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Abstract

In this paper, we give an overview of the weighted Lorentz spaces with variable exponents and also characterize the
boundedness and compactness of the composition operator on these spaces.
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1. Introduction

Let (4, A, m) be the o-finite measure space and g be a complex-valued measurable function. Letting
A > 0, then the distribution function Dy(A) is given as

Dg(A) =m{x € U: A <[g(x)]}).
Let g* denote the non-increasing rearrangement of g defined as
g"(t) =inf{A>0:1> Dy(A)},

where inf () = co. Let w: (0,00) — (0, 00) be a locally integrable function and define as

JOO w(t)dT < oo0.
0
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Let O be a measurable subset of R™ and let q: QO — [1,00) be a measurable function. We suppose that
I<v-(Q) <q(x) <v(Q) < oo,

where v_ := ess ingf) q(x), v4:=esssup q(x). Lebesgue space with variable exponent L+0)(Q) is the
xe XGQ
class of functions of Q such that

) [fly)l\ " .
LY (Q)=<"f: T dy < oo, where vy is a constant , .
Q

Norm in L*)(Q) is defined as follows

P(y)
iy =it = 0: [ (12)"™ 0y <2},

Lorentz spaces were introduced in [20, 21] as a generalization of classical Lebesgue spaces and have
become a standard tool in mathematical analysis, cf. [5, 7, 10]. It is noticed that Kempka and Vybiral
[18] introduced the variable Lorentz spaces and showed that these spaces arise through real interpolation
between variable Lebesgue spaces and L*°(IR™) when v(-) = q is constant. Similarly to the classical case,
the variable Lorentz space becomes the variable Lebesgue space if u(-) = v(-). We also mention that
Ephremidze et al. [13] introduced another kind of variable exponent Lorentz space via non-increasing
rearrangement function.

For boundedness of the Hilbert transform and the Hilbert maximal operator on weighted classical
Lorentz spaces see [3], and for Calderén-Zygmund operators and commutators see [9]. For characteri-
zation of the Hardy-Littlewood maximal operator see [11]. Agora et al. [4] characterized the weak-type
boundedness of the Hilbert transform H on weighted Lorentz spaces. This topic has numerous appli-
cations in the study of partial differential equations; e.g., please see [19]. In [6] the authors proved the
boundedness of important operators such as the Bochner-Riesz operator, the rough operators, or the
sparse operators among many others. For the weak-type boundedness of the Hardy-Littlewood maximal
operator M on weighted Lorentz spaces see [2]. Guliyev et al. [15] obtained the boundedness of the gen-
eralized B-potential integral operators in the Lorentz spaces. Lorentz-Shimogaki and Boyd theorems for
weighted Lorentz spaces were obtained in [1]. As a consequence, they gave the complete characterization
of the strong boundedness of the Hilbert transform on these spaces. They also obtained the complete
solution of the weak-type boundedness of the Hardy-Littlewood operator on these spaces. Castillo et al.
[12] gave an overview of weighted Lorentz spaces and characterize the boundedness and compactness of
the composition operator in these spaces. For more results on function spaces, see [16, 17, 22-31]. Inspired
by the concept, in this paper we will find the boundedness and compactness of composition operator in
weighted Lorentz spaces with variable exponents.

The Lorentz space denoted by L(u(-), v(-)) is the generalization of the Lebesgue space L), Let F(&1,.A)
be the set of all A-measurable functions on 4 . Letting g € JF(4(, A), and u(-) and v(-) be measurable
functions with values in [1, oo, then we can write

00 0 v(-) dt 1/v()
ol = (], (2 00@) ™ F)
0

T

Letting 0 < u(T) < oo, then the Lorentz space /\g(') (w) is given as

00 1/u(-)
l9ll ) = (L (9*(T))“(')wde> < oo

for & = (0,1). Lorentz introduced Lorentz spaces [20]. In this paper we study some basic properties of
weighted Lorentz spaces with variable exponents which are generalizations of classical Lorentz spaces.
We discuss some properties of the aforementioned spaces such as lattice property, weak Fatou property,
and inclusion relations. We also study boundedness, compactness, and closed range of composition
operators on weighted Lorentz spaces with variable exponents.
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2. Weighted Lorentz spaces with variable exponents

Let (4, A, m) be a general measure space, except if we otherwise mentioned. Let w be the weight, and

define as .

Wi(r) = Jo w(t)dT < 00

with 0 < v < co. Let dm(t) = w(t)dT, and we define D‘é“(/\) and g3, () is depending on the weight w.
Let (4, A, m) = (R", B, w(t)dT) for simplicity we define L;,(.)(.))(w) for L () E0).

Definition 2.1. Let 0 < u(t) < oo and || - ||Aum(w) : F(U, A) — [0, o0] be defined as
b1

00 1/u(T)
g = (|7 (6700 wioa)

Lorentz space At (w) = /\z(')(w) is given as /\;(')(w) {g €T A) H9|| w) < oo}. It is not
difficult to note that HQH/\Q(')(LU) = [|g*[|Lut) ()~ Also observe that
AG O w) = {g € FLA) < gl pworin = 19"l w) < 00
2al V() V()
Remark 2.2, If 0 < u(-),v(-) < oo,/\;’l('J <T ul) > = Liu()v()) (Tu('H) in this case W(t) = %Tm,t = 0.

Proposition 2.3. Let (4, A, m) be a o-finite measure space. For 0 < u(-) < oo, then

00 1/u_

Proof.
(00 (1) 1/u(T)
19050 = (], (6700 wiiar)
roo [ rg* (1) -
< L u A LA | w(T)dr

(o.¢]

roo 1/U7
( U+/\u+_11(0/g*(,r))(/\)d/\> (l)(T)dT)

1/u_
. u+/\u+11{/\>0:g*(1)>/\}(/\)d/\> w(T)dT>

rooO e’ 1/U._
(0 W A T Mo ()= (T )d/\> w(T )dT> :

Applying the Fubini’s theorem, we obtain

(o.0) OO 1/u7
<J ( LLJr/\u+711{t>0:®( >t}( )d/\> ()dT>

0

o) 00 1/u_
= ( . u+/\u+71 (JO 1{t>0:@g(/\)>t}(’f)w(’f)d’l’> d/\)

00 Dg(A) 1/u_ - 1/u_
= up Al J w(t)dT | dA :(J u+/\u+_1W(Dg(/\))d/\) ,
Jo 0 0

which completes the proof.
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Proposition 2.4. Let (4, A, m) be a measure space. For 0 < u(-),v(-) < oo, and g € F(U, A), then
o _ 1/v_
D gl v g < (S5 s 1 (W (Dg(0)*/* ax) "
(i) 1191 1 ) < SUP =g t (W (Dg (1)) = sup,_o g* (1) (W(T)) /-,

Proof. Since Dy(1) = Dy+(T), we get

W (Dg(1)) =W (Dg:(1)) = . w(s)ds
::0 x(O,Dg*(T))(s)w(s)ds
= ), (X)fg*(sbt}(s)w(s)ds = Lg*(s)x} w(s)ds = ng*(’c).

Also, noting that D (t) = (g*);, (7), and using the relation 1% + v% =1, thus we obtain

e’ V(T) dT l/V(T)
_ * _ 1/u(T) * ) * ot
”9||/\‘;[‘>'“['>(w) =g HL(H(_)N(_))(M = <u0 (T (g%, (T)) . >
0 vy d 1/v_
< < (Tl/u_ (9*);;) (T)) * T)
Jo T
0 vy lg7)h () 1/v-
< Tu—1 J vos¥+ldsdr
Jo 0
oe) vy 1/\)7
< < wp v (D (7)™ dT)
0
roo vy 1/\)7
< ( u V! (W (Dg(T))]* dT) .
Jo

(ii) It is not difficult to note that

% 1/u_ _ * _
Hg”/\;(.),v(.)(w) =g HL(u(,),oo)(w) < supt(@‘é‘i(rc)) /u :supt(W(Dg(T)))l/u = sup g* (1) (W(1))/*,

t>0 t>0 t>0
which ends the proof. O
Remark 2.5.
(a) By comparing Propositions 2.3 and 2.4 (i) we note that v(1) < oo, HQH/\;(-)N(-) () = HgH/\ZH (wy)’ where

wo(T) = (W(T))%w(ﬂr), with 0 < t < m(4l). Hence every Lorentz space reduces to /\ﬁ(') (w) and its

weak version /\ﬁ(')’oo(

(b) From Proposition 2.4 (ii) we deduce that /\g(')’oo(w) — AVl (ﬁ—two), for 0 < u(-),v(-) < oo.

w).

<[
(c) Observe that (a) makes sense because g*(t) = 0 if t > m(4l).

For the space L(y,(.),0)(41) is the quasi-norm |[|g||(,,(.) «) for v(T) < u(t), equivalent to the functional

11

sup [|gXe|lyy (m(E) -
ECY

Proposition 2.6 (Chebyschev’s type inequality). Letting g € /\ﬁ(') (w), then

ol o
U
W (Dg(1)) € — 4
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Proof. Letting E = {x € L :[g(x)| > t |}, then observe that tX¢ < |g(x)|, for this we have

X (e (1) < (g7 (1) 7).
Thus

m(E) 9

() J w(T)dT < J (g* (1) w(T)dr

0 0

Finally
ol o
14
O

Proposition 2.7. Let 0 < v(T) < u(1) < 00, and g € F(U, A). Then

1/v(T)
11 7% 4\}_'_
gl pwerse ) < zlé};!\ngHA;m(w) [W(m(E))]+ v < <u__v_> gl \wtr0 )

Proof. To show the first inequality, and set E of il given by E = {x € il :[g(x)| > t}, and also let

1 1

S = sup [|[gXe|| \vir ., (W(m(E)))ula v,
EC}Z[ Ay (w)

Then

1 1 1 1 1

= t(W(m(E)))*@ (W(m(E))) == v =t(W(m(E))) ) =t (W (Dg(t))) 0.

If t > 0, we have [|g]| \u(e( ) < 5. If g € F(LA), E C 4 letting a = [g]| \uie
U X

(w) (w)

9 ) = |, V(I TIW (D ) de

= Jav(T)T"(T)lw (Do (1)) dT+ JOO v(t) - w (Dgaxe (1)) dr.
0 a

(W(m(E)))" 7, then

Note that Dy, (1) = m ({x € & :[gXe(x)| > t}) < m(E) and since gXg < f, then Dy, (1) < Dy(7), thus

a (o0)

vt D ldr + J v(t) P w (Dg(T)) dt

a

v(T) <
I9Xel) ) < wim(E) |

dt
(w) Tu(T)

V(e T gl
||9HAM( ),

< v(T) V+ u(T) v(t)—u(T)
< w(m(E))a”™ + v —v_ ||9’|Az(-),oo(w) a

u(t)—v(T)

 W(m(E) e

Hence

11 Vi v(t
u(t)  v(T) "
9%l y301 ) (WOM(E))) < (u _v) 190 s -
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Proposition 2.8. Letting 0 < u(t) < oo, and f, g, gi, k > 1 functions belonging to F (4, A), then we get
(111) 0 g gk < gk+1 — g/ a'e'/ the]’l llmk%OO ||ng/\ﬁ()(w) = ”9”/\;()(&)).

(iv) ||1iminf|9k|HA}£<')(w (w)

@) AL (w) € ALY () for 0 < ul-) < v(-) < oo, w(m(4)) < oo.
(vi) 1 € AnU (W) if m(E) < oo.

Proof. Properties (i) and (ii) follow from (1) and Definition 2.1. To prove (iii) just observe that O
gk < g1 — ¢, implies that limy_,o, Dy, (A) = Dg(A). Next, letting Fy (1) = Dy, (), then gy (T)
m{A>0:Dg, (A) >t}) = Df, (1), since Dy, (1) < Dy, ,, (1) we have Fi (1) < Fip1(t). Hence Ef, (7)
Er, (1) C .-, then

N1 A

Er(1) = | Er, (1), where Ef, (1) = {Fi > t}.
k=1

Therefore limy_,o, D, (T) = Dg(1). Hence limy_, i (1) = g* (7). Applying the monotone convergence

theorem we get 11mk—>00 ||ngAﬁ()(w) = ”9”/\5[)(“))'

(iv) The distribution function of liminf|gn| satisfies

limipg o (A) = m ({x : liminf|gn (x)| > A})
m (

liminf{x : [gn (Xx)] > A})

m ( U M &x:lgex) > A})

n=1k=n
=liminfm ({x : [gn(x)| > A})
=liminf Dy, (A) <liminf D4 |(A),

thus, we have Dy inf g, |(A) < liminf D)y (A). From this we obtained

inf{/\ > 0: Dimintlgn|(A) < t} < inf{/\ >0:liminf D (A) < t}
gn

< liminf (inf {/\ >0: |Dl(/\) < t}) (liminf|gn|)* (1) < liminf (Ign!" (1)) .
dn

The estimate (iv) follows immediately from the latter inequality and Fatou’s Lemma. Remaining proper-
ties are not difficult to obtain. O

Proposition 2.9. Assume that W be a positive function on (0, 00). Let /\ﬁ(') (w) be a variable Lorentz space and
(gn )y, is a sequence of measurable functions on il

(i) Letting limm n Hgm—g““x\t(')(w) = 0, then (gn),, be a Cauchy sequence and g € F(U, A) such that
(ii) If g € F(YU, A) and limy, ||gn — g||Au<.](w) =0, then (gn),, converges to g and there exists a partial (gn, )
convergent to g a.e.. !

Proof. For u(-) = oo, it is not difficult to note that /\ﬁ(') (w) = L. If u(-) < o0, then by Chebyschev’s type
inequality we have

u(T)
||9H/\ﬁ(-)(w)

W (D)) < —545

, t>0,



G. ALNemer, G. Basendwah, N. M. Aloraini, I.-L. Popa, ]J. Math. Computer Sci., 40 (2026), 444-455 450

by using (i) we get W (Dg,, 4, (T)) m, 1 0 for every t > 0, which (since W > 0), implies Dgm—gn(T)IM, 10,
t >0, 50 (gn),, is a Cauchy sequence. Applying the Proposition 2.7 (iv) we get

||f_ gnH/\;()(w) g hn}anf Hgnk - gnH/\ﬁ()(w) ’

hence lim,, ||f — 9“”/\3("@) =0. O

Theorem 2.10. Letting 0 < u(T) < oo, the space /\;(') (w) is quasi-normed iff
0<W(m(AUB)) < C(W(m(A))+W(m(B)))
such that A,B C Y and m(AUB) > 0.

Proof.

Sufficiency: The hypothesis, implies that W(m(A)) > 0 if m(A) > 0. If Hg”/\”(')(w) = 0 by using the
p1t

Proposition 2.6, we have W (Dg4(1)) = 0,t > 0, and hence Dy(1) = O for every t > 0, that is f = 0 almost

everywhere. If 0 < f, g € /\ﬁ(')(w) and t >0, then{f+g >t} C {f > %} U {g > %} and then we get

o<W (B < (21 (3) +w (24 ()

Thus by Proposition 2.3 we have

I+ 9l A twy < Cuy (Il 401 () 190 g5 ) -
Note that Xaup < Xa + Xg, so we get

0 < W(m(AUB))/™) = ICAuBl yu

(w)

C (J12A Ny gy + 128 o)

=Cu ([W(m(A))]l/“(‘) + [W(m(B))]l/u(~)) ,

N

which is equivalent to the condition of the statement. O

3. Boundedness of composition operator

Let I be measurable non-singular transformation and C; denotes the composition operator from
F(X, A, m) (linear space of all equivalence classes of A-measurable functions on X) into itself given as

Ci(g)(x) = 9(I(x)), x € X, g € F(X, A, m).

Transformation Cy from /\;L(') (w) into the space of all complex-valued measurable functions on X is given

as
[ g(I(x)), ifxeY,
(Crg) (x) = { 0, otherwise.

where Y is a measurable subset of X.
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Theorem 3.1. Let T : 4l — U be a non-singular measurable transformation. Then Ci(f — foT) induced by 1 is
bounded iff there exists a constant M > 0 such that

Jm(II(A))

0

forall A € A. Moreover

_ 1/u(T)
jcl= sp  (WARULA) -
0<W(m(A))<oo W(m(A))
Proof.
(<) Let A ={x € U :|g(x)| > A}, observe that
De,in(A) m({xed:g(I(x))[>A})
J w(t)dt = J w(t)dt
0 0
m(I*I{XElelg(X)I>/\})
= J w(T)dT
0
m({xesl:lg(x)|>A}) Dgy(A)
<Ml J w(t)dt < M+ J w(t)dT
0 0

Thus
W (De,is)(A) < MW (Dg(A)).

The above inequality together with Proposition 2.3 gives us

0 1/u_
[STGINTEIIES <L W AW (D, 1y (A) dA)

0 1/u_

and thus, Cy is bounded, also note that ||Cy(f)|| < M.

(=) Suppose that Cy is bounded on /\;(’) (w). That is, there exists M > 0 such that
11Oy 0y < MIIGlAZ- ()

Next, choose f = X for each E € A. Then

u(T)
—|Ce(f u(T) < Mu(.) wy
A () [[&1 )H/\z(‘)(w) HgH/\ﬁ“(wJ

m(I71(A))
J w(t)dTt = Hxl_l(E)’

0

Further, it is not hard to see that:

1/u(T)
IIC ()|l = su . O
0<W(m£\))<oo W(m(A))
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4. Compactness on Lorentz spaces with variable exponents
In this section, we discuss the compactness of composition operator on Lorentz spaces.

Definition 4.1. Suppose m is a (non-negative countably additive) measure on the c-algebra A. A set
E € A will be called an atom for m if

(1) m(E) > 0; and
(ii) given g € A, either m(ENF) or m(E\F) is 0.

We shall say that m is purely atomic or simple atomic if every measurable set of positive measurable
contain an atom.

Theorem 4.2. Assume that W € Ay(4l). Let U = |31 B be a purely atomic measure space and let T : L — 4 be
a non-singular measurable transformation such that the sequence

W (m (1" (Bn)))

o = W m (B))

—0

asn — oo. Then Cy is a compact composition operator on the Lorentz space /\g(') (w), where w is a non-decreasing
weight.

Proof. Since (4,.A, m) is purely atomic with atoms B, and b, — 0 as n — oo, observe that f and
> f(Bn)Xp, are equal almost everywhere For each N € IN, define C by

= > f(Bn) X

n<N

Then for each A > 0, we have

rD
_ (A)
W<D(CIC£N))(1€)(A)> . (le(:iN))(f) (,U(T)dT

= rm ({xei,l Zf ) X1, (%) >/\}> w(T)dT
J0 n>N

rm ({X c sl Z |f |f)CI 1( ( )>A}> w(’[)d’t

JO

n>N
DIRN m(Iil({anlf(Bn)‘>A})) (I ({Bn:lf(Bn)I>A})

< <C Z J w(T)dT.

J0 n>N

N

From the above inequality and the fact that w is a non-decreasing weight, we have

W (D) e X By g,

N W (m (Bn))
[f(Bn)I>A
<C(supbn ) 3 Wim (B i 11(Ball > A} = CONW (Dy(A),

n>N

where Dy = sup,, . bn € (0,1). Finally, by Proposition 2.3 we obtain

(1)

since Dy — 0 as N — oo. Thus, Cj, being the limit of finite rank operators C %N), is compact. O

1
< Dn)* gl guer ) =0

/\ﬁ(')(w) h o (w)
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Theorem 4.3. Let C1 be a composition operator on the Lorentz spaces with variable exponent /\ﬁ(') (w), where w
is a non-increasing weight, and {By},, o are atoms of 4. If Cy is compact, then m is purely atomic and

W (m (1" (Bn)))

o = W m (By))

—0, as n— .

Proof. We should decompose 4l into two parts, say i, be the non-atomic part and 4, be the atomic part
of I, we may note that £l; N4l = () and U = £ ULy, where m; = m | {1 is non-atomic and mp = m | Ll
is atomic such that m = my + m,. Since m (I"!) < m, by using the Radon-Nikodym Theorem we get a
function g on &l such that

m(I"Y(A)) :J g(x)dm(x), forall A€ A|sh.
A
Let A = {x € 41 : g(x) > 0}. To prove m(A) = 0, letting m(A) > 0, then for 0 < ¢ < 1 we get A, =
{x € ¢41 : g(x) > ¢} has positive measure. Next, we may observe that the subsequence of A, given by
Bhn={x€A::g(x)>n}, for n=1,2,...

satisfies B,, C A,,_1 and for some ng € N,
1
0<m(Bn)=m(Bnh) < o for all n > ny.

The latter equality holds since (&, A | £l;, ) is non-atomic. Hence for each n € IN, define

1p, (x)

=_——r - xcil
Han”/\g(‘)(w)

gn(x)

Then it is not hard to see that g, — 0 weakly, HgnHAu(.J (@) = 1 and for n > ng, we have
1t

W (m () W (Isn 9(X)@m) _ W(em(By)

1G9 s ) = T WimBa) — WmBa) | © Wim(Ba)

which implies that C;gn, - 0 strongly. This contradicts the compactness of C;. Thus m(A) = 0. Therefore
g = 0 ae. on Y. Then m (I_1 (111)) =0, since & = I (&41) UT1 (). We have & = I~ (&), which
implies that ${ = l,. Hence m = m,, shows that m is an atomic measure. Next, we claim that b,, — 0.

Suppose the contrary. Then for ¢ > 0 we get b, > ¢ where n € N. Let 4 = U, B,, where each B, is an
1p,

T (B

11y I ALO)

atom. For eachn € N, let g, = . Then for each n, we have

(w)

el ) ( W (m (Bn)) )1/um< 1 1
W i) S on

HgnHA;(-)(w) = = (m (I-1 (B, )1/u, < el/u_

Hll_l(Bn) /\;M(w)

_ 1/u_
and ||C19n||/\3(‘1(w) =1, then ¢'/4* Hgn”/\;”(w) < ||C19n||/\3(«)(w)- On the other hand, for n # m we
have B, N A, = @ and so

ICrgn = Crgmll yutr) = [IC1gn + Crgm yuer,) -
Thus
1= ! C C
*EH 19n + 19"1”/\3(')(“))
1
< 5 (IC19n = C1gmll ys1 () + €19 + C1gml ps1 () ) = 1€19n = Crgmll w1 -

Finally these estimates contradict the compactness of Cy. Hence b, — 0. O
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Next, we give a condition under which Cj is 1-1, has closed range, and its inverse is bounded.

Theorem 4.4. Let (X, A, m) be a complete o-finite measure space and T : X — X be a non-singular measurable
transformation. Then Cy is bounded below if and only if there exists ¢ > 0 such that

Jm(ll(A))
0

forall A € A.

Proof. Letting C1 be bounded below, then there exists ¢ > 0 such that

forall g € /\;(') (w). Thus for A € A, then m(A) < co and then

Jm(Il(A)) o dT — [Cu(f ) > e 1AM _ Jm(A) w(T)dT.
0 A (@) Z A (w) 0
Conversely, if )

J:(I - w(t)dt > "~ J:(A] w(t)dt, forall A €A,

let us consider A = {x € X: |g(x)| > t}, then we have
W (Dc, (1)) = "W (Dgy(1))

and thus
1) ps ) > € 19001

O

Corollary 4.5. Cy is 1-1, has closed range, and its inverse [Cy(f)] ™" (x) = [g(I(x))]! = I o f~1(x) is bounded.

Acknowledgment

Princess Nourah bint Abdulrahman University Researchers Supporting Project number
PNURSP2025R45, Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia.

References

[1] E. Agora, J. Antezana, M. J. Carro, J. Soria, Lorentz-Shimogaki and Boyd theorems for weighted Lorentz spaces, ]. Lond.
Math. Soc. (2), 89 (2014), 321-336. 1

[2] E. Agora, J. Antezana, M. J. Carro, Weak-type boundedness of the Hardy-Littlewood operator on weighted Lorentz spaces,
J. Fourier Anal. Appl., 22 (2016), 1431-1439. 1

[3] E. Agora, M. J. Carro, J. Soria, Boundedness of the Hilbert transform on weighted Lorentz spaces, J. Math. Anal. Appl.,
395 (2012), 218-229. 1

[4] E. Agora, M. ]. Carro, J. Soria, Characterization of the weak-type boundedness of the Hilbert transform on weighted Lorentz
spaces, J. Fourier Anal. Appl., 19 (2013), 712-730. 1

[5] M. A. Arifio, B. Muckenhoupt, Maximal functions on classical Lorentz spaces and Hardy’s inequality with weights for
nonincreasing functions, Trans. Amer. Math. Soc., 320 (1990), 727-735. 1

[6] S. Baena-Miret, M. J. Carro, Boundedness of sparse and rough operators on weighted Lorentz spaces, J. Fourier Anal.
Appl., 27 (2021), 22 pages. 1

[7] C.Bennett, R. Sharpley, Interpolation of operators, Academic Press, Boston, MA, (1988). 1

[8] E E. Browder, W. V. Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert space, J. Math. Anal.
Appl., 20 (1967), 197-228.


https://doi.org/10.1112/jlms/jdt063
https://doi.org/10.1112/jlms/jdt063
https://doi.org/10.1007/s00041-015-9456-4
https://doi.org/10.1007/s00041-015-9456-4
https://doi.org/10.1016/j.jmaa.2012.05.031
https://doi.org/10.1016/j.jmaa.2012.05.031
https://doi.org/10.1007/s00041-013-9278-1
https://doi.org/10.1007/s00041-013-9278-1
https://doi.org/10.2307/2001699
https://doi.org/10.2307/2001699
https://doi.org/10.1007/s00041-021-09842-1
https://doi.org/10.1007/s00041-021-09842-1
https://books.google.com/books?hl=en&lr=&id=HpqF9zjZWMMC&oi=fnd&pg=PP1&dq=Interpolation+of+Operators+C+Bennett,+RC+Sharpley+-+1988&ots=pXot3xHUG1&sig=ChwvE5_du-uPQqaGM5HEWoWWDnQ
https://doi.org/10.1016/0022-247X(67)90085-6
https://doi.org/10.1016/0022-247X(67)90085-6

G. ALNemer, G. Basendwah, N. M. Aloraini, I.-L. Popa, ]J. Math. Computer Sci., 40 (2026), 444-455 455

[9]
[10]
(11]

(12]
(13]

(14]
(15]
(16]
(17]

(18]
(19]

(20]
(21]
(22]
(23]
[24]
[25]
[26]
(27]
(28]
[29]
(30]

[31]

M. J. Carro, H. Li, J. Soria, Q. Sun, Calderén-Zygmund operators and commutators on weighted Lorentz spaces, ]. Geom.
Anal., 31 (2021), 8979-8990. 1

M. Carro, L. Pick, J. Soria, V. D. Stepanov, On embeddings between classical Lorentz spaces, Math. Inequal. Appl., 4
(2001), 397-428. 1

M. J. Carro, J. A. Raposo, J. Soria, Recent developments in the theory of Lorentz spaces and weighted inequalities, Mem.
Amer. Math. Soc., 187 (2007), 128 pages. 1

R. E. Castillo, C. Suarez, E. Trousselot, Composition operator on /\E (w) spaces, Quaest. Math., 40 (2017), 833-848. 1
L. Ephremidze, V. Kokilashvili, S. Samko, Fractional, maximal and singular operators in variable exponent Lorentz
spaces, Fract. Calc. Appl. Anal., 11 (2008), 407-420. 1

J. Garcia-Cuerva, J. L. Rubio de Francia, Weighted norm inequaities and related topics, North-Holland Publishing Co.,
Amsterdam, (1985).

V. S. Guliyev, A. Serbetci, I. Ekincioglu, On boundedness of the generalized B-potential integral operators in the Lorentz
spaces, Integral Transforms Spec. Funct., 18 (2007), 885-895. 1

A. Hussain, G. Gao, Multilinear singular integrals and commutators on Herz space with variable exponent, ISRN Math.
Anal., 2014 (2014), 10 pages. 1

A. Hussain, I. Khan, A. Mohamed, Variable Her-Morrey estimates for rough fractional Hausdorff operator, J. Inequal.
Appl., 2024 (2024), 14 pages. 1

H. Kempka, J. Vybiral, Lorentz spaces with variable exponents, Math. Nachr., 287 (2014), 938-954. 1

T. Li, D. Acosta-Soba, A. Columbu, G. Viglialoro, Dissipative gradient nonlinearities prevent d-formations in local and
nonlocal attraction-repulsion chemotaxis models, Stud. Appl. Math., 154 (2025), 19 pages. 1

G. Lorentz, Some new Functions Spaces, Ann. Math., 51 (1950), 37-55. 1

G. Lorentz, On the theory of spaces A, Pacific J. Math., 1 (1951), 411-429. 1

B. Sultan, A. Hussain, M. Sultan, Chracterization of generalized Campanato spaces with variable exponents via fractional
integrals, J. Pseudo-Differ. Oper. Appl., 16 (2025), 16 pages. 1

B. Sultan, M. Sultan, Boundedness of commutators of rough Hardy operators on grand variable Herz spaces, Forum Math.,
36 (2024), 717-733.

B. Sultan, M. Sultan, Boundedness of higher order commutators of Hardy operators on grand Herz-Morrey spaces, Bull.
Sci. Math., 190 (2024), 19 pages.

B. Sultan, M. Sultan, Sobolev-type theorem for commutators of Hardy operators in grand Herz spaces, Ukrainian Math.
J., 76 (2024), 1196-1213.

M. Sultan, B. Sultan, A note on the boundedness of Marcinkiewicz integral operator on continual Herz-Morrey spaces,
Filomat, 39 (2025), 2017-2027.

M. Sultan, B. Sultan, A. Aloqaily, N. Mlaiki, Boundedness of some operators on grand Herz spaces with variable exponent,
AIMS Math., 8 (2023), 12964-12985.

M. Sultan, B. Sultan, A. Hussain, Grand Herz-Morrey spaces with variable exponent, Math. Notes., 114 (2023), 957—
977.

B. Sultan, M. Sultan, A. Hussain, Boundedness of the Bochner-Riesz operators on the weighted Herz-Morrey type Hardy
spaces, Complex Anal. Oper. Theory, 19 (2025), 26 pages.

B. Sultan, M. Sultan, I. Khan, On Sobolev theorem for higher commutators of fractional integrals in grand variable Herz
spaces, Commun. Nonlinear Sci. Numer. Simul., 126 (2023), 11 pages.

B. Sultan, M. Sultan, A. Khan, T. Abdeljawad, Boundedness of commutators of variable Marcinkiewicz fractional integral
operator in grand variable Herz spaces, J. Inequal. Appl., 2024 (2024), 16 pages. 1


https://doi.org/10.1007/s12220-020-00560-6
https://doi.org/10.1007/s12220-020-00560-6
https://doi.org/10.7153/mia-04-37
https://doi.org/10.7153/mia-04-37
https://doi.org/10.1090/memo/0877
https://doi.org/10.1090/memo/0877
https://doi.org/10.2989/16073606.2017.1329238
https://arxiv.org/abs/0805.0693
https://arxiv.org/abs/0805.0693
https://books.google.com/books?hl=en&lr=&id=OAigD5H86_oC&oi=fnd&pg=PP1&dq=Weighted+norm+inequaities+and+related+topics&ots=07DIkM-dD2&sig=3fYBg_GtpNNDBe87j1DIHftJmVE
https://books.google.com/books?hl=en&lr=&id=OAigD5H86_oC&oi=fnd&pg=PP1&dq=Weighted+norm+inequaities+and+related+topics&ots=07DIkM-dD2&sig=3fYBg_GtpNNDBe87j1DIHftJmVE
https://doi.org/10.1080/10652460701510980
https://doi.org/10.1080/10652460701510980
https://doi.org/10.1155/2014/626327
https://doi.org/10.1155/2014/626327
https://doi.org/10.1186/s13660-024-03110-8
https://doi.org/10.1186/s13660-024-03110-8
https://doi.org/10.1002/mana.201200278
https://doi.org/10.1111/sapm.70018
https://doi.org/10.1111/sapm.70018
https://doi.org/10.2307/1969496
http://projecteuclid.org/euclid.pjm/1103052109
https://doi.org/10.1007/s11868-024-00651-w
https://doi.org/10.1007/s11868-024-00651-w
https://doi.org/10.1515/forum-2023-0152
https://doi.org/10.1515/forum-2023-0152
https://doi.org/10.1016/j.bulsci.2023.103373
https://doi.org/10.1016/j.bulsci.2023.103373
https://link.springer.com/article/10.1007/s11253-024-02381-0
https://link.springer.com/article/10.1007/s11253-024-02381-0
https://www.jstor.org/stable/27388175
https://www.jstor.org/stable/27388175
https://doi.org/10.3934/math.2023653
https://doi.org/10.3934/math.2023653
https://doi.org/10.1134/s0001434623110305
https://doi.org/10.1134/s0001434623110305
https://doi.org/10.1007/s11785-025-01671-0
https://doi.org/10.1007/s11785-025-01671-0
https://doi.org/10.1016/j.cnsns.2023.107464
https://doi.org/10.1016/j.cnsns.2023.107464
https://doi.org/10.1186/s13660-024-03169-3
https://doi.org/10.1186/s13660-024-03169-3

	Introduction
	Weighted Lorentz spaces with variable exponents
	Boundedness of composition operator
	Compactness on Lorentz spaces with variable exponents

