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Abstract

The calculus of integrals is used to solve the majority of physics and engineering issues, which are frequently not imme-
diately solved. This compels us to use approximation techniques, the selection of which is based on the class of functions that
meet the necessary criteria as well as known points. Within the context of quantum calculus, we present an assessment of the
error of the well-known corrected dual Euler-Simpson quadrature rule in this paper. As an auxiliary result, we create a new
quantum identity. Using this identity, we prove several quantum-corrected dual Euler-Simpson type integral inequalities for
functions with convex q-derivatives. We allow q to go towards 1~ in order to obtain the classical inequalities. We provide a few
applications to wrap up this research.
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1. Introduction

A function X : I — R is said to be convex, where I is a real interval, if
X(zA1+ (1 —2)Ay) <zX (A1) + (1 —2) X(A)

for all A1,A, € T and all z € [0, 1] (see [22]).

The development of the theory of inequalities is closely related to the concept of convexity, which
is essential and fundamental in many disciplines. This concept is an important tool for studying the
qualitative properties of solutions to differential and integral equations. In other words, the majority of
problems are solved by calculating integrals, in which we most often adopt approximate methods, which
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brings us back to the evaluation of the error committed in the approximate calculation, see [5, 13, 14, 17,
18, 26].

One may think of quantum calculus as a link between physics and mathematics. It was initially
presented by Euler and Jacobi in the traces of Newton’s infinite series, which is where it all began. Often
regarded as a limitless calculus, it has rapidly advanced as a result of Jackson’s study [12]. Numerous
scientists have recently expressed a strong interest in studying and researching quantum calculus in
various domains.

Recently, Tariboon and Ntouyas [29] introduced the notions of quantum derivative and quantum
integral over finite intervals and developed various g-analogues of classical integral inequalities. Inspired
by this work, many authors have established estimates of the error bounds of different quadrature rules for
different classes of functions. Sudsutad et al. [27] explored the trapezoid and Pachpatte type inequalities.
Noor et al. [23] studied the Ostowski type inequalities. Noor et al. [20] gave the quantum analogue of the
trapezoid type inequalities for convex and quasi-convex g-derivatives. Tung et al. [30], presented the first
Simpson formula. Noor et al. [21], investigated the Hermite-Hadamard, trapezoid and Ostrowski type
inequalities for strongly convex functions. Butt et al. [6] developed the Simpson-Mercer 1/8 formula and
the Simpson -Mercer 3/8 formula for convex functions. In [7], Butt et al. constructed a midpoint variant
for twice g-differentiable convex functions. Saleh et al. [2], discussed some Simpson-type inequalities
via convexity. Meftah et al. [19] explored a new closed four point inequalities for convex g-differentiable
functions. Zhang et al. [32], obtained several closed inequalities involving three points for («, m)-convex
functions. For further work on quantum inequalities, we refer interested readers to [1, 3, 4, 8-10, 16].

Motivated by the above-mentioned research on this dynamic domain, we propose in this paper to
study the corrected dual Euler-Simpson type integral inequalities which can be stated as follows:

8X(245)—X(275) +8X (%) g
15 =

&
[ w au] < 700 e,
P

where [|X'[|, = sup, ¢, ) 1% (x)] (see [11]).

As an auxiliary finding, we first develop a new quantum integral identity for this. We get certain
quantum analogues of the corrected dual Euler-Simpson type inequalities for functions with convex g-
derivatives depending on this identity. Finally, we present applications of our findings.

2. Preliminaries

Definition 2.1 ([15, 29]). The g-derivative at u € | = [p, &] of continuous function X : ] — R is defined as:

X(w)—X 1 .
oDgX (u) = (u)(l_g‘%ﬁr_(p)q)p),u#p, and quX(p):ier}).quX(u).

Definition 2.2 ([15, 29]). The g-integral on | = [p, &] of continuous function X : ] — R is defined as:
u o
[x @, dat == w=p) ¥ anxiqrus1-qol,
0 n=0

for u € J. Furthermore, we have

X (1), dgt,

JDC(t)pdqt:Jf)C(t)pdqt— .
c P

O ~—0

where ¢ € (p,u).



A. Moumen, R. Debbar, M. Bouye, B. Meftah, J]. Math. Computer Sci., 40 (2026), 548-565 550

Theorem 2.3 ([28]). For all continuous functions X : | — R, we have
k
DX (1), dgt =X (k);
)

Kk
o [.pDqX (1), dqt =X (k) =X (c) for c € (p, k).

Cc

Theorem 2.4 ([28]). Let the continuous functions X,\p : ] = R, for v € R and u € ], we have

. f (t)]. dqt—ff)C dqt“‘LfLﬂ) (t) .pdqt;
o} a
. }L dqt_vjx pdqt;
p
. ]"Lx () .pdgt = X () (t)l‘é—h (qt+(1—q)p).pDqX(t).pdqt for c € (p,u).

Lemma 2.5 ([17]). Let & € (0,1
Lemma 2.6 ([17]). Let & € (0,1) and consider X(¢) = ¢, then we have fo leodpt =
Lemma 2.7 ([17]). Let ® € (0,1) and consider X (&) = €2, then we have

) and consider X(¢) = 1, then we have fé.odgt =1
1

1+9°

1
2 1
J e odot = 5
0

Lemma 2.8 ([29]). For p € R\{—1}, the following formula holds
[0 pdat = 25 (x—p1.
P

Lemma 2.9 ([25]). For 0 < « < 1, the following equivalence is valid if X and \p are continuous functions defined
on the interval [p, &):

L L

le (), DqX ((1—1) p+1t&) dgt = LU=t ets) (O - alpjx ((1—qt)p+qte), D (1) .odqt.
0 0

3. Main results

We require the following lemma to support our findings.

Lemma 3.1. Let 0 < q < 1, and let X : I = [p,&] — R be a q-differentiable function on 1, such that ;D qX is
q-integrable on 1, then the following equality holds

&
& (o0 (325 ) —oc (245 ) 8 (2525 ) — 15 X (w) pdqu

SNI= O ©

=(E—p) | |qt-pDgX ((1—t) p+t&) odgt + | (qt— ) ,DgX ((1—1) p+t&) odgt 3.1)

O —— i

+ | (qt—%&) pDgX (1 —t) p+t&) odqt+ | (qt—1) ,DqX (1 —1t) p+t&) .odqt

Nl — (0
NI
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Proof. Let
1 1
1 2
th DqX ((1—1t) p+t&),dt, L= J (qt— %) .oDqX ((1—1t) p+tE)ydt
0 1
1
3
1 1
I; = J (qt— %) oDqX ((1—1)p+1t&),dt, I = J (qt—1).oDqX ((1—1t) p+t&),dt
1 3
2 4
From Lemma 2.9, I; gives
1 1
1 1
= [qtaDaX (1= 0 p+18)y dt = ey (55) = (4, [X (1 - qtlp+ qte) odgt. (32
0 0
Similarly, we get
1
2
L = J (qt— &) .oDgX ((1—1t) p+t&)ydt
1
1
! i
= J (qt— %) .oDgX ((1—1t) p+t&), dt—J (qt— %) .oDqX ((1—1t) p+1t&)ydt
0 0 (33)
%
= 3105(% 1p6 X <p+£> 4 15( pjx ((1—qt) p+qt&) .odqt
0
1
1
— d5q-3y <3"ZE’> =X (P) + aipjx ((1—qt) p+qt&) .odqt,
0
3
1
I; = J (qt— %) .oDqX ((1—1t) p+t&)y dt
%
3 1
4 2
= J (qt— %) .oDqX (1—t)p+t&)gdt— | (qt— &) .o DX (1 —1t) p+ &) dt
0 (3.4)

S O

_ 45q-28 138 7
= 00t p) x<p4 )+15(afp)x(p)—a%pdx((1_qt)p
0

15914 o (p+&) _ 7 _q_
— B (255) — mrEe X () + £%

O — i

X ((1—qt)p+ qté).odqt,
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and

I = | (qt —=1) ,DgX ((1—1t) p+t&),dt

W) ——

(qt—1).pDgX (1—t)p+t&)gdt— | (qt—1).,DqX ((1—1t) p+t&), dt

oW

(3.5)
1

— 30+ 52 () g% X1 a0 b+ gtk adgt

0

3
4
— ==X <p+43£> — 55X (p) + a—ijJx ((1—qt) p+qt&) odqt.
0
Adding (3.2)-(3.5), then multiplying the resulting equality by (& — p), we get

v = A () o (o5 + B (25)
- 1 (3.6)

+(a-1)X(E) =] X (1 qt) p+ qte) adt
0

On the other hand from Definition 2.1, we have
X((IT-t)p+te) —(1-q)t(E—p).pDqX ((1-t)p+t&) =X ((1—qt) p+qté). (3.7)
Integrating both sides of (3.7) with respect to t over [0, 1], we get

1
(1) p+t&) odgt — (£ p) (1 q) Jt.qux((l 0 p+tE) odgt

1
Jx (1 qt) p+ qte) odgt =
0 0

O—— O—

1
X(1—=t)p+1tE).0dgt—(1—q) X (&) +(1—q) JDC((l— qt) p+ qté) .odqt
0

1 1
=—(1—q) X (&) +JDC (1-t)p+t&).odqt+(1—q) JDC ((1—qt) p+qté) odqt,
0 0
which implies
1 1
qu)C (I—qt)p+qt&) odgt =—(1—q) X (&) +J3C (1—1t)p+t&).odqt. (3.8)
0 0

Using (3.8) in (3.6), we get

4 1
(v—w) Y L= £ (38) — ko (o5F) + (o522 - fo (1—1) p+t&) odqt.
i=1 0
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By changing the variable (1 —t) p + t& = u, the aforementioned equivalence yields the intended outcome.
[l

Theorem 3.2. Let 0 < q < 1, and let X : 1 = [p, &] — R be a q-differentiable function on 1, such that ;DX is

q-integrable on 1. If |, D 4 X| is convex, then we have
5 (820 (2% ) 0 (5%) 48 (522 ) ) — 1pr (1) .pdqu
o)

2 3_
< (E—p) ((-Ql L 64+2059+11597+36q 90q ) DX (p)]

&

960(1+q) (1+q+q?)

3044-231q+81q2—208q°%— 150q
(O + R ) [bDX (8)]),

where Q1 and Q) are defined by (3.13) and (3.17), respectively.
Proof. Applying the absolute value to both sides of (3.1), and using some of its properties, we get

&5 (80 (2% ) — (B8 ) 48 (2422)) — 1pr

‘qt 15‘ | D :)C((l—t)p—i—tﬁ” Odq (3_9)

= ——— Nl °

1
4
th| DX ((1—1t)p+t&) |0dqt-+
0

1
+ | |qt—Z[1,D x((l—t)p+ta|odqt+J 1) ,DgX (1 —t) p +t&)] odgt

NI e s

Given (3.9) and the convexity of [, D X|, we derive

i (sx (3P+<‘~

g

) —x (%5) 48X (9”5)) - 1pr (W) .pdgu

P

qt (1 —=t)[pDgX (p)[ +t[pDgX (E)]) .0dqt

VAN
™
|
>
O — i

_|_

—

8 qt). (1—1)[pDgqX (p)| +tlpDqX (E)) .0dgt

— & (1=1)[,DgX (p)|+t[,DgX (£)]) .0dqt

+

_|_

PRy S—————— T L I T
0
'—'.

(1—qt) (1 —=t)[pDqX (p)I+ tIpDqX (E)]) .0dqt

qtodqt

o%.&\»é

1
—(t—p) | 1L,DX (p |th (1 1) odgt + [pDgX (&)
0
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1
1

:(((—._p) ‘pD x th (1—-1) qut—i-
0

— (E—p) <(Q | 64+205q+115q 2436q°— 90q ) ,D

+1oDgX (P | (£ —qt) (1—1) .0dqt+[oDqX ()] | (£ —qt) t.odqt

S N NN N
N L

+1oDgX (P)l | |qt — & | (1—1) .0dqt + |,DqX (E)] | |qt — 5| t.odqt

Nl S 502

S = N

+ [aDgf ()l | (1 —qt) (1 —=1).0dqt+[,DqX (&) | (1 —qt) todqgt

3

4

0D e

( —qt) (1—1t) .0dqt

PRI S TR

i 1
+J\qt— (1—t).odqt+J(1—qt) (1—1).0dqt
3 i
i 3 i 1
+[pDgX (&)] Jq odqt+J( —qt) t.odqt + J\qt—%\t.odqt+J
0 i i

[anp N T

960(1+q) (1+q+q2) Pl

qX
304+231q+81q27208q37150q
(O‘ + 960(1+q) (1+q+q2) | D x

(3.10)

where the right-hand side integrals of (3.10), whose values are as follows, were calculated using Definition
2.2 and Lemma 2.9.

N —— i

T —— L

AW ey =

(45 —

B _ 3q+3q2+4¢°
qt (1 —t).0dqt = g q) (Trq a0

O%N’—‘

B _ 64+100q+55q2—24q°—45¢*
qt) (1 —t) .odqt = 960(1+q)(1+q+q?) ’

960(1+q) (1+q+q?2) ’

_ __4q+q’-3q*
(1 - qt) (1 _t) 'Od-q‘t ~ 64(1+q)(1+q+q2)’

2 — q
9t%0dat = Grargr gy

O ——

28+39q—21q>—649%—60q*
90(1+q)(1+4+q*) = , A 5 if0<q< 45’
701 _ ) 32928494489 +129771q2—273957 q°+21060q* +51300q 3 < 14
gt — 15| (1 —t) .0dqt = 216000 (1+q) (1 4+47) , i <q< g,
_78__ 4
28—39q+21q>+64q°+60q T: 15 <q<1,

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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1
2
8 __ 64436q+21q%>—28q°—15¢q*
J (15 qt) todqt = 960(1+q)(1+q+q2) ’ (3.16)
i
3 84+5q—55q%>—1249%—60q*
4 960(1+q)(1+q+q22) ’ , \ 5 if0< q< 45/
_ 7 _ ) 14112—7672q—166191q% 4244497 43 +53640q* 42700 @ 14
Qp = J |at — {5| todgt = 2160009 (1+9) (1+q+92) , i <q<E, (3.17)
1 —84—5q+55q%+124q%+60q* if 1 <q<l,
2 960(1+q)(1+q+q2) ' i5<4
1
. __ 16+12q+3q —12q3—9q
J(l qt) todqt = ) rqta) (3.18)
%
The outcome is thus proved. O
Corollary 3.3. By making q tend towards 1~ in Theorem 3.2, we obtain
(o) a(egt)ren(e) |
X (=) — X[ P ) +8X (4= 1 17 / /
o)

To demonstrate the validity of the findings in Theorem 3.2, we provide the following example.

Example 3.4. Let us consider the function X : [0,1] — R defined by X (u) = ud. The g-derivative is
0DqX (t) = (14 q+ g?) u?, which is convex. The result presented in Theorem 3.2 related to the function
X under consideration by taking 12 < q < 1, we have

3_ 3 1— 3
0DgX (u) = u(ljg;ﬁ = 1_‘1' u? = (14+q+ qz) u?

S0, 0D¢X (0) =0and ¢DqX (1) = (1 +q+ qz). On the other hand, we have

u
Jx( Jodqt=1(1—q uZu3 = 4u4= 1+q+1q2+q3u4'
0
Hence, J‘x % m Thus
1
LHS = | (8 (3) X (3) +8X (3)) ~ [X (W) odyu
0
1

:‘(

‘ 9 1 _ 1 9

+&)_7 -2 _ - -9
64 14+q+q2+q3 40  14+qg+92+q° 1+q+q?+q®> 40

e
Rl
ool

and

22042269 +139q%—84q>— 90q
RHS = 960(1+q)

Figure 1 provides a graphical representation of the two expressions.

According to the representations provided by Figure 1, we observe that the right-hand side always
exceeds the left-hand side, thereby confirming the validity of the result stated in Theorem 3.2.
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0.25

0.2 |

0.15

LHS
RHS

0.1 t

0.94 0.95 0.96 0.97 0.98 0.99

Figure 1: Graphical illustration of Theorem 3.2.

Theorem 3.5. Let 0 < q < 1, and let X : 1 = [p, &] — R be a q-differentiable function on 1, such that ;DX is
qg-integrable on 1. If IquDCIC is convex, then we have

g

& (s (22p8) — (25t )+83€(p+3£>>1pJ3C(u).pdqu

P
< (&—p) (ﬁ%ﬂ))g ((E)Hé (163Jlriq |9D X(p )|C+16 (1+q) ‘PD X (&)l )Z

1
(32—15q)P ™' —(32—30q)P™ \ P [ 2+43q Z
+< : ) (161+q|Dx()|+161+q|Dx(a)|>

60P+1
)

Proof. 1t is evident that (3.9) is obtained by applying the absolute value to both sides of (3.1). Now, using
(3.9) and the Holder’s inequality, we get

~=

1

1
AP (_1+2q9 ¢ 3+2 <
+(A)" (10295 15DaX ()1 + 1128 [ DX (£)°)

=

1
o p+l_ (4 P+1\ p
(4 ) (i LD+ i oD )

~ _ 1
where ¢ > 1 with % + % =1l and A = q(llfq?)/\ with A is defined by (3.22).

£

& (8 (228 ) — (5t ) 8 (422 )) — aipjx(u).pdqu
IS}
1 1
i o/ C
J P odgt J|qux((1—t)p+ta)|‘?.odqt
0 0
1 1
% P % C
+ J % Odq J|quX((1—t)p+t£)|C.odqt (3.20)
4
1 1
P C

+
Pl —

3
1
7 |P C
‘qt—ﬁ‘ .odqt lequ)C((l—t)p-l-tE)l .Odq‘t
1
2
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1 P [ <
+ J(l—qt)p .qut J|qux 1-—-1t) p+t£)|c Odq
3 3
4 4
From (3.20) and the convexity of Iquf)CIC, we arrive at
I
& (8 (2e8) — (5t ) 8 (428 )) - aipjx (W) .pdqu
P
1 1
% P % C
<(e=p) | | [tatPadgt | | [ (001D (0 + DX (£)) adgt
0 0
1 1
% P % C
8 P ¢ q
| G5 —ay” odat J 1-0)[,DaX () + 1, Dy (E)°) odgt
i
1 1
% P % C
+ J\qt— ZP odgt J 1—t ) [pDgX (p )|C+t|qux(z,)|C) odqt
3
1
1 1 c
[ [a-quradee || [((@-01DaX (o) +l,DgX (E)F) odgt
3 3
4 4
1
1 1 T
1 Ll 1 1
=(£—p) ((q(l—l_q‘i‘,fl])p () IquDC(p)ICJ(l—t) .Odqt+|qux(a)|CJt.odqt (3.21)
0 0

1 1
I 1—q P ((32—15q)P "1 —(32—30q)P "1\ P
q(1—qP*T) 60P T

1
2
x [ 1oDgX (p)I° | (1—1) odqt+pDgX (£ CJtodq

i — Nl

Z

=

3
: 1
b — P —
+ (A)? |quf)C(p)|C (1—1t).0dqt+ 1, DgqX (& lCJtOdq (11 q?m))p(M 3q)

Nl —— s

?
1

C

x | 1pDqX (p)I°

N

1
(1—1t).odqt+1oDqX (&) Jt.odqt

3

4

=

— €0 (qubm) " (9" (% DX (0 + gty bDaX (0))

1
(32—15q)P ™ —(32—-30q)P'\ P [ 243q 4 C
+ (1 ety loDaX (0)1° + gy loDaX (2)

=

P+1(44q)p+]>é
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1

1
T\P 1424 ¢ 342 <
+</\> <161+q 0D qX (0)I" + gy gy |DDC(£)|>

- P+l g P+1\ p ¢
() (0 1+ 2 bDs 0.

where Definition 2.2 and Lemma 2.9, were exploited when calculating the integrals of (3.21), whose values

are
B
Jt.odqt = (B — o) BE4,
x
B
1—B+(1—
[1=v0dqt= (8- o) (B3,
x
1
4
1— p+1
J(qt)p odgt =gy (9)7
0
1
2
P 1— 32—15q)P 1 —(32—30q)P*!
J(185 - qt) 0dqt = q(1_q?a+1) (( = 60D+(1 a) >,
%
1
1— 4-3q)PT—(4—4q)PH!
3
4
~ _ q(l_qp+l)
/\ — ﬁ/\,
with
1— (28—30q )P+ —(28—45q)P+
% q(l_quIHrl) < 60P+1 7 1f0 < q < 45/
P — 28-30q)P 1+ (45q—28)P ! .
1— 45q—28)P 1 —(30q—28)P !
% q(l_qcylwrl) <( ! ) 60p4£1 { ) ), if 14 <qg< 1.

The outcome is thus proved.

Corollary 3.6. By making q tend towards 1~ in Theorem 3.5, we obtain
& (8 (228 ) — (B8 ) 8 (2428)) —EipJ?C(u) du
1 1
< & (1)5 ((7x'(p>|’¢+|x’(a)|‘) <L (\x’(pn%ﬂx’(a)\C) :
S 716 \1+p 8 8
I ((17)?“(2)?“)5 ((tswc%p)‘1+33c'(a)|c)é i (s|x'(p)|‘+5x'(a)|¢>%>>
(15)1’“ 8 8 :

Moreover, if we use the discrete power mean inequality, we get

86 (359) - (359 0 (52) -

5}
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1 1
o ()P (14 (WP @PY R (e €
=~ 8 1+p (15)P+1 2 :

Example 3.7. Let us consider the function X : [0,1] — R defined by X (u) = ud. The g-derivative is
loDgqX (t )IC (1 +qg+q )Cuzc’ which is convex where (,p > 1 with % + % = 1. The result presented in

Theorem 3.5 related to the function X under consideration by taking p =0,& =1,q = % and (=p=2,is
given as follows:

LHS = 0.3083 < 0.3619 = RHS.

Clearly, we have for p =0,{ =uand X (u) = ud,

DX (u) = Wolawl _ gt 2 (4 gy g?)2,

(I—q)u 1—q
So,
DX (W) = (1+q+¢%)° ()°
and
u o]
JDC (t)ydqt=(1—q) u4£q4TL = 11:qq4u4 = 1+q+1qz+q3u4'
0 n=0

Thus, if weputp=0,{=1,q = %, and ¢ =p =2, in Theorem 3.5, we obtain

1

— }£_§| = % ~ 0.3083.

and RHS ~ 0.3619.
Theorem 3.8. Let 0 < q < 1, and let X : I = [p, &] — R be a q-differentiable function on 1, such that ;DX is

q-integrable on 1. If IquDCIC is convex, then we have
&5 (80 (2% ) (B8 ) 8 (2422)) - 1pjx (W) .pdqu
P

1-1 2. 443
o q 3q+3q°+4q C q C
<(E—p) <<16(1+q)) (64(1+q)(1+q+q2) pDqX (P)I” + gz g7y [P DaX ()] )

1
L (32r29-15¢° 1=C (64410095597 —24q°— 45q oD (p)[°
240(1+q) 960(1+q)(1+q+q%)

g

=

=

1
644+36q+21q>—28q°—15q* C 11
O e DX (£)) () (Qf bD4 X (o)l + OF [pD X (£)])

1-1 z
4-3q> 4 4q+q*-3q* ¢, 16+12q+3q2—12q3— 9q <
+ (16(1+q)) (64(1+qJ(1+q+q |pD X ()" + 64(1+q)(1+9+q?) |pD DC(E)I !

where ¢ > 1 and Q, Oy, and Q; are defined by (3.24), (3.13), and (3.17), respectively.
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Proof. 1t is evident that (3.9) is obtained by applying the absolute value to both sides of (3.1). Now, using
(3.9) and the power mean inequality, we get

i (80 (2% ) —c (5%) 8 (£522)) — alpr (1) .pdqu

P
1 1=z /1 ¢
4 4
<(E—p) th.odqt thlquf)C((l—t)p—l—té)IC 0dq
0 0
1 1*% 1 %
2 2
+ (%qt)-odqt) (J(%qt)qux((lt)pHa)C.odqt (3.23)
Ul 1
4 1

=

3 1= /3
4" 4
+ qt.éodqt) (J!qt,é}FﬂDqX((lijp%tE)Codqt
“l 1
2 2

~=

1 1
+ J(l—qt).odq (J 1—qt)|,D X((l—t)p—i—t&)lc odgt

From (3.23) and the convexity of [,D T)CIC we get

i (sx (3F’+a

g

) —x(25) + 8 (42%)) —1pjx (1) .pdqu

P

=

1 1
4 4
<le—p) | | favodqt | | [at (1= 01DeX (o + 1D (E)1) adgt
0 0
1 -z 5 z
2 2
@ -at0dat] | (=00 (101D (I +tDeX () adgt
! %
3 =% /3 z
4 4
| [lae=Flodar | | [lae= &l (0-01:DaX () + t1,DaX (£)) gt
! :
1 -7 1 z
+ J(l—qt).odqt J(l—qt) ((1=0)1,DgX (p)I+ tpDgX (£)I°) 0dqt
3 3
4 4

=

qt?.odqt

O —— il

- %
—(e=0) | (rortrar) | loDaX ) [at(1—1) adgt+1,DaX (£)°
0
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15\t
+<%) oD (p)I | (5 —qt) (1 —t) .odqt +1,DgX (E)I° | (5 — qt) todqt

e — ol
N L

=

3 3
4 4
+(Q)'7C | [,DgX (p ICJ"qt— t).odqt—i—lquDC(E,)ICJ!qt—175}t.odqt
1
2

~=

1
_3q2 \1™
+({g(—13+%) “ | 1eDgX (p |CJ 1—qt) (1—1t) odqt + DX (£)[° | (1—qt) t.odqt
3
4

H ) e =

1—1 1
(¢ q < 3q+3q%+4q° ¢ q )¢
=(&—p) ((16(1+q)> (64(1+q)(1+q+q2) lpDqX (P)I” + T & (1+9+q?) |Pqu(E)| )

1 1
+ 32+2q—15¢? 1= 64+100q+55q2—24q3—45q4| D X ( )|C 64+36q+21q2—28q3—15q4| DX ( )|C <
240(1+q) 960(1+q) (1+q+q?) qA (P 960(1+q) (1+q+q?) q

1

+(0)7¢ (Q21oDgX ()| + O [DgX (2)|°)

~=

1—1
4-3q> C 4q+q?—3q* ¢ | 16+12q+3q —12q3—9 4
+ <16(1+q)) (64(1+q)(1+q+q | D DC( )"+ 64(14+q)(1+q+9q?) |"D I)C(E)I

where we have used

qtodqt = 15r1rqy/

O%'b\"

Nl—

(£ — qt) odgt = Z0E,
i
3 P2 A A ifo<q<2
(qt— ) odgt = § TIBEBCIN0E i 2 < q < I
3 e, if £ <q<1,
i %ﬁf}qz, if0<q<2,
Q= [[qt—fl odgt = { BEBEGRBLIG 2 < q Yy, (3.24)
2
3 W, if 15 <q<l1,

4-3¢?
(1—qt).odqt = w‘pﬂﬁ/

W) —

and (3.11)-(3.18). The outcome is thus proved. O

Corollary 3.9. By making q tend towards 1~ in Theorem 3.8, we obtain

i (8 (80) 0 (7)o (29 ) — o

;ﬁ
=
S
o,
e
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1 1
E— 51 (p)|°HIX!(£)1°) © 1" () 1€4+51X (£)1°) ©
< i ((( Sy (et
1 1
+ 1 ((25|x'(p)|"~+1s|x'(a)|<>< n (13x’(p)|<+25x'(a>|c)6))
15 38 38 :

Moreover, if we use the discrete power mean inequality, we get

& 1
/ C ’ N\ T
J:x(u) du| < el (el ) £ (3.25)

P

8X(205) X (255 )+8X(2FE) 4

15 &

P

4. Applications

4.1. Corrected dual Euler-Simpson quadrature formula

Let Y be the partition of the points p = xp < x1 < -+ < xn = & of the interval [p, &], and consider the
quadrature formula

&
JDC (W) du=A(X,Y)+R(X,Y),
o

where
n—1

}\ (:X:/'Y‘) — Z X1+1 Xi (8% <3X1+X1+1> _ x (X\+X1+1) + Sx <X +3X1+1)>
i=0
and the corresponding approximation error is shown by R (X, Y).

Proposition 4.1. Let X : [p,&] — R be a differentiable function on (p, &), where 0 < p < & and n € N with X'
€ Llp, &l . If|X'| is a convex function, then we have

n—1

RTINS S Tl (1207 ()| + 27 (xi1)])
i=0

Proof. Applying Corollary 3.9 on the subintervals [xi, xi4+1] (i = 0 to n — 1) of the partition Y, we get

& (o0 (e ) o (x4 (2R ) ) - L XTX () du

< Tl (100 ()| + | (xi1)]) -

The desired outcome is produced by multiplying both sides of the aforementioned inequality by
(xi4+1 —xi), adding up the resulting inequalities for i = 0 to n —1, and applying the triangular inequal-
ity. O

4.2. Application to special means

Let p, £ be a real numbers. A (p, &) = 2t&

, represents the arithmetic mean. For p € R\{—1,0} and

—N

£p+1_pp+1

p, & > 0 with p #£§, Ly (p, &) = (W) v is the p-logarithmic mean.

Proposition 4.2. Let 0 < q < % and p, & € Rwith 0 < p < &, then for n > 2 we have

o (275" (255)") Ao 0 S5=mcah o)

< &0 (924244q+94q>—284°~150q* ‘npnfl‘+388+236q+26q27332q37210q4

Er—(q(&—p)+p)"
< 64 (1+q)(1+q+q?) 960(1+q) (1+q+q?2)

(1—q)(&—p)

).
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Proof. Applying Theorem 3.2 to the function X (u) =u™ yields the claim. O

Proposition 4.3. Let % <qg< %, ¢ > 1 with % + % =1,andp,& € Rwith 0 < p < &, then for n > 2 we have
n n
’16/\((%) (B425) ) = An (p,8) - BELES E)]
1
1— » 1+34 [ 344q 116 1
15 (& —p) (14(;1?1)) ((%) ’ (16 1+q) ’np ’ T T6(1+q)

1
(32—15q)P ' —(32-30q)" '\ P [ 2+3q 1€ 2+q
+< Gop+1 6(1+q) ’“p | + T5i+q)

E—(q(&—p)+p)"
(I—q)(&—p)

)
)

Proof. Applying Theorem 3.5 to the function X (u) =u™ yields the claim. O

C)C
Er—(q(&—p)+p)"
(I—q)(&—p)

Er—(q(&—p)+p)"
(I—q)(&—a)

1
(28—30q)" "' +(459—28)P "\ P [ 142q 3+2q
+ ( 0P +1 6(1+q) ]np "+ 16(1+q)

Er—(q(E—p)+p)"
(1—q)(&—p)

1
(4-3q)"" —(4—4q)P T\ P —1|© | 443
+( yrEs qum\m’n | T 16(T+q)

5. Conclusion

In this study, we have constructed a new quantum identity. Based on this equality, we have established
some quantum counterparts of the corrected dual Euler-Simpson type integral inequalities for functions
with convex g-derivatives. They have deduced the classical instances. We presented some applications
of our result to inequalities involving special-means and numerical integration. In the future, we hope to
expand this study to a few other well-known inequalities as well as their fractional quantum counterparts.

We anticipate that our findings open a new area for more study in this area and will be helpful and inspire
scholars to investigate in this field.
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