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Abstract

In this work, we extend several well-known classical inequalities by applying a newly defined q-h operator over finite inter-
vals. Specifically, we generalize the Cauchy-Schwarz integral inequality for double integrals, Griiss integral inequality, Korkine
identity, and Griiss-Cebysev integral inequality. These generalizations provide tighter bounds and enhanced applicability in the
framework of quantum calculus. The g-h-integral, which combines features of the g-integral and h-integral, serves as a unifying
tool to connect and extend existing results. Furthermore, we examine special cases to demonstrate the broader scope of these
inequalities. Our findings highlight the versatility of the g-h-operator in refining and expanding the mathematical framework
of integral inequalities in quantum calculus.
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1. Introduction

The study of inequalities is fundamental to mathematical analysis with applications extending to fields
such as physics, engineering, and finance. This paper explores a novel approach to extending classical
integral inequalities by utilizing the recently developed g-h-operator. Building on the principles of q-
calculus and h-calculus, the g-h-integral offers a unified framework that bridges established results with
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new extensions. Quantum calculus, also known as g-calculus, offers a contemporary framework for cal-
culus that focuses on functions and their derivatives without relying on limits. Originally conceptualized
by Euler in the 18th century, this branch of mathematics has been extensively studied in the works of Kac
and Cheung [10]. In 1910, Jackson introduced the g-Jackson integral, a form of definite g-integral, which
became a significant contribution to the field, and subsequent research has focused on its properties and
those of g-derivatives. Notable contributions include the work by Tariboon and Ntouyas in 2013, which
detailed the features of g-derivatives and g-integrals on finite intervals [20].

In recent years, the application of quantum calculus theory has gained considerable attention from
researchers, leading to a growing body of significant contributions in this vibrant field. Notable con-
tributions include advancements in fractional calculus, optimal control problems, and the exploration
of g-difference and g-integral equations within g-analysis. To facilitate these studies, the concept of
g-h-derivatives has been introduced, accompanied by the formulation of fundamental calculus rules. Ad-
ditionally, the g-h-integral has been defined over a finite interval, further enriching the theoretical frame-
work [17]. This new integral incorporates aspects of both g-calculus and h-calculus, and under specific
conditions, it directly relates to standard analysis results. The increasing significance of mathematics in
quantum calculus has drawn considerable attention to g-integral inequalities. Scholars have investigated
Griiss-type inequalities within the realms of both classical analysis and time-scale calculus, expanding
the scope of these mathematical concepts. The study of Griiss type integral inequalities has been ex-
panded in various contexts. For instance, Peng and Miao [16] extended the inequality to functions with
absolutely continuous first and second derivatives, assuming bounded third derivatives. Dragomir [4]
investigated several variations of Griiss-type inequalities and their applications in inner product spaces.
Further enhancements were made by Mercer [13], who provided additional refinements to the original
Griiss inequality. In 2014, Tariboon and Ntouyas extended the Griiss inequality to quantum calculus [21].
For a detailed overview of related inequalities, key contributions can be found in [1, 3, 5-9, 14, 15, 19],
with application of these inequalities discussed in [2, 11, 12, 18].

In this paper, we generalize several key inequalities, including the Cauchy-Schwarz integral inequality
for double integrals, Griiss integral inequality, Korkine identity and Griiss-Cebysev integral inequality,
using the innovative g-h-operator. This generalization not only broadens the scope of Griiss- type in-
equalities but also offers a more flexible and comprehensive approach to tackling problems in quantum
analysis. The inclusion of g-h-operator allows us to address scenarios with variable quantum steps and
provides refined bounds for integrals over finite intervals. This advancement is expected to open new
avenues for research in areas such as fractional quantum calculus, g-difference equations, and optimiza-
tion in quantum systems. We also discuss special cases to highlight the connections between g-integrals,
h-integrals, and standard integral inequalities.

The structure of this paper is as follows. Section 2 reviews the essential concepts and definitions
related to the g-h-integral on finite intervals, laying the groundwork for our main findings. Section 3
outlines the detailed derivation of our findings. To the best of our knowledge, this work is the first to
investigate Griiss-type integral inequalities employing the g-h-operator on finite intervals.

2. Generalization of g and h integral on finite intervals

A unified formulation of the g-integral and h-integral, referred to as the gq-h-integral, was introduced
by Shi et al. in their work on inequalities [17]. In this section, we outline the fundamental definitions and
examples of the g-h-integral, which serve as the foundation for deriving our main results. For additional
results on the g-h-integral, the reader may refer to [17].

Definition 2.1 ([17]). The g-h-derivative of a continuous function f(¢), denoted as 1,Dq, such that f: I =
[01,9] = R, with0< q<1, heR, and ¢ €1, is defined as:

()91 tqle+h) o) ah+(1-q)d%

wDafle) = = e e ran 1-q

= (po.
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When h = 0, the formula for the g-derivative on interval [81,9,] is obtained, as discussed in [21]. Addi-
tionally, ,Dqf(@o) = limg o, nDqf(@).

Definition 2.2 ([17]). The g-h-integral of a continuous function f(¢), denoted as I4nf(@), such that
f:I1=1[81,9] 2R, with0<qg<1,and h € R, is defined as:

9, 00

lgnfle@) = J f(@),Dgo = ((1 —q)(92—1) —|—qh> E qpf<qp\91 +(1—qP)9, +pqph>, 92 > 9.
91 —
p=0

Example 2.3. Take a constant function f(@) = «, the g-h-integral for a constant function is determined
as:

9 °°
lnf(@) : = L anDqo = ((1—q)(192—\91) +qh> D> qPra= “<(1—qJ(f’z—‘9ﬂ +qh> 11q
1 p=0
2
Ll apDgo = O(((\92—191) + 1q_hq>.

When h = 0, we have &(9; —81), which is the standard integration result of a constant function f(¢) = «.

Example 2.4. Take f(@) = ¢, the g-h-integral of f(¢) = ¢ is determined as:

O 0
lqnf(@) = J ¢nDqe = <(1 —q)(92—91) + qh> > qP <qp191 +(1—qP)9 +Pqph>
O
1 p=0

— (1= q)(02—01) +qn ) (-2, 4+ 2 D +i PR
B PP TR T2 T1-q 1-¢ pzopq '

S
2 gh 91+ 929 ,)
f D = (8 —9)+ +S'),
Jﬂl (©),,Dq (( ,— 1) 1_q)( —

where 8’ = 3" ;pq*Ph, when h = 0, we have

Oz 81+82q
D = (O —%)(———),
thp q® 2—91)( T a )

the g-integral of function f(¢@) = ¢ on interval [84,9;] . And we have M, the classical integration
of function f(¢@) = ¢, when q — 1.

Example 2.5. Take f(¢@) = @2, the g-h-integral of function f(¢) = @? is evaluated as:
Oy o0 2
L @D = <(1 —q)(92—1) +qh> > P <qP\91 +(1—qP)9, +quh) .
1 p=0

By direct computation, we have:

7

an ><‘912(1+q)+2‘91‘92q2+‘922q(1+q2) +T,>

:<(82_81)+1—q (1+q+q3)(1+q)?

where, T' = 3 >, phq?? <2\9182(1 —q)+2%1 + pqh>, the sum T' — 0, when h = 0.
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We obtain the g-integration of a function f(¢@) = @2, when h = 0, given by:

92 912(14 q) + 29192¢% + 9:2q(1 + ¢?)
D= (9, — O < 1 172 2 ) 2.1
J'Sl (P q(P ( 2 1) (1+q+q2)(1+q)2 ( )

Equation (2.1) transforms to the following classical integral, when q — 1,

Definition 2.6. The double g-h-integral of continuous function f(¢, p), denoted as 4 nf( @, p), such that
f:l=1[91,9] - R, with0< q<1andh € R, is then defined as:

lgnf(@,p)

9 O
;:J J f(@,p),DqenDgp
91 IO

92 %
:J ((1— q) (92 — 1) +qh> > qpf<qp191+ (1—qP)92+pq”h, p)
o1 _
p=0
2 o0 [e'e]
= ((1 —q)(92—91) +qh) > > qp+“f(qp81 +(1—=q")92+pqPh,q"01+ (1—q")92 +uq“h>~
u=0p=0

3. Main results

In this section, we generalize several key inequalities of classical analysis using the innovative g-h-
operator. We begin by proving the following lemmas.

Lemma 3.1. For continuous functions f and g defined on the interval [81,92] — R, with0 < q <land h € R,
the q-h-integral adheres to the following inequality:

OS2 92
] o)~ #(0)) (900~ 919)),, Dapn Dy
2o, Jo ) N . (3.1)
(82—81+ 1qq) Ll f(st»)g(p)thp—L1 f(p)thle g(p)Dqp-

Proof. We have
(f(p) —f(@))(9(p) —g(@)) =f(p)f(p) —f(p)g(®) —f(@)g(p) +f(@)g(e).
Applying the double g-h-integration to the above inequality over the region [91, 9,]? results in:

9y O
J J (f(p) — £(0)) (9(p) — g(0))), DgpnDq

Y1 IO

\92 \92 \92 192
:J J f(P)Q(P)thpth@—J J f(P)g(q))thpthcp
\91 \91 ‘91 \91

\92 192 \92 ‘92
_JG L} f(@)Q(P)thpth@JrL L} f(‘P)Q(‘P)thpth(P-

By applying the definition of the g-h-integral on the interval [84,9;] and referring to Example 2.3, we
obtain the following result:

\92 \92 ‘92
(f(p) — (@) (9(p) — 9(@))),DqpnDq@inty? |  (f(p) —f(¢))(g(p) — 9(¢))), DqpnDqe
91 IO Y1
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= ((1 —q) (92 —9) +qh> (Z qf(q"91+(1—q")92+71q"h)g(q" 91+ (1—q")92 +quh)> ((82 — %)+ 1qhq)
r=0

—((1—q)(92—81 +qh) (quf (491 +(1—q")92+7q"h )(Zq 9(q"®1+(1—q")92+7q" ))

2
- ((1 —q)(92 —91) +qh) (Z qf(q"91+(1—q")92 +Tqrh)> (Z q"g(q"91+(1—q")92 +Tqrh))
=0

r=0

¥ ((1 —q)(®2— 1) +qh) (Z qTE(q"91 + (1— q")92 +7q"h) g (g1 + (1 — q )95 +rqfh)) ((ez o)+ qhq)
r=0

= 2((1 —q)(92—91) +qh) (Z qTf rf}l +(1—q")9 +rqrh)g(qrx91 +(1—q")9, +rqrh)) <(82 —91) + 1q_hq>
r=0

—2((1—q)(\92—81 +qh> (quf (@91 +(1—q")92+7q"h )(Zq g(q™ 91 + qr)ﬁz—i—rqrh)).
r=0

From this, we can write:

3y O
J j (f(p) — (@) (g(p) — 9(©)), DqonDqo

O IO

qh 9y 9y
—2(\92_81+>J f(p)g(P)thp—ZJ f(p)thpJ g(p)thp-
1_q o1 o1 H

From this we have our required equality:

1 S O
2J J (f(p) —f(@))(g(p) —g(®)), DgprnDqe
o1 IO

qh O Oy
= (st ) [ 1019060000 [ 1(61Dup [ 910100
—4q/ Je, 9 91

This concludes the proof. O
Remark 3.2. We have g-Korkine identity [21], when h = 0:

2 2

O Oz
] e~ 101 (910) — (0] dapdge = (02— 0n) |

2 91 JO1 91

f(p)g(p)dqp—J

D2
f(p)dqu g(p)dgp.
H 191

And, we have classical Korkine identity, when q — 1.

Lemma 3.3. For continuous functions f and g defined on the interval [941,92] — R, satisfying the conditions:
01 <fle) <02, M <gle) <Ay Vo €[91,92],01,02,A, 1 R,

with 0 < q < 1 and h € R, the q-h-integral adheres to the following inequality:

h 9 9 2
e (e

9, h h 9 (3.2)
< (Ll f(@)nDqo — 61 <(82—81) + 1q_q>> (62((82—81) + 1q_q> —Ll f(@)th@),
and
Sy 9, 2
(1020417 [ “ondaw [ 90100
L o (3.3)

o2 h h 92
< (Ll 9(<P)th(P—?\1<(\92—\91) +1q_q>> <?\2<(\92—\91) +1q_q> _Lh g((p)th(p>.
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Proof. Given the condition 6; < f(¢) < 0;, from the given conditions, we have (6, —f(¢@)) > 0, (f(@) —
01) = 0. By combining these two inequalities, we obtain

(6, —f(@)) (f(9) —61) > 0.

Taking the g-h-integral with respect to ¢ over [84, 9;] and then multiplying by (\92 —O1+ T‘*%) yields:
h
<192 —91+ q>
1—q

(02 —F(@))(f(p) —61) + (62— f(p) (f() —61))
— (02 —f(p)) (f(p) — 01) — (62 — (@) (F(@) — 01) = 2(p) + f* () — 2f (@) F(p).

By performing the double g-h-integral with respect to ¢ and p over the interval from 9, to 9,, we obtain

2
L (02— £(@)) (F() — 01), Dgep > 0. (3.4)

We have

Sy 9y 2 92
J J (ez—f(m))(f(p)—el)thcpthp+J J (82— (p) () — 1)) Dg@rDyp
\91 \91 61 \91
9y 9y B2 92
=[] (0= o) (#(6) — 01), DgonDap— | | (02~ @) (F(@) ~ 81)nDg@nDap (722
\91 191 ‘91 61

192 \92 192 192 1()2 ‘92
= | | ftomDaenbap+ | | R@mDeonDep—2| | “f(0)f(0),DawnDap.
61 \91 191 191 61 l91

By applying the definition of the g-h-integral and simplifying, we obtain:

h 92 h h
2<92(192—191+q)—J f(@)thq))(J f(©)th<P—91(\92—191+q))—2(\92—\91+q)
1—=q” Jo, 91 1—q I—q

02

Oy qh 9y Sy 2
x| (02— f(0)) (F(@) ~ 1), Da =2(102 —90) + 1) | fz(cp)thcp—z(J f(tp)thm),
9 1—-q7 Js, 9

gh

qh Oy Oy qh
== (92(92—\91+)—J f((P)th(P>(J f(@)th@—91(32—191+)>—(192—191+)
1-q97 Jo, 91 1—-¢q 1—-¢q

7 qh 2 ) 2 2
<, (02— 00 (01 =01), D0 = (92— 00+ 120) [ *FlonDao— (| rle1Dg0)

By using inequality (3.4) we have:

h S, 2 2
(192 =00+ 1) | “FlolDgo— (| rlo1D40)

o qh gh \ _ >

< (J f(@)th(P—91<(\92—191)+)><ez<(\92—\91)+)—J f((P)th@)-
91 1-— q 1— q o1

This result is the desired inequality (3.2). Similarly, by applying the condition A; < g(¢@) < A2, we obtain

the second required inequality (3.3). O

Lemma 3.4. For continuous functions f and g defined on the interval [91,9;] — R, with0 < q < 1and h € R,
the q-h-integral adheres to the following inequality:

O Oy
L L flo,p)g(@,p)Dqg@nDgp
o L (3.5)

D2 92 ) % Oy 92 ) 2
< (J J f ((p,p)th@thp> <J J g ((p,p)thtpthp) :
\91 \91 \91 ‘91
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Proof. Using the definition of the double g-h integral, it follows that:

\92 \92 2
<J J f((p,p)g(@,p)thcpthp>

O I

= <((1 —q)(®2—91)+an)* > Y g RF(q"01 + (1 q")02 +1q"h, g4O1 + (1 q¥)92 + kq'h)
r=0 k=0

2
x g(q"91+(1—q")92+7q"™h, 401 + (1—q*) 92 + quh)) :

Applying the discrete Cauchy-Schwarz inequality, we obtain:

S Oy 2
(J J f(@,p)g(@,p)th@thp>

91 IO
2 o0 o0
< ((1—q)(sz—sl +qh> > Y q(qTe1+ (1—q")92+7q™h, q*91 + (1— q4)92 + kqkh)
=0 k=0
2 00 o
X ((1—q)(ez—sl +qh) D> > a4 g (4791 + (1—q")92+71q"h, 401 + (1 — q%)9, +kq*h)
=0 k=0

\92 192 192 1()2
= (J J fz(tp,p)ancpthp> (J J 92(@,p)th<pthp>.
O JO 01 IO

Taking the square root of both sides yields the required inequality:
92 92 ) 1/ (9 (92 ) 2
< (J J f ((P/p)th(PthF)) <J J g (e, p)th(Pthp> .
191 \91 191 ‘91

O
Remark 3.5. Inequality (3.5) reduces to q-Cauchy-Bunyakovsky-Schwarz integral inequality for double
integral [21], when h =0,

S 92
J J flo,p)g9(@,p) DqgenDqgp
o1 IO

O O
J J flo,p)g(@,p),Dqedqp
91 IS

92 92 ) Z 92 52 ) 3
< (J J f(cp,p)dqcpthp> <J J g ((p,p)thcpdqp) :
\91 \91 ‘91 ‘91

Inequality (3.6) transformes to classical Cauchy-Bunyakovsky-Schwarz integral inequality, when q — 1.

(3.6)

The following theorem gives the Generalization of Griiss integral inequality on finite interval [94, ;]
using novel g-h-operator.

Theorem 3.6. For continuous functions f and g defined on the interval [81,92] — R, satisfying the conditions:
01 <f(@) <62, A <g(@) <Ay, Vo€ [D1,92061,00,M,1 R,
with 0 < q < 1 and h € R, the q-h-integral adheres to the following inequality:

1—q Sy B ( 1_q 9, >
‘ (92—91)(1—q)+qn) Ll f0)9(PInPaP =\ (5, —5,)1—q) + qn) Ll F(P)nbap

><< 1—q¢ r}z (p),D p>’<1(9 —81) (A2 —N)
((82—91)(1—q) + qh) o, J\PmZal I s (B2 =B A2 = A

(3.7)
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Proof. From g-h-Korkine identity we have:

h
<\92—191+q>
1—¢q

B2

192 192
J f(p)g(p)hoqp—J f(p)thpJ 9(0),.Dqp
o1 S o1

1[0 (22
- 2L,1 L,l (f(p) —f(®))(9(P) — g(®)),DgPrDqe.

Applying g-h-Cauchy-Schwarz integral inequality for double integral it follows:

1 2 92 2
<2J J (f(p)—f(cp))(g(p)—9(@))thpth<p>

O I

9 9y D2 92
<<§j | (f(p)—f(cp))iquthQ(;J | (g(p)—g(cp))iquth@>

\91 191 ‘91 ‘91

qh %, % 2
<82—81+1>J f (p)thp—<J f(p)thp)
—q/) Jo, 91

Sy Sy 2
J g%(p)nDqp — (J g(p)thp> .
O O

Utilizing inequalities (3.2) and (3.3), we obtain:

h Oy 2 2

(r-ove52) o[ 10100
gh \ ™ 2 o ’
(82—81+1_q> Ll g°(p)nDgp — (J g(p) qu>

192 ‘92
< ([ t01n0a0 - 01 (02 —0n)+ 1)) (02102 - 00+ 1T ) - [ 01,040
91 q 91
2
% (L g(cp)hoq@—M((sz—el ))

Now, applying the AM-GM inequality af < §(x+ )%, we obtain:

\92 ‘92
(] @100 o1 (02004 1T ) ) (02 (10— 00+ 1% ) = | “t0),D00)
91 q —q O

9y h h 9
X <Ll 9((0)th(9—?\1<(\92—\91) 1q q>> (?\2((192—\91) + 1q_q> —Ll 9((P)th(P>
2 2
< (62—491) (7\2—4?\1) <(‘92_‘91)+1q_hq> .

Now by taking square root on both sides, we get

h
e
1—q
gh

(82— 01) (ha— \r) <(ez C o)+ 1_q)

)

9, O
J f(P)Q(P)thP—L f(p)thpJ Q(P)thp

1 1

From this, we derive the required inequality

1—q 92 _< 1—q 92 >
’ ((92—91)(1—q)+qh) Ll f(P)g(p)nDap ((892—91)(1—q)+qh) L,l flonDqp

h 92
< < Oy — ) + 1q_q> _L}l 9((P)th(P>-
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1-q JSZ (0)nDap )| < (02— 01) (A — A1)
(=90 (T—a)+qh) Jo, 7 7/n79P )| = g2 7R =0
This concludes the proof. O

Corollary 3.7. By setting h = 0, the inequality (3.7) transforms to:

1 O3 1 9> 1 9, 1
‘ML f(p)g(p)dgp — ((62—\%) Ll f(p)dqp> <(82_M Ll g(p)dqp>' < 1(92—91)(7\2_7\1),

This results is the q-Griiss integral inequality in quantum calculus over a finite interval [21]. Furthermore, as
q — 1, we recover the classical Griiss integral inequality

1 52 1 92 1 9, 1
o o, 090000~ (g, 0000) (g |, ote100)| < 30 -onoe 2

The following theorem gives the generalization of Grﬁss—Cebyéev integral inequality on finite interval
[841, 82] using novel g-h-operator for lipschitzian mappings.

Theorem 3.8. For functions f and g defined on the interval [81, 9] — R, being Lipschitzian continuous functions
on [81, 9] with A1 >0, A, >0, with0 < q < 1, and h € R, such that

[f(p) —f(@)| <Adlp—o| and |g(p) —g(@)| < Aslp— 9|, (3.8)

forall @, p € [81,92], then q-h-integral adheres to the following inequality:

‘ =4 sz(p)g(p) D p—( =4 j‘%f(p) D p)
(92—91)(1—q) +qh) Jg, e (92—91)(1—q) +qh) Jo, . (3.9)
><< 1-4q rz (p)nD p)’</\/\< 492 — 91)* +s> |
(92— 00)(1—q) +qh) Jo, I Pm79P ) ST g T )14 q2 )
Here, S denotes the sum of series.
Proof. Using the g-h-Korkine identity, we have:
qh 9, 9, 9,
(92—191+>J f(p)g(p)thp—J f(p)thpJ g(p)Dgp
1-q/ o, 91 & (3.10)
1 O O :
:L L (f(p) —f(¢@))(g(p) —g(@)), DgpnDq®.
From (3.8), we have
[(f(p) — F(9)) (9(p) — g(@))| < AMA2(9e — 0)°, Ve, p € [91,9,).

Taking double g-h-integrals on [84, 9], it follows

1 Sy S

| ] " 1tete) ~ @) (910) ~ 91@)),DaprDye)

2 )o, Jou

1 O Oy » qh Oy ) 3y 2
</\1/\2J J (196—@)th9th(0Z/\1/\2[(192—\91+)J (P)thP—<J PthP>}
2 Jo, Jos 1—q7 )y, o

Based on Examples 2.4 and 2.5, the expression simplifies to:

_ (92— 91)(1—q) + gh )’ q(92 —91)?
= au (A ) (e S
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where S =T —§* -2 <‘9114:L‘22q> S’, notice S — 0, when h = 0. Thus, we arrive at the following inequality:

1 9 O
ZJ J |(f(p) —f(9))(g(p) — 9(9)), DgPnDq¢|
o1 IO

(92 = 91)(1—q)+qh)*(  q(92— 1) -
< AA 2 — V)l — 2 — Y1 >
' 2( 1—q ) <(1+q+q2)(1+q)2+
By substituting (3.11) into (3.10), we obtain
qh 92 9 92
(02004 ) [ “to)al00Dap | "#(0)Dap | "9(p),Dap
q o1 o1 9
(192\91)(1Q)+qh>2< q(92 —91)? )
< MAA S).
' 2( 1—q I+q+q)(1+q?
Hence, we conclude with
1_q J»{)z ( 1_q 9,
f(p)g(p)nDqp— J f(pnDgp
‘((82—\91)(1—q)+qh) o JiPIna (92—91)(1—q) +qh) Jo, hod
e )| (25 )
X D < MAA +S).
(((82—81)(1—q)+qh) elg(p)“ e PP\ +q+q)(1+q)?
This gives us the required inequality (3.9). O

Corollary 3.9. By setting h = 0, inequality (3.9) transforms to:

1 92 B 1 92 1 92 qA1 A (87 —91)?
9 — 9 Jal fle)glp)dqp <192—191 Jel ﬂp)dq(p) < Jsl gw)dqp)' SUrqPl+qrad)

(3.12)

This represents the q-Griiss-Cebysev integral inequality in quantum calculus over a finite interval [21]. Addition-
ally, inequality (3.12) transforms to the classical Griiss-Cebysev integral inequality, as q — 1,

1 92 1 92 1 92 A1A2(92 —91)?
f dp — f(p)d d < .
O — O L}l (e)olpldp (\92—191 Ll (P) <p> (‘92—‘91 L}lg(p) p)‘ 12

4. Discussion

In this work, we have extended classical as well as g-integral inequalities, including the Cauchy-
Schwarz integral inequality for double integrals, Griiss integral inequality, Korkine identity and Griiss-
Cebysev integral inequality, by utilizing the q-h-operator. Additionally, several special cases were de-
rived, which demonstrate the connections between standard, h, and g-integral inequalities. This study
contributes to the growing body of research on g-h-integral inequalities and highlights their significance
in the broader framework of integral inequalities. For future work, our aim is to expand this research
by exploring additional inequalities from classical analysis and q calculus, such as Jensen-type, Hermite-
Hadamard type, and Ostrowski-type inequalities. We will focus on utilizing the g-h-operator to derive
novel results, such as tighter bounds, generalized forms, and broader applications in quantum calculus.
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