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Abstract

In the context of univalent function theory, special functions play an important role and have been studied by a number of
researchers earlier. This article presents and examines two subfamilies of bi-univalent functions that are governed by Bernoulli
polynomials in the open unit disk. We obtain limits on initial coefficients for functions in the specified subfamilies. The Fekete-
Szegd problem is also addressed for the elements of the subfamilies that have been defined. We also present some new results
and discuss pertinent links to earlier findings.
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1. Preliminaries

One important area of mathematics in complex analysis is Geometric Function Theory (GFT). Re-
searchers’ attention has been successfully drawn to this subbranch in recent years. Let {{ = {0 € C : o] <
1}, where C is the complex plane. The class of regular functions ¢ in il is identified by A and the elements

of A are of the form .

cb(cr):cr+d2c72+d3cr3+---:U+Zd,~65, oecd, (1.1)
j=2

and let 8 = {¢ € A : ¢ be univalent in i}. In [2], Biebereach conjectured that |d;| < j,j > 2 for every
function ¢ € §. Numerous new subclasses of 8§ were defined to settle the Biebereach conjecture, and a
number of results were established. Reserchers worked on this conjecture’s proof for many years, and
finally, Luis De Branges solved this conjecture for every j > 2 in [8]. Another problem in GFT is Fekete-
Szeg6 functional |d3 — £d3/, & € R, for every function ¢ € § (see [10]). Numerous papers were published
on above mentioned problem for functions belonging to subclasses of 8 (for example, see [9, 15, 16, 25, 34]).
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One of the remarkable subclasses of § is the bi-univalent function class o. Levin introduced the concept
of o of bi-univalent functions in his work [18]. Let ¢ represent these analytic functions, where ¢ and
¢! =1 are univalent in 4. The Koebe theorem (see [9]) states that each function ¢ € 8 of the form (1.1)
has an inverse given by

o1 (w) =w—daw? + (2d5 — d3)w® — (5d3 —5dads + dy)w' 4+ = (W) (12)

satisfying 0 = P(Pp(o)) and w = d(Pp(w)), Iw| < (), 1/4 < 19(d), 0, w € . The class o is not an
empty set since the functions 1 log (}£2), —log(1 — o), and 12— are members in the o family. However,
%2, 12, and the Koebe function (1%‘0)2 are not elements of o, even though they are in 8. For a
succinct examination and to learn about some of the traits of the o family, see [3, 4, 21, 31]. The current
explosion in research on the bi-univalent function family was sparked by the article by Srivastava and his
coauthors [27]. Several fascinating special o families have since been studied by a number of researchers;
see [1,7,11, 12, 32] as well as the citation provided in these articles.

In many fields, including number theory, numerical analysis, combinatorics, computer science, physics,
and engineering, special polynomials like Lucas, Chebyshev, Horadam, Bernoulli, Gegenbauer, Lucas-
Lehmer, Pell-Lucas, Fibonacci, and their generalizations are crucial. Numerous studies on functions that
are governed by known special polynomials and belong to a particular o subfamily have been conducted
in recent years. For elements of o subfamilies that are subordinate to special polynomials, a number
of researchers have discovered coefficient estmates and the Fekete-Szegtd functional |d3 — Ed%l, £ e R
(See [13, 14, 22, 26, 28, 30, 33]). Researchers have recently focused attention on a specific type of poly-
nomials called Bernoulli polynomials. Named for Jacob Bernoulli [23], the Bernoulii polynomials have
been applied in new ways to numerically solve Fredholm fractional integro-differential equations [19]
and fractional-order differential equations. Research papers [5, 6, 17, 24, 29] have some interesting results
regarding coefficient estimates and the Fekete-Szego functional for members of specific subfamilies of o
associated with Bernoulli polynomials.

Bernoulli polynomials play a significant role in GFT due to their analytical properties and connections
to various areas of mathematics. Here’s an overview of their applications and importance in GFT. Estimat-
ing the coefficients of analytic functions is crucial, in GFT. Bernoulli polynomials assist in deriving bounds
and relationships for these coefficients, especially in classes of functions like starlike or convex functions.
Bernoulli polynomials appear in the series expansions of functions related to conformal mappings. Their
presence facilitates the study of how functions map domains in the complex plane, preserving angles and
shapes locally. These polynomials are linked to special functions such as the Riemann zeta function and
the Hurwitz zeta function. Such connections are valuable in GFT for analyzing complex functions and
their properties.

The Bernoulli polynomials Bj(x),x € IR, and j is non-negative integer, are frequently specified (see
[20]) using the generating function:

o —

2

o
B(x,0) = o Bo(x) +Bl(x)G+B2(x)§ +---, ol < 2|m. (1.3)

With the following recursion, the Bernoulli polynomials can be easily calculated:

j—1

S ( TJL )Bn(x) =l j=2,3,4,...,

n=0
with the initial condition By(x) = 1. The following are the first few Bernoulli polynomials:

1 1
Bl(x)zx—i, Bz(x):xz—x+6,.... (1.4)
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For a,, a,€ A analytic in 4l, a, is subordinate to a,, if there is a Schwarz function 6(c) that is analytic in
il with 8(0) =0 and [8(0)| < 1, such that a, (o) = a,(0(0)), o € Ll This is symbalized as

a, <a, or a,(0) <a,(o0),0¢€ il

In case, if a, € §, then a,(0) < a,(0) & a;(0) = a,(0) and a,(U) C a, (). We define two subfamilies
Ts(p,v, ) and W (P, T,v,x) of o that are governed by Bernoulli polynomials as follows.

Definition 1.1. Let p > 0 and 0 < v < 1. If ¢ € o satisfies

1 (O.d)/(o_)+po_2d)//(0.))/> ((Gd)/(O')—I-pO'zd)H(G))/)\l’
2 (( ¢’ (o) + o' (0) < B(x, 0), (1.5)

and

1 (<(w¢'(w)+pw2w“(wn'> N <(wmp’(w)+pw21p“(w))'>i

2

2 P/ (w) VW) ) < B(x,w), (1.6)

then we say that ¢ € T;(p,v,x), where B(x, o) is as given by (1.3), b(w) = ¢~1(w) is as in (1.2), and
o,w e

Definition 1.2. Let0< A <1,t>1,and 0 < v < 1. If ¢ € o satisfies

L(( . cle’lo) o(¢/(0)* \*
2 (((1 —Blo+ Bcb(o)) * ((1 “Blo+ (5¢(a)> ) < B(x, 0), (1.7)
and 1

1 W' (w))" W (w)T O\ ¥

2 <<(1 —BIw+ Blb(w)> " <(1— Blw + Bll)(w)) ) < Blx,w), (1.8)

then we say that ¢ € 2,(B, T, v,x), where B(x, o) is as given by (1.3), P(w) = ¢ 1 (w) is as in (1.2), and
o,w e i

The content of this article is organized as follows. The estimates for |dy|, |d3|, and |d3 — &d%l, & eR
for functions in the families ¥ (p,v,x) and W (B, T, Vv, x) are found in Section 2. We draw attention to
pertinent links between some of the specific cases and the main findings in Section 3. We wrap up the
study with a few observations in Section 4.

2. Principal findings

Section 2 begins with bounds for |dy|, |d3|, and |d3 — cid%l, & € R for functions in the families T (p, v, x)
and W4 (B, T, v, x).

Theorem 2.1. If a function ¢ € o is a member of the family Ts(p,v,x), (p = 0,0 <v < 1), then

217 _ 113

|y < Vii2x — 1 —, @
[(v(v+1)(1+5p) + (1 —=v)(1+2p)2)(2x — 1)2 = 2(v + 1)2(1 +2p)2(x2 —x + ¢ )|

4] < VX —DF v(2x—1)| 22

S 4(v4+1)2(142p)2  6(v+1)(1+3p) '
and for & € R

[v(2x—1)] |1 _ a‘ < —[
6(v+1)(1+3p)” X b

‘d3 - ((—.d%| < v P |‘V|2‘2X71‘3|17£‘ |1 B E" S _[ (23)
[(v(v+1) (1+5p)+(1—v) (142p)?) (2x—1)2—2(v+1)2(14+2p)2 (x2—x+ 1) | =z
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where
- (V(v+1)(145p0) + (1—v)(14+2p))(2x —1)2 = 2(v + 1)*(1+2p)? (x> = x + ¢) 2.4)
N 3v(v+1)(1+3p)(2x —1)2 ' '
Proof. Let & € Ts(p,Vv,x). Then, from subordinations (1.5) and (1.6), we can write
1(((od'(0) + pczd)”(d))’) <(o¢'(o) + p>a2<1>"(cn'>i -
> (( /(o) + o'(0) = B(x, (o)), (2.5)
and 1
1 [ (W' (w) +pw?p” (w))’ (wip'(w) + pwzlb”(w))’> A
2 (( P )+ ( P ) —Phembvl (26
where Schwarz functions [(o Z lj0) and m(w Z m;w), o, w € i satisfy the property (see [9])
j=1 j=1
51 <1 and |mj| <1(j € IN). (2.7)
A few basic mathematical methods allow us to write equations (2.5) and (2.6) as
1 ((c¢/(6)+poz¢~(g)y>+<(G¢/(g)+pgz¢~(a)y>i
2 ¢’(0) ¢’ (o)
1+ (VH) (1+2p)ds0 + ( <V+l> (3(1+3p)ds — 2(1 + 2p)d2)
v v (2.8)
+ (1; ) (1+2p) d2>02+
B(x,l(0)) =1+ Bi(x)lho+ [Bl(x) BZZ("‘) 1] o’ +
and
1 <(wxp'(w)+pw2w"(w))'>+<(wuﬂ(w)+pw2xp"(w))'>i
2 P (w) P (w)
—1- (V“) (1+20)dyw + ((V“) (2(2+7p)d3 —3(1 +3p)ds)
v v (2.9)

1—
+ < 2V> (1+2p)2d%)w2+-~- ,
v

B(x, m(w)) =1+ B1(x)mw+ [Bl(x)mz + Bzzax)mﬂ W2

We draw the following conclusions by contrasting the terms with the same degree in (2.8) because of (2.5),

(Vf) (1420)dy = By (%)L, (2.10)

Bz (x)
2!

(2.11)

<V 2 1) (3(1+3p)ds —2(1+2p)d3) + <1V_2V> (1+20)%d; = Ba(x)
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Similarly, due to (2.6), we draw our conclusion by contrasting the terms of the same degree in (2.9),

- (V j 1) (1+420)dy = By(x)my, 2.12)
<V j 1) (2(247p)d3 —3(1 +3p)d3) + <1V_2V) (1+2p)?d3 = By(x)my + Bzz(f‘) m3. (2.13)
From (2.10) and (2.12), we get [; = —m; and
v+1)? 232 (2 | ~2\R2
2 (‘V) (1 +2p) dz = ([1 +m1)Bl(X). (2.14)
Addition of (2.11) and (2.13) yields
((”f) (1+5p) + (1;2v> (1+ 2p)2> 2d2 = By (x)(r + ma) + Bzz(x) (2 +m?2). (2.15)

Replacing 12 + m? from (2.14) in (2.15) we get

a2 VZB%(X)([Z +my) (2.16)
27 2(v(v+1)(1+5p) + (1—v)(1+ 2p)2)B2(x) — (v +1)2(142p)?Ba(x)’ '

Utilizing (1.4) for B1(x), B2(x) and applying (2.7) to I, my produces (2.1). From (2.11) we subtract (2.13) to
get the bound on |d3]:

vB1(x)(lp —my)

d; = d} . 2.17
TN T DT+ 3p) @17)
If we replace d% from (2.14) in (2.17) we get
2R2 2 2 _
ds = v Bl(x)([l +m2) vB1(x)(lp —myp) (2.18)

2(v+1)2(1+2p)2  6(v+1)(1+43p)

We deduce (2.2) from (2.18) by applying (1.4) and (2.7). Finally, we compute the bound on |d3 — Ed%l using
the values of d3 and dj; from (2.16) and (2.17), respectively. Consequently, we have

a2 1 _ 1 _

|d3 — &£d5| = v[B1(x) <6(V—|—1)(1+3p) —I—V(E,X)> [ (6(v—|—1)(1 30] V(E,X)> my

where

S (1-£)vB3 ()
T 2(v(VH D) (14 5p) + (1 —v)(1+2p)2)B3(x) — (v + 1)2(1+2p)2Ba(x)

Clearly

ST ey V(&) < srammss
|d3 . 5d%| < 3(v+1)(1+3p)” 4 6(V+l)1(l+3p)’ (219)

2vIB1(x)IIV(E, %), V(& x)| > (v 1) (13p) "

We derive (2.3) from (2.19), where T is the same as in (2.4). O

The following is obtained by applying & = 1 in Theorem 2.1.

Corollary 2.2. If a function ¢ € o is a member of the family T(p,v,x), (p =2 0,0 < v < 1), then |d3 — d%l <
lv(2x—1)|
6(v+1)(1+3p) "
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Theorem 2.3. If a function ¢ € o is a member of the family Wq(B,T,v,x), (0< P <L, t>1,0<v 1), then

Iy < Vi2x — 1P (2.20)
VIV DX F8) + (T —v)V2) (2x — 12— (v + 122 (2 —x + 1)’ '
v2x — 12 v2x—1]
A R A R e s (2.21)
and for & € R,
v|2x—1|
7 |1 - Ev' < Y/
|d3 - ((.,dZ‘ < (v+1)X V2| X71‘3|17£‘ (222)
’ { \(v(v+1)(X+S)+(17v)\2(2)(2x71)27(v+1)2Y2(x27X+%)|’ 1-&=T7,
where 2 2 2v/2 (42 1
D)X S) + (1= v)YF)(2x — 1) — (v + 1)7Y*(x" —x + ¢)
Te viv+ DX(2x— 1)2 / 223)
and
X=3t—B, Y=21—p and S=2t(t—1—p)+p>% (2.24)
Proof. Let ¢ € Ws(P,T,v,x). Then, from subordinations (1.7) and (1.8), we can write
1((_ ol@(0)" > < o' (o))" >i B .
2<<u—ﬁm+ﬁ¢w)'* (1—Blo+ (o) bt 22
and )
() ( M )7 26
2<<M—MW+&MM A= B+ pow) b miw)) (220
where Schwarz functions [(o Z lj0) and m(w Z myw, o, w € U satisfy the property (2.7). Equa-

j= j=
tions (2.25) and (2.26) can be wrltten as follows by employmg a few basic mathematical techniques:

1 ( o9’ (o))" >+( o9’ (0)) >$
2 \\(1-pJo+pd(0)) " \(1-Blo+pd(o)
=l (V;vl) Ydxo ((f) (Xds +Sd3) + (Z]) Y2d§> 2 (2.27)
( ) :|(YZ+

B(x, (o)) =1+B1(x)l1o+ [81( )

1 < W’ (w))® )+< w(p! ()T >$
2 \\T=Bw+pomw) ) " \T=B)w+po(w)

=1-— (VH) Ydow + <(V2+Vl> (X(2d3 — d3) + Sd3) + (1_V> Y2d§> wlt.., (228

2v 4v?2

and

B(x,m(w)) =1+ Bq(x)mw + {Bﬂx)mz + Bzz(lx)m%] Wl

By comparing terms of the same degree in (2.27), and because of (2.25), we arrive at

<V24;1> Yd, = By (x)13, (2.29)
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v+1 1—v Bo(x)

2! (2.30)

where X, Y, and § are as in (2.24). Likewise, because of equality (2.26), we compare terms of the same
degree in (2.28) to arrive at

1
— (H) Ydy = Bq(x)my,
2v

(v2~:/1> (X(2d5 — d3) + Sd3) + (1 _V> Y2d3 = By (x)my + Balx)

) TR (2.31)
where X, Y, and S are as in (2.24). From (2.29) and (2.12), we get [; = —m;, and

and

1/v+1)\°
2( y ) Y2d3 = (i +m])Bi(x).

(2.32)
Addition of (2.30) and (2.31) yields
1 1— B
<< +V> (X+S)+ ( ;) Y2> d5 = By(x) (I + mp) + ﬂ([{ +m?). (2.33)
v 2v 2
Replacing [% + m% from (2.32) in (2.33) we get
2R3
d%— 4v-By (x) (I +my) . (2.34)
2(v(v+1)(X+S) + (1 —v)Y2)4B2(x) — (v + 1)2Y2By(x)

Utilizing (1.4) for By (x), B2(x) and applying (2.7) to o, my produces (2.20). From (2.30) we subtract (2.31)
to get the bound on |d3|:

o YBi(x)(lh —my)
ds = a4 TS (2.35)

If we replace d% from (2.32) in (2.35) we get

d — 2v2B2(x) (1§ +m3)

vB1(x)(lp —m;y)
(v +1)2Y2

e (2.36)

We deduce (2.21) from (2.36) by applying (1.4) and (2.7). Finally, we compute the bound on |d; — £d3|
using the value of d% from (2.34) in (2.35). Consequently, we have

2 _ v _ v
|d3 — &£d5| = [B1(x)] ‘ <(V—|—1)X +V2(5/X)> ) ((v—l—l)X Vz(éﬂd) my|,

where
- 40— £v?B3 ()
LX) = .
2 (V(v+ D(X+S) + (1 —v)Y2)4B2(x) — (v + 1)2Y2B,(x)
Clearly
2v|Bj(x)] v
7 ’\7 / g v
|d3 _ E,d%| g (V+1)X | 2(6 X)| (V+1)X (2'37)
2v[B1(x)IV2(E,x)], 1V2(6,%)] > i

We derive (2.22) from (2.37), with Y is the same as in (2.23).
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3. Specific instances

We derive the following instances by specializing the parameters p, and v in Theorem 2.1 demon-
strated in Section 2.

Example 3.1. Letting p = 0 in the class T(p,Vv,x), we get a subclass €s(v,x)=%(0,v,x) of functions

¢ € o satisfying
1(((cd'(c)) CLUCHAN
! (((b,(g) >+ (MU) ) ) < B(x,0),

1w W) (i (w)'\ >
2(( ot ) (M) )*“B("’W)’

where 0 < v < 1, B(x,0) is as in (1.3), P(w) = ¢~ }(w) is as in (1.2), and o, w € L.

and

Corollary 3.2. If a function ¢ € o is a member of the family €s(v,x), (0 <v < 1), then

2x — 1]

vZ(2x—1)%  v|(2x—1)]
(V2 +1)(2x—1)2 —2(v+1)2(x2 —x+ 1)’

4(v+1)2 6(v+1) '

o] < vI(2x — 1) |ds| <

and for & € R,

v[2x—1] (v2+1) (2x—1)2—2(v+1)2 (x> —x+1)
2 6(v+1)’ 1—&l < 3v(v+1)(2x—1)2 ¢

|ds — &d3f < v22x—11311—§| n—g > (v2+1) (2x—1)2—2(v+1)2 (x> —x+1)
[(v2+1) (2x—1)2—2(v+1)2(x2—x+ 1)’ ~ 3v(v+1)(2x—1)2 )

By taking & =1 in Corollary 3.2 we get the corresponding result on Fekete-Szeg6 type inequality.

V\Zx 1]

Corollary 3.3. If a function ¢ € o is a member of the family € (v,x), then |dz — d3| < ~rD) -

Example 3.4. Letting v = 1 in the family T(p, v, x), we get a subfamily Fs(p,x) = Ts(p,1,x) of functions
¢ € o satisfying

(0¢’(0) + po*d”(0))’ (W’ (W) + pw?dp” (w))’
¢’(0) P/ (w)

where p > 0, B(x, 0) is as in (1.3), P(w) = ¢~ }(w) is as in (1.2), and o, w € 4.

< B(x, 0), < B(x,w),

Corollary 3.5. If a function ¢ € o is a member of the family Fs(p,x), then

2x — 1] (2x —1)2 12x — 1]
|d2| < |2X—1| 1/ | 3| X > ’
2|(1+5p)(2x—1)2—4(1+2p)2(x2—x+5)\ 16(1 + 2p) 12(1 4 3p)
and
[2x—1] 11— < ‘ 1+5p) (2x—1)2—4(1+2p)? (x2—x+1)
Id _£d2| < 12(1+3p)” 1+3p) (2x— 1) ’
3 20% 2x—1]3[1—&| 1_g > ‘ 1+5p) (2x—1)2—4(142p)? (x> —x+1)
2(1+5p) (2x—1)2—4(1+2p)2 (x2—x+1)|” = 1+3p)(2x 1)2 :

We derive the following corollaries by specializing the parameters v, 3, and T in Theorems 2.3 demon-
strated in Section 2.
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Example 3.6. Letting 3 = 0 in the class 24(p,T,Vv,x), we get a subclass &(t,v,x) = Ws(0,7,v,x) of
functions ¢ € o satisfying

1

5 (/)™ +(9/(0))F) < Blx,0),

> (W) + (W) ¥) < Bl ),

2
where B(x, 0) is as in (1.3), the inverse function ¢ (w) =Pp(w)asin (1.2), 1> 1,0 <v < 1,and o,w € 4l.
The following is obtained by allowing 3 = 0 in Theorem 2.3.

Corollary 3.7. For any function ¢ € &(T,Vv,x), the upper bounds of |da|, |da|, and |dz — cid%I, & € R, are given
by (2.20), (2.21), and (2.22), respectively, with X = X1 =31, Y=Y =271, and S = S; =27(1—1). Xy, Y1, and §;
are to be used in place of X, Y, and S for Y in (2.23).

Example 3.8. Letting 3 = 1 in W4 (B, T,Vv,x), we get a subclass H(T,v,x) = We(1,1,v,x) of functions

¢ € o satisfying
1 (o(d' ()Y . (old'(0)T\?
2(( o)+ (e >><€B(""’)’

1w/ W)™ | (wb (W) T\~
2(< wor )+ (e ))““"W)’

where B(x, o) is as in (1.3), (w) = ¢~} (w)isasin (1.2), t>1,0< v <1, and o,w € 4l.

and

Taking =1 in Theorem 2.3, we have the following.

Corollary 3.9. For any function ¢ € 4 (T,V,x), the upper bounds of |dz|, |d3|, and |d3 — Ed%|, & € R, are given
by (2.20), (2.21), and (2.22), respectively, with X = X =31—1, Y=Y, =2t —1,and S = Sy = 21> — 471+ 1. X,
Yo, and Sy are to be used in place of X, Y, and S for Y in (2.23).

Example 3.10. Letting v = 1 in 2,(p,T,Vv,x), we get a family &s(B,T,x) = Ws(B,71,1,%) of functions
¢ € o satisfying
o($p’(0))" w(p'(w))*
A= plotpole) ~ 2 T pjw+ pow)

where 1> 1,0 < B <1, B(x,0) is as in (1.3), P(w) = ¢~ }(w) is as in (1.2), and o, w € L.

< B(x,w),

Corollary 3.11. If a function ¢ € o is a member of the family Rs(p,T,x), (0 < B < 1,7 > 1), then

|2x—1|3 |2X—1|2 |2X—l|
ldo| < sl < 1, ’
2[(X+S)(2x—1)2 —2Y2(x2 —x + §)| Y X
and for & € R,
[2x—1| 1—g <y
2X <Yy,
45 — &3] < v22x—1P[1—¢| 1-&=7
ZI((X+S)(2X71)272Y2(X27X+%)‘1 = 11,
where
(X4 9)(@x— 1) —2¥(x* —x + ¢)
b X(2x —1)2 /

X, Y, and S are as mentioned in (2.24).
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Example 3.12. Letting T =1 in 204(B, T, Vv, X), we get a subclass M4 (B, Vv, x) = Ws(B,1,v,x) of functions

¢ € o satisfying
od’(0) v
G+B¢( )>+<(1—[5)0-+[5¢(0_)> ) < B(x,0),

w/(w) O\
(< rm) R (o oaem ) )*%(X’W)’
<

1, B(x, o) is as in (1.3), P(w) = ¢~ (w) is as in (1.2), and o, w € 4l.

1
2

and

where 0 < B <1,0< v
Allowing T =1 in Theorem 2.3, we get the following.

Corollary 3.13. For any function ¢ € Ms(p,v,x), the upper bounds of |d,|, |ds|, and |ds — E,d§|, & € R, are given
by (2.20), (2.21), and (2.22), respectively, with X =X3=3—B,Y=Y3=2—B,and S = S3 = B2 —B). X3, Y3, and
Sz are to be used in place of X, Y, and S for Y in (2.23).

Remark 3.14.
l) ﬁo(er/X) E'sj.)()'(’.r/ 1/X);
11) ﬁU(OI T/X) = QSO‘(T/ 1/ X)/
111) RO‘(B/ 1/X) = mo‘(ﬁl 1/X)'

4. Conclusion

In this presentation, we have defined two subfamilies of regular and biunivalent functions that are
subordinate to Bernoulli polynomials denoted by T4(p, Vv, ») and 204(p,T,Vv,x). We have estimated the
Maclaurin coefficients |d,| and |ds| for functions that belong to the defined o subfamilies. We have also
found the Fekete-Szego functional [d3 — E,d%l, & € R for functions in these subfamilies. The specialization
of the parameters applied to our findings produces novel and untested outcomes, as covered in Section
2. Finally, we note for interested readers that the defined subfamilies can be studied for Hankel deter-
minant problems of higher order. Making use of Bernoulli polynomials one can find the estimates of the
coefficients |dy| and |d3| and the Fekete-Szego functional |dz — E,d%l, ¢ € R for functions belonging to new
subfamilies of biunivalent functions.
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