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Abstract
This paper deals with the theoretical and numerical aspects for higher order Volterra-Fredholm fractional integro-differential

equations (VF-IDEs) under φ-Caputo operator. Using Liptchiz conditions, Krasnoselskii’s fixed point theorem, and Gronwall
inequality with respect to the function φ, existence and uniqueness of the solution are investigated. The stability of the solution is
analyzed through the continuity of the parameters. Moreover, a new hybrid technique which is the combination of deep learning
artificial neural network and finite difference method (FDL-ANN) is developed to approximate the solution of higher order VF-
IDEs. This technique uses the Adaptive Moment Estimation Method (Adam) as an optimization algorithm with feed-forward
deep learning to minimize the error function and training the model using five layers with different activation functions. The
numerical analysis for the error bound and the computation complexity are provided for FDL-ANN. The numerical examples
demonstrated the efficiency of the proposed method in solving the complicated higher order fractional problems of linear and
non-linear terms.
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1. Introduction

Fractional integro-differential equations (FIDEs) have received a great attention to represent some
nonlinear phenomenons in variety of fields. Due to the memory effect property of fractional calculus,
various types of fractional operators were constructed and used in modeling some real-life problems. For
example, Caputo derivative models classical memory with singular kernels (power-law decay), Atangana-
Baleanu derivative involves non-singular and non-local kernels, better describing non-singular memory
phenomena, Hilfer derivative interpolates between Riemann-Liouville and Caputo derivatives which is
useful for systems with mixed memory effects. Combining such of these operators with a strictly mono-
tone increasing function (called φ) are considered as a generalization for many fractional operators such
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as Caputo fractional operator, Caputo-Hadamard operator, exponential Caputo derivative and offer the
flexibility in adapting to specific physical systems. For this reason, many researchers utilized this op-
erator in studying the fractional differential equations (FDEs), for example, φ-Hilfer infinite delay FDEs
[1], φ-Caputo unified Maxwell model with a variable kernel [18], φ-Caputo fractional generalized water
transport equation [8], φ-Caputo FDEs [23], and φ-FDEs [7].

FIDEs have some complexity in studying their nature, theoretically and numerically especially with
respect to another functions. Dhayal and Zhu [11] used a semigroup theory and a fixed-point technique to
study the existence and uniqueness of mild solutions for φ-Hilfer impulses fractional integro-differential
equations (FIDEs), and proved the stability criteria using the Grönwall inequality and investigated the
controllability of the system using a piecewise control function. Zhou et al. [28] used Banach contraction
mapping principle to investigate the existence and uniqueness of solution for the nonlinearφ-Hilfer FIDEs
on an unbounded domain. Recently, Heydari and Razzaghi [14] used the integral operational matrix of
Chebyshev cardinal wavelets with block-pulse functions to solve the φ-Caputo nonlinear FIDEs. Li et al.
[19] used the finite difference methods for solving a φ-Caputo nonlinear FDEs in different aspect.

Recently, Artificial Neural Networks (ANN) and deep learning, which consist of more than two hidden
layers, are used to solve different type of mathematical models of ordinary differential equations, partial
differential equation, and integro-differential equations. For example, Fang et al. [12] used a deep neural
networks for solving fractional partial differential equations, Mukdasai et al. [21] designed a supervised
neural networks solution for fractional order Leptospirosis biological model, also authors in [13] used
ANN to provide different variables for forecasting the cumulative deaths caused by COVID-19 in the USA.
Admon et al. [3] used deep feed-forward neural network with vectorized algorithm to solve fractional
differential equations, Zúñiga-Aguilar et al. [29] used the ANN with one hidden layer to approximate
the solution of fractional differential equations. Also, a linear fractional Volterra type integro-differential
equations solved by Allahviranloo et al. [4] using a multi-layered feed-forward neural network, and for
two-dimensional equation by Saneifard et al. [24] using ANN. Jafarian and Nia [15] used a combination
of neural networks and power series method to solve a fractional Fredholm type integro-differential
equation.

Motivated from all of the above mentioned works, we consider a new higher order Volterra-Fredholm
via φ-Caputo derivative (φ-Caputo VF-IDEs) with initial boundary conditions:{

CDθ,φ
c0 χ(u) = O (u,χ(u)) +

∫C
c0
K1(u, v)H1(χ(v))dv+

∫u
c0
K2(u, v)H2(χ(v))dv,

χ
(k)
φ (c0) = ρk, (u ∈ J = [c0,C], c0 ⩾ 0, k = 0, 1, 2, . . . ,n− 1),

(1.1)

where CDθ,φ
c0 is φ-Caputo fractional derivative of order θ ∈ (n− 1,n],n ∈N. Furthermore, the unknown

function χ ∈ Cn−1([c0,C]) such that the operator CDθ,φ
c0 exists and CDθ,φ

c0 χ ∈ C([c0,C]), ρk ∈ R, O :
J × R → R is a continuous function, H1,H2 are linear or nonlinear continuous functions, with α1 =

maxu,v∈J

∫C
c0
|K1(u, v)|dv, α2 = maxu,v∈J

∫u
c0
|K2(u, v)|dv, K1,K2 ∈ (J× J, R), χ(k)φ (u) =

(
1

φ ′(u)

d
du

)k

χ(u),

and the increasing function φ ′(u) ∈ Cn([a,b]) is such that φ ′(u) ̸= 0, ∀u ∈ [c0,C], where Cn−1([c0,C]) is
the Banach space containing all the (n− 1)-th-continuously differentiable functions χ such that the norm
is defined as ∥χ∥ = supu∈J |χ(u)|.

To the best of our knowledge, the theoretical and numerical studies for Eq. (1.1) are still not well
investigated with respect to another function under higher fractional order. Our work addresses these
two gaps and using the FDL-ANN the proposed Eq. (1.1) will be solved.

The main contributions of this study are summarized as follows.

1. The existence and uniqueness of the solution for nonlinear higher order φ-Caputo FIDEs are proved
using the Krasnoselskii’s fixed point theorem, and the Gronwall inequality with respect to the φ-
function under Liptchiz conditions.

2. The stability of solution for the higher order φ-Caputo FIDEs is investigated under the continuity
depends on the parameters.
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3. A new hybrid technique using FDL-ANN is developed to solve a non-linear higher order φ-Caputo
FIDEs.

This paper is organized as follows. In Section 2, we recall some background of φ-Caputo fractional
operator in fractional calculus. In Section 3, we investigate the existence, uniqueness, and stability of the
solution. Section 4 is dedicated to the construction of the approximate solution using the deep learning ar-
tificial neural network. In Section 6, we present some numerical examples to demonstrate the practicality
of the developed theorems. Finally, in Section 7, we summarize our work in the conclusion.

2. Preliminaries

In this section, we recall some concepts and theorems related to φ-Caputo fractional operator that are
used throughout this paper.

Definition 2.1 ([5, 6]). Let θ > 0,χ an integrable function defined on [c0,C] and φ ∈ Cn[c0,C] an increasing
differentiable function such thatφ′(u) ̸= 0 for all u ∈ [c0,C]. The left-sidedφ-Riemann-Liouville fractional
of order θ of a function χ is given by

Iθ,φ
c+

0
χ(u) =

1
Γ(θ)

∫u
c0

φ′(s)(φ(u) −φ(s))θ−1χ(s)ds,

where Γ(·) is a gamma funcion.

Definition 2.2 ([5, 6]). Let n− 1 < θ < n,χ : [c0,C] → R be an integrable function and φ is defined as
in Definition 2.1. The left-sided φ-Riemann-Liouville fractional derivative of order θ of a function χ is
defined by

CDθ,φ
c0
χ(u) =

[
1

φ′(u)

d

du

]n
In−θ,φ
c+

0
χ(u),

where n = [θ] + 1 and [θ] denotes the integer part of the real number θ.

Definition 2.3 ([5, 6]). Let n− 1 < θ < n,χ ∈ Cn−1[c0,C] and φ be defined as in Definition 2.1. The
left-sided φ-Caputo fractional derivative of function χ of order θ is determined as

CDθ,φ
c0
χ(u) = CDθ,φ

c0

[
χ(u) −

n−1∑
k=0

χ
[k]
φ (c0)

k!
(φ(u) −φ(c0))

k

]
,

where χ[k]φ (u) =
[

1
φ′(u)

d
du

]k
χ(u) and n = [θ] + 1 for θ /∈ N,n = θ for θ ∈ N. Further, if χ ∈ Cn[c0,C]

and θ /∈N, then

CDθ,φ
c0
χ(u) = In−θ,φ

c+
0

[
1

φ′(u)

d
du

]n
χ(u) =

1
Γ(n− θ)

∫u
c0

φ′(s)(φ(u) −φ(s))n−θ−1χ
[n]
φ (s)ds. (2.1)

Thus, if θ = n ∈N, one has CDθ,φ
c0 χ(u) = χ

[n]
φ (u).

Lemma 2.4 ([5, 6]). Let θ > 0 and χ : [c0,C]→ R. The following holds.

1. If χ ∈ C[c0,C], then CDθ,φ
c0 I

θ,φ
c+

0
χ(u) = χ(u).

2. If χ ∈ Cn−1[c0,C], then Iθ,φ
c+

0

CDθ,φ
c0 χ(u) = χ(u) −

∑n−1
k=0 ck[φ(u) −φ(c0)]

k, where ck =
χ
[k]
φ (c0)
k! .

Lemma 2.5 ([16]). Let θ,γ > 0 and χ : [c0,C]→ R. Then

1. Iθ,φ
c+

0
[φ(u) −φ(c0)]

γ−1 =
Γ(γ)

Γ(θ+γ) [φ(u) −φ(c0)]
θ+γ−1;
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2. CDθ,φ
c0 [φ(u) −φ(c0)]

γ−1 =
Γ(γ)

Γ(γ−θ) [φ(u) −φ(c0)]
γ−θ−1;

3. CDθ,φ
c0 [φ(u) −φ(a)]k = 0,∀k ∈ {0, 1, . . . ,n− 1},n ∈N;

4. Iθ,φ
c+

0
I
γ,φ
c+

0
χ(u) = Iθ+γ,φ

c+
0

χ(u).

Proof. See [16].

Lemma 2.6 ([26, Gronwall’s lemma with respect to φ function]). Let θ > 0 and φ ∈ C1[J, R](J = [a,b]) an
increasing function such that φ′(t) ̸= 0,∀t ∈ J. Assume that H is a non-negative and non-decreasing, and G is
a non-negative function locally integrable on J and suppose also that F is non-negative and locally integrable on J
with

F(t) ⩽ G(t) +H(t)
∫t
a

φ′(τ)(φ(t) −φ(τ))θ1−1F(τ)dτ, t ∈ J,

then, for all t ∈ J,

F(t) ⩽ G(t) +
∫t
a

∞∑
k=1

[H(t)Γ(θ)]k

Γ (kθ1)
φ′(τ)(φ(t) −φ(τ))kθ1−1G(τ)dτ.

Further, if G(t) be a non-decreasing function on J, then,

F(t) ⩽ G(t)Eθ
[
H(t)Γ(θ)(φ(t) −φ(a))θ1

]
, t ∈ J,

where Eθ(z) =
∑∞

j=0
zj

Γ(jθ+1) is called the Mittag-Leffler function.

Theorem 2.7 ([9, Krasnoselskii’s fixed point theorem]). Let χ be a Banach space, let Ω be a bounded closed
convex subset of χ and let T1, T2 be mapping from Ω into χ such that T1x+ T2y ∈ Ω for every pair x,y ∈ Ω. If T1
is contraction and T2 is completely continuous, then the equation T1x+ T2x = x has a solution on Ω.

3. Theoretical results

First of all, we introduce an equivalent integral equation corresponding to the φ-Caputo VF-IDEs
given in Eq. (1.1). Let χ ∈ Cn−1([c0,C]) be a Banach space with the norm ∥χ∥ = supu∈[c0,C] |χ(u)|.

Lemma 3.1. χ ∈ Cn−1([c0,C]) is a solution of the φ-Caputo VF-IDEs Eq. (1.1) if and only if χ is a solution of the
following φ-Riemann-Liouville integral equation

χ(u) =

n−1∑
k=0

ρk
k!

[φ(u) −φ(c0)]
k + Iθ,φ

c0

(
O(u,χ(u))

)

+ Iθ,φ
c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)

.

(3.1)

Proof. Let χ ∈ Cn−1[c0,C] be a solution of Eq. (1.1) . Applying the φ-Riemann-Liouville fractional integral
of order θ to both sides of Eq. (1.1), then using Lemma 2.4, we obtain

χ(u) =

n−1∑
k=0

ck[φ(u) −φ(c0)]
k +

1
Γ(α)

∫u
c0

φ′(s)(φ(u) −φ(s))θ−1O(s,χ(s))ds

+ Iθ,φ
c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)

=

n−1∑
k=0

χ
[k]
φ (c0)

k!
[φ(u) −φ(c0)]

k + Iθ,φ
c0

(
O(u,χ(u))

)

+ Iθ,φ
c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)

.

(3.2)
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Substituting the initial condition χ(k)φ (c0) = ρk,k = 0, 1, 2, . . . ,n− 1 in the above equation, we obtain Eq.
(3.1).

To prove the converse, by applying the fractional φ-Caputo derivative operator cDθ,φ
c+

0
to both sides of

Eq. (3.1) and using Lemma 2.5, we obtain

CDθ,φ
c0
χ(u) = O (u,χ(u)) +

∫C
c0

K1(u, v)H1(χ(v))dv+
∫u
c0

K2(u, v)H2(χ(v))dv.

The initial conditions in Eq. (1.1) are satisfied using direct computations on Eq. (3.2)

Now, to investigate the existence and the uniqueness of φ-Caputo VF-IDEs given in Eq. (1.1), we
construct the following assumptions and operator.

(H1) There exist the functions ω1,ω2,ω3 ∈ C([c0,C]) such that |H1(χ(u))| ⩽ ω1(u), |H2(χ(u))| ⩽ ω2(u)
and |O(u,χ(u)) | ⩽ ω3(u), for any χ ∈ Cn−1([c0,C]), u ∈ [c0,C]. Furthermore, ω∗

1 = supu∈J |ω1(u)|,
ω∗

2 = supu∈J |ω2(u)| and ω∗
3 = supu∈J |ω3(u)|.

(H2) There exist the constants ℓ1, ℓ2, ℓ3 > 0 such that |H1(χ1(u))−H1(χ2(u))| ⩽ ℓ1|χ1(u)−χ2(u)|, |H2(χ1(u))
−H2(χ2(u))| ⩽ ℓ2|χ1(u) − χ2(u)| and |O(u,χ1(u)) −O (u,χ2(u)) | ⩽ ℓ3|χ1(u) − χ2(u)|, for any χ1,χ2 ∈
Cn−1([c0,C]) and u ∈ [c0,C].

Define the operator Ψ : Cn−1([c0,C])→ Cn−1([c0,C]) such that

Ψ(χ(u)) =

n−1∑
k=0

ρk
k!

[φ(u) −φ(c0)]
k + Iθ,φ

c0

(
O(u,χ(u))

)

+ Iθ,φ
c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)

.

(3.3)

Theorem 3.2 (Existence). Suppose that (H1) holds, and

n−1∑
k=0

ρk
k!
∥φ(C) −φ(c0)∥k +

∥φ(C) −φ(c0)∥θ

Γ(θ+ 1)
(ω∗

3 +α1ω
∗
2 +α2ω

∗
2) < r,

where r > 0. Then, the φ-Caputo VF-IDEs, Eq. (1.1) has a at least one solution.

Proof. Let u ∈ [c0,C] and χ, χ̃ ∈ Cn−1([c0,C]). Using the Krasnoselskii’s fixed point theorem, we di-
vide the operator Ψ in Eq. (3.3) into the sum of two operators Ψ1 + Ψ2 on the compact set Nr ={
χ ∈ Cn−1[c0,C] : ∥χ∥ ⩽ r

}
, where Ψ1 and Ψ2 are, respectively, defined by

Ψ1(χ(u)) =

n−1∑
k=0

ρk
k!

[φ(u) −φ(c0)]
k,

and

Ψ2(χ(u)) =I
θ,φ
c0

(
O(u,χ(u))

)
+ Iθ,φ

c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)

.

Step1. We prove (Ψ1(χ(u)) +Ψ2(χ̃(u))) ∈Nr. Using (H1) gives

|Ψ1(χ(u)) +Ψ2(χ̃(u))|

⩽
n−1∑
k=0

ρk
k!

|φ(u) −φ(c0)|
k + Iθ,φ

c0
|O(u, χ̃(u)) |+ Iθ,φ

c0

( ∫C
c0

|K1(u, v)||H1(χ̃(v))|dv
)
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+ Iθ,φ
c0

( ∫u
c0

|K2(u, v)||H2(χ̃(v))|dv
)

⩽
n−1∑
k=0

ρk
k!

|φ(u) −φ(c0)|
k + Iθ,φ

c0

(
ω3(u) +

∫C
c0

|K1(u, v)|ω1(v)dv+
∫u
c0

|K2(u, v)|ω2(v)dv
)

⩽
n−1∑
k=0

ρk
k!

|φ(u) −φ(c0)|
k +

(φ(u) −φ(c0))
θ

Γ(θ+ 1)

(
ω3(u) +

∫C
c0

|K1(u, v)|ω1(v)dv+
∫u
c0

|K2(u, v)|ω2(v)dv
)

.

Taking supremum for both sides, we obtain

∥Ψ1(χ) +Ψ2(χ̃)∥ = sup
u∈J

|Ψ1(χ(u)) +Ψ2(χ̃(u))|

⩽
n−1∑
k=0

ρk
k!
∥φ(C) −φ(c0)∥k +

∥φ(C) −φ(c0)∥θ

Γ(θ+ 1)
(ω∗

3 +α1ω
∗
1 +α2ω

∗
2) < r,

which implies that Ψ1(χ(u)) +Ψ2(χ̃(u)) ∈Nr.

Step2. To prove that Ψ1 is a contraction on Nr,

∥Ψ1(χ) −Ψ1(χ̃)∥ ⩽
n−1∑
k=0

ρk
k!

|φ(u) −φ(c0)|
k −

n−1∑
k=0

ρk
k!

|φ(u) −φ(c0)|
k = 0.

Hence, Ψ1 is a contraction with zero Lipschitz constant.

Step3. To prove that Ψ2 is completely continuous on Nr,

|Ψ2(χ(u))| ⩽ I
θ,φ
c0

|O(u,χ(u)) |+ Iθ,φ
c0

( ∫C
c0

|K1(u, v)||H1(χ(v))|dv
)

+ Iθ,φ
c0

( ∫u
c0

|K2(u, v)||H2(χ(v))|dv
)

⩽ Iθ,φ
c0

(
ω3(u) +

∫C
c0

|K1(u, v)|ω1(v)dv+
∫u
c0

|K2(u, v)|ω2(v)dv
)

⩽
(φ(u) −φ(c0))

θ

Γ(θ+ 1)

(
ω3(u) +

∫C
c0

|K1(u, v)|ω1(v)dv+
∫u
c0

|K2(u, v)|ω2(v)dv
)

.

Taking supremum for both sides,

∥Ψ2(χ)∥ ⩽ γ :=
∥φ(C) −φ(c0)∥θ

Γ(θ+ 1)
(ω∗

3 +α1ω
∗
1 +α2ω

∗
2),

which implies that Ψ2 is bounded, and hence the set {Ψ2(χ(u)) : χ ∈Nr} is uniformly bounded. To prove
that Ψ2 is equicontinuous, let u1,u2 ∈ [c0,C],u1 < u2, we have

|Ψ2(χ(u2)) −Ψ2(χ(u1))|

⩽ Iθ,φ
c0

(
|O(s,χ(s)) |

)∣∣∣∣u2

u1

+ Iθ,φ
c0

( ∫C
c0

|K1(u, v)||H1(χ(v))|dv
)∣∣∣∣u2

u1

+ Iθ,φ
c0

( ∫u
c0

|K2(u, v)||H2(χ(v))|dv
)∣∣∣∣u2

u1

⩽
1
Γ(θ)

( ∫u2

c0

(φ(u2) −φ(s))
θ−1 −

∫u1

c0

(φ(u1) −φ(s))
θ−1

)
φ′(s)|O(s,χ(s)) |ds

+
1
Γ(θ)

∫u2

c0

φ′(s)(φ(u2) −φ(s))
θ−1

( ∫C
c0

|K1(u2, v)||H1(χ(v))|dv+
∫s
c0

|K2(s, v)||H2(χ(v))|dv
)

ds

−
1
Γ(θ)

∫u1

c0

φ′(s)(φ(u1) −φ(s))
θ−1

( ∫C
c0

|K1(u1, v)||H1(χ(v))|dv+
∫s
c0

|K2(s, v)||H2(χ(v))|dv
)

ds+
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⩽
[φ(u2) −φ(c0)]

θ

Γ(θ+ 1)
ω3(u2) −

[φ(u1) −φ(c0)]
θ

Γ(θ+ 1)
ω3(u1)

+
1
Γ(θ)

∫u2

c0

φ′(s)(φ(u2) −φ(s))
θ−1

( ∫C
c0

|K1(u2, v)|ω1(v)dv+
∫s
c0

|K2(s, v)|ω2(v)dv
)

ds

−
1
Γ(θ)

∫u1

c0

φ′(s)(φ(u1) −φ(s))
θ−1

( ∫C
c0

|K1(u1, v)|ω1(v)dv+
∫s
c0

|K2(s, v)|ω2(v)dv
)

ds.

Taking supremum for both sides, we get

∥Ψ2(χ(u2)) −Ψ2(χ(u1))∥ ⩽
∥(φ(u2) −φ(c0)∥θ

Γ(θ+ 1)

(
∥ω∗

3(u2)∥+α1∥ω∗
1(u2)∥+α2∥ω∗

2(u2)∥
)

−
∥φ(u1) −φ(c0)∥θ

Γ(θ+ 1)

(
∥ω∗

3(u1)∥+α1∥ω∗
1(u1)∥+α2∥ω∗

2(u1)∥
)

.

Note that, as u2 → u1, ∥Ψ2(χ(u2)) − Ψ2(χ(u1))∥ → 0. Thus, Ψ2 is equicontinuous. Hence, Ψ2(Nr) is
relatively compact on ∈ Nr. By the Arzelá-Ascoli theorem, Ψ2 is compact on Nr. Then, by Krasnoselkii
theorem, we conclude that Ψ has a fixed point which means that φ-Caputo VF-IDEs, Eq. (1.1) has a at
least one solution.

Theorem 3.3 (Uniqueness). Let (H2) holds. Then, the φ-Caputo VF-IDEs, Eq. (1.1) has a unique solution.

Proof. Let χ,χ∗ ∈ Cn−1([c0,C]) be two different solutions of Eq. (1.1), and let u ∈ J = [c0,C], using (H2)
we have

|χ(u) − χ∗(u)| =

∣∣∣∣Iθ,φ
c0

(
O(u,χ(u))

)
− Iθ,φ

c0

(
O(u,χ∗(u))

)
+ Iθ,φ

c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)

+ Iθ,φ
c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)
− Iθ,φ

c0

( ∫C
c0

K1(u, v)H1(χ
∗(v))dv

)
− Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ
∗(v))dv

)∣∣∣∣
⩽ Iθ,φ

c0

[
|O(u,χ(u)) −O (u,χ∗(u)) |+

( ∫C
c0

|K1(u, v)||H1(χ(v)) − H1(χ
∗(v))|dv

)
+

( ∫u
c0

|K2(u, v)||H2(χ(v)) − H2(χ
∗(v))|dv

)]
.

Taking the norm we obtain

∥χ− χ∗∥ ⩽ µ
∫u
c0

φ′(s)(φ(u) −φ(s))θ−1∥χ− χ∗∥ds,

where µ := ℓ3+α1ℓ1+α2ℓ2
Γ(θ) . Applying Gronwall inequality, Lemma 2.6, we have

∥χ− χ∗∥ ⩽ 0 +

∫t
c0

∞∑
k=1

ℵ Γ(θ)]k

Γ (kθ)
ψ′(τ)(ψ(t) −ψ(τ))kθ−1 × 0dτ,

which implies ∥χ − χ∗∥ = 0, and hence χ = χ∗. Therefore, we deduce that the solution of φ-Caputo
VF-IDEs, Eq. (1.1) is unique.

Next, we investigate the solution’s stability of φ-Caputo VF-IDEs, Eq. (1.1), by studying the solution’s
continuity depends on parameters.
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Theorem 3.4. Suppose that (H1) and (H2) hold, and

∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)

(
ℓ3 + ℓ1 + ℓ2

)
< 1.

Let χ(u),χϵ(u) be the solutions, respectively, of Eq. (3.1) and the problem{
CDθ−ϵ,φ

c0 χ(u) = O (u,χ(u)) +
∫C
c0
K1(u, v)H1(χ(v))dv+

∫u
c0
K2(u, v)H2(χ(v))dv,

χ
(k)
φ (c0) = ρk, (u ∈ J = [c0,C], c0 ⩾ 0, k = 0, 1, 2, . . . ,n− 1),

where n− 1 < θ− ϵ < θ < n,n ∈N. Then, ∥χϵ − χ∥ = O(ϵ), for ϵ sufficiently small.

Proof. Let χϵ(u) be the solution of Eq. (1.1), such that

χϵ(u) =

n−1∑
k=0

ρk
k!

[φ(u) −φ(c0)]
k + Iθ−ϵ,φ

c0

(
O(u,χ(u))

)

+ Iθ−ϵ,φ
c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ−ϵ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)

.

We have

|χϵ(u) − χ(u)| =

∣∣∣∣Iθ−ϵ,φ
c0

(
O(u,χϵ(u))

)
− Iθ,φ

c0

(
O(u,χ(u))

)
+ Iθ−ϵ,φ

c0

( ∫C
c0

K1(u, v)H1(χ
ϵ(v))dv

)
− Iθ,φ

c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
+ Iθ−ϵ,φ

c0

( ∫u
c0

K2(u, v)H2(χ
ϵ(v))dv

)
− Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)∣∣∣∣.

(3.4)

Adding the terms ±Iθ−ϵ,φ
c0

(
O(u,χ(u)) ,

∫C
c0
K1(u, v)H1(χ(v))dv,

∫u
c0
K2(u, v)H2(χ(v))dv

)
, then taking the

supremum for each part at u ∈ J, we obtain

I1 = ∥Iθ−ϵ,φ
c0

(
O(u,χϵ(u))

)
− Iθ,φ

c0

(
O(u,χ(u))

)
∥

⩽
∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)
ℓ3 ∥χϵ(u) − χ(u)∥+ ∥Iθ−ϵ,φ

c0
(1) − Iθ,φ

c0
(1)∥ω∗

3 ,

I2 = ∥Iθ−ϵ,φ
c0

( ∫C
c0

K1(u, v)H1(χ
ϵ(v))dv

)
− Iθ,φ

c0

( ∫C
c0

K1(u, v)H1(χ(v))dv
)
∥

⩽
∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)
ℓ1∥χϵ(u) − χ(u)∥+ ∥Iθ−ϵ,φ

c0
(1) − Iθ,φ

c0
(1)∥ ω∗

1 ,

I3 = ∥Iθ−ϵ,φ
c0

( ∫u
c0

K2(u, v)H2(χ
ϵ(v))dv

)
− Iθ,φ

c0

( ∫u
c0

K2(u, v)H2(χ(v))dv
)
∥

⩽
∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)
ℓ2 ∥χϵ(u) − χ(u)∥+ ∥Iθ−ϵ,φ

c0
(1) − Iθ,φ

c0
(1)∥ ω∗

2 .

(3.5)

Substituting Eqs. (3.5) in the supremum of Eq. (3.4), we obtain

∥χϵ(u) − χ(u)∥ ⩽ ∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)
ℓ3∥χϵ(u) − χ(u)∥+ ∥Iθ−ϵ,φ

c0
(1) − Iθ,φ

c0
(1)∥| ω∗

3

+
∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)
ℓ1∥χϵ(u) − χ(u)∥+ ∥Iθ−ϵ,φ

c0
(1) − Iθ,φ

c0
(1)∥ ω∗

1
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+
∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)
ℓ2∥χϵ(u) − χ(u)∥+ ∥Iθ−ϵ,φ

c0
(1) − Iθ,φ

c0
(1)∥ ω∗

2

⩽ δ1(ϵ)∥χϵ(u) − χ(u)∥+ δ2(ϵ),

where

δ1(ϵ) :=
∥(φ(C) −φ(c0)∥θ−ϵ

Γ(θ− ϵ+ 1)

(
ℓ3 + ℓ1 + ℓ2

)
and

δ2(ϵ) := ∥Iθ−ϵ,φ
c0

(1) − Iθ,φ
c0

(1)∥
(
ω∗

3 +ω
∗
1 +ω

∗
2

)
.

Hence,

∥χϵ(u) − χ(u)∥ ⩽ δ2(ϵ)

1 − δ1(ϵ)
= O(ϵ).

Taking ϵ sufficiently small, ϵ→ 0, then ∥χϵ − χ∥ = 0, which implies that the solutions χϵ = χ, means that
the stability of the solution for φ-Caputo VF-IDEs, Eq. (1.1), is satisfied, and the proof is completed.

4. Finite difference-deep learning artificial neural networks (FDL-ANN)

4.1. Description of FDL-ANN

The neural network architecture is similar to the neural system of human brain, consisting of many
neural cells under learning algorithm. Mathematically, the main objective of learning neural network
that it is similar as minimizing the error function with respect to parameters, then predict the values of
these parameters to make it close to the expected training solution. The deep learning neural network
architecture consists of four main layers: input-layer, two or more hidden-layers, and output layer.

For general case, let ζ denotes all weights w[n]
ji , and biases b[n] which are used to construct the neural

network, where the superscript [n] refers to the layer’s number. The forward propagation starts by feeding
forward the input layer with some randomly initial neurons u = {u0,u1,u2, . . . ,uk}. The Algorithm 1
formulates the process of feed forward the neurons or nod with number k through the input to the output
layer using the non-linear, monotonic, and continuously differentiable sigmoid activation function defined
by Φ = 1

1+e−λu . The result for the output layer can be formulated as Ok(u) = Φk(w
[n−1]
j u+b[n−1]). Since

ζ contains all weights and biases used in this calculation, we can express the final output of the neural
network by Ô(u, ζ) as

Ô(u, ζ) =
k∑

j=1

w
[n]
j Ok(u) + b

[n]. (4.1)

Next step is to express the approximate neural network train solution of Eq. (1.1) by applying ANN
as

χ̂(u, ζ) =
n−1∑
k̄=0

aku
k +Gn(u)Ô(u, ζ), (4.2)

where
∑n−1

k̄=0 aku
k satisfies the initial conditions, and the second term Gn(u)Ô(u, ζ) represents the output

of the neural network, such that Ô(u, ζ) is defined in Eq. (4.1), which is used in optimization process in
backward-propagation, and Gn(u) is the multiplication function start with degree greater than or equal
n which choose to satisfy the stability of the neural network solution.

Substituting Eq. (4.2) into Eq. (1.1) yields

CDθ,φ
c0
χ̂(u, ζ) = O (u, χ̂(u, ζ)) +

∫C
c0

K1(u, v)H1(χ̂(v, ζ))dv+
∫u
c0

K2(u, v)H2(χ̂(v, ζ))dv. (4.3)
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Algorithm 1 Feed forward.
1: function feed_forward(u, ζ)
2: w1,b1,w2,b2,w3,b3, . . . ,wn,bn ←

ζ[w1], ζ[b1], ζ[w2], ζ[b2], ζ[w3], ζ[b3], . . . , ζ[wn], ζ[bn]
3: Z1 ← np.dot(w1,u) + b1
4: A1 ← sigmoid(Z1) ▷ The output of the 1st layer
5: Z2 ← np.dot(w2,A1) + b2
6: A2 ← sigmoid(Z2) ▷ The output of the 2nd layer
7: Z3 ← np.dot(w3,A2) + b3
8: A3 ← sigmoid(Z3) ▷ The output of the 3rd layer
9: Continue until n layers, we have:

10: Zn ← np.dot(wn,An−1) + bn
11: An ← Zn ▷ This is the numerical output
12: return An ▷ Exactly the value of neural network output is Ô(u, ζ) = An

13: end function

Now, we divide our domain [c0,C] into k sub-interval, with ui = c0 + ih,h = C−c0
k , i = 1, 2, . . . , k.

To reduce the calculation, we use the finite difference method to approximate the φ- Caputo fractional
derivative with order n− 1 < θ < n, and quadrature approximations to approximate the right-hand side
of the equation. For i = 1, 2, . . . , k, we set ϕi = φ (ui), ∆ϕj = ϕj −ϕj−1, and χ̂i = χ̂ (ui, ζ).

Using L1-type finite difference to the φ-Caputo fractional derivative Definition 2.3, and applying the
Taylor expansion on each sub-interval [uj−1,uj], we obtain

χ
[n]
φ (s) = χ

[n]
φ

(
uj

)
+
(
s− uj

)
χ
[n+1]
φ (ξs) , ξs ∈

[
uj−1,uj

]
. (4.4)

Then, substituting Eq. (4.4) into the integral term of Eq. (2.1), we obtain∫uj

uj−1

(ϕi −ϕ(s))
n−θ−1 χ

[n]
φ (s)dϕ(s) = χ

[n]
φ

(
uj

) ∫uj

uj−1

(ϕi −ϕ(s))
n−θ−1 dϕ(s)

(
uj

)
+ Ri,j, (4.5)

where the remainder is

Ri,j =

∫uj

uj−1

(ϕi −ϕ(s))
n−θ−1 (s− uj)χ[n+1]

φ (ξs)dϕ(s). (4.6)

Hence, the φ-Caputo derivative can be expressed as

cDθ,φ
c0
χ (ui) ≈

1
Γ(n− θ)

i∑
j=0

Ai,jχ
(
uj

)
, (4.7)

where the weight-matrix Ai,j is given by

Ai,j =


Ai,0 =

(ϕi−ϕ0)
n−θ−(ϕi−ϕ1)

n−θ

∆ϕ1
,

Ai,j =
(ϕi−ϕj−1)

n−θ
−(ϕi−ϕj)

n−θ

∆ϕj
−

(ϕi−ϕj)
n−θ

−(ϕi−ϕj+1)
n−θ

∆ϕj+1
, 1 ⩽ j ⩽ i− 1,

Ai,i = (ϕi −ϕi−1)
n−θ−1 ,

with ϕj = φ
(
uj

)
. Applying the quadrature approximations for the Volterra-Fredholm integrals and

substitute the results with Eq. (4.7) together into Eq. (4.3), we obtain

1
Γ(2 − θ)

i∑
j=0

Ai,jχ̂j = O(ui, χ̂i) + h
k∑

j=0

K1
(
ui,uj

)
H1

(
χ̂j
)
+ h

i∑
j=0

K2
(
ui,uj

)
H2

(
χ̂j
)

. (4.8)
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This process converts the original equation (4.3) into a system of algebraic equations, which can be solved
by Adam optimization techniques that include back-propagation neural networks. The error function at
each i is defined by

E (ui, ζ) =
1

Γ(2 − θ)

i∑
j=0

Ai,j(χ̂j; ζ) −O (ui, (χ̂i; ζ))

− h

k∑
j=0

K1
(
ui,uj

)
H1

(
(χ̂j; ζ)

)
− h

i∑
j=0

K2
(
ui,uj

)
H2

(
(χ̂j; ζ)

)
.

The Mean Square Error (MSE) is computed as:

MSE =
1
N

N∑
i=0

(E (ui, ζ))
2 .

Algorithm 2 represents the pseudocode for optimization process using Adam optimizer.

Algorithm 2 Pseudocode for optimization process using Adam.
Step 1: Initialize the parameters θ, learning rate α, and other Adam hyper-parameters.
Step 2: Define the error function E (ui, ζ) for each ui, then compute the MSE.
Step 3: Compute the gradients of the MSE with respect to the parameters θ.
Step 4: Update parameters using the Adam update rule in Algorithm 3 to reduce the MSE.
for each iteration do

Compute the gradient.
Update the biased first and second moment estimates.
Correct the bias.
Update the parameters.

end for

4.2. Update the Adam parameters

We need to update the neural network parameters, ζ using the Algorithm 3.

Algorithm 3 Adaptive moment estimation method.

Input: Initialize parameters ζ = [w1,b1,w2,b2,w3,b3, . . . ,wn,bn], learning rate η, decay rates c1, c2, ϵ.
Output: Updated neural network parameters ζ.
Output: Updated neural network parameters ζ.
Initialize: Parameters ζ, first moment v← 0, second moment s← 0.
for l = 1 to L do

Compute gradient ∂E
∂ζl .

Update biased first moment estimate: vl ← c1v
l−1 + (1 − c1)

∂E
∂ζl .

Update biased second moment estimate: sl ← c2s
l−1 + (1 − c2)

(
∂E
∂ζl

)2
.

Compute bias-corrected first moment estimate: v̂l ← vl

1−cl1
.

Compute bias-corrected second moment estimate: ŝl ← sl

1−cl2
.

Update parameters: ζl+1 ← ζl − η√
ŝl+ϵ

v̂l.
end for
return ζ
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5. Numerical analysis for FDL-ANN method

5.1. Error bound
The main sources of the error when applying finite difference deep learning neural network (FDL-

ANN) are the error comes from the neural network approximation error (ENN), finite difference method
error (EFD), and the residual minimization error ER. The neural network approximation error ENN is
produced when computed the difference between the approximate solution generated by the deep neural
network χ̂(u) and the actual target solution χ(u), and by using the universal approximation theorem, for
smooth functions on a compact domain, there exists a χ̂(u) and ϵNN such that

∥χ− χ̂∥ ⩽ ϵNN, (5.1)

where χ̂(u) is defined in Eq. (4.2), which depends on the output network Ô(u, ζ) defined on (4.1).
For EFD, the truncation error comes when applying the finite difference method on the integration

parts in the fractional derivative and the integral terms in the equation. Additionally, the residual mini-
mization error (denoted by ER) comes from the training process and minimizing the loss function.

Using the results in equations (4.4)-(4.7), for any s ∈
[
uj−1,uj

]
with

∣∣s− uj∣∣ ⩽ h, where h is the step
size for finite difference, we have∣∣Ri,j

∣∣ ⩽ max
∣∣∣χ[n+1]

φ

∣∣∣× h× ∫uj

uj−1

(ϕi −ϕ(s))
n−θ−1 dϕ(s) = Chwi,j, (5.2)

where C = maxs∈[c0,C]

∣∣∣χ[n+1]
φ (s)

∣∣∣. In particular, for the last sub-interval j = i,

wi,i =

∫ui

ui−1

(ϕi −ϕ(s))
n−θ−1 dϕ(s) =

(ϕi −ϕi−1)
n−θ

n− θ
∼ (∆ϕi)

n−θ ,

and since ∆ϕi ≈ φ′ (ui)h, we get

|Ri,i| = O
(
h (∆Φi)

n−θ
)
= O

(
h(h)n−θ

)
= O

(
hn+1−θ

)
,

and hence, the local truncation error for the φ-Caputo derivative at n− 1 < θ ⩽ n is

CDθ,φ
c0
χ (ui) −

1
Γ(n− θ)

i∑
j=1

wi,jχ
[n]
φ

(
uj

)
= O

(
hn+1−θ

)
+ (higher-order).

The local error on each sub-interval
[
uj,uj+1

]
for the Volterra-Fredholm integral parts in Eq. (4.8)

when applying the left-rectangle rule is of order O
(
h2

)
, where the functions inside the integral sign

are sufficiently smooth. Summing these errors over O(1/h) intervals gives the total quadrature error
of order O(h). Hence, by gathering all errors in the integro-differential equation, we conclude that the
error bound of applying the finite difference method with quadrature approximation EFD is of order
O
(
hn+1−θ

)
+O(h) = O(h). The global maximum-norm error satisfies

max
0⩽i⩽n

|χ (ui) − χi| =

{
O
(
hn+1−θ

)
, n = 1, 0 < θ < 1,

O(h), n ⩾ 2,n− 1 < θ ⩽ n,

So, the overall error bound for this method can be summarized as

||χ− χ̂|| ⩽ C (ENN + EFD+R) ,

with C a constant that depends on the stability properties and Lipschitz constants of the operators in the
equation.
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Theorem 5.1. Under the assumption (H2), and letting E(u) = χ(u) − χ̂(u) be the error function, then, the error
involved in the approximation of the φ-Caputo type fractional derivative CDθ,φ

c0 E(u) is given by

CDθ,φ
c0
E(u) = ∆O(u) +∆I1(u) +∆I2(u) + EFD

with pointwise bound

|CDθ,φ
c0
E(u)| ⩽ ℓ ||E||+ |EFD|,

where ℓ is non-negative constant and EFD is the error producing from finite difference method given in Eq. (5.2).
Moreover, the error E(u) satisfies

||E|| ⩽ C (ENN + EFD+R) ,

where C depends on θ,φ, and b̃, which will be defined later.

Proof. Now to derive the error bound, we express the pointwise error by E(u) = χ(u) − χ̂(u), then we
decompose the error into our main equation as follows:

CDθ,φ
c0

[χ(u) − χ̂(u)] = O (u, [χ(u) − χ̂(u)]) +
∫C
c0

K1(u, v)H1([χ(v) − χ̂(v)])dv

+

∫u
c0

K2(u, v)H2([χ(v) − χ̂(v)])dv+ EFD.

After simplifying,

CDθ,φ
c0
E(u) = O (u, [χ(u) − χ̂(u)]) +

∫C
c0

K1(u, v)H1([χ(v) − χ̂(v)])dv

+

∫u
c0

K2(u, v)H2([χ(v) − χ̂(v)])dv+ EFD. (5.3)

To simplify, we use the notation ∆ to indicate to the residual differences. Let ∆O(u) = O (u,χ(u)) −
O (u, χ̂(u)), ∆I1(u) =

∫C
c0
K1(u, v)H1([χ(v) − χ̂(v)])dv, ∆I2(u) =

∫u
c0
K2(u, v)H2([χ(v) − χ̂(v)])dv. Then, Eq.

(5.3) can be written as
CDθ,φ

c0
E(u) = ∆O(u) +∆I1(u) +∆I2(u) + EFD. (5.4)

Using the Lipschitz continuity mentioned in assumptions (H2) with χ1(u) = χ(u) and χ2(u) = χ̂(u),
and using the conditions in Eq. (1.1) which assume that α1 = maxu,v∈J

∫C
c0
|K1(u, v)|dv, and α2 =

maxu,v∈J

∫u
c0
|K2(u, v)|dv, and if we take the supremum, we have

∆I1(u) ⩽ ℓ1

∫C
c0

K1(u, v)|E(v)|dv ⩽ ℓ1α1||E||,

∆I2(u) ⩽ ℓ2

∫u
c0

K2(u, v)|E(v)|dv ⩽ ℓ2α2||E||,

∆O(u) ⩽ ℓ3||E||.

(5.5)

Substituting the results in Eq. (5.5) into Eq. (5.4), we have

|CDθ,φ
c0
E(u)| ⩽ ℓ1α1||E||+ ℓ2α2||E||+ ℓ3||E||+ |EFD| ⩽ ℓ||E||+ |EFD|, (5.6)

where ℓ = ℓ1α1 + ℓ2α2 + ℓ3, and EFD is the discretization error. Integrating both sides of the above
inequality, we note that by using Lemma 2.4, the inverse form for the fractional derivative gives E(u) =
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∑n−1
k=0 ck[φ(u) −φ(c0)]

k + Iθ,φ
c+

0

CDθ,φ
c0 E(u), where ck =

χ
[k]
φ (c0)
k! incorporates the initial errors. Hence, by

using Eq. (5.6), we have

|E(u)| ⩽
n−1∑
k=0

|ck| [φ(u) −φ(c0)]
k + Iθ,φ

c+
0
|CDθ,φ

c0
E(u)|

⩽
n−1∑
k=0

|ck| [φ(u) −φ(c0)]
k +

1
Γ(θ)

∫u
c0

(φ(u) −φ(s))θ−1 [ℓ ||E||+ |EFD|]dφ(s).

Set ã(u) =
n−1∑
k=0

|ck|[φ(u)−φ(c0)]
k+

1
Γ(θ)

∫u
c0

(φ(u)−φ(s))θ−1 |EFD(s)|dφ(s), and b̃ =
ℓ

Γ(θ)
, then the above

inequality can be written as

||E(u)|| ⩽ ã(u) + b̃
∫u
c0

(φ(u) −φ(s))θ−1||E||dφ(s), (5.7)

By applying Grönwall inequality Lemma 2.6 into Eq. (5.7), we obtain

||E(u)|| ⩽ ã(u)Eθ
(
b̃ (φ(u) −φ (c0))

θ
)

, (5.8)

where Eθ is the Mittag-Leffler function. Let ϕ(u) = φ(u) −φ (c0), the bounded error in inequality (5.8)
becomes

||E(u)||FD+R ⩽ CφEθ(b̃ϕ(u)) (5.9)

where the constant Cφ depends on the transformation function φ. Note from the last inequality that the
bounded error is controlled by the total residual error which is a combination of FD error and neural
network training error FD + R. Additionally, the error expressed in terms of Mittag-Leffler function
implies that the error remains bounded under suitable conditions.

Now, combining the total bounded error in Eqs. (5.1) and (5.9), we obtain

||χ− χ̂|| ⩽ CφEθ(b̃ϕ(u)) + ϵNN.

Absorbing constants into a general constant C (which depends on b̃, θ, and the properties of φ), this is
written as

||χ− χ̂|| ⩽ C (ENN + EFD+R) ,

which complete the derivative of the error bound of the proposed method.

The following two remarks discuss the convergence behavior of FDL-ANN method and the sensitivity
of choosing different φ functions.

Remark 5.2. For the convergence behavior of FDL-ANN method, we note that the neural network has
a convergence behavior under suitable training conditions such as choosing sufficient network capacity
(number of layers), the optimization technique (Adam optimization), and regularization, which makes
the approximation error ENN small. While the finite difference method which applied on the integral
sign converges depending on the smoothness of the solution. Hence, the combined methods converge
such that the residual error (which measures how exactly the neural network satisfies the discretized of
the fractional integro-differential equation) is sufficiently reduced during the training process around the
order O (ϵNN + hr), where r is the FD scheme order.
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Remark 5.3. Choosing different φ function plays a crucial role through the definition of φ-Caputo deriva-
tive where its including in the kernel form. So, different choices of φ functions such as linear, power-law,
exponential or logarithmic functions, will effect on the past history during the training process. For ex-
ample, the behavior of linear φ function close to classical Caputo derivative, whereas the nonlinear φ
can emphasize certain regions over others. Hence, choosing the smooth and well-behaved φ functions
give result in more robust and reliable numerical behavior. Additionally, further investigation on the
discretization of the finite difference method, we note that if we choose the constant Cφ, which appears
in the above error bound, as large as Cφ = maxu∈J

∣∣∣ 1
φ′(u)

∣∣∣, it will produce small error that affects on the
stability of the proposed method. Moreover, under specific properties of the transformation function φ
such as φ′ stays bounded away from zero and does not have large oscillations, then the theoretical error
bounds remain uniformly controlled, and satisfies the stability of computation.

5.2. Computation complexity

For a uniform discretization finite difference method with N grid points, the time complexity for
approximate the fractional derivative, Volterra-Fredholm integrals are generally of order O(N) per evalu-
ation and per grid point when use a direct quadrature rule. Hence, using state-of-the-art techniques such
as neural network method with finite difference method can overall the complexity of the computation
in the entire system. Moreover, the kernels used in the equation may require O

(
N2

)
memory, so we

approximated them efficiently in the practical implementations to reduce storage needs.
When the neural network method is applied, if we choose the number of parameters m in the network

with N collocation points, then time complexity is computed as the cost per epoch of training with
O(N×m). While in practice code, we use CPUs which reduces the effective training time. Also, we
choose 1000 epochs in the training process to satisfy the convergence and modified the other hyper-
parameters. Neural network needs storage of m parameters, and computation of activation function with
collocation points in the training process also sorted.

In our hybrid technique, the overall computational effort per epoch is roughly the sum of the costs as-
sociated with evaluating the finite difference (FD) approximation and performing a forward pass through
the neural network (NN). This gives an overall complexity on the order of O(N2 +N×m), where the
N2 term represents the worst-case for the non-local FD computations and N×m is the cost for the NN
evaluation. By employing adaptive grids and fast convolution methods, we reduce the computational cost
and time significantly, and overcome the complexity of sorting and ruining the integration parts.

6. Numerical examples

To illustrate the applicability and effectiveness of the presented method, we provided some compar-
ison between φ-Caputo operator with others different operators such as the standard Caputo derivative
(Std Caputo), the Atangana-Baleanu derivative (AB), Hilfer derivative (Hilfer). This step might be nec-
essary to understand the numerical performance and stability under each operator, and may help to
select the better operator that can fits the real behavior of the modeled system. We provide the following
examples.

Example 6.1. Consider the nonlinear fractional integro-differential equation{
CDθ,φ

c0 χ(u) = O (u,χ(u)) + 1
3

∫u
0 (u+ v)[χ(v)]2dv+ 1

4

∫1
0(u− v)[χ(v)]3dv, 0 ⩽ u ⩽ 1,

χ
(k)
φ (0) = 0, k = 0, 1, 2,

(6.1)

where θ = 2.2, O(u,χ(u)) = Γ(4)
Γ(1.8)u

0.8 − 5
56u

8 − 1
40u+ 1

44 . Exact solution is u3. For ℓ1 = 2, ℓ2 = 2
3 , and for

ℓ3 > 0 any positive value, and for ω1(u) = u
3, ω2(u) = u

2 and ω3(u) = 7− 5
56u

8 − 1
40u+

1
44 , the conditions

in (H1) and (H2) are satisfied, and hence this example has existence and unique solution.
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The approximate neural network train solution is given by

χ̂(u, ζ) = u3Ô(u, ζ), (6.2)

Table 1 demonstrates the comparison with different fractional operators such as the standard Caputo
derivative (Std Caputo), the Atangana-Baleanu derivative (AB), Hilfer derivative (Hilfer), and φ-Caputo
derivative (φ-Caputo) with different φ functions. Using Adam optimizer with learning rate η = 0.001,
tanh activation function, number of epochs equal 1000, and θ = 2.2. The results show the efficiency of
φ-Caputo derivative with different φ functions to give better approximation comparing with Atangana-
Baleanu and Hilfer derivatives. The execution time is computed per second for each operator and note that
the φ-Caputo operator gives better consuming time during the training process for different φ functions.
Figures 1 and 2 show the approximate and error comparison via different fractional operators. The results
exhibit the φ-Caputo operator gives good approximation with less error.

Table 1: The comparison for the approximate solutions of various operators comparing with different φ-Caputo, Example 6.1.

u Exact Std Caputo AB Hilfer
φ-Caputo

u2 + u exp(u) sin(u)
0.0 0.000 -0.010516 -0.077795 -0.002877 -0.002044 -0.023743 -0.033443
0.1 0.001 -0.010748 -0.083231 -0.002405 -0.001305 -0.025352 -0.036756
0.2 0.008 -0.004936 -0.083035 0.004185 0.005825 -0.020923 -0.034164
0.3 0.027 0.013287 -0.070454 0.023240 0.026039 -0.003867 -0.019408
0.4 0.064 0.050101 -0.038727 0.060867 0.066099 0.032497 0.013468
0.5 0.125 0.111452 0.018658 0.122945 0.132890 0.094780 0.070217
0.6 0.216 0.203290 0.108301 0.215481 0.233598 0.189655 0.156651
0.7 0.343 0.331698 0.237393 0.344679 0.375716 0.324249 0.278673
0.8 0.512 0.502799 0.413451 0.516562 0.566782 0.506043 0.441872
0.9 0.729 0.722526 0.643547 0.736975 0.814346 0.742235 0.651348
1.0 1.000 0.996922 0.935485 1.012149 1.126425 1.040641 0.912523

Time(s) 27.73 15.21 16.77 18.76 14.23 14.38

Figure 1: Exact via approximate solution for different oper-
ators, Example 6.1.

Figure 2: Error function for different fractional operators,
6.1.
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Example 6.2. Consider the linear fractional integro-differential equation{
CDθ,φ

c0 χ(u) = O (u,χ(u)) + 1
4

∫u
0 (u− v)χ(v)dv+ 1

2

∫1
0 uvχ(v)dv, 0 ⩽ u ⩽ 1,

χ
(k)
φ (0) = 0, k = 0, 1, 2,

(6.3)

where θ = 2.3, and O(u,χ(u)) = Γ(4.5)
Γ(2.2)u

1.2 − 1
99u

5.5 − 1
11u. Exact solution is u

7
2 . For ℓ1 = 0.5, ℓ2 = 1

4 , and for

ℓ3 > 0 any positive value, and for choosing ω1(u) = 2u, ω2(u) = 3u and ω3(u) =
Γ(4.5)
Γ(2.2)u

1.2 + 1
99u

5.5 + u,
the conditions in (H1) and (H2) are satisfied, and hence this example has existence and unique solution.
The approximate neural network train solution is given by

χ̂(u, ζ) = u3Ô(u, ζ). (6.4)

Eq. (6.3) is solved by FDL-ANN at different φ-functions, and the results are compared with the Legendre
wavelets method (LWM) [22] for k = 3,M = 2. Table 2 shows that the absolute errors obtained by
FDL-ANN method are lesser than these of LWM. Moreover, the execution time is computed for sigmoid
activation function with 1000 epochs. The implementation of this method is easy to use and less costing
time for higher order complex equation.

Table 2: The comparison of absolute errors for FDL-ANN at different values of φ-functions with LWM, Example 6.2.

u
FDL-ANN

LWM [22]
φ = sin(u) φ = exp(u) φ = u φ = u2 + u

0.125 4.31607×10−4 4.30394×10−4 4.40295×10−4 4.35207×10−4 2.24750×10−4

0.250 6.85706×10−3 6.82003×10−3 6.91873×10−3 6.89225×10−3 5.68820×10−4

0.375 3.46285×10−3 3.44249×10−3 3.47736×10−3 3.47498×10−3 8.06340×10−4

0.500 1.09332×10−3 1.08667×10−3 1.09514×10−3 1.09608×10−3 2.37120e×10−3

0.625 2.66782×10−2 2.65138×10−2 2.66834×10−2 2.67278×10−2 2.80840×10−3

0.750 5.53006×10−2 5.49596×10−2 5.52603×10−2 5.53785×10−2 3.16120×10−3

0.875 1.02424×10−2 1.01797×10−2 1.02285×10−2 1.02541×10−2 3.35990×10−3

Time(s) 75.17s 60.07s 46.68s 43.05s

Example 6.3. Consider the nonlinear fractional integro-differential equation{
CDθ,φ

c0 χ(u) = O (u,χ(u)) + 1
10

∫u
0

(
3 + u2 − v2

)
χ(v)dv+ 1

24

∫1
0(5 + uv)[χ(v)]2dv,

χ
(0)
φ (0) = 0, 0 ⩽ u ⩽ 1,

(6.5)

where O(u,χ(u)) =
√
π
(
1 + 3u

4

)
−
(

215
288 +

19u
180 + u3/2

1575

(
630 + 189u+ 120u2 + 28u3

))
, and θ = 0.5. Exact

solution is
√
u(2+u). For ℓ1 = 1

6 , ℓ2 = 0.1 and for ℓ3 > 0 any positive value, and for choosing ω1(u) = 2u2,
ω2(u) = u and ω3(u) =

√
π
(
1 + 3u

4

)
+ (1 + u+ u3/2)

(
630 + 189u+ 120u2 + 28u3

)
, then, the conditions in

(H1) and (H2) are satisfied, and hence this example has existence and unique solution. The approximate
neural network train solution is given by

χ̂(u, ζ) = Ô(u, ζ). (6.6)

Figures 3 and 4 show the results of applying FDL-ANN on Example 6.3, using tanh activation function.
Results shows that after epochs 40, loss function will be stable for different fractional derivative, and
minimize the error. Moreover, the comparison of these operators gives close values to each other for this
example, which indicates to applicable of the proposed method to solve this type of problems.
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Figure 3: Approximate solutions using different derivatives,
Example 6.3.

Figure 4: Error functions using different derivatives, Exam-
ple 6.3.

Example 6.4. Consider the following VFIDEs [14]:{
C
0 D

α,φ
t χ(u) = O (u,χ(u)) + 1

2

∫u
0 e

−2us sin(χ(s))ds, 1 < α ⩽ 2, 0 < t ⩽ 1.5,
χ(0) = 0, χ

′
φ(0) = 0,

(6.7)

where the function O(u,χ(u)) is generated using the exact solution χ(u) = (φ(u) − φ(0))2. Figure 5
shows the trail neural network solution with different values of α. The solutions give good approximation
when the fractional order close to the integer order 1. Table 3 shows the results of MSE for the extended
Chebyshev cardinal wavelets method (EChCWM) [14] and our method FDL-ANN with φ(u) = exp(u).
The results of EChCWM is computed at k = M = 3, and the neural network solution of degree 3
at α = 1.25, 1.50 and 1.75. Clearly, the approximate solutions are comparable by using FDL-ANN as
EChCWM, which demonstrates the efficiency of our method for solving the given equation.

Figure 5: The trail neural network solution at different values of α, Example 6.4.

Table 3: MSE of EChCWM and FDL-ANN methods using φ = exp(u), Example 6.4.

α EChCWM [14] FDL-ANN Time(s) for FDL-ANN

1.25 1.1740× 10−2 2.2257× 10−2 16.98s
1.50 1.0967× 10−2 6.2621× 10−2 17.76s
1.75 1.1250× 10−2 4.1031× 10−2 21.33s
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7. Conclusion

In this research, the existence and uniqueness of solution for the higher order φ-Caputo VF-IDEs
have been investigated using the Liptchiz conditions, the Krasnoselskii’s’s fixed point theorem, and the
Gronwall inequality with respect to the φ function under some hypotheses. The stability of solution
is investigated using the continuity depends on the parameters. Moreover, a new numerical technique
which uses the deep learning artificial neural network and finite difference method (FDL-ANN) was de-
veloped to solve φ-Caputo VF-IDEs. Feed-forward and Adam optimization methods are used to train
the model with one input layer, 3 hidden layers, and one output layer with different activation function.
The numerical analysis for the error bound, the complexity of computation are provided. The numerical
examples are developed for different values of φ-functions to test the training process, and they demon-
strate the efficiency of the proposed method to solve the complicated linear and non-linear higher order
FIDEs problems. The FDL-ANN approach provides a good performance for minimizing the errors under
the complexity of φ-Caputo operator.
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