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Abstract

Integral inequalities combined with convexity in the frame of fractional calculus is an interesting research topic. Mathemat-
ical inequalities and convex functions have become vital to the growth of many pure and applied fields of science. In this article,
we demonstrate a few generalized fractional integral inequalities involving Raina’s function that represent the Mittag-Leffler
function. This article provides to an intriguing connection between convex functions, special functions, and fractional calculus.
First, we present and investigate the concept of a generalized convex involving Raina’s function in a polynomial context and dis-
cuss its algebraic properties. We establish the new mathematical approach of Hermite-Hadamard inequality and Pachpatte-type
inequality involving the newly introduced definition via Caputo-Fabrizio fractional integral operator. Furthermore, to improve
our results, we establish a new fractional lemma and utilizing this, provides some new fractional perspectives of the Hermite-
Hadamard-type inequality with the aid of generalized m-convex function involving Raina’s function. Applications of some of
our presented results to special means are given as well. The study’s conclusions provide fresh and noteworthy improvements
over previous research, offering special perspectives and contributions to the area.

Keywords: Convex function, Raina function, Generalized convex involving Raina’s function, improved power-mean integral
inequality, Holder-Iscan inequality, Caputo-Fabrizio operator.

2020 MSC: 26A51, 26A33, 26D07, 26D10, 26D15.

©2026 All rights reserved.

Abbreviations
H-H Hermite-Hadamard
C-FFIO  Caputo-Fibrizio fractional integral operator
w.r.t. with respect to

PG, CRF n-polynomial generalized m-convex involving Raina’s function

*Corresponding author
Email addresses: captaintariq2187@gmail.com (Muhammad Tariq), sntouyas@uoi.gr (Sotiris K. Ntouyas),
jessada.t@sci.kmutnb.ac.th (Jessada Tariboon)

doi: 10.22436/jmcs.040.03.08
Received: 2025-05-26 Revised: 2025-06-09  Accepted: 2025-06-26


http://dx.doi.org/10.22436/jmcs.040.03.08
http://dx.doi.org/10.22436/jmcs.040.03.08
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.040.03.08&domain=pdf

M. Tariq, S. K. Ntouyas, ]. Tariboon, J. Math. Computer Sci., 40 (2026), 415-443 416

1. Introduction

Convexity has spurred a fascinating and useful branch of research over the past several decades, span-
ning a wide range of problems in pure and applied science. The study of convex functions has blossomed
in many different ways with many different tools and calculations. Convexity is a powerful framework
for creating mathematical tools to solve complex problems. The close relationship between convexity and
inequalities has already attracted the interest of specialists in the domain and has given rise to many new
extensions of the classical Hadamard inequality, which have been widely studied and abundant in the
literature. Geared with the concept of a convex function, formed relatively in the theory of inequalities
by being introduced in fractional analysis, it has important brains and astonishing implementations in
various areas of applied sciences. For the literature, see references [4-6, 10, 16, 17, 20, 22].

Fractional calculus is a branch of mathematics that investigates the theory and applications of frac-
tional integration over complicated domains. It is the extension of traditional calculus to deal with inte-
gration and differentiation of orders of any noninteger value. Because of its enormous practical potential,
fractional calculus has attracted a lot of attention from mathematicians in recent years. Worth mentioning
is that J. Liouville is considered to be one of the earliest in this field, with a strict definition of fractional
derivatives and a series of nine articles on fractional calculus between 1832 and 1837, with a last contri-
bution in 1855. Between 1802 and 1829, N.H. Abel is said to have initiated the first useful application
of fractional calculus. Fractional operators are essential in the construction of fractional calculus, which
has attracted much interest over the past decade. The most important reason for investigating fractional
integral inequalities lies in the incessant extensions of classical inequalities, i.e., Ostrowski, Simpson, and
Hadamard inequalities, via different kinds of fractional operators. Researchers have been making regular
inputs to fractional analysis, bringing new ideas and structures that have stretched the limits of applied
mathematics. The C-FFIO has wide range of applications due to its non-singular, exponentially decaying
kernel, which efficiently models interprets with seamless memory effects. It is employed to solve frac-
tional differential equations that arise in anomalous diffusion, heat and mass transfer, and viscoelasticity.
By including memory-dependent behavior, it improves the modeling of biological systems and disease dy-
namics in epidemiology and biomedical engineering. It is also used in fields like finance, control systems,
and environmental science where non-local effects and long-term dependencies are crucial. In real-world
modeling, its non-singularity also improves physical interpretability and numerical stability. Because of
its wide-ranging implications and applications, C-FFIO has emerged as an interesting research operator
for mathematicians and scientists. The fractional integral inequality theory, specifically, has wide-ranging
applications and significance in applied mathematics.

Furthermore, integral inequalities on the Raina function have been addressed for a long time. In order
to familiarize the readers with the current trend of developing research in a variety of fields, including
Mittag-Leffler and Raina-type functions, an almost comprehensive overview of references pertaining to
these functions is presented. Analytic inequalities of this type, as well as particularly related strategies,
have applications for various fields where symmetry plays an important role. Due to their potential to be
prolonged, some variations have been established by a number of mathematicians; see references [30, 31].

Building upon this theme and motivated by the growing body of research in this area, this work is
organized as follows. To begin with, in Section 2, we incorporate some well-known remarks, corollaries,
theorems, and definitions because all of these will be needed in future sections. In Section 3, we present
the new idea, that is, the n-polynomial generalized m-convex involving Raina’s function. Subsequently,
we incorporate in this section its algebraic features. In Section 4, we establish the new approach of H-H
inequality through a newly presented concept via C-FFIO. In Section 5, we discuss a new lemma and
by using this new presented lemma along with power mean and Hoélder inequality, we establish some
new fractional estimations of the H-H inequality through a new presented idea. In Section 6, on the
basis of a newly presented lemma with the help of an improved version of the power mean and Holder
inequality, we achieve some new fractional forms of the H-H inequality through a new established idea.
In Section 7, we study a new mathematical fractional approach of Pachpatte-type inequality through a
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newly established definition. Subsequently, in Section 8, we present some applications in the context of
established results. Finally, in Section 9, we provide a conclusion.

2. Preliminaries

In order to make readers’ comprehension and participation easier, this section will concentrate on a
limited number of definitions, comments, and theorems that are pivotal to our discussion. The main
purpose of this section is to establish the foundation by presenting and investigating key concepts and
definitions that will be essential to our analysis in later sections. We start by considering the concept of
convex functions and the classical H-H inequality in the context of classical calculus, setting the stage for
our subsequent discussion of fractional calculus.

Definition 2.1 ([18]). A real-valued function TT is said to be convex, if
TT(ex1 + (1 —¢)r2) <elT(x1) + (1 —¢) T (x2),
holds for all x1,r» € I and ¢ € [0, 1].
The most famous inequality involving convex functions is the H-H inequality [12] stated as follows.

Theorem 2.2. If TT: [r1, r2] = R is a convex function, then

- <?1 +$z> < 1 rzﬂ(X)dX < M(x1) +”(Iz)‘ 2.1)
2 I 2

31

The above inequality (2.1) becomes in the revert if TT is concave over the interval [r1, 12| and the sharp
constant 3 cannot be swapped by a comparable constant. Since then, different articles with new ideas,
different results and hypotheses, and progress have been suggested in the field. Due to application and
perception in the domain of mathematical analysis, this type of inequality has attracted a lot of attention.
Raina [21] proposed a family of functions formally stated by

+o00
(1), (v
RC o(2) = ggﬁe)’(g) P (4) = Y r(epk—:G)Zk, 2.2)
k=0

where p = (p(0),...,p(v),...) and €,0 > 0, |z| < R. Equation (2.2) is the extension of classical Mittag-Leffler
function.

Ife =1,06 =0, and p(v) = (“();7()5)“ for k =0,1,2,..., where «, 3, and vy are parameters which can
take arbitrary real or complex values (provided that v # 0,—1,—2,...), and the symbol «y denotes the
quantity
MNo+k)

M)

and restricts its domain to |z| < 1 (with z € C), then we have the classical hypergeometric function, that is

() = =a(a+1)---(x+k—1), k=0,1,2,...,

+o00
()i (Blx
Rlo, B;v;z) =) — 2z
];) k! (v)k

Moreover, if p = (1,1,...) with e = «, (Re(x) > 0),0 =1, then
+o00 Zk

Equation (2.3) is referred to as a classical Mittag-Leffler function and was initially examined by Magnus
Gustaf (Gosta) Mittag-Leffler in 1903 and Anders Wiman in 1905. Since then, the Mittag-Leffler function
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has been generalized and investigated in many elective methods and contexts. The applications of the
Mittag-Leffler function have been extended across diverse disciplines, encompassing mathematics, natural
sciences, physics, engineering, and statistics.

The Mittag-Leffler function appears usually in the study of fractional calculus and especially in the
studies of fractional conjecture of the kinetic equation, super diffusive transport, random walks, Lévy
flights, and in the studies of complicated structures. It has become remarkably popular in many recent
research papers, primarily due to their potential applications in reaction-diffusion and other applied
problems; see the references [2, 8, 9, 14, 24, 25]. Cortez presented the generalized convex set and the
convex function pertaining to Raina’s function in [30, 31].

Definition 2.3 ([30]). Let p = (p(0),...,p(v),...) and €,0 > 0. A set X # () is said to be generalized convex,
if 11 +e Rz,e(m —n)eX, forallr,r, € Xand e € [0,1].

Definition 2.4 ([30]). Let p represent a bounded sequence then p = (p(0),...,p(v),...) and €,0 > 0. If
real-valued TT holds the following inequality

M (e +e R (2 —11) ) < eM(g) + (1= )M (x1),
for all 1,12 € X, where 11 < 12 and ¢ € [0, 1], then TT is said to be generalized convex function.

Remark 2.5. 1If iRZ,e (ro —1r1) =12 — 11 > 0, then we achieve Definition 2.1.
The following Condition-A first time explored by Ahmad et al. [3].

Condition A. Let X be generalized convex subset w.r.t. :Rg,e (). For any 11,12 € Xand e € [0, 1],
R o (Pl —(t1+eREg(r2a— F1))) =—¢ R y(r2—11),

R o (v = (1 e R g2 —11)) ) = (1= ) R g (52— 1).

Note that, for every 11, 12 € X and for all ¢y, ¢; € [0,1] from Condition-A, we have

R o (Xl +ea R oo —r1) — (11 +e1 R g (2 —xl))) = (ea —e1) R g(r2 —11)-
Definition 2.6 ([29]). Two functions TTy and T, are said to be similarly ordered if

(TT1(x1) = T2 (x2)) (M2 (x1) = T2(x2)) = 0, Vi, r2 € R

Holder’s inequality and power mean inequality both play vital roles in functional analysis and are
important techniques for the consideration of how functions behave in various function spaces. Both
inequalities provide a fundamental format for the rigorous investigation of integrable functions, allowing
a deeper analysis of functional relationships, operator behavior, and intrinsic depth of functional spaces.

Theorem 2.7 ([13]). If TTy and T, are real functions defined on [xr1, x2] and |T11|P, [T12|9 are integrable functions on
[x1,12], then for p > 1 and % + % =1, we have

12 1 1o 5 /(62 s
[ e < {( | (;z—x)ml(xnpdx) (j (;z—x)mz(andx)

1 L—n r bS]

L2 % 2 %
+<J (X—I1)|”1(X)|pdx> <J (X—xl)ﬂz(x)lqu> }
3 3
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Theorem 2.8 ([15]). If TTy and Tl, are real functions defined on [r1,x2] and [TTq|, [TT2|9 are integrable functions on
(11, x2], then for q > 1, we have

b 1 9] 1*% 49 q
J M (T2 () ldx < {(J (222—X)|W1(X)dx> (J (Zﬂz—X)|”1(X)||W2(X)|qu>

n L—nh n n

2 1_% 1) q
+(j (x—mml(xndx) (J (X—xl)lﬂl(x)llﬂz(x)lqu> }

13! 31

We discuss several key definitions from the concept of fractional calculus that will be used in the
following results.

Definition 2.9 ([26]). Suppose p € [1,00) and (z1,12) € R, then the Sobolev space HP (11, 12) is defined by
HP (11, 12) = {TT € L?(r1,12) : AMTT € L (x1,12), ¥ [ul < p}.

Definition 2.10 ([11]). Let TT € H!(zq,12), 0 € [0,1] and 17 < r2. The C-FFIO in the left mode is given as

CFro ~ (1—o0) o (°
(£71°) (o) = o) ﬂ(e)—i_B(O')L] MT(x)dx.

Similarly, the right C-FFIO is given as

- _ (1-o0) o (¥
(“T1g1) (0) = 5o ”(QHML M(x)dx,

where B(o) > 0 is a normalization function satisfying B(0) = B(1) = 1.

Generalizations and refinements of inequalities pertaining to fractional operators can exist in the liter-
ature (see for example, [1, 19, 23, 27, 28]).

In this paper, we modify the equality employing C-FFIO, which is introduced by Dragomir [7].

Theorem 2.11 ([11]). Let TT: T — R be a convex function on I. If r1,12 € T with x1 < rp and TT € L[y, 12, then

n+n B(o) - - 2(1—o0) TM(x1) + TT(z2)
n( : )gm_m [(@’ﬁhn) )+ (151) ()~ 25 ey | < ML g

where o € [0,1] and k € [x1, 2]

3. n-polynomial generalized m-convex involving Raina’s function and its properties

Owing to the theory of convexity’s wide applications in optimization problems and applied sciences,
over the last few decades it has developed remarkably. Most of the world’s problems are nonconvex,
despite the fact that convexity has produced a wide range of outcomes. Therefore, it is always worthwhile
to investigate nonconvex functions, which are roughly similar to convex functions. Convex functions have
been widely praised by many famous mathematicians in the twentieth century, such as Jensen, Hermite,
Holder, and Stolz. In the 20th century, an unprecedented volume of research was conducted, producing
major results in the areas of geometric functional analysis, convex analysis, and nonlinear programming.

Here, we shall introduce and explore the new definition, i.e., PG,y CRF, an interesting and useful
concept for convex functions and examine some of its algebraic properties.

Definition 3.1. Let p = (p(0),...,p(v),...) and €,0 > 0. A set X # () is said to be generalized m-convex, if
myy +e RY o(r2 —myy) € X, forall 1,12 € Xand ¢, m € [0,1].
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Definition 3.2. A function TT defined on the generalized m-convex set X is said to be n-polynomial
generalized m-convex involving Raina’s function, i.e., PG, CRF, if

n

Mlme + 2 ol —man) < 33 (1= M) + L2 (=P (e),

holds for every 11,12 € X, m € (0,1], ¢ € [0,1] and n € IN.
Remark 3.3.

1. If n = 1, then we obtained the new definition namely, generalized m-convex involving Raina’s
function, i.e., G;;yCRF,

TT(myy +eRY g (12 —mp1)) < m(1—e) TT (x1) +eIT (x2) .

2. If n = m =1, then Definition 3.2 reverts to the Definition 2.4.

3. fn=m=1and 922,9 (rp —myy) = rp — myq, then Definition 3.2 reverts to the idea of convex function,
which was investigated by Niculescu [18].

Please note that every convex function is G, CRF, but the converse does not hold in general.
Here, we are going to introduce the new condition, namely extended Condition-A, in the following
way.

Extended Condition-A. Let X be generalized m-convex subset w.r.t. fR‘e’/e(-). For any 11,12 € X and
e €[0,1],

RO o (11— (ma1 + ¢ R g (12— m11)) ) = —¢ R g (12 — 1),
R o (xz — <mx1 +eRE o2 — mzcl)) ) = (1—¢) R o(x2 —my1).

Note that, for every 11, 12 € X and for all ¢g, ¢, € [0,1] from extended Condition-A, we have

R o (mm +eg R g(ra —mar) — (Mg +e1 R (02 — mm))) = (eg—¢1) R o(r2 — my1).

Lemma 3.4. The following inequalities

n

1 m
ng 1—(1—¢)? d (1— —E (1—¢3)
¢ “3_1( (1—¢)®) and m(1l—e) " = e

are hold,V e € [0,1], 3 € N, and m € (0,1].

Proof. The proof is obvious. O
Proposition 3.5. Every non-negative G CRF is PG,y CRF.

Proof. Using G, CRF and Lemma 3.4, we have

Ml + eR2 g (62— me)) < M1 1T (s2) 4 €M1 (12) < &3 (1) W(er) +2 > (1— (1—e)) W (52).

Proposition 3.6. Every PG, CRF is Generalized (h, m)-convex involving Raina’s function with h(e) = — Z(l —

(1—e)?).
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Proof. Using PG, CRF and given condition, we have

n

TT(mr1 + eRE o (r2 — mr1)) < % D> (=) T (x) + % D (1= (1=¢))TT(r2) < mh(l—e)TT(x1) + h(e)T(x2).
3=1 3=1

O

From the above proposition, it appears evident that the newly introduced idea is highly big compared
to already published functions, like convex and generalized m-convex. This is the most attractive attribute
of the planned new Definition 3.2.

Next, we employ a newly established concept to present some examples.

Example 3.7. Suppose T1(x) = [z, V& > 0 is a convex function, = TI(x) = [¢| is a G;wCRF. By utilizing
Proposition 3.5, it is an PG, CRF .

Example 3.8. Suppose T1(zr) = ef, Vr > 0 is a convex function, = TI(x) = e is a G,y CRF. By utilizing
Proposition 3.5, it is an PG,,, CRF.

We are going to look at and develop a few examples of the recently presented concept.

Example 3.9. Suppose IT: R™ — R™ is stated by

p—myn n<0n <o
L 0<I<1/ L —myy, 0<F2<1/I1<1,
M(x) = and R? (1, —mp) =
1/ F>1/ ’ —2—m211/ F2<0/0§I1<1/
2—my, 0<rn<1n<0.

The non-negative function T1(x) is G, CRF, but not convex. Employing to Proposition 3.5, it is an PG, CRF.

Example 3.10. Let IT: R™ — R be defined by

I+ my, <,

r+1, 0<r<1,
M(x) =
202 +mr1), 12 >11,

and R° —my) =
L eo1, c0lt2—mz1) {

Vr1,12 € RY = [0,4+00). Implies that the function TT(x) is G, CRF, but it is not convex. Utilizing to
Proposition 3.5, it is an PG,,, CRF.

Theorem 3.11. If Ty, T1, are two PGy, CRF, then (TTy 4 T13) is also a PG, CRF.

Proof. Since given that TT; and I, be two PGy, CRF, then

(M1 +TT2) (M1 + eRY o (x2 — mar)) = T (myg 4 R g (12 — mp1)) + T2 (Mg + eRY o (x2 — 1))

€

<Y G-+ Y (- (- )T (o)
3=1 3=1
m o 1 ¢
+-) (=T ln)+ =) (1— (1)) (x2)
3=1 3=1
:%2(1_23)[ﬂ1 (P1)+ﬂ2(rl)]+%Z(1—(1—6)2’)[”1 (r2) + T2 (x2)]
3=1 3=1
m o 1

= ) (=) M+Th)E)+ 3 (1—(1—e))(Th +TT2)(x2).
5=1 3=1

This is the required proof. O
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Theorem 3.12. If T is PG, CRF, then (cIT) is also an PG, CRF.
Proof. Since TTis PGy, CRF, and c is any constant number, then
m e 1 «
(cTT) (my1 4 eRE g (2 —mp1)) < ¢ [n Z (1—¢3)TT(x1) + " (1—(1—¢)3)T (z2)
3=1 3=1
m s g s
=) (1=e)elln)+ ) (1—(1—¢))cll ()
3=1 5=1
m s g 5
= —> (1= (M (@) +=) [1—(1—e))(cIT) (xr2)
n
3=1 ;=1
This completes the proof. O
Theorem 3.13. Composition of two PG CRF is also an PGy, CRF.
Proof.
(T2 0 TTy) (M1 4 eRY o (x2 —my1)) = Ta(TTy (Mg + eRY o (12 — my1)))
n n
m 1
<ﬂ2[nZ(1—e3 T (11 +;Z (1—(1—¢)%)T (x2)
3=1 3=1
m e 1 ¢
<nZ(1—€5)ﬂ2”1 1) ""EZ (1—(1—¢)?)Mx(TTy (x2))
3=1 3=1
n
—Z (1—ed) (TTyoTTy) (x1) + — Z (1—(1—2¢)¥)(MyoTT) (rp) .
This is the required proof. O

Theorem 3.14. Let 0 < p1 < 12, TTj : X = [11,22] — [0, 4+00) be a family of PG, CRF and TT(u) = sup; T1; (u).
Then, Tl is an PG, CRF for m € (0,11, e € [0,1], and U ={IT € [11, xo] : TI(TT;) < oo} is an interval.

Proof. Letr1,r2 € U, m € (0,1], and ¢ € [0,1], then

TT(myy + eR g (x2 —m1)) = sup T (myy + eRE g (r2 — mr1))
)
m e s 1 & 5
<) (—e )supﬂ 1)+ ) (1—(1—¢))supT (r2)
3=1 3=1 )

n n

m 1

= — > (1= +-> (1—(1—e))(r2) < 00
" 3=1 " =1

This is the required proof.

O
Theorem 3.15. If IT; : R"® — R is an PG CRF, then M ={x € R:TI;(x) < 0,3 =1,2,3,...,n} is a generalized
m-convex set.

Proof. Since TT;(x), (3 =1,2,3,...,n) is PG CRF for m € (0,1] and ¢ € [0, 1], then for all 1,1, € R",

n n

TT; (myy + eRY g (x2 —myp)) < % D> (=) (r) + % D (1= (1—e))(x2)
3=1 3=1



M. Tariq, S. K. Ntouyas, ]. Tariboon, J. Math. Computer Sci., 40 (2026), 415-443 423

holds. When r1,1, € M, we know TT;(r1) < 0 and TT;(x2) < 0, then the above inequality implies that
TT;(mey 4+ eRY g (12 —mp1)) <0, 3=1,2,3,...,n.
That is, mp + Q:RE,S(Z:Z —my1) € M. = M is a generalized m-convex set. O

Theorem 3.16. If 11 is a PG, CRF on generalized m-convex set A, then T1 is also quasi PG, CRF.

Proof.

=1
=1

(=) + 1) (1- (-0 | M) < T iza).
3=1 3=1

In the same manner, if we let TT(x2) < TT(x1) for all 1,12 € X, we can also get
TT(myy + eR o (r2 —my1)) < TT(x1).

Consequently,
TT(myy + eRE o (r2 —my1)) < max{TT(x1), M(x2)

This completes the proof. O

Theorem 3.17. If 11, : A C R" = R(3 =1,2,...,n) is PG, CRF, then the function TT = Zgzl X315, %5 > 0,
3=1,2,3,...,nisalso an PG, CRF, where x; is constant.

Proof. The proof is obvious. O

Theorem 3.18. Let TT: Ry — Ry = [0,00) be PG, CRF w.r.t iRg/e : Rp x Ro x (0,1] — Rg for m € (0,1] and
¢ € [0,1]. Suppose that R o is monotonic increasing and T1 is monotonic decreasing for m for fixed x1,12 € Ro and
my < myp (my, my € (0,1]). If TTis PG, CRF on Ry with respect to 52‘6’,9, then T1 is PG, CRF on Ry w.r.t. 92‘6’,9.

Proof. Given that ITis PG, CRF, for all 11,12 € Ry,

Ml + 0 o2 ~ms)) < L3 (1=e)M e+ . 3 1= (=9 Mie).

Combining TT with TRSG regarding m for fixed 11,12 € Rp and my < my, it follows that

TT(mary + eRY o (r2 —mar1)) < TT(Mary + eRY o (x2 —mar1))

n n
m 1
= T(mary +eRY glez —mam)) < ~ 5 3 (1= TT(rx) +— 3 (1= (1)) (x2)
3=1 3=1
myp - 1 i
= TT(mar1 + eRE o (r2 — mMar1)) < - Zl (1—e¢3)TT (1) + . Z1(1 —(1—=¢)3)TT (x2).
3= 3=
This completes the proof. O

Theorem 3.19. Product of two PG, CRF is also an PG, CRF.
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Proof. For m € (0,1] and ¢ € [0, 1], then

Ty (myy + eRY g (xa — mpr)) T2 (Mg + eRE g (r2 — my1))

n n n
m 1
é[nZ(l—ef’)ﬂl o)+ - Zl— (1—¢)))Ty zczH 2 (=) Th(m)+ -3 (1-1-e ) (x)
3=1 3=1 3:1
Sz Z (1—¢3)? Ty (x1) T (x1) 2 Z (1— (1 —¢)?)?TT1 (x2)Ma(x2)
3=1

2 Z (1—=(1—=¢)3) (1 —ed) [Ty (x1)TT2(x2) + TTq (x2)TT2(x1)]

< T Z (1—¢3)2TT; (1) Mo (11) ZZ (1— (1 —¢)3)2TT (12) T2 (12)

3=1
+ 5 ) (1= (1= ¢)) (1= ) M @) (s1) + T (12T 2 )]
3=1
= [mZ(l—ez’)nl(rl)ﬂ2 n)+ - Z (1= (1 —e)?)TT1(x2)TT2 (22 } <1Z (1—(1—e))+— (1—62’)>
= = " T

<Y (1) h(e)M(n) + ! D (1= (1=¢)) T (x2)TT2(x2).

" 5=1 nzzl

O

4. New mathematical approach of H-H inequality via n-polynomial generalized m-convex involving
Raina’s function pertaining to Caputo-Fabrizio fractional integral operator

The primary goal of this portion is to present a new mathematical fractional approach of H-H inequal-
ity in the mode of a newly explored idea.

Theorem 4.1. Suppose A° be an open generalized m-convex subset. Let r1,12 € A°, 11 < r2 with myy < myy +
fRSe (ro —mg1). Suppose TT : [myq, mpp + ng,e (r2 —mz1)] — R is PG, CRF and satisfies extended condition-A.
Then

1 n 1
5 (_1>W<mzc1 +5REe(r2— mm))

2\n+42n
_ 1Jm;1+9€§,e(;z—mx1) . mIT(z) + TT(x2) i 3

(4.1)

myy n

Proof. Using PG, CRF, we have that

S 1
M(mgn + R g (2 —mer)) < 2 Y [1—efIMM(e) +— 31— (1—e)IM(z2),

3=1 3=1
1 nooo nooo
mlIT
| itmes e g (52— merae < PEE S [ - eiae+ TS [ -1 eplae
0 ’ R 52170
But
Jl ( b ) 1 my+RY g (r2—myr) )
TT(mgy +eR” 5(xp —mr de:J TT(x)dx,
0 ! €02 ! R o(r2 —me1) Jmg,
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SO
n

1 Jmm%ile(“—w mi(a) + 1) 5= 3

e R S ——— M(x)dx < .
Rgre (;2 - mxl) myq n 5=1 3+ 1

For left side, using PG, CRF, extended condition A and integration over [0, 1], we get
Lo
”(mzﬂl + 5936,9(?2 - mm))

1
= TT(myy + eR o(r2 —ma1)) + 59%2,9 (my1 + (1 —¢)RY g(r2 —my1), myr + eRE g (x2 —my1))

1 n 1 3 1 1
< —Z [1— <2> } H TT(mzq +e9€2,e(;z—mx1))de+J TT(mgr + (1 —e)R o (x2 —myp))de

4 0 0
1 & [ (1 > T 2 szcﬁrﬂ?i’,e(zczmn)
<= 1— () |+ TT(x)dx
n 3; 2 :RZ,G (32 - m?l) mig
—n _ me+RY o (r2—mz1)
. [n +2 1} p 2 J 0 o~
n Reolrz—mr1) Jmy
This is the required proof. O

Remark 4.2. Considering Theorem 4.1, we establish the following new mathematical approach of H-H
inequality pertaining to the classical Mittag-Leffler function if we pick p = (1,1,...) withe =, 0 =1:

1 n 1
5 <n+2_n_1)n<m?1 + E%(xz - m?l))

1 myy+&q (r2—mry) n| T n
R - Mg < MIE)+ 1) 5= 5
606(}22 - m;l) mr n 5=1 3+ 1

Remark 4.3. Considering Theorem 4.1, we establish the following new mathematical approach of H-H
inequality pertaining to the classical Mittag-Leffler function if we pick p = (1,1,...) with e = «, 8 =1 and
n=1

1 my+Eq (rp—myy) T T
J Mixydx < ™ (x1) + (Zﬂz).

1
= — <
ﬂ(mzc1+ Eulr2 mn)) S e 5

2 r2 —mpq)

mry
Corollary 4.4. Choosing iRSe (xp — mr1) = rp — mpq in Theorem 4.1, then

1 n mey g 1 v mil() + 1) « 3
(e (25) g [ 2

2\n+2-n—-1 2 r2 —met) Sy, n 3:13+1'

Corollary 4.5. Choosing n =1 and 9%2,9 (xp — mr1) = rp — myy in Theorem 4.1, then

2
- <(mzc1 +xz)> < 1 J Mdx < mn(?l)"‘”(&)'
2 rn—mp 2

mrq

Theorem 4.6. Suppose A° C R be an open generalized m-convex subset for some fixed m € (0,1]. Let r1,x, € A°,
r1 < rp with mpp < myg + 312,9(;2 —my1). Suppose TT : [myq, myy + Rgle(;g —mz1)] — R is PG,,,CRF, then

271y 2myg + R g (r2 —ma1)
n+2-n—-1 2
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B(o) e 1o eFro 2(1-o0)
= oRY (12 — M) [(mnl ﬂ) (0] + ( Im“*ﬁg/e(”*mmm (o) - B(0) (0]
< M) + M) i 5
n o 3+1
where o € [0,1] and v € [myy, mypy + R o (r2 —myr)].
Proof. Considering inequality (4.1) and utilizing PG, CRF, we have
27 In - 2myy + R g (2 —ma1)
n+2mn-1 2
2 me+RE g (r2—miy) ) 12
< —5——— TT(x)dx 4.
ng,e (x2 —my1) mel

v

) v my+RY g (r2—myr) )
= ﬂ(x)dx—kj M(x)dx | .
R o(r2 —myy) Lm

p —
Multiplying both sides of (4.2) by %@mm gives
oRE o(r2—myp1)  271n
2B(0) n4+27"—1

< — (
B(o)

(4.3)
k mr+R2 o (r2—mp)
J ﬂ(x)dx+J M(x)dx | .
mry

2myy +RE o (x2 — mFl))
2

k

Adding 252

TT(v) to both sides of (4.3),

oR? ol;2—my1)  2-1n
2B(0) n4+27n—1

2myy + RE o (r2 —my1) )
2

2(1—o0) o
S T3(0) ”“’”B(o)(

v mr+RE g (22—mr1)
J TT(x)dx +J ﬂ(x)dx>
o ’ (4.4)
_((1=0) o (" (1—o0) Lo (metRileoma)
- < B(o) T(b) + B(0) J . W(X)dx> + ( (o) + J M(x)dx

m B(U) B(G)
cF CF
_ (mnpn) (0) + ( LAy (Wmmﬂ) (0).

On the other hand, from inequality (4.1), we have

2 my+RY g (ra—miy1) nl r[ L)
DJ 0 H(X)dx g m (;1) + (IZ) Z 3 . (4'5)
Reolrz—mr1) Jimy n et

P _
If we multiply (4.5) by %&;ﬂm and add 2(33 (7(5)

IT(v) to the resulting inequality, we obtain

(Sglldn) (0) + (@3"10 ) (0)

T
my+RY g (r2—miy)

< O-SRZ,Q (r2 —mr1) mIT(x1) + TT(zx2) -

3 2(1—o0) (4.6)
ST B(0) n ;3+1+ Blo) )

Combining the inequalities (4.4) and (4.6), we attain the required result.




M. Tariq, S. K. Ntouyas, ]. Tariboon, J. Math. Computer Sci., 40 (2026), 415-443 427

Remark 4.7. Considering Theorem 4.6, we establish the following new mathematical approach of H-H
inequality pertaining to the classical Mittag-Leffler function via C-FFIO if we pick p = (1,1,...) with
e=« 0=1:

2-1n - 2myy + Eo(rp — myy)
n+2-n—-1 2

B(o) o n o
[(1(;:13;11 ﬂ) (0) + <e?1mx1+€a(m*mx1)”> (v) = B(o) i)

= 0€q(r —mr)

n

M) + M) §= 5
n 3+1

3=1

Remark 4.8. Considering Theorem 4.6, we establish the following new mathematical approach of H-H
inequality pertaining to the classical Mittag-Leffler function via C-FFIO if we pick p = (1,1,...) with
e=a,0=1landn=1:

- <2mzc1 + Cxlr2— mx1)>

2

B(0) . .
< i ey L) ) (V8 1) () = 250

< m”(zfl);r T(x2)

Corollary 4.9. Assume that 9%2,9 (xo — mr1) = ro — myy. Then Theorem 4.6 becomes,

21 + B(o) o o 2(1—o)
n 1n<m;1 xz)ga( o [(ggl M) (v) + (7151T) (o) - “n(n)]

n—4+2-"— 2 I —mry) B(o)
o M) + () i i
n o 3+1

Corollary 4.10. Assume that n =1 and 932,9 (xo — my1) = rp — myy. Then Theorem 4.6 becomes,

m?l+;2 B(U) o o 2(1—0') mﬂ(xl)"f'ﬂ(ﬁz)
ﬂ< 2 ) S ofe —me) [(%11 1) (o) (S7IET) (0) = =5 5 ”(n)] < PR

5. New refinements of H-H type inequalities via n-polynomial m-convex involving Raina’s function
with the help of power mean and Holder inequality pertaining to Caputo-Fabrizo fractional operator

In the subject of convex theory, several scholars have recently contributed novel ways to this problem
from different perspectives. Recent studies on H-H inequalities involving convexity have generated a
broad range of research and enhancements.

At first, in this section, we consider the lemma on the basis of the newly introduced definition. We shall
incorporate results using power-mean and Holder inequality following the recently introduced lemma. In
addition, few remarks pertaining to the Mittag-Leffler function involving Raina’sfunction and corollaries
to enhance the significance and level of this section.

Lemma 5.1. Let TT : I = [myy, mp + 922,9(;2 —my1)] — R be a differentiable mapping on 1°, my; < myg +
R o(x2 —mpr). IFTV € Llmyy, mpy + R o (x2 —ma1)], then

R o2 —myy) ! 2(1—
e,eF7-2?1J (1—22)ﬂ’(mp1+engle(g2—m;1))de+ ( o)

TT(v)
0 ORY o (ra —my1)



M. Tariq, S. K. Ntouyas, ]. Tariboon, J. Math. Computer Sci., 40 (2026), 415-443 428

~ —T{me) + Ty + R o (12 —mz1)) B(0) e o7 e [o -
= 5 + URE,G(Iz—mM) myy (0) + me+RE g (r2—mar) (o)},

where o € [0,1] and v € [myy, mypy + RY o (x2 —myy)].

Proof. 1t is easy to see that

1 TT(my1) +TT(mrg + R 5 (r2 — my1)) 2
1—2e)TT (mrg + eRP —mypy))de = — < +
Jo ( LR colt2 =) R o(x2 —ma1) (R o (x2 —my1))?

v my+RY g (r2—myr)
X J ﬂ(x)dx—i—J M(x)dx | .

myy o]

P o 2
Multiplying both sides with G(Re'ezgz( G;mq)) and adding 2{1-0)

(1—0o
B(o)

T(v), we have

o(RE o(x2 —mz1))? (1 ) , 21— o)
2B(0) L“ — 2e)TT(ma1 + R g (v2 — mer))de + =g
B O-RE,B(FZ —mygq) TT(mgq) + TT(mgy + Rg,e (1 — mr1))

B(o) 2
- v _ me+RE g (r2—my)
+<(1 ‘”ﬂ(uHUJ ﬂ(x)dx>+<(1 (o) + -2 JH o ﬂ(x)dx)
51

B(0) B(o) Jm B(o) B(o) Jo

—TT(mgy) + TT(mgg + R o (r2 —my1)) B(0) o o .
- 2 + GiRge(;z —my1) [mxll MM(o) + ImI]+pr,9(;z—m;])n(b):| .

€

This completes the proof. O

Theorem 5.2. Let TT: 1 = [myy, my + 9%2,9 (ro — mp1)] — R be a differentiable mapping on 1°, my; < mypp +
R o(r2 —ma1) and [TV] is PG CRF on [myy, myy + RE (x2 —mur)]. T € Llmpg, mpg + RE g (x2 — ma)],
then

B l'l(mxl) + n(mxl + ‘(RE,G (?2 - mgl)) B 2(1 . (T)
2 oR o(x2 —mr1)
B(G) CF 1o CFro
oR® 3 (12— my1) [(mgll ﬂ) (n)+( Imnmgem_mmﬂ) (n)]

_ Replra —mn) Z [(32+3+2)zﬁa—2} <mlﬂ’(x1)|+lﬂ’(xz)|>’

h n S L+ 16 +2)20 2

where o € [0,1], m € (0,1] and v € [myy, my; + fRz,e(FZ —miq)].

Proof. Employing the Lemma 5.1, we have

TT(meq) 4+ TT(mey + R o (r2 — my1)) _ 2(1-o0)
2 O—ZRS,Q (r2 —mp1)

' G:Rg,ei(:) my1) KS{JLIGH) (0] + <G§I;‘nx1+522,e(xz—mx1)ﬂ> (r’)] ‘

()

RE o(r2 —mp1) (1
< eezJ |1 —2¢[|TT"(myy + eRT g (x2 — mr1))Ide.
0
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Employing the property of PG, CRF, we have

B TT(meq) 4+ TT(mey + R o (12 — my1)) _ 2(1-o0) (o)
2 0332 e(?2 —mr)

Gmg,ei(:i myy) KS{ZIGH)( )+ (eglguﬁﬂze(xz mn)ﬂ) (n)] ‘

R o(xa —myy) m o 1 ¢
<SS 2 | Y (=M )l+ 3 (1= (1= )T ()] | de
J0 3=1 3=1
RP o (2 —mz1) | *
< ebe T — 1—ed) " —(1—
< - m{IT (x1 |ZJ |1 —2¢/(1—e¢?)de +[TT'(x2 |;L 1 —2¢|(1— (1 —¢)?)de
Re (z:z—mzsl) _ +3+2)28 — = +3+2)28 -2
_ Tepo ——. |Z (3% +3 : |Z (3" +3+2) :
2n 3+1) 3+225+ LG+ 1G+2)27
_ Rl —mu) Z (5 +3+2)2<”— M (z1)| + [T (1)
n = (3+1)(3+2)25+1 2 '
This completes the proof. O

Remark 5.3. Considering Theorem 5.2, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO with the help of newly investigated idea if we
pickp=(1,1,...) withe =, 0 =1:
C T(mp) +T(mp + €x(rp—mpn))  2(1—o0)
2 0€q(r2 —mp1)

s [0 00+ (28 ) 1]

< Cu(r2 —myy) i [(32+3+2)233—2} (mlﬂ’(n)lﬂﬂ’(m)l)
= n (3+1)(3+2)25+1 2 ’

T(v)

Remark 5.4. Considering Theorem 5.2, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO with the help of a newly investigated idea if we
pickp=(11,...)withe=a,0=1andn=1:

_TTme) +TT(mpg 4 Ex(rz —myy))  2(1—0)
2 o€ (r2 —my)
B(o) . .
| [(G?I ]—[>( )+ (esrl

0€q(r —myy) LA e+ Ca (=) ||

Remark 5.5. Considering Theorem 5.2, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO with the help of a newly investigated idea if we
pickp=(11,...)withe=a, 06 =1and m=1:

‘ M) + M+ Ex(ro—n))  2(1—o0)
2 0€u(r2—11)

U(’%f?(:)—zfl) Kgglcﬂ) (0) + <€§Ig+e (Fz—xl)ﬂ> (U)} ’

_ Calr—u) i [(52+3+2)2<”3—2] (|ﬂ/(2€1)|+|ﬂl(1€2)|>
= n (3+1)(3+2)23+1 2 ’

()

Colra —mrr) (MUTT (x1)] 4+ [T (22)1)
) (")} ' S 8 ‘
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Corollary 5.6. If we put 332/9 (xp — mr1) = rp — myy, then Theorem 5.2 becomes

TT(myq) +T1(z2) 2(1—o0) B(o) CTF to CFro
‘_ 2 - G(zCz—mcl)mn)Jr o(r2 —myy) Km“I ﬂ> (U)+< I“n> (U)] ‘

_n-my i (32+3+2)23—2] (mlﬂ’(x1)l+|ﬂ’(1tz)l>
S n (3+1)(3+2)25+1 2 ’

3=1

Corollary 5.7. If n =1 and 3%2,9 (xp — mr1) = rp — myy, then Theorem 5.2 becomes

TT(myq) +T1(x2) 2(1—o0) B(o) e e
— — IT _ I°TI 1911
‘ 2 o(r2 —mz1) o)+ o(r2 —my) Km“ ) (o) + ( £2) > (U)]

< (e = ) (I (z1)] + [T1"(k2)1)

~X 8 .
Theorem 5.8. Suppose that TT: I = [myy, myy + 932,9 (r2 —mz1)] — R is a differentiable mapping on I°, my; <
myy + R o (x2 — myy) and |TT'[9 is PG CRF on [myy, myy + RE g (x2 —mun)l. IF TV € Llmgy, myy + R o (x2 —
myy)], then

B TT(mer) + TT(mey + R g (12 —ma1)) _ 2(1-o0) (o)
2 O-:RE,Q(PZ —mr)
B(o) eF yo eFro
* ORY g(r2 —my1) [(mﬂl ﬂ) (v)+ ( Im;1+gzg9(;2_m;1)”) (U)} (5.1)

1
cFoplemme) ( 1y (29 5 )T (mila) o )it |
h 2 p+1 né—j3+1 2 ’

3=1
where o € [0,1], m € (0,1] and v € [myg, myy + R o (r2 —me1)l.
Proof. Employing Lemma 5.1, we have

Mimp) +Tmey + R g2 —mun))  2(1—0)
2 oRE o(r2 —my1)

Gﬂg,ei(:l myy) KS&IIGH) (0) + <e?1z1;1+922,e(xzfmn)n> (U)] ‘

R? o (x2 —myp) (T
SR — J [1—2¢|[TT" (myy + R g (2 — M) de.
0

Employing Holder inequality, we have

~ TTmg) +TT(m + R (2 —ma1)) 20—
2 ORg g (x2 —mr1)
Blo) eI 1o eFro
O-:RE,G (;2 - m?l) [(m;ll ﬂ) (U) + ( ImlerfRz,e(Iz*mn)ﬂ) (U)}

0

1 1
RE olrz—my1) (1 s )
g% Jll—Zelpde J|ﬂ’(mx1+e9%29(xz—mzc1))|qde :
i ,

Employing the property of PG, CRF of [TT’|9, we have

Mimy) + My + R g2 —mu))  2(1—0)
2 ORg g (x2 — mr1)

T(v)
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GRE,eiigl m ) (5211 o)+ (15 e e 1T) (9] ’

- 1
RO oez—mr1) (1 \ 7 [m(x))9 (! M (g)l9 (1 a
< &P 2 ! < >p MM ()| J(l—e3)de+|(ZC2)|J (1—(1—¢)¥)de
2 p+1 n 0 n 0
_ 1
RColz—mu1) /1 \ P [mllT ()9 & M (r))d & |
_ Tep m{IT"(z1)| )3 3 Jr| (x2)| )3 3
2 p+1 n 3:13+1 n 2’:124,4—1
) 1
_ Replo—me) (1 \r %i 5\ (I )9+ T )9 @
2 p+1 n5:13+1 2 ’
This is the required proof. O

Remark 5.9. Considering Theorem 5.8, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO with the help of Holder inequality and newly
investigated idea if we pick p = (1,1,...) withe =, 0 = 1:

_ M(mey) +TT(mpg + Ex(r2 —mp1))  2(1—0) M(v)
2 0€x(r2 —my1)

o ey [(B0) 00 (7 ) )]

0€x(r2 — M)
2 & 5\ M)l T ()
(nzj—l-l) < 2 > '

T

<

(’foc(xz—mh)( 1 )
2 p+1 =

Remark 5.10. Considering Theorem 5.8, we establish the following new refinement of H-H inequality
pertaining to the classical Mittag-Leffler function via C-FFIO with the help of Holder inequality and
newly investigated idea if we pick p = (1,1,...) withe =, 0 =1land n =1:

T(v)

‘ ~olmp) + (e + Ex(rp—mpr))  2(1—o0)
2 O-GOL(PZ_mFI)

G@(X(i(c_)mm [(gfillﬁn) (0) + <@?15m+%mfmmﬂ) (n)} ‘

ea(xz—mm< 1 )5 <m|rr'(m|q+|ﬂ'(;z)|q>5
2 p+1 2 ’

<

Remark 5.11. Considering Theorem 5.8, we establish the following new refinement of H-H inequality
pertaining to the classical Mittag-Leffler function via C-FFIO with the help of Holder inequality and
newly investigated ideat if we pick p = (1,1,...) withe =a, m =0 =1:

o)+ T+ Exlr2—11))  2(1—0)
2 0€o(r2 —11)

ot (1) 004 (e ) 0]

ity (2 ><2Z : >q<ﬂ'(zc1)q+ﬂ’(xz)q>3"
2 p+1 n 3+1 2

3=1

[=
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Corollary 5.12. Choosing ZRE,Q (xp — mr1) = rp — myy, then Theorem 5.8 becomes

TT(myq) + TT(x2) 2(1—-o0) B(o) eF 1o eFyo
‘_ 2 - 0(?2—111?1)“ o o(r; —my) [<m“1 ﬂ) (0 + ( IFZH) (U)] ‘

1

1 q 1
_p-mp (1 zi 3 mIT (e)|9 + 1T (12)]9 ) @
< 2 p+1 n3:13+1 2

Corollary 5.13. Choosing TRE,G (xo — mr1) = rp — myq and n = 1, then Theorem 5.8 becomes

TT(mg1) +TT(x2) 2(1—o0) B(o) €F 10 CFro
‘_ 2 st e "t oy (1T )+ (S712) (“)H
- my ( 1 )é <mlﬂ’(zc1)|q+lﬂ’(zcz)|q)‘l‘
2 p+1 2

Theorem 5.14. Let TT: T = [mgy, myy + RY (r2 —my1)] — R be a differentiable mapping on 1° and p1,12 € T
with my; < myq + Rg,e(zcz —my) and assume that T’ € Llmyy, mp + fRE,e(M —myq)]. If[TT'[9 is PG CRF on
[my1, meg + IRZ,G (r2 — mp1)l, then we obtain

‘ B TT(me) +TT(mes 4 R g (x2 — my1)) _ 2(1-o0)
2 O-RE 9(?2 - m?l)
B(o) eF 1o eFro
L ) o
1

R? o(x2 — my1) 1 2)25 =2 \ /T (e)]9 + T ()] @
o el 1 72 (2+3+ mTT (x1)[9 4+ [T (x2)
= 2 n e (3+1)(3+2)2st1 2 ’

where o € [0,1], m € (0,1] and v € [myy, mpy + RY g (r2 —my1)].

Proof. Employing Lemma 5.1, we have

‘—l‘[(mm) +T(mp + R ez —mrn))  2(1-0)
2 oRE o (r2 —my1)
B(G) CTF yo CTF yo
oR o (r2 —mr1) [m“I LLICOE ) RS, (;zfmm”(n)}

- R o(x2 —ma1)

< e Ju 2] |11/ (g + €82 g (52— )| de.

Employing power mean inequality, we have

—Tme) +Tmp + R (2 —men))  2(1-0)
2 ORE g (r2 —my1)
B(o) eTF 1o eI o
ﬂze(xz—mn) {m“I M(v) + Imﬁ”%e(?z mm”(n)}

o=

_ Ro(ra—mr1) (Jl

-5 a
< 3 . |1—2¢|de> <|1—2e| ’ﬂ’(mzcl —i—eﬂ%gle(xz—mzcl))‘ de)
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Employing the property of PG, CRF of [TT'|, we have

—ﬂ(mzc1)+ﬂ(mzc1+9%" olz—mrn))  2(1-0)
oR o(r2 —my1)

CHF yo @3" o
I (o Im11+3229(xz mIl)n(U):| ‘

T(v)
GiRee r2 —myy) [
Re Xz—mxl <1>1
< —
2
> n

pr (rp —mg -5 ()9 & )|
< Feplz —ma) ( T “' ZJ 11— 21 — e¥]de + N-2) ZJ 11— 21 — (1 —¢)?]de

n\»—-

ju 2e|[ S I )+ Zl— (1— )T (1)) ]de)

3=1

1
q

3=1 3=1
1 1
_ Repla—ma) (1\!7a m\ﬂ Dl i 32 +342)28 — /(12 \q i 2+3+2)2-2)"
h 2 2 3:1 3+1) ;,+225+1 = (3+1)(3+2)23+1
By simplifying, we achieve the required result. 0

Remark 5.15. Considering Theorem 5.14, we establish the following new refinement of H-H inequality
pertaining to the classical Mittag-Leffler function via C-FFIO in the mode of power mean inequality and
newly investigated idea if we pick p = (1,1,...) with e =, 0 = 1:

_ Tmyy) + (e + Ex(ro—mp1))  2(1—0)
2 0€q (r2 —my1)

o () 91 (o))

1

q 1
< Calra —mu) 1\ }Z 3 +3+2)20 -2 m|TT (x1)|9 + [T (x2)[9) @
= 2 2 né—(3+1)(3+2)2s+1 2

3=1

(o)

Remark 5.16. Considering Theorem 5.14, we establish the following new refinement of H-H inequality
pertaining to the classical Mittag-Leffler function via C-FFIO in the mode of power mean inequality and
newly investigated idea if we pick p=(1,1,...) withe =, 0 =1 and n =1:

’—ﬂ(mﬁl)‘F”(mxl+Qf(x(g2—mx1)) _ 2(1—o0)
2 o0&y (r2 —mypy)
B(o) oF o
e ] HIMUCI RS KA O]

<

Colrz—mer) (MU (]9 + 1T (g2)|9 &
2 2

Remark 5.17. Considering Theorem 5.14, we establish the following new refinement of H-H inequality
pertaining to the classical Mittag-Leffler function via C-FFIO in the mode of power mean inequality and
newly investigated idea if we pick p = (1,1,...) withe =, 6 =m =1:

M) + M+ Ex(ro—n))  2(1—o0)
2 o€ (r2 —11)

oeoi(;)—m (5711 () + (715 ey 0T (")H
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_ Caln—n) <1>15 1i (3245 +2)20 —2 q(|ﬂ'(x1)|q+|rr'(m|q>5
= 2 2 n (3+1)(3+2)25+1 2 '

3=1

Corollary 5.18. Choosing ng,e (xo — mp1) = rp — myy, then Theorem 5.14 becomes

CF CF
S IoTI(0) + 67 1 TT(0)] ‘

’ﬂ(mﬁl)Jrﬂ(Iz)_ 201-0) 14 Blo) [
2 o(r2 —myy) o(xr2 —myy)

cmome Ly (1 (2442020 -2 ) il ()l T ()1 .
) 2 n e (3+1)(3+2)25+1 2 ’

Corollary 5.19. Choosing n =1 and Rz,e (xp — my1) = rp — myy, then Theorem 5.14 becomes

Mmr1) +TT(r2)  2(1—0) B(o)  Tfes qo eF o ‘
‘ 2 G(?z—m}il)ﬂ O 5l —ma) [m“I o)+ I“”(U)}
_n—my <1>13 (mm'mnq +|rr'(xz)|‘1>é
h 4 2 2

6. New refinements of H-H type inequalities using Holder Iscan and improved power mean inequal-
ity involving Caputo-Fabrizo operator via n-polynomial generalized m-convex involving Raina’s
funcion

Recently, a number of mathematicians have concentrated on new approaches to the subject of integral
inequalities from different perspectives and various points of view. Iscan [13] introduced Holder Iscan
integral inequality and Kadakal [15] presented improved power mean inequality.

The primary objective of this part is to obtain novel approaches of the H-H type integral inequalities
via C-FFIO involving PGy, CRF in the manner of improved power mean inequality and Holder-Iscan
inequality. We provide some comments and corollaries for worth and value.

Theorem 6.1. Let TT : I = [myy, myp + Rg,e (ro —mr1)] — R be a differentiable mapping on 1°, with my; <
myy +RE g2 —mu1), q > 1, % —I—% = 1 and suppose that Tl € Llmg, myy +R o (x2 — myy)]. If [T7]9 s
PG CRF on [myy, myy + RE o (xa —ma1)], then

~ TTmgg) +TT(mg +RE o (12 —ma1))  2(1-—o0) o)
2 oR o (r2 —mr1)
B(o) CF 1o eFro
U:Rg,e (r2 —my1) Km“I ﬂ) (v)+ ( Imx1+322,e(zcz—mx1)ﬂ) (n)}

al=

ROglz—mzr) /1 \v [mM(@)d &  3(3+3) M)l &
S 2 (2(‘p+1))( n ;2(3+1)(3+2)+ n ;2(3+2)

Rlpla—mr) (1 \» (M) & 5(6+3) M)l ;
* 2 (2(p+1)>( n le(;,+1)(;,+2)+ n =2G+2))

=
al=

o

where o € [0,1], m € (0,1] and v € [mgy, myy + RY g (r2 —myp)].
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Proof. Employing Lemma 5.1, we have

B TT(myy) + TT(mey + R o (x2 —ma1)) - 21— o) .
2 ORE g (r2 —my1)
B(G) CTF yo CFr0o
' oR o (x2 —mr1) [(m“I l'l) (0] + ( I . mn)”) (U)] ‘

RE o (x2 —my1)
< SOZJ 1 —2¢[TT (Mg + eRE g (x2 — mr1))lde.
Employing Holder-Iscan inequality, we have

TT(meq) 4 TT(mey + RE o (12 — ma1)) _ 2(1-o0)
2 G:RS 0 (?2 - mxl)

G:Rge(i(;l myq) [(Sgllcﬂ)( )+ (G?I:u1+ﬂ%zs(lﬂz mn)”) (U)} ‘

gzp . 1 % 1
< Reolrz—ma1) (J (1—e)1 —2e|pde> <J (1— )T (myy +e922,9(xz—mx1))lqde>

()

1
q

2 0 0
p ( ) 1 v 1 a
j{ —m P q
—|—# (J e|1—2e|pde> (J elﬂ’(mz:l+efR29(z:2—mg1))|qde>
0 0 ’
Employing PG, CRF of [IT’[|9, we have
‘_ TT(myy) + TT(mey + R o (v2 —ma1)) _ 2(1-o0)
2 oRE o(r2 —my1)
B(0o) eF 1o eI
oRE g (r2 —ma1) Km“I ﬂ)( )+ ( ImF1+fR ol(r2— mFU”) (U)]
_ Rl —mu) ( 1 >5
= 2 2(p+1)
/ q " 1 / q " 1 1
x <m”(“)'ZJ (1—e)(1—e”)de—|—wZJ (1—e)(l—(1—e)7’)de>q
n 3=1 0 n 3=1 0
1
R o(—mu) [ 1 \7 mm e M ()4 & ! °'
, ~ed)de 4+ R 1—(1—
+ 5 (2(p+l)> 4 Joel ¢d)de + " ZJOe( (1—-¢)®)de
;=1 3=1
1
~ Replra—my) < 1 )3’ = 5(3+3) L M)l i 3 ’
N 2 2(p+1) 3:122,+1 (3+2) n 3:12(g,+2)

=

n

+iR2,9(;z—m;1)< 1 ) M (x2 Iqi 3G3+3) +mlﬂ’(z:l)l“z 3
2 2(p+1) 2’:123+1 (3+2) n 5:12(5+2)

This is the required proof.

O

Remark 6.2. Considering Theorem 6.1, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO in the mode of Holder-Iscan inequality and the
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newly investigated idea if we pick p = (1,1,...) with e =, 0 = 1:

TT(myy) +TT(myy + Ex(x2 — mp1)) 2(1—-o) M(v)

2 o€« (r2 —myp)

s [0 00+ (78 ) 1]

<(’3a(1€2—m1€1)< 1 >é(mﬂ/(x1)qi 36+3) | M(e)l = )q
2 2(p+1) n 2(3+1)(3+2) n 12(5%—2)

5=1 3=
Calr—mu) (1 V0 (M) & 36+3) Ml e 5 )"
T <2(p+1))( n ;2(3+1)(3+z)+ n 312(;,+2))‘

Remark 6.3. Considering Theorem 6.1, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO in the mode of Holder-Iscan inequality and the

newly investigated idea if we pick p = (1,1,...) withe =, 06 =1land n =1:

2 o€« (r2 — M)

U@a(fz(c—)mxl) [(Sf;g“n) (o) + (eglgm%a(rz—mn)ﬂ) (U)] ’

<ea(;z—mm< 1 )é <2m|ﬂ'(m|q+|ﬂ'(zcz)|q)é+(m|ﬂ'(x1)|q+z|n'(m|q>é
= 2 2p+1) 6 6 ‘

Remark 6.4. Considering Theorem 6.1, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO in the mode of Holder-Iscan inequality and the

newly investigated idea if we pick p=(1,1,...) withe =0, 0 =m =1:

TT(myy) + TT(myy + Ex(x2 — myy)) 2(1—o0) (o)

’_”(Fl)Jrﬂ(?lJr@cx(?zPl)) 2(1—o0)

2 _Geoc(32_?1)
B(G) o o
s [(ggl ”) (0) + (G?Ith@oc(Iz*Fl)”) (")] ‘
el (1 >5 LR SRS NI CC I I
2 2(p+1) n - 2(3+1)(3+2) n - 2(3+2)
Caltz—r) (1 \7 [IM@9 &  56+3) M) 5 |
L (2(p+1)>( n ;2(5+1)(3+2)+ n 512(5+2))'

Theorem 6.5. Let TT : I = [myy, my; + iR‘e’,e(zcz —myr1)] = R be a differentiable function on 1°, with my; <
mry + Rz,e(?Z —my1), q = 1 and assume that TI' € Llmyy, myy + fRz,e(?Z —myy)]. If 1|9 is PGy CRF on

[mer, mey + R o (x2 — ma1)], then

TT(mg) +TT(mey + R g (r2 —me1)) 2(1—o0)
2 O-IRE,G (P2 - m?l)

B(o) eTF 1o eFro
OR o(r2 —my1) [<m“1 H) (0) + Imxﬁyz,e(?rmrl)ﬂ (v)
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|~

_ Rplrz—me) (1>2‘5 (mﬂ’(mq § SR g+
2 2 n

25-2] M)l v« (*+3+2)28 -2
— 272(3+1)(5+2)(5+3) NS BGE+2)6+3)

T (2) Z G+ +3+22 -2 )"
" 3=1 2572(3+2)(5+3) - 22+ 1)(3+2)3+3) | 7

5 z

, Rl —mr) (1)25 (mlﬂ’(n)lq B(2442)25 -2
2

where o € [0,1], m € (0,1] and v € [myy, myy + R o(r2 —mp1)l.

Proof. For q > 1, from Lemma 5.1, we have

‘ B TT(myy) + TT(mey + R o (r2 —ma1)) _ 2(1-o0)
2 O—RE 0 (FZ - m}'l)
B(o) eF 1o CFro
* ORE g (r2 —my1) [(m“I ”)( v)+ ( Lne 422 (22 mn)n) (U)]
RE o (r2 —mp1)
< 92J 11— 26l[TT (g + R (52 — mey))lde.

Employing improved power mean inequality, we have

TT(myy) +TT(mey + R o (r2 —ma1)) _ 2(1-o)
2 O-:RZIQ (FZ - m?l)

i Uyg,ei(;l mr) KE&IU”) (0) + (eﬁrlgixﬁﬂ%ee(xz mn)”) (U)} '

1
R (k2 —mr1) (1 Ca
<~ ([ —ein—zeide ) (] (1= et — 2600 e R g 12— e )

1—1
RE olrz—my1) (1 ‘
+% Jell—Zelde
0

Employing PG, CRF of [TT’|9, we have

o=

1
1 q
L e[ — 2¢|[TT" (my1 + eRY o (x2 — my1))|9 de)

TT(myy) +TT(mey + R g (12 — maq))  2(1-o)
2 ORY o(x2 —my1)

B(G) CTF to CIyo
+cﬂzgg,(;2—111p1)[(m?11 M) )+ (T e 1) ()

RP _ 1—% / n 1
< M (}1) (MZJ (1—e)[1 — 2¢(1— ¢3)de

5=170

1

M)t 5 @ Regm—mn) (1\' 9
L 2éj'o(l—e)ll—Zel(l—(1_6)3)de) +2<4>

o=

n I noel
(m'” )l ZJ et —2d(1 — ety + 2L 5 | e|1—2e(1—(1—e)5)de)
5=1"0

5=1

Q=

N =

_2
)2 g [ mrT (g)|9 i(z 5)[(3% +5 +2)23 — (12 |qi (32+3+2)28—2
n - 25”(5—1—1)(3—1—2)(3—!—3 = 252(3+2)(3+ 3)
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ol

+W(1>2‘5 miT (11)]9 & (32+3+2)25—2+|ﬂ’(xz)|qi(3+5)[(32+3+2)25—2]
2 2 no 2 (5+2)(5+3) N =22+ 1)(5+2)(+3)

This is the required proof. O

Remark 6.6. Considering Theorem 6.5, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO in the mode of improved power mean inequality
and the newly explored idea if we pick p = (1,1,...) withe =, 6 = 1:

B TT(mgq) + TT(myg + € (rp — mrq)) B 2(1—o0) o)
2 0€x(r2 —myy)
B(O—) CTF 1o CFro
€ (12 — mrp) ngll ”)( )+ ( I+ ealon- mn)”) (U)} ’

_ Colrp —mr) (1)2_3 m|TT’ (g1 i(34‘5)[(324‘54‘2)25—2]+\”’(F2)\q " (2sr22-2)"
h 2 2 — 2072(3+1)(3+2)(5+3) no S 2RG+2)(6+3)

+

@a(rz—mm<1)25 m ()9 & (32 +3+2)28 —2 \W'(zcz)lqi(3+5)[(52+3+2)23—2] B
2 2 no ISP+ 2)6+3) N = 252G+ 1)(+2)6+3) )

Remark 6.7. Considering Theorem 6.5, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO in the mode of improved power mean inequality
and the newly explored idea if we pick p = (1,1,...) withe =, 06 =l andn =1:

‘ _ TMM(myy) +TT(mpy + €o(ro —mpn))  2(1—0)

2 G%(xz—mzcl)mn)

B(o) - .
ot ey (R ITT) 01+ (T ) 0]
< Cxlrz—mn) (1)2‘5 {(3mlﬂ’(x1)|q + |ﬂ’(xz)|q>‘l‘ N (mm/(nnq +3|ﬂ'(;z)|q)5} .

= 2 2 16 16

Remark 6.8. Considering Theorem 6.5, we establish the following new refinement of H-H inequality per-
taining to the classical Mittag-Leffler function via C-FFIO in the mode of improved power mean inequality
and the newly explored idea if we pick p = (1,1,...) withe =0, 6 =m =1:

M) + T+ €z —1))  2(1—0)

2 o€y (r2 —11)
B(o) o o
T o) [(ffl ﬂ) (0)% <€?I“+€ “27;1)11) (n)} ‘
Colta—r1) (120 [T (E)l9 & (3+5)[(3%+35+2)28 —2] ) & (32 +3+2)28 -2 !
S 2 <2> ( n 3225+2(5+1)(5+2)(5+3 ;25+25+2 z+3))

Q=

Calz—11) (1N (1Ml ¢ (2454220 -2 [T (r)lY & (6+5)[(E +5+2)2 2]
B! <2> ( IS e R ;23+2(3+1)(5+2)(5+3))

7. New mathematical perspective of Pachpatte type integral inequality via n-polynomial generalized
m-convex involving Raina’s function pertaining to Caputo-Fabrizio fractional integral operator

The word "convexity" has also gained significant attention during the last two decades because of
its applicability and recognition of the concept of inequality. Owing to advancements of the convexity
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in applied sciences, numerous inequalities have been suggested and discovered in the context of convex
analysis. Convexity has also been addressed by numerous mathematicians, and several books were pub-
lished that give new generalizations and estimatations. Due to research works and studies, the stunning
Pachpatte-type inequality in the context of convexity is significantly improved.

Based on the above literature, we will research and explore the new mathematical fractional approach
of Pachpatte-type inequality via PG, CRF. Several remarks and corollaries involving Mittag-Leffler per-
taining to Raina’s function are included to enhance the significance and value of this portion.

Theorem 7.1. Assume that o,m € [0,1] and v € [mp, my1 + fRz,e(zcz —mpy)]. Let T4, Tl : T = [myq, mpg +
Rz,e (r2 — mr1)] — R be two functions such that myy, myy + fR‘e’,e(gz —my1) € I with ‘(RE,G(FZ —myy) > 0and
T € Llmyy, myg + 32,9(?2 —my)]. If TTy and TT, are PG, CRF , then

2(1—o0)
B(o)

B
(0) ) [(Eﬁllcmﬂ2> (0) + (”Iﬁmmge(xrmm”1”2> (v) — T (0)TT,(v)

ORY g(ra — My
< M(zr1,12) + N1, 12),

where
M (x1,12) = m2Aq (e)TTy (£1)TT2 (1) + Ag ()T (22) T2 (x2),
IN(x1,£2) = mA2(e)TTy (x2)TT2(x1) + MAz(e)TTy (x1)TT2(22),
and
1 n ny 1 n ny
Av=-) M=el) D=l Ap= ) D=ef]) D—(1-e)],
3=1 3=1 3=1 3=1
1 n ny 1 n ny
M=oY D1y D], Ay= o3 1-(1—ef] ) [1-(1-cpl.
3=1 3=1 3=1 3=1

Proof. Let TT; and TT, be the PG, CRF, then for m,e € [0, 1],

ng 1 m

T (mg1 + eR? o (12 — ma1) < n—”} Zl 1= el T (o) + - Zl [1—(1—eP]Th(x2), (7.1)
= 3=
ny 1 n

Ma(mg + eR? o (12 — ma1)) < n—‘: Zl 1= el Tafe) + - Zl [1— (1 — )] TTa(x2)- (7.2)
= 3=

Multiplying the above inequalities (7.1) and (7.2), gives

Ty (maq + eRE g (x2 — 1)) T2 (Mg + eRE g (r2 —my1))

) m ny n ny
< —;‘nz D 0—e) 1INy + T?lz D =) 1—(1—e)ITh{z)Ma(w)
) =1 =1 3=1 (7.3)
ny ny 1 n ny
+ 711]111112 ; [1—(1—e¢)3] ; (1—ed] TT(x2) T (x1) + . 3; 1—(1—e¢)?] ; (1 —(1—¢)3]TTq (x2)TT2(x2)

= m2Aq (e)TTy (£1)TT2(x1) + MA2 ()T (12) T2 (k1) + MA3 () TTy (£1)TT2(x2) + Ag ()T (12) T2 (x2).

Taking integration over [0, 1] on both sides of inequality (7.3), we have

1 me+RY g (r2—mir)
J Ty (x)TTo (x)dx

mry

R? o (r2 —my1)
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1
< L [mzAl(e)m(mrra(m+mAz(eml(;zmz(m

+mAz(e)TTy (x1) T2 (z2) + A4(9)”1(I2)”2(F2)] de = M(x1,22) + N(x1, 22).

That is,

1 k mp+RE g (p—mar)
et || Mo eac | M(IM()dx| < M(e,e) +Niwz).  (74)
€,0 (r2 —mp) mry k
Now multiplying (7.4) by M and addmg IT1 (0)TT2(v) to the resulting inequality, we obtain
k mr1+RE o (r2—mr1) 2(1—
o J Ty (x)TT2(x)dx +J : Ty (x)TT (x)dx | + (1-oa) Ty (0)TT5(v)
B(G) myxp k B(G)
oRY o (r2 —mz1) 2(1—o0)
< Blo) [M(x1,22) + N(x1, 2] + Blo) TT1 (0)TT2(v)
Hence,
e LTI (0)TT (0) +57 1 1T (0)TT2(0)
1 my+RY g (r2—my1)
oR? o (x2 —mz1) 2(1—o0)
< — M (r1,x2) + N(r1,12)] + T (0)TT2 (v
B(o) (r1,x2) + N(x1, 12) (o) 1(0)TT2(v)
This is the required result. O

Remark 7.2. Considering Theorem 7.1, we establish the following new mathematical fractional approach
of Pachpatte-type inequality pertaining to the classical Mittag-Leffler function with the aid of the newly
introduced concept if we pick p = (1,1,...) withe =, 0 = 1:

B(o) - - 2(1—o0)
5ater ) | (RRLTTI2) 00+ (V715 TT) () = 2T )

< M(x1,12) + IN(21, 12).

Corollary 7.3. Assume that ny =ny = m =1 in Theorem 7.1. Then

nggzjs)m [(flg”l”Z)( )+ (V15 ey (rae T2 (v)—z(l_“)m(umz(n)]

2 1
< EM(FL 32) + gN(Fll FZ)

Corollary 7.4. If we put 932,9 (xo —mp1) = rp — myq in Theorem 7.1, then

B(o) o o 2(1—o0)
e — [(Ef;l M) (o) + (“TIETHIT) (o) B(g)”l(ﬂ)ﬂz(b)] < M(z1,02) + N(g1,82).

8. Applications to means

Both topics, fractional calculus and convex analysis, are used in applied science. Owing to the lit-
erature, there are certainly an extensive number of intriguing implementations of these notions across a
range of research domains, from fluid mechanics to optimization. More precisely, we will utilize C-FFIO
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incorporating PG, CRF to employ several mean-type inequalities, such as harmonic, geometric, and arith-
metic mean inequalities, to the H-H inequality. The following inequalities have amazing applications in
the field of probability, circuit theory, statistics, machine learning, numerical approximations, stochastic
processes, and engineering.

Here, we present the means as applications for two positive number 1, r» with r1 < 12, which are given
as follows.

(1) The arithmetic mean: A = A(r1,12) = 832, 11,10 € R.

T+1_ 41

(2) The generalized logarithmic mean: £ = £](r1,12) = m

Here, we demonstrate a number of inequalities related to special means utilizing the findings in Section
5.

Proposition 8.1. Assume that myi, myg + fRz,e(M —mry) € RY and mp; < mrp + 3%2,9 (xp — myq), then

—A(mag, (mry + R o (r2 —mr1))?) + L3 (mrg, myy + R g (12 — M)

< ng,e (x2 —mr1) (32+3+2)28 -2 (8.1)

S ;;[u+1xy+mm+l

(r1] + Ix2ll -

Proof. Suppose T1(z) = 22 with B(0) = B(1) = 1 and o = 1 in Theorem 5.2, then we achieve the above
inequality (8.1). O

Remark 8.2. Considering Proposition 8.1, we establish the following inequality pertaining to the classical
Mittag-Leffler function if we pick p = (1,1,...) withe = «, 0 = 1:

' — A(mug, (mrg + €y — mp1))?) + L3 (mpg, mpp + o (r2 — mn))‘

<

eaur—m“)ﬁi{w2+5+2pﬁ_2 leal + [x2]

n por (3+1)(z+2)25+1

Proposition 8.3. Assume that myy, myp1 + R o(r2 —myp1) € RY and myy < myy + R o (v — mys), then

_ my (MR g (r2—mir)) my o (me+RE  (r2—mir))
A(e™1 e )+ L(e™ e )

(8.2)

_ Replez—ma) Z [(32+;,+2)25—2} {e{%—eé]

= n S LG+1G+2)21 2

Proof. Suppose T1(z) = e* with B(o) = B(1) = 1 and o = 1 in Theorem 5.2, then we achieve the above
inequality (8.2). O

Remark 8.4. Considering Proposition 8.3, we establish the following inequality pertaining to the classical
Mittag-Leffler function if we pick p = (1,1,...) withe = «, 6 = 1:

_ mrr ,(mri+€a(r2—mer)) mrr ,(mri+€a(r2—mer))
A(e™ e )+ L(e™ e )

_ Calrz—m) i [(32+3+2)25—2} [?ﬁ“i]_

h n S LG+1G+2)27 2
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Proposition 8.5. Assume that myy, mypy + R (2 —myp1) € RY, myy < myg + R (12 — mar), then

—A((mg1)", (mpg + R g (x2 —mp1))") — L3 (meg, man + RE (22 — ma1)) ‘
(8.3)

_ R o(xa —ma1) i (32+3+2)28—2 e+ ey
= n (34+1)(3+2)2s+1 2 ’

3=1

Proof. Suppose T1(z) = z™ with B(o) = B(1) =1 and ¢ = 1 in Theorem 5.2, then we achieve the above
inequality (8.3). O

Remark 8.6. Considering Proposition 8.5, we establish the following inequality pertaining to the classical
Mittag-Leffler function if we pick p = (1,1,...) withe =, 0 =1:

—A((me1)", (mr1 + Ex(ro —mr1))") — Lo (mrg, meg + Eq(x2 — mzcl))‘

< @“(Kz—mxl)i [(52+5+2)26—2] [ Ixi‘1|+|x§1|]‘

n - (3+1)(3+2)25*1 2

9. Conclusions

Researchers and scholars from a wide range of scientific backgrounds are very interested in studying
fractional calculus because they see how much it can be used to solve complicated problems and advance
knowledge. Integral inequalities possess profound consequences across various domains of study such
as physics, functional analysis, optimization and statistical theory. Therefore, inequalities and convex
analysis have become more popular among researchers, as the subject continues to receive attention
through several modifications, advancements, expansions, and applications. In this manuscript.

1) First, we investigated a novel type of convex function, i.e., PG, CRF. Subsequently, we have ap-
pended certain algebraic properties on the basis of the recently introduced idea.

2) We established a new mathematical perspective of the H-H and Pachpatte type inequalities through
PG, CRF in terms of the C-FFIO.

3) In addition, a new lemma is introduced and some results via C-FFIO are obtained through a newly
established idea.

4) In order to enhance the researcher’s attention and overall worth, we presented the developments
of H-H inequality in the context of the investigated new equality through the support of Holder,
power, power mean improved, and Hoélder Iscan inequality.

5 Certain remarks and corollaries about literature validity and Mittag-Leffler functions including
Raina’s function are included.

6) In the end, some important applications pertaining to newly investigated concept are examined.

The novel methods and new ideas introduced in this paper can be utilized to study interval analysis, gain-
ing new insights and new points of view. Additionally, the inequalities addressed here can be investigated
in the context of quantum calculus, uncovering possible directions for new research.
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