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1. Introduction

Let (U,A,m) be the σ-finite measure space and g be a complex-valued measurable function. Letting
Λ ⩾ 0, then the distribution function Dg(Λ) is given as

Dg(Λ) = m({x ∈ U : Λ < |g(x)|}).

Let g∗ denote the non-increasing rearrangement of g defined as

g∗(τ) = inf {Λ > 0 : τ ⩾ Dg(Λ)} ,

where inf ∅ = ∞. Let w : (0,∞) → (0,∞) be a locally integrable function and define as∫∞
0

ω(τ)dτ < ∞.

∗Corresponding author
Email addresses: gnnemer@pnu.edu.sa (Ghada ALNemer), gbasendwah@kau.edu.sa (Ghada Ali Basendwah),
arienie@qu.edu.sa (Najla M. Aloraini), lucian.popa@uab.ro (Ioan-Lucian Popa)

doi: 10.22436/jmcs.040.04.01

Received: 2025-03-22 Revised: 2025-04-05 Accepted: 2025-04-24

http://dx.doi.org/10.22436/jmcs.040.04.01
http://dx.doi.org/10.22436/jmcs.040.04.01
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.040.04.01&domain=pdf


G. ALNemer, G. Basendwah, N. M. Aloraini, I.-L. Popa, J. Math. Computer Sci., 40 (2026), 444–455 445

Let Ω be a measurable subset of Rn and let q: Ω → [1,∞) be a measurable function. We suppose that

1 ⩽ v−(Ω) ⩽ q(x) ⩽ v+(Ω) < ∞,

where v− := ess inf
x∈Ω

q(x), v+ := ess sup
x∈Ω

q(x). Lebesgue space with variable exponent Lu(·)(Ω) is the

class of functions of Ω such that

Lu(·)(Ω) =

{
f :

∫
Ω

(
|f(y)|

γ

)p(y)

dy < ∞, where γ is a constant

}
.

Norm in Lu(·)(Ω) is defined as follows

∥f∥Lu(·)(Ω) = inf

{
γ > 0 :

∫
Ω

(
|f(y)|

γ

)p(y)

dy ⩽ 1

}
.

Lorentz spaces were introduced in [20, 21] as a generalization of classical Lebesgue spaces and have
become a standard tool in mathematical analysis, cf. [5, 7, 10]. It is noticed that Kempka and Vybíral
[18] introduced the variable Lorentz spaces and showed that these spaces arise through real interpolation
between variable Lebesgue spaces and L∞(Rn) when v(·) = q is constant. Similarly to the classical case,
the variable Lorentz space becomes the variable Lebesgue space if u(·) = v(·). We also mention that
Ephremidze et al. [13] introduced another kind of variable exponent Lorentz space via non-increasing
rearrangement function.

For boundedness of the Hilbert transform and the Hilbert maximal operator on weighted classical
Lorentz spaces see [3], and for Calderón-Zygmund operators and commutators see [9]. For characteri-
zation of the Hardy-Littlewood maximal operator see [11]. Agora et al. [4] characterized the weak-type
boundedness of the Hilbert transform H on weighted Lorentz spaces. This topic has numerous appli-
cations in the study of partial differential equations; e.g., please see [19]. In [6] the authors proved the
boundedness of important operators such as the Bochner-Riesz operator, the rough operators, or the
sparse operators among many others. For the weak-type boundedness of the Hardy-Littlewood maximal
operator M on weighted Lorentz spaces see [2]. Guliyev et al. [15] obtained the boundedness of the gen-
eralized B-potential integral operators in the Lorentz spaces. Lorentz-Shimogaki and Boyd theorems for
weighted Lorentz spaces were obtained in [1]. As a consequence, they gave the complete characterization
of the strong boundedness of the Hilbert transform on these spaces. They also obtained the complete
solution of the weak-type boundedness of the Hardy-Littlewood operator on these spaces. Castillo et al.
[12] gave an overview of weighted Lorentz spaces and characterize the boundedness and compactness of
the composition operator in these spaces. For more results on function spaces, see [16, 17, 22–31]. Inspired
by the concept, in this paper we will find the boundedness and compactness of composition operator in
weighted Lorentz spaces with variable exponents.

The Lorentz space denoted by L(u(·), v(·)) is the generalization of the Lebesgue space Lu(·). Let F(U,A)
be the set of all A-measurable functions on U . Letting g ∈ F(U,A), and u(·) and v(·) be measurable
functions with values in [1,∞], then we can write

∥g∥(u(·),v(·)) =

(∫∞
0

(
τ1/u(·)g∗(τ)

)v(·) dτ
τ

)1/v(·)
.

Letting 0 < u(τ) < ∞, then the Lorentz space Λ
u(·)
U (ω) is given as

∥g∥
Λ

u(·)
U (ω)

=

(∫∞
0

(g∗(τ))u(·)ω(τ)dτ

)1/u(·)
< ∞

for U = (0, 1). Lorentz introduced Lorentz spaces [20]. In this paper we study some basic properties of
weighted Lorentz spaces with variable exponents which are generalizations of classical Lorentz spaces.
We discuss some properties of the aforementioned spaces such as lattice property, weak Fatou property,
and inclusion relations. We also study boundedness, compactness, and closed range of composition
operators on weighted Lorentz spaces with variable exponents.
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2. Weighted Lorentz spaces with variable exponents

Let (U,A,m) be a general measure space, except if we otherwise mentioned. Let w be the weight, and
define as

W(r) =

∫r
0
ω(τ)dτ < ∞

with 0 ⩽ r < ∞. Let dm(τ) = w(τ)dτ, and we define Dw
g (Λ) and g∗w(τ) is depending on the weight w.

Let (U,A,m) = (Rn,B,ω(τ)dτ) for simplicity we define L(u(·),v(·))(ω) for L(u(·),v(·))(U).

Definition 2.1. Let 0 < u(τ) ⩽ ∞ and ∥ · ∥
Λ

u(·)
U (ω)

: F(U,A) → [0,∞] be defined as

∥g∥Λp
U(ω) =

(∫∞
0

(g∗(τ))u(τ)ω(τ)dτ

)1/u(τ)

.

Lorentz space Λu(·)(ω) = Λ
u(·)
U (ω) is given as Λ

u(·)
U (ω) =

{
g ∈ F(U,A) : ∥g∥

Λ
u(·)
U (ω)

< ∞}
. It is not

difficult to note that ∥g∥
Λ

u(·)
U (ω)

= ∥g∗∥Lu(·)(ω). Also observe that

Λ
u(·),v(·)
U (ω) =

{
g ∈ F(U,A) : ∥g∥

Λ
(u(·),v(·))
U

= ∥g∗∥L(u(·),v(·))(ω) < ∞}
.

Remark 2.2. If 0 < u(·), v(·) < ∞,Λv(·)
U

(
τ

v(·)
u(·)−1

)
= L(u(·),v(·))

(
τ

v(·)
u(·)−1

)
in this case W(τ) =

u(·)
v(·) τ

v(·)
u(·) , t ⩾ 0.

Proposition 2.3. Let (U,A,m) be a σ-finite measure space. For 0 < u(·) < ∞, then

∥g∥
Λ

u(·)
U (ω)

⩽

(∫∞
0

u+τ
u+−1W (Dg(τ))dτ

)1/u−

.

Proof.

∥g∥
Λ

u(·)
U (ω)

=

(∫∞
0

(g∗(τ))u(τ)ω(τ)dτ

)1/u(τ)

⩽

(∫∞
0

(∫g∗(τ)

0
u+Λ

u+−1dΛ

)
ω(τ)dτ

)1/u−

=

(∫∞
0

(∫∞
0

u+Λ
u+−11(0,g∗(τ))(Λ)dΛ

)
ω(τ)dτ

)1/u−

=

(∫∞
0

(∫∞
0

u+Λ
u+−11{Λ>0:g∗(τ)>Λ}(Λ)dΛ

)
ω(τ)dτ

)1/u−

=

(∫∞
0

(∫∞
0

u+Λ
u+−11{t>0:Dg(Λ)>t}(τ)dΛ

)
ω(τ)dτ

)1/u−

.

Applying the Fubini’s theorem, we obtain(∫∞
0

(∫∞
0

u+Λ
u+−11{t>0:Dg(Λ)>t}(τ)dΛ

)
ω(τ)dτ

)1/u−

=

(∫∞
0

u+Λ
u+−1

(∫∞
0

1{t>0:Dg(Λ)>t}(τ)ω(τ)dτ

)
dΛ

)1/u−

=

(∫∞
0

u+Λ
u+−1

(∫Dg(Λ)

0
ω(τ)dτ

)
dΛ

)1/u−

=

(∫∞
0

u+Λ
u+−1W (Dg(Λ))dΛ

)1/u−

,

which completes the proof.
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Proposition 2.4. Let (U,A,m) be a measure space. For 0 < u(·), v(·) < ∞, and g ∈ F(U,A), then

(i) ∥g∥
Λ

u(·),v(·)
X (ω)

⩽
(∫∞

0 u+τ
v+−1 (W (Dg(τ)))

v+/u− dτ
)1/v−

.

(ii) ∥g∥
Λ

u(·),∞
U (ω)

⩽ supt>0 t (W (Dg(τ)))
1/u− = supt>0 g

∗(τ)(W(τ))1/u− .

Proof. Since Dg(τ) = Dg∗(τ), we get

W (Dg(τ)) = W (Dg∗(τ)) =

∫Dg∗(τ)

0
ω(s)ds

=

∫∞
0

X(0,Dg∗(τ))
(s)ω(s)ds

=

∫∞
0
(X)∗{g∗(s)>t}(s)ω(s)ds =

∫
{g∗(s)>t}

ω(s)ds = Dw
g∗(τ).

Also, noting that Dw
g∗(τ) = (g∗)∗w (τ), and using the relation 1

u+
+ 1

v−
= 1, thus we obtain

∥g∥
Λ

u(·),v(·)
x (ω)

= ∥g∗∥L(u(·),v(·))(ω) =

(∫∞
0

(
τ1/u(τ) (g∗)∗w (τ)

)v(τ) dτ
τ

)1/v(τ)

⩽

(∫∞
0

(
τ1/u− (g∗)∗w (τ)

)v+ dτ

τ

)1/v−

⩽

(∫∞
0

τ
v+

u−−1

∫ (g∗)∗w(τ)

0
v+s

v+−1dsdτ

)1/v−

⩽

(∫∞
0

u+τ
v+−1 (Dw

g∗(τ)
) v+

u− dτ

)1/v−

⩽

(∫∞
0

u+τ
v+−1 [W (Dg(τ))]

v+
u− dτ

)1/v−

.

(ii) It is not difficult to note that

∥g∥
Λ

u(·),v(·)
ℜ (ω)

= ∥g∗∥L(u(·),∞)(ω) ⩽ sup
t>0

t
(
Dw

g∗(τ)
)1/u− = sup

t>0
t (W (Dg(τ)))

1/u− = sup
t>0

g∗(τ)(W(τ))1/u− ,

which ends the proof.

Remark 2.5.

(a) By comparing Propositions 2.3 and 2.4 (i) we note that v(τ) < ∞, ∥g∥
Λ

u(·),v(·)
X (ω)

= ∥g∥
Λ

v(·)
U (w0)

, where

w0(τ) = (W(τ))
v+

u−−1ω(τ), with 0 < t < m(U). Hence every Lorentz space reduces to Λ
u(·)
U (ω) and its

weak version Λ
u(·),∞
U (ω).

(b) From Proposition 2.4 (ii) we deduce that Λu(·),∞
U (ω) = Λ

v(·),∞
U

(
v+

u−
w0

)
, for 0 < u(·), v(·) < ∞.

(c) Observe that (a) makes sense because g∗(τ) = 0 if t ⩾ m(U).

For the space L(u(·),∞)(U) is the quasi-norm ∥g∥(u(·),∞) for v(τ) < u(τ), equivalent to the functional

sup
E⊂U

∥gXE∥v(·) (m(E))
1

u−
− 1

v− .

Proposition 2.6 (Chebyschev’s type inequality). Letting g ∈ Λ
u(·)
U (ω), then

W (Dg(τ)) ⩽
∥g∥u(τ)

Λ
u(·)
U (ω)

τu(τ)
.
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Proof. Letting E = {x ∈ U : |g(x)| > t |}, then observe that tXE < |g(x)|, for this we have

τu(·)X(0,m(E))(τ) < (g∗(τ))u(τ) .

Thus

τu(τ)

∫m(E)

0
ω(τ)dτ ⩽

∫∞
0

(g∗(τ))u(τ)ω(τ)dτ.

Finally

W (Dg(τ)) ⩽
∥g∥u(τ)

Λ
u(·)
U (ω)

τu(τ)
.

Proposition 2.7. Let 0 < v(τ) < u(τ) < ∞, and g ∈ F(U,A). Then

∥g∥
Λ

u(·),∞
U (ω)

⩽ sup
E⊂U

∥gXE∥Λv(·)
U (ω)

[W(m(E))]
1

u(τ)−
1

v(τ) ⩽

(
v+

u− − v−

)1/v(τ)

∥g∥
Λ

u(·),∞
U (ω)

.

Proof. To show the first inequality, and set E of U given by E = {x ∈ U : |g(x)| > t}, and also let

S = sup
E⊂U

∥gXE∥Λv(·)
U (ω)

(W(m(E)))
1

u(τ)−
1

v(τ) .

Then
S ⩾ ∥gXE∥Λv(·)

X (ω)
(W(m(E)))

1
u(τ)−

1
v(τ)

=

(∫∞
0

[
(gXE)

∗ (s)
]v(·)

ω(s)ds

)1/v(τ)

(W(m(E)))
1

u(τ)−
1

v(τ)

⩾

(
τv(·)

∫m(E)

0
ω(s)ds

)1/v(τ)

(W(m(E)))
1

u(τ)−
1

v(τ)

= t(W(m(E)))
1

v(τ) (W(m(E)))
1

u(τ)−
1

v(τ) = t(W(m(E)))
1

u(τ) = t (W (Dg(τ)))
1

u(τ) .

If t > 0, we have ∥g∥
Λ

u(·),∞
U (ω)

⩽ s. If g ∈ F(U,A), E ⊂ U, letting a = ∥g∥
Λ

u(·),∞
X (ω)

(W(m(E)))
− 1

u(τ) , then

∥gXE∥Λv(·)
X (ω)

=

∫∞
0

v(τ)τv(τ)−1W
(
DgXE

(τ)
)
dτ

=

∫a
0
v(τ)τv(τ)−1W

(
DgXE

(τ)
)
dτ+

∫∞
a

v(τ)τv(τ)−1W
(
DgXE

(τ)
)
dτ.

Note that DgXE
(τ) = m ({x ∈ U : |gXE(x)| > t}) ⩽ m(E) and since gXE ⩽ f, then DgXE

(τ) ⩽ Dg(τ), thus

∥gXE∥
v(τ)

Λ
v(·)
U (ω)

⩽ ω(m(E))

∫a
0
v(τ)τv(τ)−1dτ+

∫∞
a

v(τ)τv(τ)−1W (Dg(τ))dτ

⩽ ω(m(E))av(τ) +

∫∞
a

v(τ)τv(τ)−1 ∥g∥u(τ)

Λ
u(·),∞
U (ω)

dτ

τu(τ)

⩽ ω(m(E))av(τ) +
v+

u− − v−
∥g∥u(τ)

Λ
u(·),∞
U (ω)

av(τ)−u(τ)

⩽
v+

u− − v−
∥g∥v(τ)

Λ
u(·),∞
U (ω)

(W(m(E)))
u(τ)−v(τ)

u(τ) .

Hence

∥gXE∥Λv(·)
U (ω)

(W(m(E)))
1

u(τ)−
1

v(τ) ⩽

(
v+

u− − v−

) 1
v(τ)

∥g∥
Λ

u(·),∞
U (ω)

.
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Proposition 2.8. Letting 0 < u(τ) < ∞, and f,g,gk,k ⩾ 1 functions belonging to F(U,A), then we get

(i) |f| ⩽ |g|, implies ∥f∥
Λ

u(·)
U (ω)

⩽ ∥g∥
Λ

u(·)
U (ω)

.

(ii) ∥αg∥
Λ

u(·)
U (ω)

= |α| ∥g∥
Λ

u(·)
U (ω)

.

(iii) 0 ⩽ gk ⩽ gk+1 → g, a.e., then limk→∞ ∥gk∥Λu(·)
U (ω)

= ∥g∥
Λ

u(·)
U (ω)

.

(iv) ∥lim inf |gk|∥Λu(·)
X (ω)

⩽ lim inf ∥gk∥Λu(·)
U (ω)

.

(v) Λ
v(·)
U (ω) ⊂ Λ

u(·)
U (ω) for 0 < u(·) < v(·) < ∞,ω(m(U)) < ∞.

(vi) 1E ∈ Λ
u(·)
U (ω) if m(E) < ∞.

Proof. Properties (i) and (ii) follow from (1) and Definition 2.1. To prove (iii) just observe that 0 ⩽
gk ⩽ gk+1 → g, implies that limk→∞Dgk

(Λ) = Dg(Λ). Next, letting Fk(τ) = Dgk
(τ), then g∗k(τ) =

m ({Λ > 0 : Dgk
(Λ) > t}) = DFk

(τ), since Dgk
(τ) ⩽ Dgk+1(τ) we have Fk(τ) ⩽ Fk+1(τ). Hence EF1(τ) ⊆

EF2(τ) ⊆ · · · , then

EF(τ) =

∞⋃
k=1

EFk
(τ), where EFk

(τ) = {Fk > t} .

Therefore limk→∞DFk
(τ) = Dg(τ). Hence limk→∞ f∗k(τ) = g∗(τ). Applying the monotone convergence

theorem we get limk→∞ ∥gk∥Λu(·)
U (ω)

= ∥g∥
Λ

u(·)
U (ω)

.

(iv) The distribution function of lim inf |gn| satisfies

limiD
inf|gn|

(Λ) = m ({x : lim inf |gn(x)| > Λ})

= m (lim inf {x : |gn(x)| > Λ})

= m

(⋃
n=1

⋂
k=n

{x : |gk(x)| > Λ}

)
= lim infm ({x : |gn(x)| > Λ})

= lim infDgn(Λ) ⩽ lim infD|gn|(Λ),

thus, we have Dlim inf|gn|(Λ) ⩽ lim infD|gn|(Λ). From this we obtained

inf
{
Λ > 0 : Dlim inf|gn|(Λ) ⩽ t

}
⩽ inf

{
Λ > 0 : lim inf D

|gn|
(Λ) ⩽ t

}
⩽ lim inf

(
inf

{
Λ > 0 : D

|gn|
(Λ) ⩽ t

})
(lim inf |gn|)

∗ (τ) ⩽ lim inf
(
|gn|

∗ (τ)
)

.

The estimate (iv) follows immediately from the latter inequality and Fatou’s Lemma. Remaining proper-
ties are not difficult to obtain.

Proposition 2.9. Assume that W be a positive function on (0,∞). Let Λu(·)
U (ω) be a variable Lorentz space and

(gn)n is a sequence of measurable functions on U.

(i) Letting limm,n ∥gm − gn∥Λu(·)
x (ω)

= 0, then (gn)n be a Cauchy sequence and g ∈ F(U,A) such that
limn ∥gn − g∥

Λ
u(·)
U (ω)

= 0.

(ii) If g ∈ F(U,A) and limn ∥gn − g∥
Λ

u(·)
U (ω)

= 0, then (gn)n converges to g and there exists a partial (gnk
)k

convergent to g a.e..

Proof. For u(·) = ∞, it is not difficult to note that Λu(·)
U (ω) = L∞. If u(·) < ∞, then by Chebyschev’s type

inequality we have

W (Dg(τ)) ⩽
∥g∥u(τ)

Λ
u(·)
U (ω)

τu(τ)
, t > 0,
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by using (i) we get W (Dgm−gn(τ))
−−→m,n 0 for every t > 0, which (since W > 0), implies Dgm−gn(τ)

−−→m,n0,
t > 0, so (gn)n is a Cauchy sequence. Applying the Proposition 2.7 (iv) we get

∥f− gn∥Λu(·)
U (ω)

⩽ lim inf
k

∥gnk
− gn∥Λu(·)

U (ω)
,

hence limn ∥f− gn∥Λu(·)
U (ω)

= 0.

Theorem 2.10. Letting 0 < u(τ) < ∞, the space Λu(·)
U (ω) is quasi-normed iff

0 < W(m(A∪B)) ⩽ C(W(m(A)) +W(m(B)))

such that A,B ⊂ U and m(A∪B) > 0.

Proof.

Sufficiency: The hypothesis, implies that W(m(A)) > 0 if m(A) > 0. If ∥g∥
Λ

u(·)
U (ω)

= 0 by using the

Proposition 2.6, we have W (Dg(τ)) = 0, t > 0, and hence Dg(τ) = 0 for every t > 0, that is f = 0 almost
everywhere. If 0 ⩽ f,g ∈ Λ

u(·)
U (ω) and t > 0, then {f+ g > t} ⊂

{
f > τ

2

}
∪
{
g > τ

2

}
and then we get

0 < W
(
Df+g(τ)

)
⩽ C

(
W
(
Df

(τ
2

))
+W

(
Dg

(τ
2

)))
.

Thus by Proposition 2.3 we have

∥f+ g∥Λp
U(ω) ⩽ Cu(·)

(
∥f∥

Λ
u(·)
U (ω)

+ ∥g∥
Λ

u(·)
U (ω)

)
.

Note that XA∪B ⩽ XA +XB, so we get

0 < [W(m(A∪B))]1/u(·) = ∥XA∪B∥Λu(·)
U (ω)

⩽ ∥XA +XB∥Λu(·)
U (ω)

⩽ C
(
∥XA∥

Λ
u(·)
U (ω)

+ ∥XB∥Λu(·)
U (ω)

)
= Cu(·)

(
[W(m(A))]1/u(·) + [W(m(B))]1/u(·)

)
,

which is equivalent to the condition of the statement.

3. Boundedness of composition operator

Let I be measurable non-singular transformation and CI denotes the composition operator from
F(X,A,m) (linear space of all equivalence classes of A-measurable functions on X) into itself given as

CI(g)(x) = g(I(x)), x ∈ X, g ∈ F(X,A,m).

Transformation CI from Λ
u(·)
U (ω) into the space of all complex-valued measurable functions on X is given

as

(CIg) (x) =

{
g(I(x)), if x ∈ Y,
0, otherwise.

where Y is a measurable subset of X.
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Theorem 3.1. Let T : U → U be a non-singular measurable transformation. Then CI(f 7→ f ◦ T) induced by I is
bounded iff there exists a constant M > 0 such that

∫m(I−1(A))

0
ω(τ)dτ ⩽ Mu(·)

∫m(A)

0
ω(τ)dτ

for all A ∈ A. Moreover

∥CI(f)∥ = sup
0<W(m(A))<∞

(
W
(
m
(
I−1(A)

))
W(m(A))

)1/u(τ)

.

Proof.

(⇐) Let A = {x ∈ U : |g(x)| > Λ}, observe that

∫DCI(f)
(Λ)

0
ω(τ)dτ =

∫m({x∈U:|g(I(x))|>Λ})

0
ω(τ)dτ

=

∫m(I−1{x∈U:|g(x)|>Λ})

0
ω(τ)dτ

⩽ Mu(·)
∫m({x∈U:|g(x)|>Λ})

0
ω(τ)dτ ⩽ Mu(·)

∫Dg(Λ)

0
ω(τ)dτ.

Thus

W
(
DCI(f)(Λ)

)
⩽ Mu(·)W (Dg(Λ)) .

The above inequality together with Proposition 2.3 gives us

∥CI(f)∥Λu(·)
U (ω)

⩽

(∫∞
0

u+Λ
u+−1W

(
DCI(f)(Λ)

)
dΛ

)1/u−

⩽ M

(∫∞
0

u+Λ
u+−1W (Dg(Λ))dΛ

)1/u−

⩽ M ∥g∥Λu+
U (ω)

and thus, CI is bounded, also note that ∥CI(f)∥ ⩽ M.

(⇒) Suppose that CI is bounded on Λ
u(·)
U (ω). That is, there exists M > 0 such that

∥CI(f)∥Λu(·)
U (ω)

⩽ M ∥g∥Λu+
U (ω) .

Next, choose f = XE for each E ∈ A. Then

∫m(I−1(A))

0
ω(τ)dτ =

∥∥∥XI−1(E)

∥∥∥u(τ)

Λ
u(·)
U (ω)

= ∥CI(f)∥
u(τ)

Λ
u(·)
U (ω)

⩽ Mu(·) ∥g∥u+

Λ
u(·)
U (ω)

= Mu(·)
∫m(E)

0
ω(τ)dτ.

Further, it is not hard to see that:

∥CI(f)∥ = sup
0<W(m(A))<∞

(
W
(
m
(
I−1(A)

))
W(m(A))

)1/u(τ)

.
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4. Compactness on Lorentz spaces with variable exponents

In this section, we discuss the compactness of composition operator on Lorentz spaces.

Definition 4.1. Suppose m is a (non-negative countably additive) measure on the σ-algebra A. A set
E ∈ A will be called an atom for m if

(i) m(E) > 0; and
(ii) given g ∈ A, either m(E∩ F) or m(E\F) is 0.

We shall say that m is purely atomic or simple atomic if every measurable set of positive measurable
contain an atom.

Theorem 4.2. Assume that W ∈ ∆2(U). Let U =
⋃∞

n=1 Bn be a purely atomic measure space and let T : U → U be
a non-singular measurable transformation such that the sequence

bn =
W
(
m
(
I−1 (Bn)

))
W (m (Bn))

→ 0

as n → ∞. Then CI is a compact composition operator on the Lorentz space Λu(·)
U (ω), where w is a non-decreasing

weight.

Proof. Since (U,A,m) is purely atomic with atoms Bn and bn → 0 as n → ∞, observe that f and∑
f (Bn)XBn

are equal almost everywhere. For each N ∈ N, define C
(N)
I by

C
(N)
I (f) =

∑
n⩽N

f (Bn)XI−1(Bn).

Then for each Λ > 0, we have

W

(
D(

CI−C
(N)
I

)
(f)

(Λ)

)
=

∫D
0

(
CI−C

(N)
I

)
(f)

(Λ)ω(τ)dτ

=

∫m
0

({
x ∈ U :

∣∣∣∣∣∑
n>N

f (Bn)XI−1(Bn)(x)

∣∣∣∣∣ > Λ

})
ω(τ)dτ

⩽
∫m

0

({
x ∈ U :

∑
n>N

|f (Bn)| XI−1(Bn)(x) > Λ

})
ω(τ)dτ

⩽
∫∑

n>N m(I−1({Bn:|f(Bn)|>Λ}))

0
ω(τ)dτ ⩽ C

∑
n>N

∫m(I−1({Bn:|f(Bn)|>Λ}))

0
ω(τ)dτ.

From the above inequality and the fact that w is a non-decreasing weight, we have

W

(
D(

CI−C
(N)
I

)
(f)

(Λ)

)
⩽ C

∑
n>N

|f(Bn)|>Λ

W
(
m
(
I−1 (Bn)

))
W (m (Bn))

W (m (Bn))

⩽ C

(
sup
n>N

bn

) ∑
n>N

W (m ({Bn : |f (Bn)| > Λ})) = CDNW (Dg(Λ)) ,

where DN = supn>N bn ∈ (0, 1). Finally, by Proposition 2.3 we obtain∥∥∥(CI −C
(N)
I

)
(f)
∥∥∥
Λ

u(·)
U (ω)

⩽ (DN)
1

u− ∥g∥
Λ

u(·)
U (ω)

→ 0

since DN → 0 as N → ∞. Thus, CI, being the limit of finite rank operators C
(N)
I , is compact.
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Theorem 4.3. Let CI be a composition operator on the Lorentz spaces with variable exponent Λu(·)
U (ω), where w

is a non-increasing weight, and {Bn}n∈N are atoms of U. If CI is compact, then m is purely atomic and

bn =
W
(
m
(
I−1 (Bn)

))
W (m (Bn))

→ 0, as n → ∞.

Proof. We should decompose U into two parts, say U1, be the non-atomic part and U2 be the atomic part
of U, we may note that U1 ∩ U2 = ∅ and U = U1 ∪ U2, where m1 = m | U1 is non-atomic and m2 = m | U2
is atomic such that m = m1 +m2. Since m

(
I−1
)
≪ m, by using the Radon-Nikodym Theorem we get a

function g on U1 such that

m
(
I−1(A)

)
=

∫
A

g(x)dm(x), for all A ∈ A | U1.

Let A = {x ∈ U1 : g(x) > 0}. To prove m(A) = 0, letting m(A) > 0, then for 0 < ε < 1 we get Aε =
{x ∈ U1 : g(x) ⩾ ε} has positive measure. Next, we may observe that the subsequence of Aε given by

Bn = {x ∈ Aε : g(x) > n} , for n = 1, 2, . . .

satisfies Bn ⊆ An−1 and for some n0 ∈ N,

0 < m (Bn) = m1 (Bn) <
1
n

, for all n > n0.

The latter equality holds since (U1,A | U1,m1) is non-atomic. Hence for each n ∈ N, define

gn(x) =
1Bn

(x)

∥1Bn
∥
Λ

u(·)
U (ω)

, x ∈ U.

Then it is not hard to see that gn → 0 weakly, ∥gn∥Λu(·)
U (ω)

= 1 and for n > n0, we have

∥CIgn∥Λu(·)
U (ω)

=
W
(
m
(
I−1 (Bn)

))
W (m (Bn))

=
W
(∫

Bn
g(x)Dm

)
W (m (Bn))

⩾
W (εm (Bn))

W (m (Bn))
⩾ ε,

which implies that CIgn ↛ 0 strongly. This contradicts the compactness of CI. Thus m(A) = 0. Therefore
g = 0 a.e. on U1. Then m

(
I−1 (U1)

)
= 0, since U = I−1 (U1) ∪ I−1 (U2) . We have U = I−1 (U2), which

implies that U = U2. Hence m = m2, shows that m is an atomic measure. Next, we claim that bn → 0.
Suppose the contrary. Then for ε > 0 we get bn ⩾ ε where n ∈ N. Let U = ∪∞

n=1Bn where each Bn is an
atom. For each n ∈ N, let gn =

1Bn

∥1−1
I (Bn)∥

Λ
u(·)
X

(ω)

. Then for each n, we have

∥gn∥Λu(·)
U (ω)

=
∥1Bn

∥
1u(·)
U (ω)∥∥∥1I−1(Bn)

∥∥∥
Λ

u(·)
X (ω)

=

(
W (m (Bn))

W (m (I−1 (Bn)))

)1/u(τ)

⩽
1

(bn)
1/u−

⩽
1

ε1/u−

and ∥CIgn∥Λu(·)
U (ω)

= 1, then ε1/u− ∥gn∥Λu(·)
U (ω)

⩽ ∥CIgn∥Λu(·)
U (ω)

. On the other hand, for n ̸= m we
have Bn ∩Am = ∅ and so

∥CIgn −CIgm∥
Λ

u(·)
U (ω)

= ∥CIgn +CIgm∥
Λ

u(·)
U (ω)

.

Thus

1 =
1
2
∥CIgn +CIgm∥

Λ
u(·)
U (ω)

⩽
1
2

(
∥CIgn −CIgm∥

Λ
u(·)
U (ω)

+ ∥CIgn +CIgm∥
Λ

u(·)
U (ω)

)
= ∥CIgn −CIgm∥

Λ
u(·)
U (ω)

.

Finally these estimates contradict the compactness of CI. Hence bn → 0.
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Next, we give a condition under which CI is 1-1, has closed range, and its inverse is bounded.

Theorem 4.4. Let (X,A,m) be a complete σ-finite measure space and T : X → X be a non-singular measurable
transformation. Then CI is bounded below if and only if there exists ε > 0 such that∫m(I−1(A))

0
ω(τ)dτ ⩾ εu−

∫m(A)

0
ω(τ)dτ

for all A ∈ A.

Proof. Letting CI be bounded below, then there exists ε > 0 such that

∥CI(f)∥Λu(·)
U (ω)

⩾ ε ∥g∥Λu+
U (ω)

for all g ∈ Λ
u(·)
U (ω). Thus for A ∈ A, then m(A) < ∞ and then∫m(I−1(A))

0
ω(τ)dτ = ∥CI(f)∥

u(·)
Λ

u(·)
U (ω)

⩾ ε− ∥1A∥u(·)
Λ

u(·)
U (ω)

= εu−

∫m(A)

0
ω(τ)dτ.

Conversely, if ∫m(I−1(A))

0
ω(τ)dτ ⩾ εu−

∫m(A)

0
ω(τ)dτ, for all A ∈ A,

let us consider A = {x ∈ X : |g(x)| > t}, then we have

W (DCI
(τ)) ⩾ εu−W (Dg(τ))

and thus
∥CI(f)∥Λu(·)

U (ω)
⩾ ε ∥g∥

Λ
u(·)
U (ω)

.

Corollary 4.5. CI is 1-1, has closed range, and its inverse [CI(f)]
−1 (x) = [g(I(x))]−1 = I−1 ◦ f−1(x) is bounded.
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