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Abstract

This study investigated the general decay synchronization of T-S fuzzy Binary association memory (BAM) neural networks
with discrete and distributed time delays over a complex domain. First, a novel and simple nonlinear feedback controller is
introduced. Then, based on a suitable Lyapunov-Krasovskii functional and non-separation method of complex-valued systems,
sufficient conditions for the concerned derived-response systems to achieve general decay synchronization are obtained through
inequality techniques. Finally, the feasibility of the results was verified through numerical simulations. It is worth noting that
general decay synchronization provides a more general convergence rate for synchronization errors approaching zero, and the
usual logarithmic synchronization, exponential synchronization, and pronominal synchronization can be special cases of general
decay synchronization considered in our work when p(t) in the designed controller has specific functions.

Keywords: T-S fuzzy, general decay synchronization, complex-valued BAM neural network, mixed time delay.

2020 MSC: 34K41, 93D15, 34HO05.
©2025 All rights reserved.

1. Introduction

Binary association memory neural networks (BAMNN:Ss), first proposed by Kosok in 1987, consist of
two layers of neurons with no interconnection between neurons in the same layer and full interconnection
between neurons in different layers [10]. As important neural network models, BAMNNSs can store any
pair of simulation patterns using unsupervised learning, which is crucial for many applications in pattern
recognition and automatic control engineering [1, 4, 5, 11, 27, 37].

It is well known that time delays are inevitable when implementing neural networks (NNs), which
can lead to undesirable dynamic behaviors such as oscillations and instability. Time delays are generally
categorized into discrete and distributed types during research. Discrete-time delays are easier to identify,
making the stability and synchronization analysis of NNs with discrete time delays a popular research
topic. However, NNs are inherently spatial in nature, with varying axon lengths along different parallel
pathways, a factor that cannot be fully captured by discrete time delays alone. As a result, researchers
have started to incorporate distributed time delays into NN models [18, 22-26].

On the other hand, fuzzy logic control, as a simple and effective method for controlling many complex
nonlinear systems or even nonanalytic systems, has received much attention from researchers in the field

*Corresponding author
Email address: abjil1@163.com (Abdujelil Abdurahman)

doi: 10.22436/jmcs.039.04.04
Received: 2024-10-14 Revised: 2025-01-06  Accepted: 2025-03-11


http://dx.doi.org/10.22436/jmcs.039.04.04
http://dx.doi.org/10.22436/jmcs.039.04.04
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.039.04.04&domain=pdf

X. Han, A. Abdurahman, J. Math. Computer Sci., 39 (2025), 453473 454

of control [8, 14, 17, 34, 36]. For example, [8] discussed a two-wheeled robot’s evolutionary fuzzy control
and navigation for collaborative object handling in an unknown environment. In [17], a fuzzy-logic
control algorithm was used to stabilize an Rossler chaotic dynamic system. In [34], adaptive event-
triggered output feedback fuzzy control for nonlinear network systems with packet loss and actuator
faults was investigated. In [14], the quantitative moving average strategy for the crude oil futures market
was studied based on fuzzy logic rules and a genetic algorithm. [36] investigated discontinuous fuzzy
competitive neural network timing synchronisation based on quantitative controls.

Among the various fuzzy methods, T-S fuzzy modeling is one of the most commonly used methods
for analyzing and designing fuzzy systems. The T-S fuzzy modeling technique can effectively represent
complex systems using fuzzy rules and logic [21]. Many topics, such as the stability and performance
analysis of T-S fuzzy models, controller design, and filter design, have attracted extensive attention [12,
31, 32]. Therefore, it is important to consider the synchronization and stability of fuzzy systems. Thus
far, the polynomial and exponential stability and synchronization of BAMNNSs with T-S fuzzy logic have
been obtained. For example, the stability of Cohen-Grossberg BAMNNSs with discrete and distributed
time-varying time delay T-S fuzzy logic was discussed in [3]. In [13], the stability of T-S fuzzy uncertain
BAMNNSs with leaky terms and time delays was discussed. The authors in [30] proposed global Lagrange
stability for BAMNNSs with time-varying delays T-S fuzzy Cohen-Grossberg BAMNN:Ss.

Estimating the rate of synchronization convergence has been a concern for many researchers. However,
in many cases, the synchronization convergence rate cannot be obtained using common synchronization
methods. For example, consider the differential equation z(t) = —ﬁ, t > 0. Although the differential
equation is asymptotically stable, it is impossible to obtain a convergence rate. Therefore, scholars have
proposed a new rate of convergence, general decay (GD) convergence, and many valuable research results
have been obtained [7, 9, 15, 16, 19, 29, 33]. For example, in [33], the GD stability of stochastic time-delay
differential equations with Markov switching was studied. In [16], the GD synchronization of BAMNNSs
with a time delay based on a nonlinear feedback control was studied. In [19] the GD rate stability
was presented for neutral-type stochastic functional mixed differential equations with Lévy noise. [15]
discussed the GD stability of the backward Euler-Maruyama method for nonlinear stochastic integro-
differential equations. The GD synchronization of discrete and distributed time-delay discontinuous
fuzzy NNs based on nonlinear feedback control was studied in [9]. GD anti-synchronization and H,
anti-synchronization of coupled reaction-diffusion memristive CV-NNs with and without time delays was
considered via using severation method of complex-valued systems in [7]. In fact, GD synchronization
is more general and encompasses cases of logarithmic synchronization (LS), polynomial synchronization
(PS), and exponential synchronization (ES), which can be obtained as shown in Figure 1.
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Figure 1: The synchronization relation diagram.

It is worth noting that most of the above results are obtained in the case of real-valued NNs (RV-NNs).
In general, a complex-valued neural network (CV-NN) has more complex and superior properties than
an RV-NN, and it can solve the XOR problem, symmetry detection problems, etc., which are difficult
to solve using an RV-NN. Several studies have been conducted on the synchronization and stability of
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complex-valued BAMNNSs (CV-BAMNNSs). For example, the global stability of CV-BAMNNSs with time
delay was analyzed in [28]. In [20], the existence, uniqueness, and global asymptotic stability of Cohen-
Grossberg CV-BAMNNSs with time delays were studied. However, in the above studies, a separation
method was used to deal with CV-NNs, which increases the system’s dimensionality and complicates its
theoretical analysis, making it inconvenient for practical applications. Therefore, a non-separation method
was proposed [6]. Fixed- and finite-time synchronization problems of a class of CV-NNs were studied
by introducing a complex-valued sign function and two discontinuous control strategies. However, there
have been few studies on the GD synchronization of CV-NNs using non-separation methods, especially
for T-S fuzzy CV-BAMNNSs with mixed time delays.

Inspired by the above analysis, this study investigated the GD synchronization of T-S fuzzy CV-
BAMNNSs with mixed time delays. The main contributions of this study are as follows. 1) The GD
synchronization of T-S fuzzy BAMNNSs with mixed-delays over complex domains is analyzed for the
tirst time. 2) The novel Lyapunov-Krasovskii functional is constructed to ensure the GD synchronization
between drive-response BAMNNS. 3) The controller designed in this study removed excess terms of the
controller used in [7, 9, 29], thus can reduce the control costs. 4) The GD synchronization is relatively
general, and its convergence rate can be effectively estimated when the synchronous system reaches zero.
PS, ES, and LS are special cases of GD synchronization. Therefore, the results of this study have a wide
range of applications.

The rest of the article is structured as follows. Section 2 provides the system model and some prelim-
inary knowledge. In Section 3, the sufficient conditions for determining GD synchronization of CV-NNs
are given. Section 4 carries on the numerical simulations through Matlab software.

Notations. In this article, & = {1,...,p}, 2 = {1,...,q}. R™ represents m-dimensional real vector
space, and C™ represents m-dimensional complex vector space. For any x € C , X is the conjugate
of x, Re(x) and Im(x) are the real and imaginary parts of x, respectively. [x|; = |[Re(x)|+ [Im(x)| and

— (1/2)
IXl, = v/XxX. For any 2" = (xl,...xm)T e C, |2 = ( i:l kalg) . Let T = max{T,¢, 0)¢} and
7T = max{7y,), p¢,}, we assume S = C([—7,0],C™) be the Banach spaces of all continuous functions on

[—7,0] and .# = C([—m,0],C") be the Banach spaces of all continuous functions on [—m,0], where the

. . 1/2
norm is defined as [|v|l, = sup_ ;. (> h_ vi(s)B)

2. Preliminaries

The BAMNNSs model with mixed time delays can be given as follows:

X (t) = —cyx; (1) + Z ayefelye(t)) + Z byefe(ye(t —Tye(t))) + Z dye [ o (v Te(Yels))ds +7;,
2.1)
Ye(t) = —Coye(t) + Z ey gy (%) (1)) + Zlbe]gl X (t =g () + Zl dg, ft,pz)(t) gy(x,(s))ds +Je,
)=1 )= )=

where )y e &, 0l € 2,p > 2 and q > 2 correspond to the number of neurons in the neural field Xy and
Yy, respectively. x,(t) € C and y¢(t) € C are the state variables of the )-th neuron from the nerve field
Xu and the {-th neuron from the nerve field Yy, respectively. ¢, € C and ¢, € C represent self-inhibition
of neurons; ajy € C, d, € C, by € C, Bg] € C dy € C and ag] € C represent to the connection
strengths, the time-varying delay connection strengths and distributed time delay connection strengths,
respectively; f¢(y¢(t)) and g,(x,(t)) are the neuron feedback functions; T,¢(t) and 7, (t) represent discrete
delays and satisfy 0 < T)¢(t) < T)¢, 0 < 7145 (1) < 71¢5; 0)¢(t) and py;(t) represent distributed delays and
satisfy 0 < 0y¢(t) < 0y, 0 < pgy(t) < pgy, where 1)¢, 7y, 0y¢, and pg, are the upper bounds for the
respective delays; |, and Te represent external inputs. It is important to note that the variable delays,
denoted by T,¢(t), 7¢, (t), 0y¢(t), and pg, (t), as well as the functions f(ye(t)) and g,(x,(t)) are assumed to



X. Han, A. Abdurahman, J. Math. Computer Sci., 39 (2025), 453473 456

be continuous. The initial functions of system (2.1) are

{ X](S) = dz](s)l s c [_maX{TJEI 0-.]e}/ 0]/
Ye(s) = dels), s € [—max{myy, pg,}, 0],
where ¢,(s) = ($1(s),..., dp(s))T € 2, o(s) = (b1(s), ..., bq(s)T € 4.
Based on the T-S fuzzy model method, consider the following T-S fuzzy CV-BAMNN model with
mixed time delays.

Plant Rule k: If ¢1(t) and 4 (t) are M]f, ...,and @n(t) and Py, (t) are MK, then

%) (t) = —cx) (t) + Z aXfe(ye(t)) + Z bl fe(ye(t—1ye(t)) + Z s [ oot fe(ye(s))ds +T5,
s

P
Ye(t) = —Cfye(t) + Zl ag gy (x(t) + Zlblé gy (% (t — 71y (t
)= )= )=
where M]f (k=1,2,...,n,1=1,2,...,m) is the fuzzy set, (@1(t), @2(t),..., @m(t), V1(t), Va(t),..., Vm(t))T
is the vector of premise variables, x,(t),y¢(t) are state variables, and n is the number of If-Then rules.
Let 11 (0(t)) be the normalized membership function of inferential fuzzy set Ny (0(t)). The derived
system is as follows:

_l_
HM"G

de) f:—pel(t) gy (%, (s))ds +T§,

(t)zznk(em){ ko, +Zamyz
k=1

q q t
3 Blfelyelt ) + Y |

=1 =1 t—0y¢(t)

Yelt) =)

k

fe(ye(s))d8+l}<},

. 2.2)

k(e(tn{ —chye)+ Y ak g0 (1)
(

n
=1
P _ P B
+Y b, x](t—mj(t)mzd‘,zj
1=1

where

(1) = OO N o)) = T MEe(w),
> N (O(t) hi

and M]f(zl(t)) is the rank of the membership function of z(t) in M'f. The basic properties of the fuzzy
weighting function are

Me(0(t) >0, k=1,2,...,n, Y m(6(t)) =1, for any 6(t).

System (2.2) can be regarded as the driving system. The response system is introduced as follows:

t)zznk(e(tn{—cv] +Za,elee +Zb,gsze ()
k=1

a t
+Zd}<zj fz(Ze(S))der]}‘Jru}‘(t)},

=1 t—O']((t)
m p (2.3)
zg(t) :Zﬂk(e( {_Cele +Zae]9) V] Z 19 V) (t— ﬁﬁ](t)))
k=1 -

P
+Za‘g]J g)(v](s))ds—i—jlg—i—ﬁl;(t)}.
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where u}‘(t) and ﬁ}f(t) are controllers. Let o, (t) =v,(t) —x,(t), B¢(t) = z¢(t) —y¢(t), then the correspond-

ing error system is
m q
&(t) =) nk(e(t)){ —cFoy(t)+ ) affe(Be(t)
k=1 =1

q q t
3 WhReBelt—mev))+ 3 a% [ Fe(m(s))dswf(t)},
N (2.4)

p p t
+ ) B G0 (t— (1) + Yk J Ql(oc](s))derﬁ}f(t)},

where fo(Be()) = fe(ze(-)) = fe(ye(-)) and g, (o (-)) = g, (v, (1)) — g, (%, (-)).
To facilitate the discussion of the synchronization between the systems (2.2) and (2.3), the following
are preliminary preparations for this study.

Assumption 2.1. T,¢(t), ¢, (t), P, (t), and o)¢(t) are differentiable, and there are real numbers 0 < T;} <1,0<
T, <1, 0<pj, <3, 0< 0, < 5 such that

te(t) < Ty, 7o (t) <7y, Py (t) < pgy, 6(t))e < 0f.
Assumption 2.2. There exist positive real numbers L‘g and L such that the activation functions f¢(-) and g,(-)
satisfy the following inequalities
Ife(ea) — feler)l < Lilea —eal, 9y(e2) — gy(e1)| < LJle2 — &1l

Assume that the activation functions f¢(-) and g,(-) in system (2.1) are sufficiently smooth, i.e., they
satisfy Assumption 2.2, and that the time-delay functions T,¢(t), 7, (t), 0¢(t), and pg,(t) satisfy the
differentiability and boundedness conditions in Assumption 2.1. Under these conditions, the solution to
system (2.1) exists and is unique in a local time interval.

The definition of GD synchronization for functions of W-type is given below.

Definition 2.3 ([16]). The function ¥: Rt — [1,4+00) is called a W-type function if it satisfies the following
criteria:

(1) ¥(-) exists and it is non-decreasing function;

(2) ¥(0) =1 and ¥Y(+o0) = +o0;
(3) ¥(t) = ¥(t)/¥(t) is non-decreasing and ¥* = Sup; > Y(t) < 4o0;
(4) forany t,s >0, W(t+s) < Y(t)¥(s).

Definition 2.4 ([16]). If there is a constant ¢ > 0, such that

s 10801+ 18211
P g ST

then the error system (2.4) said to be GD stable, where (t) = (o (t), o2(t), ..., ocp(t))T, B(t) = (B1(t), Ba(t),
...,Bq(t))T and € > 0 is the convergence rate when the synchronization error approaches zero.

Assumption 2.5 ([16]). For the function Y(t), W(t) given in Definition 2.3, there is a positive function p(t) €
C(R,R") and a real number 8, such that

t
Pt)<1, sup J W8 (s)p(s)ds < +oo, for any t > 0.
t€[0,+00) JO
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Lemma 2.6 ([16]). Under Assumption 2.5, suppose that the continuous functions f(t) and g(t) satisfy differential
equations &(t) = Z (t,£(t), g(t)) and B(t) = Z(t,£(t), g(t)), where F (t,£(t), g(t)) and G(t,£(t), g(t)) are locally
bounded. If there is a differential functional V(t, a(t), B(t)) : RT x R™ x R™ — R, and normal numbers A1, A
for any (t, x(t), B(t)) € RT x R™ x R™ such that

dV(t, x(t), B(t))

()| + 1B ID? < VI, alt), B(L)), i < —0V(t, alt), B(t)) + A2p(t),

where © > 0 and p(t) are defined in Assumption 2.5, then «(t) and ((t) will achieve GD stability in the sense of
Definition 2.4, with convergence rate 6 /2.

Lemma 2.7 ([6]). The following is true for any y € C:

X +X = 2Re(x) < 2[xl2.

3. Main results

In this section, we will derive some sufficient criteria for GD synchronization for master-slave systems
(2.2) and (2.3). First, design a set of T-S fuzzy controller consisting of fuzzy implications, which is given
as follows.

Plant Rule k: If @q(t) is M‘f, ..., and @n,(t) is M};, then

= W a0 3.1)

where pf and Af are positive control gains satisfying:

T rakblf lafLL!  [bYlLf

kA Kk Kk y£12-¢ 024 2

A]_Re(—c])—ul+§< 5 + > + 5
|d LLf F]‘}

> 1— 7_[* + re]T[eJ + 2]_[().) peJ + ne) 2pe] < 0,

)
(3.2)
\ag]|2Lg |0L]g|2Lg bk |2Lg

/\'géRe(—ch)—A‘ngZ( 2]+ 2“+ 5

1=1
|d |2Lg rk
2 +17€,]t* +reTJe+2ﬂ]gO‘)({+n)e 02> <0,
4
B |, L9 LY LY - L
where F‘j = ‘bhzlz L ﬂ‘g) = ldellz , F)‘; = Ib]“‘z ﬂ]e = M Based on the above T-S fuzzy rules, the

controller in response system (2 3) can be glven as

w0 = £ ot - |
3 (3.3)
a0 = T mu(o(e){ —akEEE L

Theorem 3.1. Suppose that the Assumptions 2.1, 2.2, and 2.5 hold true, and the control gains p}‘ and N§ satisfy in-
equalities (3.2), then the drive-response CV-BAMNNS (2.2) and (2.3) will realize GD synchronization via controller
(3.3).
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Proof. Consider the following Lyapunov-Krasovskii functional V(t) = V;(t) + V2(t), where

12 P q F}} t
Vi) =5 ; o (t)og (1) + J; 2w Lﬂﬂm otg (s) g (s) ds
pqujo Jt (s)oe(s)dsd qznkjo Jt (0)xe(0)dod
—l—;é 10 e tﬂoce s)ols)ds G+)§é 3 ot t+s(xe ods
p 4 0 0t
+ZZ“}<€J JJ og(0)oe(o)dodsde,
)=1 t=1 —pypeJe Jt+s .
V=35 BB+ Y3 [0 poma .
2 S s)ds
: 25 o )=1 =1 Ty Sty (1) ] ]
P 4 . 0 t p . 0 ¢
IT
—i—;é 0 J_TEJ L+S B](S)B)(S)dsd0'+];é2 0) J_%m Lﬂﬁ( )B,(0)dods
P 4 0 0 ot
+ZZHL§JJ J J ﬁ;(ﬁ)ﬁ](G)desde,
=1 =1 —0ogy Je Jt+s

where each term is non-negative, and the functional is zero only when o (t) = 0 and 3¢(t) = 0. Therefore,
functionals (3.4) are positive definite, and consequently, V(t) is also positive definite. Let

0 0 ot 0 0 ot
Vis(t) = ﬂ}‘eJ J J op(0)og(o)dodsde, Vas(t) :ﬁzj J J B,(0)B,(0)dodsde.
Pje —0y

€ Jt+s € Jt+s

By using Leibniz’s formula we obtain

t
] xelo)miTo)de = au(Oml0 - wlt + st )
dt t+s
thus . . -
Vi5(t) dtnﬁj J L og(0)og(0)dodsde
—PyeJeE +s
0 (0
= feJ J (Oie(t)“e(t)foce(t+s)cxe(t+s)> dsde
—PyeJe
0 0 0 (3.5)
=% t)dsde — (t+s)oe(t+s)dsd
)t (Jpﬂ L og(t)oxe(t)dsde J pﬂL og(t+s)og(t+s)ds e)
0
=TT%, (J ocg (t)oxe (1) (— de—J J o(t+s ocdt—l—s)deds)
—Pye p)z
k(1o 0 —_—
=TI ZPJMZ(U‘X@(U—J (s+ pye)oce(t+s)oxe(t + s)ds
—Pye
1 0 t -
=TT (29]22062(‘()0%(‘() —J y LH OCg(S)O(e(S)deO‘) )
Similarly

€ Jt+s t+s

0 0t 0t
V() = S0 [ [ ] ol (oTdodsde = T (;c%)ﬁ)(t)ﬁl(t)—j | rs()rs]()dsdo> 6)
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Then, it is not hard to see that there are positive scalars ® > 1 and © > 1 such that

=1 1=1 )=1¢=1 e
0t
Kk
+1T% Jp]@ LH a, (s)oc](s)dsdcr>
1 q _ q @ P qgq _ t
52 BB <V2() <O Be(tBe(t)+ ) D <rg L Be(s)Be(s)ds
=1 =1 j=1 ¢=1 Ty

(3.7)

where A* = min,c »{Af} and A* = minge »{A)}. Compute the derivative of V,(t) () = 1,2) with respect

to time t and combining (3.5) and (3.6), we have
m

p
Z{ [an <—coc] +Za]m Belt +me Be(t—Te(t)))

q t ., =
+3 L | fulbets ))ds+u}<(t))oc](t)+an(e(t))<—c}<al(t)+Za§fmse(t))
_ Oy k=1 =1
q R
Z fe(Belt—Tyelt +Zd L (t)fe(ﬁe(S))deru}%t))%(t)]
" P
+Z 1 ( t)oe(t )—(1—ﬁ)e(t))w(t—ﬂ)e(t))ae(t—ﬂ)e(t))>
=1

¢

q t q
—i—ZF] (ﬂjeO(g t)_L ocds)cxds)ds) +ZZ]’I}‘€ <p)e(t)oce(t)ocg(t)
ot =1

=1

t - q 1 0 t
— (T —pye(t ))J OCE(S)OCe(S)dS>+Zﬂﬁ<2932g0ce(t) e(t)—J J oce,(s)oce(s)dsd(f>}
t—pye(t) —1 —pye Jt+s
m p P e )
=3 ol {ZRe (00145 > 3 (oo (OaRTelBelt)) + % (Daife(Belt)
k=1 )=1 £=1
1P o
+2;é (OC] ofe(Belt—myelt )))+06](t)b}(efe(ﬁe(t—ﬁe(t))o
1 P q t N . t )
+§ZZ (“J d}iz L ot fo(Be(s))ds + oy (t )d]thUﬂmfe(Bg(s))ds>

Il

—_
o~
—

)

(- ot o (t) gy e (0P oi0)

_|_
—_
M-

2 2\ T a0+ el D2+ p(8)
L S
+) ) 1o ( Oéz()—(1—ﬁ;e(t))ae(t—ﬂ]e(t))ae(t—W;e(ﬂ))
1=1£=1
q

P t
+ZZFJ <7T)‘3‘Xf t)—L_ az(s)oq(s)dg)

1=1 =1
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P qq t
#3032 (ppclet - (1= pe0) | lsletslas)

=1 =1 t—pye(t)
P qq . 1 ) L 0 t
2 ;”)e<2pﬂae(t)o¢e(t) - Oée(S)OCe(S)de(T)}
and
p 1 m P P _
Dot =Y {2 [an(e(t))<—q Be(t)+ 3 ak (e (1) + 3 BEg (e (t— 7m0 (1))
=1 k=1 1=1 1=1
P t m
£y g](a](s))dsw;(t)) Bl + an(e(t))(—e‘;m(t)
1=1 t_pl)(t) k=1
p P _ _ t
+Zd]z<]§)(o‘)(t))+zb]§]§](“)(t ﬂe;(t)))-FZd}f)J gy (o (s))ds
j=1 =1 =1 t—pe(t)
P f"‘é(
F D) Balt)| + X 7= (B (0B, (11— (1 1 (1), (1 o (), T 7 (01
=1 H
P t P
N (Te]fi;(t)ﬁ;(t) - B](s)m(s)ds> £y or (% (0B, (1), 1)
=1 —Ty 1=1

P q
BN (ﬁe(tthg)(oc](t—m)(t))) + Be(0)BY g (0 (t— 11 (t))))
)=1¢=1
1A it g
32 D (WRMEJ Q;(a](s))ds%e(t)d‘gjj g](a](s))ds>
j=1 ¢=1 t—pg;(t) t—pg(t)
Lo (e IBOOIPB(t) oor i [BIPBe(t) )
+2;< Me+ e P A )+ e P
AR I
D D T (B](t)ﬁl(t)—(1—T‘e;(t))B](t—w](t))B](t—Te](t))>
j=1 =1 )
P4 +
33 T (xoy 0BT B s
1=1 ¢=1 t—1y
P q _ - t
£y Y ok <w](tm](t) ~ -0 | ) B](S)BJ(s)ds>
=1 £=1 t—oy(t

P 4 _ 1 0 t
DI A CLTACIACES I

2

=
©
o
»n
o
Q

N———
——
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According to Assumption 2.2, Lemma 2.7, and inequality 220 < =2 1 @2 for any =, © > 0, one has

p T~ S~ N —_— ~
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)=1 =1 5.8)
P q P q P g Lt '
<303 IogltakflBelth < 3 3 lalhLilog hloc(tla < 3 3 lalh ot (|oc] B+ ot )|§>.
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1 P q _ - _
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1 P q R . t
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< ds |,
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1 & o p
ZZZ(m )k g, (o ))+m(t)a‘g,g](o¢](t))) <ZZ|&1§| (|(3€( B+BWB), (39
)=1t=1 )=1t=1
P q
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Introducing the above inequalities (3.8)-(3.9) into the derivative of V(t), we get

m P 4 f
V() <) (Ot {ZRe ck)fog (t |§+ZZ|32|2 <|cx) )5 + et )|%>
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By letting p = max; ¢ y{u}‘} > 0 and A = maxg¢ g{?\‘g} > 0 and employing the inequality 0 < wjwy/(wq +
wy) < wq for any wy > 0, wy > 0, one has

m P p .
V(t) < an(e(t)){ =2 Al (t) - Z/\klﬁe )5+ up(t) +Ap(t ZZF};J | (s)l5ds
k=1 =1 e=1 )=1 =1 =70
p 4 0 t P ot
—ZZ”}%J J |oe(s)5dsdo— Y g‘jj B, (s)3ds (3.10)
]:1 =1 —Pye t+s ):1 =1 t*T(’
P q 5 0 t
—ZZWE)J J Bj(s)lgdsdc}.
)=1 =1 —Oy JtEs

Choosing a small enough constant = such that Z® < A¥ and ZO < Ak, then we get by combining the
inequalities (3.7) and (3.10),

m p q
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t 0 t
(FEJ |f5@(3)|%d5+ﬂléj J |fsg(s)|§dsda>]
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m p q -
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)=1 =1 =Ty —oy Jtts

<D MmO (+A)p(t) = (+A)p(t).

Thus, according to Lemma 2.6, drive-response CV-BAMNN:Ss (2.2) and (2.3) will realize GD synchroniza-
tion under nonlinear feedback controller (3.3), and the rate at which «,(t) and 3¢(t) converge to zero is
Z. The proof is completed. O

If there is no distributed delay in system (2.2), then it will degenerate into the following form:

X, (t) = i l’]k(e(t)){ ck X) )+ Z Clﬂfe yg )+ Z b]gf(% yg(t T]g(t))) +J}<},
k=1 ,p ) (3.11)
0elt) = £ i) ] ~efuclt)+ X g, 00 + 3 Bg, 0t () +5 |

System (3.11) can be regarded as the driving system, and the corresponding response system can be
introduced as follows:

m q 9
v (t) = kzlnk(e(t)){ — ek (1) Z axefe(ze(t)) + ezl bl felze(t —Tye(t)) + I +u}<(t)},

m =1 P (3.12)
2elt) = kzlnk(e(tn{ — ki) + 3 abg, (1) + 3 Bhg b (t—m 1) +T‘g+a‘g(t)}.

— )= )=

In this case, the following corollary can be drawn from Theorem 3.1.

Corollary 3.2. Suppose that the Assumptions 2.1, 2.2, and 2.5 hold true, and the control gains u}‘ and \§ satisfy
the inequality (3.13), then systems (3.11) and (3.12) will realize GD synchronization via controller (3.3),

q |ak| Lf |(1k\ Lf |b | Lf rk
k& Kk k y012-¢ 424 2 ) Kk
N - - (3.13)
P |(~1k| LQ |dk| Lg |bk\ Lg rk
/\‘géRe(—é‘E)—A‘gjLZ( P B O +Fgr)e> <0.
=1 ~ Ty

If there is no delay in drive CV-BAMNNSs model (2.2) and (2.3), then they will degenerate into the
following forms, respectively,

(3.14)
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m q
bt)= 3 nk(em){ —cFuy )+ 3 akfelze(t) + +u}<(t)},
- S i (3.15)
2a(t) = £ mu(0(0){ —chzelt)+  abg,m(0) +T¢ +a(0)}
= )=

Corollary 3.3. Suppose that the Assumptions 2.1, 2.2, and 2.5 hold true, and the control gains p}‘ and \§ satisfy
the following inequality (3.16), then systems (3.14) and (3.15) will realize GD synchronization via controller (3.3),

q k f k f
a’ L ay pL
A¥ £ Re(—cf) —pf + ) ( k2 "'+| b2 ’) <0,

) ) ) — 2 2
N (3.16)
P |(~1k| L9 |(~1k| L9

AzféRe(—eLﬂ—mz( e B ) <.

=1

Remark 3.4. In recent years, the asymptotic and exponential synchronization issues of various CV-NNs
have been widely studied [20]. However, only a few scholars have studied the GD synchronization of
CV-NN:s. In this paper, we have studied the GD synchronization of T-S fuzzy CV-BAMNNSs by designing
a new variable-transformed Lyapunov-Krasovskii functional. As mentioned in before, since GD synchro-
nization provides a convenient way to estimate the convergence rate of system synchronization that other
methods cannot well estimate the convergence rate of synchronization, the results of this paper have more
efficient in terms of estimating the rate at which the synchronization error tends to zero.

Remark 3.5. When m = 1, the system (2.2) is reduced to a general CV-BAMNN with mixed time delays.
In recent years, considerable research has been conducted on the synchronization and stability of real-
valued BAMNNSs including GD synchronization [3, 13, 15, 16]. However, there are few studies on the
GD synchronization of CV-BAMNNS, not alone GD synchronization of T-S fuzzy BAMNNSs in complex
domain. Since the T-S fuzzy modeling technique can effectively represent complex systems via fuzzy rules
and logic [21], the considered research topic have advantages in term of model complexity and practical
applicability.

Remark 3.6. In [7, 9, 29], the GD synchronization fuzzy NNs with mixed-delays was achieved through
using a type of complex controller containing two additional linear terms. Because of the some shortcom-
ings used techniques in [7, 9, 29], it was necessary to design a complicated controller to cancel out the
time delay term. In this paper, by deigning novel Lyapunov-Krasovskii functional we removed the extra
term in the controller of [7, 9, 29] while insuring the GD synchronization of the considered T-S fuzzy
CV-BAMNN: s at the same time, thus it can effectively reduce the control costs.

Remark 3.7. In recent years, many researchers have studied the synchronization of various fuzzy complex-
valued neural networks [2, 35], and have introduced new fuzzy rules in the complex domain to incor-
porate fuzziness. However, the fuzzy definitions they introduced have some issues, as comparing the
magnitudes of complex numbers is not straightforward. To address this, some studies compare the max-
imum of the real part of the complex numbers, but this method is not entirely valid. Although they have
defined some new fuzzy rules in the complex domain, they have not provided practical application cases
to demonstrate the effectiveness and rationality of these rules. In contrast, this paper employs the T-S
fuzzy rules, which completely avoid the issue of comparing the magnitudes of complex numbers, as T-S
fuzzy rules do not involve such comparisons at all.

Remark 3.8. How to effectively analyze the stability of the system is an interesting and important issue.
Previous studies used separation methods to separate the real and imaginary parts and discuss the sta-
bility conditions for each part [20, 28]. While this approach is intuitive, it increases the computational
complexity. To reduce complexity, this paper adopts a non-separation method, constructing the prod-
uct of a complex number and its conjugate, and using a related Lyapunov function to study stability.
However, it is worth exploring whether there are better methods for directly analyzing the stability of
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complex-valued systems. Although the non-separation method is better than the separation method in
terms of reducing complexity, there may still be more efficient and accurate methods for studying the
stability and synchronization of the system, which warrants further exploration.

Remark 3.9. In classical Lyapunov stability theory, the stability of a system requires the constructed Lya-
punov function to be positive definite, and its time derivative to be semi-negative definite; to achieve
asymptotic stability, the derivative needs to be strictly negative definite. However, in the context of GD
stability, these conditions are relaxed, we do not require the derivative to be strictly semi-negative defi-
nite, but instead only need to satisfy V(t) < —0V(t) + Ap(t). When p(t) = 0, the condition reduces to the
classical Lyapunov stability condition. When p(t) > 0, the condition allows the derivative to be positive
at certain moments, as long as the overall trend satisfies the decay condition. This relaxation makes GD
stability more general than classical Lyapunov stability, and applicable to more complex systems with
time-varying parameters or external disturbances.

4. Numerical simulations

In this section, two numerical examples are given to verify the feasibility of the above theoretical
results.

Example 4.1. Consider the T-S fuzzy CV-BAMNN:Ss (2.2) with the following parameters m =2, n;(v(t)) =
sin?(t), na(v(t)) = cos?(t), and

ol _ (o 82 —2.29i 0 ) Al ( 1.09+3.17 —291+0.21i

0.63—3.191)’ —3.0543.571 1.09 —2.54i

—3.15—-231i 5.25+40.42i
1.68+231i —273—-273i)"

—294+359 3.17—-3.6li
—2.60+10.82i 2.42—2.86i)"’

0.84—252i 0.42+1.68i > < —3.15—-2.73i 5.88 4 1.05i

0.63—1.891 0.21+1.47i
147 —-042i —126+147i)"

0.95 —2.25i 0
0.46 —3.00i ) ’

0.63—0.84i —0.84+1.89/)" 1.684+2.10i —2.73—-2.10i/"

-
- (0%
o )
(2 .64 —2.07i 05 i) ) 891) , 0.79+2871 —2.63+ 1.901)
- )
-
o

—2764+3.23i 0.99—2.30i
0.57—-1.71i 1.90+1.33i ) —2.85—-2.091 4.7540.38i

1.33-0.38i —1.1441.33i
0.86 — 2031

1.524+2.091 —247-—-247i)"

( 26643251 2.87— 3.27i>

0.42 2. 721)

0.76 —2.281 0.38 +1.52i
0.57—-0.761 —0.76 +1.71i) "

2364+9.791 219—-258i)"

—2.85—2.471 5.32+0.951 )

D2
1.52+190i —247—-1.90i)"’

f(z) = g(z) = 0.8(tanh(Re(z)) + tanh(Im(z))i), Ty¢ = e'/(1+e'), oy¢ = e'/2(1 +€'), myp = e'/(1+e"),
Py = €'/2(1+¢€'), Jf = J§ = 0. The Matlab simulation of the system (2.2) with initial values x;(s) =
—0.4+0.8i, x2(s) =0.9—0.71, y1(s) = 0.6 —0.3i and ya(s) = —1.2+0.8i for s € [—1,0] are given in Figures
2-3. It can be seen that the drive system (2.2) with above set of parameters have chaotic attractors.

By easy computation we have Lf = 0.5, LJg = 0.5, 1) = 0)¢ = Mg = py¢ = 1. Therefore, Assumptions
2.1 and 2.2 are satisfied. Letting p(t) = 4477 + st and P(t) = et in nonlinear feedback controller (3.3), and
choosing Al =52, A% =73, u! =15, and p? = 0.3, then all the conditions of Theorem 3.1 are satisfied,
thus the GD synchronization between systems (2.2) and (2.3) are guaranteed. The time evolution of
the synchronization error of the drive-response systems (2.2) and (2.3) are provided in Figure 4. The
initial conditions of systems (2.2) and (2.3) are taken as x;(s) = 0.2h —0.4 + (0.8 + 0.15h}i, x2(s) = 0.2h +
0.9 — (0.7 4 0.15h)i and yi(s) = 0.2h + 0.6 — (0.3 + 0.15h)i and yz(s) = 0.2h — 1.2 + (0.8 + 0.15h)i for
h ={-3,-2,-1,0,1,2,3} and s € [-1,0]. The synchronization curves between systems (2.2) and (2.3) are
given in Figures 5-6.
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Im(x,)

im(y,)

Im(x‘)

Im(y)

Figure 4: The real and imaginary parts of synchronization error «, (t) and B,(t) estimates of systems (2.2) and (2.3).
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"
m(y,)
or - imz ||

Im(yw)\lm(zw)

Im(yz) \ Im(zz)
(®

Figure 6: The synchronization curve of the real and imaginary parts of yy, z1, Yo, and z,.

Example 4.2. First choosing two If-Then rules as 17 (v(t)) = sin?(t), n2(v(t)) = cos?(t) and then consid-
ering the T-S fuzzy CV-BAMNN:S (2.2) with the following set of parameters:

0.82 — 2.29i 0 0 0.95 — 2.25i 0 0
cl= 0 0.63 —3.19i 0 , Cl = 0 0.46 — 3.00i 0 ,
0 0 0.63 —3.19i 0 0 0.46 — 3.00i
1.09+3.17i —291+021i 2.14+2.96i —221+428i 225-—044i 2.73—4.47i
Al = | =3.05+357 1.09—254i 4.41+1.05i |, Al = | —145+252i 128—252i 422-235i],
~145+1.70i 052—121i 1.89 —1.45i —273+441i 1.13—6.32i 4.94—2.02i
—294+359 3.17-361i 2.63+4.22i —1.05+2.84i 4.22—1.18i 3.44 +3.44i
Bl= [ 147-042i —126+147i 275—187i|, B'=|-042+229 1.22—-431i 433—6.74i|,
—260+10.82i 2.42—2.86i 4.10+ 3.05i —6.34+225 2.16—0.44i 0.71 —3.93i
—1.41—485 2.04—6451 2.73+1.07i —252+344i 2.81—0.48i 2.81+4.94i
D! = | -1.26+063i 1.09—1.41i 0.21—1.05i |, D! = | —0.74+1.28 1.28+042i 252—1.68i|,
—265+0.25 2.23—422i 0.50—0.74i —0.74+4.62i 2.31—273i 3.99 —1.68i
2.64 —2.07i 0 0 0.86 — 2.03i 0 0
C? = 0 0.48 + 0.59i 0 , C? = 0 2.49 —0.61i 0 ,
0 0 0.57 — 2.89i 0 0 0.42 —2.72i
—2.03+4281 2.25—0.44i 2.73—4.47i —2.00+3.88i 2.03—0.40i 2.47 —4.05i
AZ = | —145+252i 128—252i 422235, AZ = [ —1.31+228i 1.16—228i 3.82—2.13i |,

—2.73+441i 113—-6.32i 4.94—-2.01i —247+399 1.03—-5.72i 4.47—1.82i
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—1.05+2.84i 4.22—-1.181 3.4443.44i —095+2571 3.82—-1.061 3.1243.12i
B2=|-0424229 1.22—431i 4.33—6.74i |, B2=|(-0384207 1.10—3.90i 3.91—6.10i |,
—6.34+2251 216—044i 0.71 —-3.93i —5.74+2.03i 1.96—-0.40i 0.65—23.551
—252+3.44i 281—-0481 2.8144.94i 228+3.121i 255—0.44i 2.56+4.47i
D?=(-074+1.28 1.28+042i 2.52—1.68i |, D? = [ —0.67+1.16i 1.16+0.38 2.28—1.52i |,
—0.74+4.62i 231—-273i 3.99—1.68i —0.67+4.181 2.09—-2471 3.61 —1.52i

f(z) = g(z) = 0.8(tanh(Re(z)) + tanh(Im(z))i), Ty¢ = e'/(1+€'), oy¢ = e'/2(1 +€'), My = e'/(1+€'),
by — et/2(1+ ¢, JE = T — 0.

The Matlab simulation of the system (2.2) under the above set of parameters with initial values x(s) =
[—0.4 4+ 0.81,0.9 — 0.7,0.3 + 0.5i] " and y(s) = [0.6 — 0.3i,—1.2 + 0.8i,0.5 — 0.2i] " for s € [—1,0] is given in
Figures 7-8. It can be seen that the drive system (2.2) have chaotic attractors.

By computation, on has L}f = 0.5, LJg = 0.5, 1) = 0y = m¢ = py¢ = 1/2. Therefore, Assumptions
2.1 and 2.2 are satisfied. In (3.3), let p(t) = e 88!, P(t) = e!, and choosing A = 6.8, 1 = 8.2, then
all the conditions of Theorem 3.1 are satisfied, and thus the GD synchronization between systems (2.2)
and (2.3) are guaranteed. The time evolution of the synchronization error of the drive-response systems
(2.2) and (2.3) are provided in Figure 9. The initial conditions of systems (2.2) and (2.3) are taken as
v(s) = [0.2h— 0.4+ (0.8 4+0.15h)i, 0.2h — 0.7 + (0.9 + 0.15h)i, 0.2h — 0.7 + (0.9 +0.15h)i] T, z(s) = [0.2h +0.8 +
(0.3 4 0.15h)i, 0.2h — 1.2 + (0.8 4 0.15h)i, 0.2h — 1.2 + (0.8 4 0.15h)i]" for h € [—6,6]. The synchronization
curves between systems (2.2) and (2.3) are given in Figures 10-11.

Re(x3)

Re(xz)

Figure 7: The chaotic attractor of real and imaginary parts of the systems (2.2) and (2.3).

Figure 8: The chaotic attractor of real and imaginary parts of the systems (2.2) and (2.3).
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Figure 11

: The synchronization curve of the real and imaginary parts of y1, z1, Y2, 22, Y3, and zs.
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5. Conclusion

This paper studied the GD synchronization problem of a class of T-S fuzzy CV-BAMNNSs with mixed
time delays. Inspired by [6], we use a nonseparation method to discuss the GD synchronization of CV-
NN directly. Also, to dealing with time delay terms, we designed a type of novel Lyapunov-Krasovskii
functional to offset the extra term caused by the time delay and reduce the control cost. Finally, the
feasibility of the results was verified through numerical simulations. When the number of T-S fuzzy
rules is one, the results of this study can be extended to the GD synchronization of CV-BAMNNSs with
mixed delays. To the best our knowledge, the results in this paper are the first one to consider the GD
synchronization of T-S fuzzy CV-BAMNNSs by nonseparation method by combining the three main factors
such as T-S fuzzy logic, complex-variable and mixed delays.
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