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Abstract

This study investigates the boundedness of various commutators on grand variable Herz-Hardy spaces, including the
Marcinkiewicz integral operator, the Calderén-Zygmund singular integral operator and the fractional integral operator. Firstly
we define the Lebesgue spaces with variable exponent and some basic lemmas including Hoélder’s inequality for Lebesgue
spaces. We use the definition of variable Herz spaces to give the definition of grand variable Herz spaces. Then we apply
the atomic decomposition of grand variable Herz-Hardy spaces to obtain the boundedness of Marcinkiewicz integral operator,
Calderén-Zygmund singular integral operator and fractional integral operator on grand variable Herz-Hardy spaces.
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1. Introduction

Much effort has been spent investigating the theory of function spaces with variable exponent since
the work of Kovacik and Rékosnik [7]. The Herz-Hardy spaces were presented in [1] as natural ex-
tensions of Hardy spaces and Herz spaces [3]. The Herz-Hardy spaces have been extended to include
important results like the boundedness of singular integral operators and sublinear operators [9, 18]. The
idea of Herz-type Hardy spaces with variable exponent are introduced in [17] and established the char-
acterizations of these spaces in terms of atomic and molecular decompositions. Finally by using these
decompositions, the authors obtained the boundedness of some operators on the Herz-type Hardy spaces
with variable exponent. In [4], authors proved the boundedness of singular integral operators and their
commutators from products of variable exponent Herz spaces to variable exponent Herz spaces. For the
boundedness of the rough fractional Hausdorff operator on variable exponent Herz-type spaces see [5].

*Corresponding author
Email addresses: babarsultan40@yahoo.com (Babar Sultan), a.hussain@qau.edu.pk (Amjad Hussain), arienie@qu.edu.sa
(Najla M. Aloraini), lucian.popa@uab.ro (Ioan-Lucian Popa)

doi: 10.22436/jmcs.040.04.04
Received: 2025-04-06 Revised: 2025-04-27  Accepted: 2025-05-06


http://dx.doi.org/10.22436/jmcs.040.04.04
http://dx.doi.org/10.22436/jmcs.040.04.04
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.040.04.04&domain=pdf

B. Sultan, A. Hussain, N. M. Aloraini, I.-L. Popa, J. Math. Computer Sci., 40 (2026), 501-512 502

The idea of grand variable Herz-Morrey spaces was introduced in [12]. For the boundedness of higher
order commutators on Hardy operators, Marcinkiewicz integral operators on variable order and other
integral operators on grand variable Herz-Morrey spaces see [15]. The grand variable Herz spaces are
the generalized version of variable Herz spaces, for the boundedness of higher order commutators of
fractional integrals of variable order, commutators of rough Hardy operators, commutators on variable
Marcinkiewicz fractional integral operators on grand variable Herz spaces see [14]. For more results on
variable exponents function spaces see [13]. The topic of this manuscript has numerous applications in
the study of partial differential equation, e.g., please see [8].

In this paper, our aim is to obtain the boundedness of some singular integral operators on grand
variable Herz-Hardy spaces with some proper assumptions by using its atomic decomposition.

To make the presentation of the paper understandable, we divided the paper into different sections.
In the first section we include some basic definitions, some important lemmas on Lebesgue spaces, defi-
nitions of grand variable Herz spaces and grand variable Herz-Hardy spaces, and atomic decomposition
of grand varaible Herz-Hardy spaces. In Section 2, we prove that Calderén-Zygmund operator maps
continuously from grand variable Herz-Hardy spaces to grand variable Herz spaces. Next we prove that
fractional integral operator maps continuously from grand variable Herz-Hardy spaces to grand variable
Herz spaces. Lastly we prove that the Marcinkiewicz integral operator is bounded on grand variable
Herz-Hardy spaces.

Let R™ denote the n-dimensional real Euclidean space. We utilize C as a positive constant which may
vary from line to line. For every t € Z, we denote By = B(0,2') = {x € R™ : [x| < 2'}. Let A be a
measurable subset of R™ and q(-) be a real-valued measurable function on A with values in [1,00). Let

q—:=ess inf q(y) >1and q4 :=esssup q(y) < co. We suppose that
yEA yGA
1<q-(A) <q(y) < g+ (A) < oo (L.1)

Let B denote the ball such that B(z,7) :={y € A:|[z—y| < r}. The set P(A) consists of all q(-) satisfying
q— >1and q; < co. Now the variable Lebesgue space L9()(A) is given as

0 . FER .
L9V (A) = < g is measurable: py dz < oo, where A is a constant ;.
A

Lebesgue space is equipped with the norm

q(z)
||gm<m):inf{bo:jﬂ('g(;”) dzgl}.

The Hardy-Littlewood maximal operator M for g € L{. (A) is defined as

loc

1
Mg(z) :=sup — J lg(z)ldz (z € A).
o<r T
B(z,1)
The notion of B(A) denotes the collection of q(-) € P(A) such that M is bounded on L9 (A). Letx,y € A
with [x —y| < % and q : A — (0,00). Now log-Holder’s continuity condition (or Dini-Lipschitz condition)
is given as

1400 — qy)l < ——= (1.2)

S —Inpx—y|
where C is called log-Holder continuity constant. Let log-Dini-Lipschitz constant (or decay constant)
Cs >0, q(-) satisfies the decay condition if | l‘im q(x) = geo := q(o0) such that

X|—00
Coo

In(e +[x[) (1.3)

|q(x) = qool <
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Let Co > 0, q(-) satisfy the log-Holder continuity condition at 0 for [h| < 3, such that
Co
x)— < . 1.4
400~ q(0)| < 0 (14)

Plog — Plog(4) consists of all functions q(-) € P(A) satisfying (1.1) and (1.2). Let Py (A) (resp. Pooo(A))
is the subset of P(A) consisting of functions which satisfy condition (1.3) (resp. both conditions (1.3) and
(1.4)). The set of positive integers is denoted by Z_ . For each ty € Z, 1At0 =1y, forto € Z,, 15, = 1o;
and soon. Let14 " denote the characteristic function of A, where Ay, = B¢, \ B{,—1. By a < b we denote
a < Cb.

Lemma 1.1 ([7]). Let f belong to the Lebesgue space LPU)(R™) and g belong to LP' ()(R™), where p(-) € P(R™).
Then, the product function fg is integrable over R™, and the following inequality holds:

J n|f(x)9(x)‘ dx < Tp||f||LP(‘)(]R“)||9”Lp’(-)(]Rn)r

where T is defined as v, =1+ p% — p%.
Lemma 1.2 ([2]). Let q(-) be a variable exponent deﬁned as p(lz) —% = ﬁ, where (z € R™). Then for all
measurable functions f and g we have |[fg|[;»()(gn) < CllgllLac) (jn) [19]lLa(rR)-

Lemma 1.3 ([6]). Let p(-) be a function within the class B(IR™). For any ball B in R™, there exists C > 0 such
that w7118 || oo gy 118 o0 (R < C

Lemma 1.4 ([6]). Assuming that p(-) is a function in the class B(IR™), then there exists a positive constant C such
that, for every ball B in R™ and every measurable subset S within B, the following inequalities hold:

118 re) (mn C@ ||1S‘LP(‘)(1R“)<<|S|>51 sl rny <<|S|>62
11s]lLpe) (rn SI” Islleorwny  \BI) 7 [[1Bllprom@ny  \IBIJ

where 0 < 61,0, < 1.

Assume that 0 <n <1, the Lipschitz space Lip,, is given as

f(z) — f
Lipy = {f: [l = sup =IO L
n z,yGIR“;Z#y |Z—y|’rl

Now we define the grand variable Herz spaces (GVH spaces).

Definition 1.5. To define homogeneous GVH spaces, let p € P(R™), q1 € (1,00), 8 > 0, and 3 € R. The
norm of GVH spaces are given by:

K[5 q1 “R™) = {g € Lloc (R™\ {0)) - HQHKSff)/G(Rn) < OO} ‘

where

1
0 qp(1+e)

— 0 koBqi(l+€) q1 1+€)
||9HKf5(q]1 (R™) =sup | € Z 2 H91t0| ) (R™)

e>0 tg=—00

The non-homogeneous GVH spaces are defined similarly.
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The grand maximal function Gn g of g is given as Gng(y) := SUP e Ay, ‘(p*v(g)(y)

,y € R™, where n+

1 < Nand Ay := {(p €8: sup ly*D"(y)l < 1. Here 8 is the Schwartz space of all rapidly
lec], InISN, vy eR™
decreasing infinitely differentiable functions and 8’ is its the dual space. The nontangential maximal

operator @3 is given as 95 (g)y = sup | *g(x)|, with @¢(y) =t "¢ (¥).

t>[x—yl|
Definition 1.6. Let f € R, 1 < q; < oo, and p(-) € P (R™). The homogeneous grand variable Herz-Hardy
space HKE’(?)”’G is given as

~B3,91),0
HKS(T) = {g c8 - HgHHKB,[q)l),B = ||GN9||Kﬁ;q]]),G < OO}
e e

For u € R, [u] denotes the largest integer equal to or less than u.

Definition 1.7. Assume that 3 € R is log-Holder continuous at infinity and origin, and p(-) € P (R™). Let
s > [ —ndy] such that nd, < B < oo, where 0, is given in Lemma 1.4.

(i) A function a is referred to as a central (f3,p(-)) atom, if it satisfies
(1) supp a C B(0,1);
(2) ||(1H]_p(~l(]Rn) < |B(0/T)|_B/n}
(3) Jrn a(x)xNdx =0,In| < s.
(ii) A function a on R™ is referred to as a central (3, p(-))-atom of restricted type, if conditions (2), (3),
and (4) are satisfied and
(4) suppa € B(0, 1), v > 1.

Theorem 1.8 ([10]). Assume that 3 € R is log-Holder continuous at infinity and origin such that nd, < f < oo,
0>01<qs<oo,andp(-) € P(R™). Let s > [ —ndyl, where &y is given in Lemma 1.4. Then g € HKE’(?';)’G
iffg= Zz:ﬂo Ak, Qk, it the sense of 8', where ay is a central (3, p(-))-atom with support contained in By, and
supe® Y 2 P\k0|ql(1+€) < co. Moreover,

e>0
1/(q1(1+e€))

(o.¢]

. Z (1+e€)
||9”HKB'(q)1)'e ~ lnf Sup €e |)\k0’ql €
p(-

e>0 k():—OO

2. Main results

Now we will prove that commutators of the Calderén-Zygmund operator maps continuously from
grand variable Herz-Hardy spaces into grand variable Herz spaces. If b € Lip, and w € C2(sm 1) is
homogeneous of degree zero and has mean value zero on the unit sphere, then the Calderén-Zygmund
singular integral operator T is given as

Tg(z) = p.v. LRn mg(y)dy-

The commutator [b, T] is given as [b, TIg(z) = b(z)Tg(z) — T(bg)(z). Letting 0 < 11 < n, then the fractional
integral operator I, satisfies the inequality

(b, TIg(x)| < [[blLip, In (1) (x). 2.1)

Theorem 2.1. Assume that b € Lip,,0 <n <1 and © > 0. If p1(-) € B(R™) with % > pf, pll(z) =
1 y B/q )16 ; s y B/q ),G
% + pz(Z),l < q1 < g2 <00, and ndy < B < ndy +m, then [b, T| maps HKPI(_l) continuously into sz(.) .
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Proof. Let g € HKE;?})L and b € Lip, . By Theorem 1.8, we get g = 3 7" At,Qt,, Where HQHHKB‘P)

1/(q1(1+¢€))
inf <sup€>O (ee 2 Koo ‘Ako‘ql(ue)) R > If ay, is a dyadic central (3, p1(-)) atom with support
B, and q; < g2, we get

qq(1+¢€)
0o qp(1+e€)
(1+¢€) ] Kk 1 qz2(1+e)
116, TGy =supe® 3 2P+ |[o, T ()i [ 1,0 o,
Pa(-) €>0 kg=—00
> (1
<supe® Y okBarlte) | 7] (g lkOHE;Z +€n)
e>0 kog=—00
- Ko—2 qi1(1+e€)
< sup €° Z okoBqi(1+e) Z |}\t0|H[b,T](ato)lkOHLpz(A)(Rn)
e>0 ko=—00 tg=—o0
- - qi1(l+e)
+ Csupe® Z 2koBa(l+e) Z |7\t0|H[b,T](ato)lkoHLpz(~J(Rn)
e>0 ko=—o00 to=ko—1
=:E; + E».

We now calculate E;. For every z € ay, and every kg € Z, ty < kg — 2, based on the the vanishing property
of a¢, and Holder’s inequality, we get

(b, T] (ay,) (z)]

<

<w(z—y) B w(Z)) ay. (u)dy

z—yn "

wlz=y) -
i Lto z—yp (P —b0)ay(y)dy

ly|"
hgwmto(yﬂdy

(b(z)—b(onj

B

to

[yl
< [[bllLip, <|Z|Tl JB 2 lat, (y)l dy +J
to

BtO

) n—n—1nt —matn
< [[bllLip, <|z| 27 [[atol| o) (g ‘1Bt0 P46 (Rn) H 2725 lago [l oo e ’18*0 L‘Pl(‘)(]R“)>
K
<201 bl Lip, (@t [l pi ) (ge) ‘1Bto P10 (R
Since
dy Kk
I <13 ) (z) >J ————1p, (z) > C2""1p,_(z).
T\ Pko By, z—y[rn T K
According to Lemmas 1.3 and 1.4, we get
K
00,71 @) B s ey < 257 i, Tl ey [T s gy [T s e
ton—ko(n+n) .
< 2ton—ko(n-+n ||bHL1pn HatoHLPl(')(]R“) ‘1Bt0 LPAO) (Rm) In(lBko) LP20) (R™)
Kol
< pton—ko(n+n) ||bHL1p HatOHU,1 )(RM) ‘1Bt0 LP10) (R ‘1Bko LP10)(Rn)
il
- 0 ]_1’1(‘)(11{“)
<20t kO)ngHLipn latollLpit) (rr)
H B[P0 ()

< 2—toB+(to—ko) (n+mdz) HbHLip ]
n
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As a result, we get

00 ko—2 q1(1+€)
Hb|’&1pl+€ sup b Z okoBqi(1+e) Z 2—toB+(to—ko) (n+nsy) At
e>0 ko=—00 to=—o00
00 ko_z q1(1+€)
_ C||b”€11pl+e sup e Z Z 7 (M+nd2—B)(to—ko) Aty
e>0 ko=—00 \tg=—00
Take ¢ 1+€) + (ql(llJre)), =1for 1 < g1 < co. Due to Holder’s inequality, since 1 +nd, — 3 > 0, we obtain

0 ko—2
(1+€) 0 q1(1+€) H(to—ko) (M+ndr—Pp)q1(1+€) /2
||b|]]‘l1 sup € E E A¢, | ALY
p 0
e>0 ko=—00 to=—00

qi(1+e)/(qi(1+e))
% Z 2 (to—ko)(n+md—PB)(qi(1+e)’/2
to=—o00
00 ko—2
\HbHIilpH_e SU};(—ZG Z Z |}\tO|Q1(1+€)2(t0*ko)(n+n52*5)q1(1+€)/2
e>

ko=—00 \tp=—0o0

o0
_C”bHElllere sup e® Z At |q1 (1+¢€) Z 2(t0*k0)(ﬂ+n52*f3ﬁh(1+€)/z
tg=—0o0 ko=to+2

o0

Hb”ql 1+€ Sup ee Z |}\t0|ql(1+€) )

L1p
e>0 tg=—00

Now, we will find the estimate of E;. We have obtained from boundedness of I,, from L91() o L92()) by
utilizing the fact (2.1),

o qi(1+e€)
(1
HbHICL]p e supe Z 2k0f5Q1 (Te) Z |}\to| ||atOHI_p1(')(]Rn)
e>0 kop=—00 to=ko—1
o q1(1+e€)
(1 _
<[oldy " supe9 Z Y Mgl2kem P ,

ko —00 toZkofl
for 1 < g1 < oo. An application of Holder’s inequality gives us

(0.0} (0.0}
b qi1(l+e) sup e° A |Cl1(1+€)z(kO*to)BQ1(1+€)/Z
< [lblig, " sup kO_ZOO . _%1 :
qi(1+e€)/(qi(1+e))’
« Z 2(ko—to)B(q1(14€))/2
—ko—1

o0

” qu (1+e€) supee Z ‘7\t0|q1(1+€)~

Llp
e>0 tg=—00

Hence we obtained our desired results. O
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Let b € Lip, . The fractional integral operator with 0 < 0 < n is denoted by I. The fractional integral
operator [b, I] and its commutator are given as

(b(z) —b(y))

Z—yo g(y)dy.

[b, 1] g(z) = J )

In [16], the authors proved the boundedness of [b, ;] from P (R™) to LP20)(R™) for ﬁ — ﬁ =
(0+n

and p1(-) € B(R™) with p{” < n/(0+mn). Next, we will prove that commutators of the fractional
1ntegral operator map continuously from grand variable Herz-Hardy spaces into grand variable Herz
spaces.

Theorem 2.2. Assume that b € L1p with0 <n<1,0<o<n—mand® > 0and p1(-) € B(R™) with

pi <n/(0+m). Let 1/p1(z) —1/pa(z) = T0,1 < q1 < qp < 00, and ndy < B < ndy + 1, then [b, 1] maps

¢ ﬁ/ql)re H : ¢ B/q2)re
HKp1(~) continuously into Kp 3

Proof. Let g € HKE{?B)’B and b € Lip . By Theorem 1.8 we get g = 3 °_ At Qt,, ||g||HK[5,q(1)),0
Pl

1/(q1(1+¢€))
inf <sup€>O (ee 2 K= oo P\ko‘ql(ue)) ] > Letting a, be a dyadic central (,pi(-)) atom with
support By, and q; < uqp, then we get

00 q1(1+e)/qa(l+e)
1o, To] ()| 94115 6) = sup €® Y 2kBalre) i 14 ( lkOqu He)

B,a2),0 b
Ko e>0 S 2 (R™)
= (1
< sup e’ Z 2RoBarllte) ITp 1] ( 1k0HE:’2 i Rn)
e>0 kg=—00
- ko2 qi(1+e€)
< sup e’ Z pkoBai(l+e) Z Atol ||Tb, Is] (at,) 1k0HLp2<~1(1Rn)
e>0 ko=—00 to=—o0
q1(1+e€)
(0.0} o0
+ Csup €* Z 2koBai(1+e) Z Aol [|[b, Io] (at,) 1k0H]_P2(')(IRn)
e>0 ko=—00 to=ko—1
=F +F.

First, we compute Fy. Let z € ay, and kg € Z, such that tg < kg —2. Then by using Holder’s inequality
and the vanishing moments of a,, we get

|[b110'] (atg) (Z)|
<J Ib(z) — bly) e WIYT
B

to ‘Z_y|n70-+n

< z—ko(n—o+n>+tonJ Ib(z) —b(y)llat, (y)l dy

BtO

< 2-ko(n—otn)+ton <|b( ) — (0)|J |(1t0(y)|dy+J Iato(y)llb(y)—b(0)|dy>

tp Bto

ato(y)dwj |y|“|at0(y)|dy>

to B to

< kao(n—cwn)ﬂonHbHLipn <|Z|nJ
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e (Rn)>

+ 2t Hat(JHLPl(‘)(]R")

—kn(T—
<2 Rolnom)tan ('Z'“ latllono e [T

1
LP10)(RN) ‘ By

< szo(nfd)+t0ﬂ“b||upn HatoHLm

(-)(]Rn) ‘1Bt0

Lpl(')(IR") :

Lemmas 1.3 and 1.4 thus give us

—k, —o0)+t
12, To (@) T o gemy < 2707 lwipy o) [ 85 oo oy 280 ot ey
—kon+(tg—ko)n .
<2 ko 0—Kko Hb”Llpn HatoHLPﬂ‘)(IR“) ‘1Bt0 LPHO) (Rm) ’IT](lBkO) LP10) (Rn)
—kon+(to—ko)n .
<2 0 0—Kp ||b||Llpn HatOHLle(IRn) ‘1]3'[0 Lpl()(]Rn) ‘1Bk0 LP](‘)(]R“)
1p
. H ol re)
< 2(to—ko n”bHLIPn [ atollppr) ) (R™)
H B || P10 ()
< 27t06+(t0*k0)(n+n52 HbHLip .
n
Thus, we get
) kofz q1(1+€)
Hb‘|1c}11]31+€ supe® ) 2MPalirel B pltorkolnine By |
e>0 ko=—o00 to=—00
0 ko—2 e

_ CHbH]ilpHe Su}; e Z Z o (M+m82—P) (to—ko) At |
e>

ko=—00 \tp=—0o0

Take 1+€) + q1(11+€), =1, when 1 < q1 < oo. Due to Holder’s inequality, since 1 +nd, — 3 > 0, we
obtam

o k072
(1+e) 0 qi1(1+e) 5(to—ko) (M+Md2—B)qi(1+e€)/2
<IpIfa supe® Y [ 3 Ayl 2
p 0
e>0 ko=—o0 \tp=—00
ko—2 qi1(14+€)/(q1(1+€))
« Z 2(t0*ko)(ﬂ+n52*f3)(q1(1+€))//2
top=—00
0 ko—2
(1+€) 8 q1(1+€) 5(to—ko)(M+md2—B)q1(1+€)/2
< bl sup e > D> Ayl 2(to—ko
Py 0
e>0 ko=—00 \tp=—00
o0 o0
Hb”i}l (1+e€) Supee Z |}\t0|q1(1+€) Z 2 (to—ko)(M+ndr—B)qi(1+e)/2
1Py,
€>0 tp=—o0o0 ko=tp+2
o0
(1
<ol supe® 3 g [T
e>0 tg=—00

For the estimate of F,, we apply the boundedness of [b, I5] to get

qi(1+e€)
o0

o0
(1+ 0 k, 1
<[l " supe® 3 2PHIF | BT A at o ey

e>0 kop=—00 to=ko—1
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00 00 q1(1+e€)
(1+ B
Hnglp ) sup €® > Y g2kt
€0 jp=—c0 \ty=ko—1
o0
(1+ 1+
<O supe® 3 g0,
e>0 ty=—o0
Hence we obtained our desired results. -

Letn >2,0< v <1 S"! be the unit sphere in R™ with the normalized Lebesgue measure, and
w € Lip, (S™1) be the homogeneous function of degree zero such that

Ln1 w(z)do (') =0,

where z’ = z/|z|. For the idea of Marcinkiewicz integral operator see [11] in 1958. It is associated with the
Littlewood-Paley g-function given as

00 1/2
j |Ft(g)(z)2dt> ,

0 t3

where

Ft(g)(z)—j | mg(y)dy.
z—y|<t

Let b € Lip... The commutator of Marcinkiewicz integral operator is given as
Py g p g

1/2
L ¥
0 t '
For the boundedness of [b, u] on Lebesgue spaces see [16]. Finally, We will prove that commutators of the

Marcinkiewicz integral operator maps continuously from grand variable Herz-Hardy spaces into grand
variable Herz spaces.

Theorem 2.3. Let w € Lip,, (S™") with 0 < v < land b € Lip,,0 <1 < v/2. If p1() € B(R™) with

pf <n/o,1/p1(z) —=1/p2(z) =n/n,1 < q1 < q2 < 00, and ndy < B < ndy + 1, then [b, u] maps HKP ql)
KB,QZ),G
pal-)

[b, ul(g)(z) = (

J [b(Z)—b_(y)chgz—y) (v)d
lz—y|<t |z U|

continuously into

Proof. Let g € HKS{?}B’ and b € Lip . By Theorem 1.8 we get g = 3 Mg, Qt,, Where ||gHHK5iq_1),e ~

0=—00

1/(q1(1+€))
inf <sup€>O (ee sz—oo ‘Ako‘ql(ue)) ' > Letting ay, be a dyadic central (f,p1(-)) atom with
support By, and q; < q, we get

o qi(1+e)/qz2(1+e€)
H[b H qu (1+e ) — sup ee Z 2k0[3q2(1+e) H[b’H 1kqu2 (1+€)

B.a2), LP20)(Rn)

Kool ] €>0 kog=—00

o0
1
<supe® 3T 25PN b, 1 ()1 [ Fhit) )
e>0 kog=—00

© Ko—2 q1(1+e€)

<sup e® Z 2koBai(l+e) Z |7\t0|H[b/ H](‘lto)lkoHLpz(‘)(an)

e>0 k=00 tg=—00



B. Sultan, A. Hussain, N. M. Aloraini, I.-L. Popa, J. Math. Computer Sci., 40 (2026), 501-512 510

i o q1(1+e€)
+supe® Y 2MBaltel LN A 1Ib, w (ary) Tig || s ey — G, + Gy
e>0 ko=—00 to=ko—1
First, we compute G;. Take note of that
[x|+2to+1 [b(Z) —b( . 2 1/2
yllw(z—y) dt
b, 1 (ay,) (2)] < J J ay (y)dy| &
23 ( to 0 o yl<t ‘Z—y|n71 toly)ay t3
& b(z) — b(y)w(z—y) 2 )"
z)— w(z—
+ J J L e Y ag(y)dy| — =1+ 1.

Ix|+2t0+1 [Jjz—y|<t Iz —yl t

Let z—y| < t with z € ai, and t < [z] + 2%+l Let kg —2 > tg such that [z —y| ~ |z| ~ |z| + 2%+, Letting
Lip, (S™1) c L™ (S™1), we get

2loto+l 172
S ECELUICHEDY <Jl v dt)

‘Z _y|n71 |[z—y] t3
|1/2

2" Jag, ()l Iy
< [blluip, LRn 0 dy

|Z|TL71 |Z|3/2

< [lhip 22 | a2y
to

— CHbHLipnztoﬂzj(l/Z*ﬂ)‘Z|*TI|Z‘11*1/2 ||ato”]_131(‘)(]Rn)

1
‘ Bt0 ]_Pi(') (R™)

< Ibllip, 27 [lagy [l vy ) ey

5.

16 (Rny
Observe that t > |z| +y| >| z—y |, since t > |z| + 2%+] ancLip; ;]RB)tO. Based on Holder’s inequality, we
have
< vt ||y, oy o)~ bOauy)ay
e b [ (R ) atviay

< Il (an Wy, [ 1 ato(y)dy>
to

|Z|nfl+v w ‘Z _ y|n71 |Z| + 2to+1

[yl lay, (u)] [yl lacy ()
< [[ollip, (|Z|n L W lawyll | Wy law)l
to

jz[ny B, Z—y"

< blluip, (27257 + 272 flagy | oro gy

‘1Bt0 LP&(‘) (R™)

—k
<279 bl (ato oo g

1 .
‘ Bt0 Lpi(') (]Rn)
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Lemmas 1.3 and 1.4 thus give us

—kon+ton .
H[b,H](ato)lkOHLpz(»)URn) <27 0 ”bHLlpn ”atoHLpl(')(]Rn) ’13t0 P10 (R ‘1Bk0 LP20) (Rn)
—kon—+(to—k
<2 on+(to OmeHLiPn HatO”U’l(')(IR“) 1Bt0 Lpi(')(]R“) Iﬂ(lBko) LP20) (RM)
—kon+(tg—ko)n .
<2 ’ ’ ’ ||bHLlpﬂ HatOHLpl(')(]Rn) Bt0 Lpi(')(]Rn) ko ]_P1(')(]Rn)
).
ko) 0 LP](')(]Rn)
< 2(to—ko T]HbHLlpn HatoH]_Pl J(R™)
H Bk0 L'Pi(')(]Rn)
toB+(to—ko) (N+ndy) )
<2t 0—ko) (N+ns3) HbHLlpn~
Thus, we get
00 k0—2 q1(1+€)
”bHEllpHe sup e® Z okoBqi(l+e) Z z(trko)(nJrnéz)ftoﬁp\tJ
e>0 ko=—00 tgp=—o0
o _ qi(1+e€)
_ C||b”]‘jllpl+€ sup e Z Z 2 (to—ko) (M+nd—p) At
e>0 ko=—00 \tp=—00
Due to Holder’s inequality, since n +nd; — 3 > 0, we obtain
0 ko—2
||bHEIl (1+e€) sup ef Z Z |7\t0|ql(1+€)z(to*ko)(n+n5z*(3Jq1(1+€)/2
1Py
e>0 ko=—00 to=—00
0 qi1(1+e)/(q1(1+¢€))’
x Z 7 (to—ko)(M+m&2—B)(q1(1+e€))/2
top=—o00
o k072
||bH]‘jl (1+e€) sup ef Z Z |}\t0|‘11(1+€)2(t0*k0)(n+n52*f3)q1(1+€)/2
1Py,
e>0 ko=—00 \tp=—00
o0 o0
HbHEl (1+€) sup e® Z |}\tO|Q1(1+€) Z Z(tofko)(ﬂ+n52*ﬁ)q1(1+€)/2
1Py
€>0 t():*oo k0:t0+2
o0
(1 1
< b H](jllp +e) sup c® Z |7\t0|q1( +e)
e>0 tg=—00
For the estimate of G,, we apply the boundedness of [b, u] to get
pply g
o qi(1+e)
(1+ 0 19
<oyt supe S 2 (Y el
ko=—00 to=ko—1
q1(1+e€)

o0 o0

b qi1(1+e€) sup At |2(ko—to)(3
Lip,, p 0
>0 ko=—00 \tog=kp—1

o
HbHElllere supee Z |7\t0|Q1(1+e).

e>0 tg=—00
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Thus by using the estimates of G; and G,, we conclude that the commutator of Marcinkiewicz integral
operator is bounded on grand variable Herz-Hardy spaces. Thus we obtained our desired results. O

3. Conclusion

In this paper, we proved the boundedness results for commutators of the Marcinkiewicz integral
operator, the Calderén-Zygmund singular integral operator and the fractional integral operator on grand
variable Herz-Hardy spaces.

Acknowledgment

We would like to thank the reviewers for the useful comments to improve the presentation of the
article.

References

[1] Y. Z. Chen, K.-S. Lau, Some new classes of Hardy spaces, J. Funct. Anal., 84 (1989), 255-278. 1
[2] D. V. Cruz-Uribe, A. Fiorenza, Variable Lebesgue spaces, Birkhduser /Springer, Heidelberg, (2013). 1.2
[3] C. Herz, Lipschitz spaces and Bernstein’s theorem on absolutely convergent Fourier transforms, J. Math. Mech., 18
(1968/69), 283-323. 1
[4] A. Hussain, G. Gao, Multilinear singular integrals and commutators on Herz space with variable exponent, ISRN Math.
Anal., 2014 (2014), 10 pages. 1
[5] A. Hussain, I. Khan, A. Mohamed, Variable Her-Morrey estimates for rough fractional Hausdorff operator, J. Inequal.
Appl., 2024 (2024), 14 pages. 1
[6] M. Izuki, Boundedness of commutators on Herz spaces with variable exponent, Rend. Circ. Mat. Palermo (2), 59 (2010),
199-213. 1.3, 1.4
[7] O. Kovécik, J. Rakosnik, On spaces LPX) and W*P(X), Czechoslovak Math. J., 41 (1991), 592-618. 1, 1.1
[8] T.Li, D. Acosta-Soba, A. Columbu, G. Viglialoro, Dissipative gradient nonlinearities prevent d-formations in local and
nonlocal attraction-repulsion chemotaxis models, Stud. Appl. Math., 154 (2025), 19 pages. 1
[9] S.Lu, D. Yang, G. Hu, Herz Type Spaces and Their Applications, Science Press, Beijing, (2008). 1
[10] E. Shabbir, M. A. Zaighum, On the boundedness of sublinear operators on grand Herz-Hardy spaces with variable exponent,
Mediterr. J. Math., 21 (2024), 20 pages. 1.8
[11] E. M. Stein, On the functions of Littlewood-Paley, Lusin, and Marcinkiewicz, Trans. Amer. Math. Soc., 88 (1958), 430-466.
2
[12] B. Sultan, E. Azmi, M. Sultan, M. Mehmood, N. Mlaiki, Boundedness of Riesz potential operator on grand Herz-Morrey
spaces, Axioms, 11 (2022), 14 pages. 1
[13] B. Sultan, A. Hussain, M. Sultan, Chracterization of generalized Campanato spaces with variable exponents via fractional
integrals, J. Pseudo-Differ. Oper. Appl., 16 (2025), 16 pages. 1
[14] B. Sultan, M. Sultan, Boundedness of commutators of rough Hardy operators on grand variable Herz spaces, Forum Math.,
36 (2024), 717-733. 1
[15] B. Sultan, M. Sultan, Boundedness of higher order commutators of Hardy operators on grand Herz-Morrey spaces, Bull.
Sci. Math., 190 (2024), 19 pages. 1
[16] H. B. Wang, Z. W. Fu, Z. G. Liu, Higher-order commutators of Marcinkiewicz integrals on variable Lebesgue spaces, Acta
Math. Sci. Ser. A (Chinese Ed.), 32 (2012), 1092-1101. 2, 2
[17] H. Wang, Z. Liu, The Herz-type Hardy spaces with variable exponent and their applications, Taiwan. J. Math., 16 (2012),
1363-1389. 1
[18] Y. Zhou, Boundedness of sublinear operators in Herz-type Hardy spaces, Taiwanese J. Math., 13 (2009), 983-996. 1


https://doi.org/10.1016/0022-1236(89)90097-9
https://doi.org/10.1007/978-3-0348-0548-3
https://doi.org/10.1512/iumj.1969.18.18024
https://doi.org/10.1512/iumj.1969.18.18024
https://doi.org/10.1155/2014/626327
https://doi.org/10.1155/2014/626327
https://doi.org/10.1186/s13660-024-03110-8
https://doi.org/10.1186/s13660-024-03110-8
https://doi.org/10.1007/s12215-010-0015-1
https://doi.org/10.1007/s12215-010-0015-1
https://dml.cz/bitstream/handle/10338.dmlcz/102493/CzechMathJ_41-1991-4_3.pdf
https://doi.org/10.1111/sapm.70018
https://doi.org/10.1111/sapm.70018
http://www.ecsponline.com/yz/B3E2FDDBBE089435F936442C3D1F79685000.pdf
https://doi.org/10.1007/s00009-024-02593-5
https://doi.org/10.1007/s00009-024-02593-5
https://doi.org/10.2307/1993226
https://doi.org/10.3390/axioms11110583
https://doi.org/10.3390/axioms11110583
https://doi.org/10.1007/s11868-024-00651-w
https://doi.org/10.1007/s11868-024-00651-w
https://doi.org/10.1515/forum-2023-0152
https://doi.org/10.1515/forum-2023-0152
https://doi.org/10.1016/j.bulsci.2023.103373
https://doi.org/10.1016/j.bulsci.2023.103373
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&as_ylo=2012&as_yhi=2012&q=Higher-order+commutators+of+Marcinkiewicz+integrals+on+variable+Lebesgue+spaces&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&as_ylo=2012&as_yhi=2012&q=Higher-order+commutators+of+Marcinkiewicz+integrals+on+variable+Lebesgue+spaces&btnG=
https://doi.org/10.11650/twjm/1500406739
https://doi.org/10.11650/twjm/1500406739
https://doi.org/10.11650/twjm/1500405453

	Introduction
	Main results
	Conclusion

