by p(-). Let
A be a bounded subset of a Banach space X, then

m
wA) =inf{r>0: A= U Ai, and diam(A;) <1, i=1,m}L

i=1
Clearly, 0 < p(A) < diam(A) < oo ([17]).

Lemma 2.4 ([24]). For each bounded subset A of a Banach space X, there is a countable subset Ag of A, supplied
with w(A) < 2 pu(Ao).

Lemma 2.5 ([17]). Consider A C C(], X) to be a equicontinuous bounded set such that X is a Banach space, then
w(A(s)) is continuous on J, and pw(A) = maxgey u(A(s)).

Lemma 2.6 ([17]). Consider A = {xm}tmeN C C(], X) to be a countable and bounded set such that X is a Banach
space, then W(A(s)) is the Lebesque integrable on ], and

s

w({[ 3@z} ) <2] wlixm(@)men) da

Definition 2.7. ([3]) Consider A to be a nonempty subset of a Banach space X, and p to be a measure of
noncompactness on X. Then Y : A — A is a Meir-Keeler condensing mapping if for any € > 0, there exists
o > 0 such that

e<pu(B)<e+o= pu(YB) <e, forany B C A.

Theorem 2.8 (Aghajani FPT, [3]). Consider A to be a bounded, convex, closed, and nonempty subset of a Banach
space X, and | to be a measure of noncompactness on X. If Y : A — A is a Meir-Keeler condensing and continuous
mapping. Then, a mapping Y possesses at least one fixed point, and their set in A is compact.

Theorem 2.9 (Weissinger’s FPT, [13]). Consider Y : X — X to be a mapping verifying the identity:
d(Y™x, Y™%) < {md(x,%x), YmeN,x, %X,
such that (X, d) be a complete metric space, (m > 0,Ym € IN, where ) 3. | {m is a convergence series. Then,
a mapping Y possesses a unique fixed point x*. Furthermore, for any xo € X, the sequence {Y™xo}% _; tends to a
fixed point x*.
3. Green function
Firstly, we introduce the Green function of the ¢-ABC-fractional BVP (1.6) as follows.

Lemma 3.1. Let u € (2,3], and y©® € H'(co,c). Then, the integral equation corresponding to the @-ABC-
fractional BVP (1.6) is given by

Y(S)—J K(s,z)o'(z) F(z;y(z)) dz, (3.1)
where
mw(c)_@(z))’ (<s<z<g
= — @l
K(s, z) = (o(s) — o(c) 62
(@(c) —@(co))
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and

(3—u)
Ou—2)

(s, y(s)) + =2 %gu-20p(g y(s)). (3.3)

Fls;yls)) = o _2 Ju

Proof. Due to Lemma 2.3, Definition 2.1, and by applying “B¢3t:® on both sides of Eq. (1.6), we obtain

y(s) = do+di (@(s) — @(co)) + d2 (@(s) — @(e0))* — ABCTU®h (s, y(s))
= do+d1 (¢(s) — @(c0)) + da (@(s) — @(c0))* — *32° F (s;y(s)) .

By applying the conditions y(¢g) = 0, we find that dyp = 0. Thus, one obtains

y(s) = di (@(s) — @(co)) + d2 (@(s) — @(c0))* — FT2° F (s;y(s)),

it implies that

Y()oe) = (5rtayaz)y(s) = di +2da (@(s) — @ (c0)) — *T5° F (s;y(s)),

and

Yl = (A 2)’y(s) =2d2 — F (s y(s)),

12 |
o(s)ls=cg

y(s) = di (@(s) — @(co)) — *IZ° F (s;y(s)). (3.4)

so by the conditions [y(s)] =0 and h(cg, y(co) =0, one finds that dp = 0. Therefore, we have

Then, by the boundary condition y(¢) = 0, one has

! Rjz""?(c;y(c)).

ke (@(c) —@le)) %

Thus, by putting d; into Eq. (3.4), we find

~ (o(s) —o(c0)) Rr2p ..  RA2Q (.
y(s) = (0(9) — o)) ToPF (gyle)) =TT (s;y(s))
(ols)—ol0) [, . e - |
= e ). @ 0l 0N T (myiz) a2 | 9'(2) (ple)—pl2) T (mry(2) d=
Hence, finished the proof. O

Now, we study characterization of Green function X(s, z), which is given in (3.2).

Lemma 3.2. The Green function K(s, z) satisfies the following properties:

1. K(s,2z) >0, V(s,z) € Y3
((c) — 9 (c0)) (0(0) + 0(cy))
— )

2. max(g ,)ev2 K(s, z) < 5

, with equality at the point s = z =

Proof. Consider,

Kifs,2) = PO (o) gz)), o<s<z<e
(@(c) —@(co))

Kols,2) = LEZ@WOD (o) o)) (gs)— (), w<z<s<o
(@(c) —@(co))
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Obviously, X1 (s,z) is positive and increasing with respect to s. Hence,

Next, one has

Ka(s,2) = (2= 2 (ple) — pl2) — (0(s) — 0(2))
_ Lot molol) o) g (2)) — [p(s) — 0(0) + 0(c) — @(2)]
(@(c) —o(co))

Hence, we infer that K>(s,z) > 0, for ¢g < z < s < ¢, and K3(¢, z) = 0. Therefore, the first property holds.
Now, let us take the first derivative for X (z,z) with respect to z, we have

o'(z)

(@(z) — (o))
(@(c) — @(co))

0:X1(z,2) = (@(c) —o(z)) - (

©
~
«
>
|
©
—
i)
S
=
=

which vyields that Ki(z,z) has zero when ¢(r*) = w, that is * = ¢! (M) , and
0.X1(z,2z) > 0on (¢, ™) and 0,K1(z,z) < 0 on (r*,¢). Then,

max XKi(s,z) < maxXi(z,z) = M-
(S;Z)EYZ zeY 4

Also, by taking the first derivative for K;(s, z) with respect to z, we get
0:Xa(s,2) = =@ (2) —— 7

Its easy to check that 9,K>(s,z) > 0 for all (s,z) € Y2, Thus, Xs(s,z) is increasing with respect to z, so
we have

Similar to the processes with finding max,cy Xi(z,z), we can investigate that X5 (s, s) has a unique zero

atr* =@ ! (W) . So, we deduce that

max Ks(s,z) <maxXs(s,s) = M.

3.6
(s,z)EY2 seY 4 ( )

Therefore, by (3.5) and (3.6), the second property follows. O



S. T. M. Thabet, T. Abdeljawad, I. Kedim, B. Abdalla, J. Math. Computer Sci., 41 (2026), 9-24 15

4. Uniqueness result

In this part, we define the Banach space of continuous functions by IT := C(Y = [, ], R), and gifted
with the maximum norm ||y|| = maxsec, o [y(s)!.

In what follows, we establish the uniqueness result by using the Weissinger’s FPT.

Theorem 4.1. Let a function b is continuous, and there is p > 0 such that [b(s,y(s)) —b(s,¥(s))l < p ly(s) —
y(s)l, foreach y, 5 € Tland s € [co, c]. If

- 2 - . o u—2
o= e =0)” [ B=w)  1=2) [¢l)=0¢lo)) 1 @1)
4 ©(u—2)]  10(u—2)| Mu—1)
then there is one solution for the @-ABC fractional BVP (1.6).
Proof. According to Lemma 3.1, we define the mapping Q : TT — TT as follows:
(Q)le) = | Kis,2)0'(2)7 (ziy(2) dz, 42)
<

where X and J are defined in (3.2) and (3.3), respectively. Now, for each y, ¥ € T and s € [, ¢], we have

: 'y B

1F (s;y(s)) —TF (s;7(s)) | < )]
-2

" |@(1(1u—;)| *38 #10(s, y(s)) —b(s, (s))

p(3—u)
Sieu—_2)

p(B—u)  pu—2) (@()—olo)" > _
<(|@(u—z)|+|@(u—2)| Fru—1) )Hy—yH.

b(s,y(s)) —b(s,y(s))l

ly(s) —y(s)l+

Next, by Lemma 3.2, and Eq. (4.3), for every m € IN, we obtain

(Q™y)(s) — (Q™y)(s)]
=10(Q™ 1 y(s)) — Q™ y(s))

m
S

< Jc K(s,z)o'(z) ‘EF(Z,‘ Qm1 y(z)) —fr"(z;Qm_1 }'I(z))‘ dz

o

(p(c)—@(co)) [¢ p(B—u)  pu—2) (o) — ()" ? m—1 m—1
| @&)Q@m—mvﬂem—zn Mu—1) )”Q yman e

_l’_

Fma—@mnr pB-w  pu—2) (o(c)—ple)"2)"
ou—2 Teu-21 ru-1

C C
g[J[wuﬂWQm”me*yMzw

<[wuwwqum pB-w  plu=2) (o) —ele)\"
= Ou—-2)  [©(u-—2)| Mu—1)
XJ J [0’ (2)]™ ly — 7l dz...dz

m times
m times



S. T. M. Thabet, T. Abdeljawad, I. Kedim, B. Abdalla, J. Math. Computer Sci., 41 (2026), 9-24 16

1 +

(0(0) —()?]" (pB—w  p—2) (o) =) >\, _
< ly =31
©u—2)] " Ou-2)] Tu-1)

Hence,

1Q™y — Q™| < +

©(u—-2)[  [©(u-2) Mu—1)

(@(0)—@(e)?]" (P B—u)  pu—2) (o) lw)" ‘“H -
4 y =¥l

Since px < 1, then > - _;(px)™ is geometric convergence series. Thus, in view of the Weissinger’s FPT
2.9, the mapping Q) has a unique fixed point. So, it follows that the ¢-ABC fractional BVP (1.6) owns one
solution on [cg, c]. O
5. Existence result

This part establishes the existence result by using the Meir-Keeler condensing mappings.

Theorem 5.1. Let a function b is continuous, and there is 01, 0o > 0 such that [h(s,y(s))| < o1+ o2ly(s)], for
eachy € Tand s € [co, c|. Also, let A be a bounded subset of R satisfying the following identity:

n(b(s, A)) < d(s)u(A), VA.

Then, there are at least one solution for the @-ABC fractional BVP (1.6), provided that x < o%' where X is given in
inequality (4.1).

Proof. Consider the mapping Q : T — TT to be defined as in (4.2), and let a closed bounded convex set
B. ={y €TT: |ly|| < ¢}, where ¢ > : X01

, with xo, < 1.
2

Now, we prove that Q is itself mapping on B.. For each y € B, and s € [cg, ], we get

. B—u) (U=2) gy, s (s
1F (s;y(8)) | < |@(u_2)||h(s,y(s))\+|@(u_2)| Je “Clb(s,y(s))l
< &i:;i (014 oaly(s)]) + &z:;)' RIU2@ (01 + oyly(s)]) (5.1)

B-u  (u=2) (()—¢(w)"
<(I@(u—Z)l O(u—2)| Mu—1) )(01+Gz||yll).

Next, by Lemma 3.2, and Eq. (5.1), one obtains

C

(Qy)(s)] < J K(s,2)¢'(2)|F (zy(z)) |dz
o=@’ [ B-u = (u=2) (e()—e(o)"”
- 4 B(u—-2)  Bu-—2) Mu—1)

) (01 + 02]lyl]) < x (014 02¢) < e.

Thus, [|(Qy)|| < ¢, that means Q : B, — B,. Next, we show that Q) is continuous mapping in B,. Let
{ymJmen be a convergent sequence that tends to y in B,. By continuity of ), we find

F(z;ym(z)) = F(zy(z)), asm — oo,

and so

lim (Qym)(s) —J K(s,z)e'(z) lim F(z;ym(z))dz = (Qy)(s),

m—00 0 m—00
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which means that Q) is a continuous mapping in B..
In what follows, we investigate that () is equicontinuous mapping in B.. For each y € B, and
s1,82 € [¢p, ¢, and s1 < sp, we have

I(@(s2) — @(co)) — (@(s1) — @(co))l J‘
(@(c) —@(co))

+ r] (@(s2) — @(2)) — (@(s1) — @(2)) @' (2) [T (z;y(2))| dz

€0

[(Qy)(s2) — (Qy)(s1)| < ¢’ (z) (@(c) — @(2))1F (zy(2)) dz

€0

s2
+[ lote) ~ 0 (@)l0' ()15 ({2 da,
s1
which implies the right side tends to zero whenever s, — s; independently of y € B.. Therefor, we
infer that Q is and equicontinuous mapping in B.. Finally, we show that O : B, — B, be a Meir-Keeler
condensing mapping. To achieve this result, let € > 0, and our aim is to show that there exists o > 0 such
that
e<pu(A)<e+o= uQA)<e forany A CB,.

For any bounded, and equicontinuous subset A C B, there is a sequence {ym}men C A, by taking
0" = maxsev{d(s)} and using properties of p and Lemmas 2.4 and 2.6, one has
w(Q(A)(s))

<2p {J K(s,z)o'(2)F (z;{ym(2z))om_1) dZ}

]

2u—2
Sk bz fym ) + o “3‘:0%(h(z,{ym(z)m_l))) dz

<5 00— ool | @'(2) (@ g ilym(@)Re) + 5 *3‘:;2'%({ym(z)}°ni_1)> daz
o o o u—2
< 5 u(A) (ple) — 0lcy) (6((311 )+ 22 lelg el ) |

Form the above inequality, and by Lemma 2.5, we have pn(Q(A)) < 85*xu(A). Note that from the above
inequality,

H(Q(A)) < 83" Xu(A) < e = u(A) <

85*x
(1-8d"x)e
86*x
condensing mapping. According to Theorem 2.8, the mapping Q possesses at least one fixed point which
represents a solution of the ¢-ABC fractional BVP (1.6). O

By choosing o = , we find € < u(A) < € + o, which implies that Q : B, — B, is Meir-Keeler

6. Lyapunov-type inequality
In this section, we study the sufficient conditions of the existence of nontrivial solution by introducing
the ILTT for ¢-ABC fractional BVP (1.6).

Theorem 6.1. Let [h(s,y(s))l < lq(s)| - |y(s)|, where y,q : Y — R are continuous functions, and the ¢-ABC
fractional BVP (1.6) owns a nonzero solution. Then, a real continuous mapping q verifying the next identity:

4
(ol =) S L,”(Z) az

c

u— 2,
B Ja 2®q(z)l.
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Proof. Firstly, for s € Y, by (3.3), we have

(3—u)
©(u—2)|

(u—2)

1F (s;y(s)) | < { ©(u—2)

lq(s)] + Ryu=zeig(s)l| [lyll < p(s)lyll- (6.1)

Next, suppose that y € TT is a nontrivial solution of the ¢-ABC fractional BVP (1.6). Then, in view of
Lemma 3.1, we have

and by Lemma 3.2, and (6.1), one has

ly(s)l < J K(s,z) ¢'(z) 1F (z;y(z)) |dz< WJ

]

p(z) dz|yll.

<
Thus, by taking maximum norm, and since y is nontrivial, i.e., ||y|| # 0, it yields that

4 C
(00— (<)) \J plz) dz.

N

Hence, the required result is proved. O
In the following, we introduce the requirement of no exists a nontrivial solution for a problem (1.6).
Corollary 6.2. If

C

4 >J
(@(c) —@(co)) = Jg

then, the @-ABC fractional BVP (1.6), hasn’t a nontrivial solution.

p(z) dz, (6.2)

Proof. For this end, we use the strategy of contradiction, which means we assume that the ¢-ABC frac-
tional BVP (1.6) has a nontrivial solution y. Thus, according to Theorem 6.1, we obtain

4 C

—— K z) dz,
ool <)

which contradicts condition (6.2). Hence, the result is proven. O

Note that, if ¢(s) = s, then the @-ABC fractional BVP (1.6) reduces to fractional derivative in the ABC
sense.

Corollary 6.3. Let the fractional BVP
ABC’D’ny(s) +q(s)y(s) =0, seY =le,¢], ue(273],
y(eo) =y"(c0) =ylc) =0,
possesses a nontrivial solution, then the following inequality holds:
4 c
— X < p(z) dz,
(@(c) = @(co)) J pz)

v (B—u) (U—2) gm
where p(z) = r—orla(z)l+ g5 “3 ()l

Proof. The proof follows directly from Theorem 6.1. O
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Remark 6.4. It's important to indicate the following.

1. If ¢(s) = s and u = 3, then the ¢-ABC fractional BVP (1.6) reduces to third ordinary differential
problem and possesses a nontrivial solution if the following inequality fulfilled:

Jc 9(z)ldz >

¢ (¢ —c0)?’

which coincides with the inequalities (1.3) and (1.5), when u = 3, and [12, Theorem 1.3] when & — 3.

2. If ¢(s) = s and u — 2, then the @-ABC fractional BVP (1.6) reduces to second ordinary differential
problem and possesses a nontrivial solution if the following inequality fulfilled:

¢ 4
L) a(z)dz >

which coincides with the inequality (1.1).
7. Applications

In this position, we are ready to present some examples as illustrative applications for essential results.

Example 7.1. Consider the next ¢-ABC fractional BVP:

ABCmts24 1 0.5s% . B _
{ D, y(s)+ 4+s sin(y(s)) =0, seY=[1,2], ue (23], (7.1)
y(1) = ly(e)h ], =¥(2) =0,
) 0552 .
where ¢ =1,c =2, ¢(s) =s"+1,and h(s,y(s)) = v sin (y(s)), such that h(1,y(1) = 0. Thus,
S

(s, y(5)) — bls, §l))| < 12ly(s) — 5o,

this means p = %, and for u = 2.5, O(:) = 1, it follows that

(o) =) [ (3—u) (u—2) (@) —@(c))" 2
xX:= 4 Ou—2)  ®u—=2) Tu-1)

9 (o.5+ 05 x /3

1
= ~ 3.32371 < — :=7.5.
4 r(15) ) “ o

Figure 1 and Table 1, display the curves and values of x is less than 1/p for the ¢-ABC fractional BVP (7.1)
for every u € (2,3]. Hence, all conditions of Theorem 4.1 are satisfied, then the ¢-ABC fractional BVP
(7.1) owns one solution.
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Figure 1: The curves of x and 1/p for the ¢-ABC fractional BVP (7.1), when u € (2, 3].

Table 1: Numerical values of x at u € (2, 3] for the ¢-ABC fractional BVP (7.1).
u 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3
X | 2.2890 | 2.4105 | 2.6207 | 2.9241 | 3.3237 | 3.8208 | 4.4150 | 5.1042 | 5.8843 | 6.7500

Example 7.2. Consider the next ¢-ABC fractional BVP:

16 + es
y(]‘) = [y(s)]ﬁlln(s)‘s:l = y(e) = 0’

2
{ABCD?ZI““)y(sH M) (05 tan (y(s)) =0, s €Y =[Lel, ue (23 7.2)

where ¢g = 1,c = e, @(s) = 2In(s), and h(s,y(s)) = 12:?26)5 (0.5—|—tarf1 (y(s))) , such that h(1,y(1) = 0.
Thus,
1 2
s, y(8)) < 5 + 7o V),
and for any bounded subset A C IR, one has
w(b(e, ) < 2L (a),

T 16+es

1 2 In(s?) .
- _ — — . =2. ) =1, it follows that
this means o 16+e'62 16+e,amd 5(s) 61 ¢ Now, let u = 2.75,0(-) = 1, it follows tha
gio @@ —e)’ [ B=w (=2 (ol —el)"”
' 4 Ou—2) " ©u—2) Mu—1)
4 0.75 x 207 1
=-{o0. kot PO — :=9.35914
1 (0 25+ 73] ) 1.62243 < = 9.35914,
and 0.086676
e> X0 o & ~ 0.104852,

“1—xo,  1-0.173352

then we can token ¢ = 0.11. Figure 2 (a), and Table 2, display the graphics and values of X is less than
/o, for the @-ABC fractional BVP (7.2) for each u € (2,3]. Further, Figure 2 (b), and Table 2, show the
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graphics and values of minimum border of ¢ for the @-ABC fractional BVP (7.2), when u € (2,3]. Hence,
all conditions of Theorem 5.1 are satisfied, then the @-ABC fractional BVP (7.2) owns at least one solution.

T
— s,
2

]

@ x <o, (b) €
Figure 2: The graphics of x, 1/o>, and ¢ for the ¢-ABC fractional BVP (7.2), when u € (2,3].

Table 2: Numerical values of x and ¢ at u € (2,3] for the @-ABC fractional BVP (7.2).
u 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3
x | 1.0127 | 1.0502 | 1.1115 | 1.1949 | 1.2979 | 1.4178 | 1.5515 | 1.6955 | 1.8462 | 2.0000
> | 0.0599 | 0.0602 | 0.0606 | 0.0612 | 0.0620 | 0.0630 | 0.0640 | 0.0652 | 0.0666 | 0.0679

3

Example 7.3. Consider the next ¢-ABC fractional BVP:

ABCDEPy(s) +Ay(s) =0, se Y =, ¢, ue(23], 73)
y(eo) = [y(s)]g(e)se, = ¥(€) =0, '
where A is an eigenvalue, q(s) = A. So, due to Theorem 6.1, we get
-1
| B—uw) , (u=2) (p(c)—¢lx)" >
Al > . 7.4
N el [Bu—2] Teu=2l Fu-1) 74

Now, we will study our example for four cases as follows.

Case 1: If ¢(s) = e® and ¥ = [0,2]. Figure 3 (a) and Table 3, Case 1, display the minimum border for
eigenvalues A of the @-ABC fractional BVP (7.3), when ¢(s) =e®, Y =1[0,2],©(-) =1, and u € (2,3].

Case 2: If @(s) = In(s) and Y = [1, e?]. Figure 3 (b) and Table 3, Case 2, display the minimum border for
eigenvalues A of the @-ABC fractional BVP (7.3), when ¢(s) =1In(s), Y =1, e?,0(-)=1,and u € (2,3].

Case 3: If ¢(s) =sP,p>0and Y =[0,3]. Figure 3 (c) and Table 3, Case 3, display the minimum border
for eigenvalues A of the ¢-ABC fractional BVP (7.3), when ¢(s) = sP, 3 =0.25,05,1,Y=10,3],0()=1,
and u € (2,3].

Case 4: If ¢(s) = s and ¥ = [0,1]. Figure 3 (d) and Table 3, Case 4, display the minimum border for
eigenvalues A of the ¢-ABC fractional BVP (7.3), when ¢(s) =s, Y =[0,1], ©(-) =1, and u € (2,3], and
hence a nontrivial solution of the problem (7.3) exists for all values of u. Moreover, if u — 2, or u = 3, then
inequality (7.4) becomes A > 4, which represents the minimum border of the second or third differential
equations, respectively.
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Table 3: Minimum values of eigenvalues A for ¢-ABC fractional BVP (7.3), when u € (2, 3].

u 2.1 2.2 23 24 25 2.6 2.7 2.8 29 3
Case 1 0.0955 | 0.0878 | 0.0764 | 0.0634 | 0.0509 | 0.0401 | 0.0314 | 0.0246 | 0.0193 | 0.0153
Case 2 0.9875 | 0.9522 | 0.8997 | 0.8369 | 0.7705 | 0.7053 | 0.6445 | 0.5898 | 0.5416 | 0.5000

Case 3,at p =0.25 | 2.2910 | 2.2419 | 2.1726 | 2.0934 | 2.0130 | 1.9377 | 1.8719 | 1.8184 | 1.7789 | 1.7548
Case 3,at 3 =0.5 | 1.3188 | 1.2782 | 1.2186 | 1.1478 | 1.0731 | 0.9998 | 0.9313 | 0.8698 | 0.8159 | 0.7698
Case 3,atp =1 0.4369 | 0.4148 | 0.3816 | 0.3420 | 0.3009 | 0.2617 | 0.2265 | 0.1959 | 0.1699 | 0.1481
Case 4 3.9796 | 3.9299 | 3.8675 | 3.8065 | 3.7587 | 3.7331 | 3.7370 | 3.7774 | 3.8618 | 4.0000

(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4
Figure 3: The minimum borders for eigenvalues A of ¢-ABC fractional BVP (7.3), at u € (2,3].

8. Conclusions

This current work was focused for the first time on investigating the existence and uniqueness of
the solutions as well as the ILTI for new @-ABC fractional BVP (1.6). The main results of existence and
uniqueness were proved by utilizing the Weissinger, Aghajani FPTs, Meir-Keeler condensing operator, and
Kuratowski’s measure of non-compactness approach. The sufficient conditions of the existence and non-
existence results of nontrivial solutions for the proposed @-ABC fractional BVP (1.6) were investigated
by introducing the LTI. Furthermore, numerical examples with graphics and tables were given to check
the validity of the main findings. Moreover, our results were employed to approximate and sketch the
minimum borders of eigenvalues for some fractional BVPs with various special cases of a function ¢.
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Finally, it’s worth pointing out that our results are the first to be studied under the ¢-ABC fractional
derivative, and they are more general than existing in the literature, such as

1. if @(s) = s, then our results coincide with the inequalities (1.3) and (1.5) when u = 3, and [12,
Theorem 1.3] when « — 3;
2. if ¢(s) = s and u — 2, then our results coincide with the inequality (1.1).

In the future, we will concentrate on studying the main problem under integral and multi-point
boundary conditions.
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