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Abstract
This study presents a fractional-order mathematical model to address the pressing issue of global antibiotic resistance.

The focus is to delve into the nonlinear dynamics of this model and comprehensively analyze the impacts of crucial factors
and parameters. Our investigation includes exploring the existence, uniqueness, and positivity of the solution. We identify the
equilibrium points of the model and analyze their stability. To explore the effects of parameters on the model’s dynamics, we
obtain stability regions, time series solutions, and phase diagrams. Numerical simulations, using the Adams-Bashforth-Moulton
method, are conducted to validate the theoretical analysis results.
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1. Introduction

In 2019, the World Health Organization declared ten threats as the most influential to human health.
These threats include global influenza pandemics, noncommunicable diseases, antibiotic resistance, ebola,
and other high-threat pathogens [42]. Indeed, antibiotics have been successfully used for a long time
as effective medical treatments for a plethora of human infections as well as the control of dangerous
human diseases. For example, antibiotics enable us to easily treat infections like pneumonia, tuberculosis,
gonorrhea, and salmonellosis, which were not possible in the past. Antibiotics are also extensively used
in agriculture and food production, animal farming, and medical procedures against animal epidemic
outbreaks.

Over time, bacteria have unfortunately developed antibiotic resistance. There are several factors con-
tributing to this concerning phenomenon [17, 20, 25, 42]. First and foremost, bacteria naturally acquire
resistance during their replication process. Additionally, the misuse of antibiotics in both humans and
animals is accelerating the development of antibiotic resistance. This misuse includes inappropriate pre-
scribing, overuse, and improper administration of antibiotics. Furthermore, there is a lack of sufficient
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investment in both hospital infection control and scientific research aimed at discovering new types of
antibiotics. This hinders progress in combating antibiotic resistance effectively. Compounding the issue
is the absence of crucial governmental regulations on medical facilities in certain regions of the world.
This lack of oversight allows for inadequate control measures and contributes to the proliferation of an-
tibiotic resistance. Lastly, pollution, in various forms, plays a strong role in increasing the development
of antibiotic resistance. The release of antibiotics and resistant bacteria into the environment through
wastewater, agricultural practices, and other sources contributes to the spread and persistence of antibi-
otic resistance. Antibiotic resistance refers to the observed ability of some bacteria, viruses, fungi, and
parasites to resist antibiotics/antiviral medical treatments. Antibiotic resistance is driven by the overuse
of antibiotic in people and animals. The possible consequences of this threat include the reappearance
of some diseases that were thought to have disappeared, in addition to seriously compromising medical
surgeries and chemo-therapies. Another example is the resistance to tuberculosis drugs, which causes
around 10 million infections and 1.3 million deaths every year [2].

Antibiotic resistance is a growing public health crisis characterized by the ability of bacteria, viruses,
fungi, and parasites to withstand the effects of medications designed to kill or inhibit their growth. This
phenomenon poses a significant threat to global health by rendering standard treatments ineffective,
leading to increased morbidity, mortality, and healthcare costs. The misuse and overuse of antibiotics in
human medicine, agriculture, and animal husbandry are primary drivers of antibiotic resistance. Fac-
tors such as inappropriate prescribing practices, incomplete treatment courses, and the widespread use
of antibiotics in livestock contribute to the rapid evolution of resistant strains. Antibiotic resistance not
only complicates the treatment of infectious diseases but also jeopardizes advancements in medical pro-
cedures such as surgery, chemotherapy, and organ transplantation. Without effective antibiotics, common
infections can become life-threatening, and the risk of complications increases substantially. To combat
antibiotic resistance effectively, a multifaceted approach is required. This includes promoting responsible
antibiotic use, improving surveillance systems to monitor resistance patterns, investing in the develop-
ment of new antibiotics and alternative therapies, and implementing stringent infection prevention and
control measures, see [18, 34, 36, 37, 43].

The authors in [15] suggested and explored a discretized version of a fractional-order multi-drug
model for antimicrobial resistance. The study in [15] delved into the effects of adjusting system parame-
ters, unveiling a realm where the system experiences intriguing bifurcations under specific circumstances.
Notably, the stability of the model is intricately intertwined with the fractional-order parameter. Within
this dynamic framework, a lavish array of behaviors unfolds, including the emergence of Hopf bifurca-
tion, chaotic attractors, and attractor crisis. Elettreby et al. [4] proposed a basic model that examines the
competition between drug-resistant and drug-sensitive bacteria, with conditions studied for local stabil-
ity that align with real-world data. Positive solutions within antimicrobial resistance complex networks
are confirmed. The dynamics of identical AMR models are explored across various complex network
topologies, revealing the presence of chaotic attractors in all instances. In [13], authors presented a con-
cise mathematical model of multi-drug antimicrobial resistance, capturing the dynamics of susceptible
individuals and three distinct classes of infected populations. These classes exhibit varying responses
to two antimicrobial drugs, with stability conditions for equilibrium states derived. A multi-objective
optimization approach was utilized to determine the minimum drug doses required. A straightforward
mathematical fractional-order model to study multi-drug antimicrobial resistance was introduced and
examined in [14].

Mathematical models have significantly contributed to enhancing our understanding of various bio-
logical phenomena [16]. In the context of epidemics, numerous mathematical models have been developed
to explore different aspects, as exemplified by references [22, 23]. Integer-order dynamical systems have
been employed to model the optimization of antibiotic usage [28]. Furthermore, Moghadas [29] proposed
a model to investigate the impact of imperfect vaccines on disease epidemiology. Overall, the theory of
dynamical systems stands as one of the fundamental approaches to developing mathematical models for
biological processes [6]. Mondragon et al. [21] developed a mathematical model to analyze the popu-
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lation dynamics of bacteria when exposed to multiple antibiotics simultaneously. Their study focused
on understanding how the presence of multiple antibiotics affects the evolution of resistance. Ternent et
al. [39] examined a mathematical model that considers the resistant mechanisms of bacteria in response
to a treatment involving an antibiotic and an anti- virulence drug. They also incorporated the time it
takes for drugs to be ingested and excreted from the body into their model, which was formulated using
ordinary differential equations. In a study by Dasbasi and Oztürk [9], a model was proposed that takes
into account the host’s immune system cells and the fundamental mechanisms of bacterial resistance.
This model aimed to provide insights into the interplay between the immune response and the devel-
opment of antibiotic resistance. Dasbasi [8] proposed a model to examine the fractional order bacterial
infection model with the effects of anti-virulence drugs and antibiotics. Salman and Ran [35] studied pat-
terns and dynamics in a space-time discrete mathematical model of antibiotic resistance in hospitals with
self-diffusion. These studies contribute to our understanding of how different factors, such as multiple
antibiotics, anti-virulence drugs, and the immune system, can impact the evolution of antibiotic resistance
within the host.

In the case of both antimicrobial resistance and waning vaccination, exposure time plays a significant
role, necessitating the inclusion of memory effects. Thus, the application of fractional-order formula-
tions becomes highly relevant in understanding antimicrobial resistance dynamics. An essential aspect
to consider is the existence of dynamical analysis and bifurcation in these models, which can provide
valuable insights into the complex behavior and stability properties of the systems. This paper presents a
fractional-order dynamical system model for studying antimicrobial resistance in the Caputo sense. The
model focuses on examining the dynamics of a population facing a bacterial infection, specifically consid-
ering different sub-populations, including the susceptible population, the infected and treated population,
the infected and untreated population, and the infected population with a resistant strain. The aim is to
analyze and understand the dynamics of these sub-populations within the context of antibiotic resistance.

The remaining sections of this article are organized as follows. Section 2 provides preliminary defi-
nitions and concepts related to fractional derivative operators. Section 3 presents the mathematical for-
mulation of the proposed fractional-order antibiotic resistance model. It introduces relevant definitions
and theorems about the existence, uniqueness, boundedness, and non-negativity of the model’s solutions.
Moving on to Section 4, the stability analysis of the proposed fractional-order model is conducted. The
objective is to assess the stability properties of the system and gain insights into its behavior. In Section
5, the analysis results of the model are presented, and its performance is evaluated through numerical
simulations using literature data. Additionally, sensitivity analysis of the reproduction parameters is
performed based on these examples. Finally, in Section 6, the paper concludes with a summary of the
findings and their implications.

2. Definitions and mathematical preliminaries

In the following section, we will present several essential definitions that will be referenced in subse-
quent sections, see [11].

Definition 2.1. The Riemann-Liouville fractional integral for a continuous function v : [0,+∞) → R can
be expressed as follows:

RL
0 I

q
t v(t) =

1
Γ(q)

∫t
0
(t− τ)q−1v(τ)dτ, q ∈ (0, 1), t > 0.

Definition 2.2. The Riemann-Liouville fractional derivative for a continuous function v : [0,+∞) → R is
defined by

RL
0 Dα

t v(t) =
1

Γ(1 −α)

d

dt

∫t
0
(t− τ)−αv(τ)dτ, α ∈ (0, 1), t > 0.
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Definition 2.3. The Caputo fractional derivative is a mathematical operator that is used to define the
derivative of a continuous function in a fractional order for v : [0,+∞) → R can be expressed as follows:

C
0 D

α
t v(t) =

1
Γ(1 −α)

∫t
0
(t− τ)−α d

dτ
v(τ)dτ, α ∈ (0, 1), t > 0.

3. The model for antibiotic resistance with Caputo fractional derivative

The model as represented using ordinary derivatives appears as follows [3]:

dS

dt
(t) = −b1 S(t)[I1(t) + I2(t)] − b2 S(t)R(t) + b3 S(t)[1 − S(t)],

dI1
dt

(t) = pb1 S(t)[I1(t) + I2(t)] − b4 I1(t),
dI2
dt

(t) = (1 − p)b1 S(t)[I1(t) + I2(t)] − b5 I2(t),
dR

dt
(t) = b2 S(t)R(t) + b6 I1(t) − b7 R(t).

(3.1)

Table 1 provides a summary of the description of the variables and parameters. All of these parameters
are taken to be positive.

Table 1: The state variables and parameters description for the model (3.1).

Variable Description

S The proportion of the population that is susceptible
I1 The proportion of infected and treated population
I2 The proportion of infected and not treated population
R The proportion of infected population with resistant strain
bα1 The rate at which sensitive strains of the infection spread
bα2 The rate at which resistant strains of the infection propagate
bα3 The rate of growth for the population of susceptible individuals
bα4 Discharge rate for infected and treated individuals
bα5 Discharge rate for infected but not treated individuals
bα6 The rate of evolution of resistance
bα7 Discharge rate for infected individuals with resistant strains
p The rate of treatment with antibiotics

Fractional-order differential equations extend traditional equations to non-integer orders by incorpo-
rating power law memory kernels that establish non-local relationships. These equations serve as a robust
tool for characterizing the memory properties and hereditary aspects of intricate phenomena. Rooted in
fundamental physical principles, these inquiries pave the way for a new realm of scientific exploration,
including innovative theoretical analyses and numerical methods tailored for fractional-order dynamical
systems. In contrast to conventional biological models that primarily rely on integer-order dynamics,
overlooking the complex memory and hereditary dynamics inherent in biological processes, the incor-
poration of fractional calculus into the proposed system enables a more sophisticated depiction of the
nonlinear and intricate dynamics in operation [3, 11, 14]. This investigation is vital for accurately cap-
turing the nuanced characteristics of the system, as fractional calculus offers a flexible framework better
suited to capturing the underlying mechanisms governing biological phenomena. The fractional deriva-
tive in the Caputo sense is utilized to replace the integer derivative in the antimicrobial model (3.1), giving
rise to the following new model:
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
C
0 D

α
t S(t) = −bα1 S(t)[I1(t) + I2(t)]−b

α
2 S(t)R(t) + b

α
3 S(t)[1 − S(t)],

C
0 D

α
t I1(t) = p

αbα1 S(t)[I1(t) + I2(t)]−b
α
4 I1(t),

C
0 D

α
t I2(t) = (1 − pα)bα1 S(t)[I1(t) + I2(t)]−b

α
5 I2(t),

C
0 D

α
t R(t) = b

α
2 S(t)R(t)+b

α
6 I1(t)−b

α
7 R(t),

(3.2)

given the positive initial conditions as S(0) = S0, I1(0) = I1,0, I2(0) = I2,0, R(0) = R0. Integer derivatives
are used to produce equation (3.1), and the model (3.2) is formulated by employing Caputo fractional
derivatives. Memory is connected in particular to fractional order derivatives. To describe the crossover
behaviors and memory effects of the systems, fractional derivatives are used. We can project the data
with more variations if we swap the integer-order model out for the fractional-order model (in the Caputo
sense). We can choose the most suitable value that follows the projection of the real data and provides us
with the best fix for a later period by changing the fractional order α values. Typically, the Caputo variant
is selected for depicting biological models due to its clear physical interpretation of the provided data. In
most cases where a fractional derivative concept is necessary, the Caputo fractional derivative adequately
addresses the requirements.

3.1. Some properties of the solutions of the model (3.2)
To establish the boundedness and nonnegativity of the solution of model (3.2) for all time t ⩾ t0, we

employ the generalized mean value theorem [31] in the following manner. This result holds true when
considering positive initial conditions and parameters.

Lemma 3.1. Suppose v(t) and C
0 D

α
t v(t) belong to C [0, tf] . Hence, we get

v(t) = v(0) +
1
Γ(α)

C
0 D

α
ξv(ξ). (t− t0)

α , 0 ⩽ ξ ⩽ t, ∀t ∈ (0, tf] .

Corollary 3.2. Suppose v(t), C
0 D

α
t v(t) belong to C [0, tf], and α ∈ (0, 1]. From Lemma 3.1 if

(i) C
0 D

α
t v(t) ⩾ 0, ∀t ∈ (0, tf), then v(t) is non-decreasing, ∀t ∈ [0, tf] .

(ii) C
0 D

α
t v(t) ⩽ 0, ∀t ∈ (0, tf), then v(t) is non-increasing, ∀t ∈ [0, tf] .

We can now present the following findings.

Theorem 3.3. For the model (3.2), the region Ω+ = {(S, I1, I2,R) ;S > 0, I1 ⩾ 0, I2 ⩾ 0,R ⩾ 0} is a positive
invariant.

Proof. Existence and uniqueness of the solution for model (3.2) on the time interval (0,∞) have been
established in previous studies [5, 27]. Based on the model (3.2), we obtain the following expression:

C
0 D

α
t S

∣∣
S=0 = 0,

C
0 D

α
t I1

∣∣
I1=0 = pαbα1 S(t)I2(t) ⩾ 0,

C
0 D

α
t I2

∣∣
I2=0 = (1 − pα)bα1 S(t)I1(t) ⩾ 0,

C
0 D

α
t R

∣∣
R=0 = bα6 I1(t) ⩾ 0.

(3.3)

From Corollary 3.2 and (3.3) and from our analysis, we can confidently conclude that the region Ω+ acts
as a positive invariant. As a result, the solution will consistently stay within Ω+, thereby guaranteeing its
nonnegativity throughout the entire process.

In what follows, for our fractional model (3.2), we investigate the existence and uniqueness of solu-
tions, see [1]. In order to ensure the existence and uniqueness of solutions for the fractional-order system
(3.2) within the region Ξ× (0, T ], we aim to identify a sufficient condition,

Ξ =
{
(S, I1, I2,R) ∈ R4 : max(|S|, |I1| , |I2| , |R|) ⩽ µ

}
.
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Consider a mapping defined in the following form: ψ = (ψ1,ψ2,ψ3,ψ4), where the elements on the
right-hand side are defined as

ψ1 (t,S(t)) = −bα1 S(t)[I1(t) + I2(t)]−b
α
2 S(t)R(t) + b

α
3 S(t)[1 − S(t)],

ψ2 (t, I1(t)) = pαbα1 S(t)[I1(t) + I2(t)]−b
α
4 I1(t),

ψ3 (t, I2(t)) = (1 − pα)bα1 S(t)[I1(t) + I2(t)]−b
α
5 I2(t),

ψ4 (t,R(t)) = bα2 S(t)R(t)+b
α
6 I1(t)−b

α
7 R(t).

(3.4)

The Volterra type system below, where α ∈ (0, 1) is a fractional integral in the Caputo sense, is the result
of a straightforward application of Caputo sense fractional integral operators.

S(t) − S(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ1(τ,S)dτ,

I1(t) − I1(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ2 (τ, I1)dτ,

I2(t) − I2(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ3 (τ, I2)dτ,

R(t) − R(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ4(τ,R)dτ.

(3.5)

In what follows, we prove that ψi, i = 1, 2, 3, 4 verify the Lipschitz condition. Also, we prove under some
conditions that ψi, i = 1, 2, 3, 4 can be contractions. We prove only the case of ψ1, in a similar technique,
the other cases ψi, i = 2, 3, 4 can be proved.

Theorem 3.4. If 2µbα1 + µbα2 + bα3 + 2µbα3 < 1, then ψ1 satisfies both Lipschitz and contraction conditions.

Proof. From (3.4), we get

∥ψ1(t,S) −ψ1 (t,S1)∥ = ∥−bα1 [I1(t) + I2(t)]−b
α
2 R(t) + b

α
3 [1 − (S(t) + S(t1))]∥ ∥S(t) − S(t1)∥

⩽ (2µbα1 + µbα2 + bα3 + 2µbα3 ) ∥S(t) − S(t1)∥ .

Now setting W1 = 2µbα1 + µbα2 + bα3 + 2µbα3 , we obtain

∥ψ1(t,S) −ψ1 (t,S1)∥ ⩽W1 ∥S(t) − S(t1)∥ . (3.6)

Hence, the Lipschitz condition is verified for ψ1. If 0 < W1 = 2µbα1 + µbα2 + bα3 + 2µbα3 < 1, then the
contraction follows. Similarly, we can obtain the Lipschitz condition for the remaining Kernels:

∥ψ2 (t, I1(t)) −ψ2 (t, I1(t1))∥ ⩽W2 ∥I1(t) − I1(t1)∥ ,
∥ψ3 (t, I2(t)) −ψ3 (t, I2(t1))∥ ⩽W3 ∥I2(t) − I2(t1)∥ ,
∥ψ4 (t,R(t)) −ψ4 (t,R(t1))∥ ⩽W4 ∥R(t) − R(t1)∥ .

Recursively, we rewrite (3.5) as follows
Sn(t) − S(0) = 1

Γ(α)

∫t
0 (t− τ)

α−1ψ1 (τ,Sn−1)dτ,

I1, n(t) − I1(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ2 (τ, I1,n−1)dτ,

I2,n(t) − I2(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ3 (τ, I2,n−1)dτ,

Rn(t) − R(0) = 1
Γ(α)

∫t
0 (t− τ)

α−1ψ4 (τ,Rn−1)dτ.

(3.7)

By utilizing the recursive form of successive differences between terms in system (3.7), we can derive the
following expression:

φ1n(t) = Sn(t) − Sn−1(t) =
1

Γ(α)

∫t
0 (t− τ)

α−1(ψ1 (τ,Sn−1) −ψ1 (τ,Sn−2))dτ,

φ2n(t) = I1, n(t) − I1, n−1(t) =
1

Γ(α)

∫t
0 (t− τ)

α−1(ψ2(τ, I1,n−1) −ψ2(τ, I1,n−2))dτ,

φ3n(t) = I2,n(t) − I2, n−1(t) =
1

Γ(α)

∫t
0 (t− τ)

α−1(ψ3(τ, I2,n−1) −ψ3(τ, I2,n−2))dτ,

φ4n(t) = Rn(t) − Rn−1(t) =
1

Γ(α)

∫t
0 (t− τ)

α−1(ψ4 (τ,Rn−1) − (ψ4 (τ,Rn−2))dτ.
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With the initial conditions S(0) = S0, I1(0) = I1,0, I2(0) = I2,0,R(0) = R0. Hence,

∥φ1n(t)∥ = ∥Sn(t) − Sn−1(t)∥ =

∥∥∥∥ 1
Γ(α)

∫t
0
(t− τ)α−1(ψ1 (τ,Sn−1) −ψ1 (τ,Sn−2))dτ

∥∥∥∥
⩽

1
Γ(α)

∥∥∥∥ 1
Γ(α)

∫t
0
(t− τ)α−1(ψ1 (τ,Sn−1) −ψ1 (τ,Sn−2))dτ

∥∥∥∥ .

Using Lipschitz condition in (3.6) gives

∥φ1n(t)∥ ⩽
1
Γ(α)

W1

∫t
0
(t− τ)α−1 ∥Sn−1 − Sn−2∥dτ.

Thus, we have

∥φ1n(t)∥ ⩽
1
Γ(α)

W1

∫t
0
(t− τ)α−1 ∥∥φ1(n−1)(τ)

∥∥dτ. (3.8)

Similarly, we can obtain 
∥φ2n(t)∥ ⩽ 1

Γ(α)W2
∫t

0 (t− τ)
α−1

∥∥φ2(n−1)(τ)
∥∥dτ,

∥φ3n(t)∥ ⩽ 1
Γ(α)W3

∫t
0 (t− τ)

α−1
∥∥φ3(n−1)(τ)

∥∥dτ,

∥φ4n(t)∥ ⩽ 1
Γ(α)W4

∫t
0 (t− τ)

α−1
∥∥φ4(n−1)(τ)

∥∥dτ.

Consequently, each nth term of each state variable of (3.4) can be expressed as
Sn(t) =

∑n
j=0φ1j(t),

I1, n(t) =
∑n

j=0φ2j(t),
I2,n(t) =

∑n
j=0φ3j(t),

Rn(t) =
∑n

j=0φ4j(t).

The ensuing theorem provides a proof of the uniqueness of the solution to the fractional model (3.2) in
the Caputo sense.

Theorem 3.5. Assume that
1
Γ(α)

bϵWi < 1, for i = 1, 2, 3, 4.

Then the fractional model (3.2) has solution for t ∈ [0, T ].

Proof. The following equalities are true when taking into account the criteria stated in (3.6), the inequalities
(3.8) and (3.7), and the recursive method:

∥φ1n(t)∥ ⩽ ∥S0(t)∥
[

W1
Γ(α)b

ϵ
]n

,

∥φ2n(t)∥ ⩽ ∥I1,0(t)∥
[

W2
Γ(α)b

ϵ
]n

,

∥φ3n(t)∥ ⩽ ∥I2,0(t)∥
[

W3
Γ(α)b

ϵ
]n

,

∥φ4n(t)∥ ⩽ ∥R0(t)∥
[

W4
Γ(α)b

ϵ
]n

.

(3.9)

It follows that each of the aforementioned sequences listed above exists and satisfies:

lim
n→∞ ∥φin(t)∥ → 0, i = 1, 2, 3, 4.
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When the triangle inequality is applied, the inequalities of (3.9) become
∥Sn+k(t) − Sn(t)∥ ⩽

∑n+k
j=n+1 K

j
1 =

Kn+1
1 −Kn+k+1

1
1−K1

,

∥I1,n+k(t) − I1,n(t)∥ ⩽
∑n+k

j=n+1 K
j
2 =

Kn+1
2 −Kn+k+1

2
1−K2

,

∥I2,n+k(t) − I2,n(t)∥ ⩽
∑n+k

j=n+1 K
j
3 =

Kn+1
3 −Kn+k+1

3
1−K3

,

∥Rn+k(t) − Rn(t)∥ ⩽
∑n+k

j=n+1 K
j
4 =

Kn+1
4 −Kn+k+1

4
1−K4

,

where Wi

Γ(α)b
ϵ < 1, Ki =

[
Wi

Γ(α)b
ϵ
]n

, i=1, 2, 3, 4. Hence, Sn, I1,n, I2,n, and Rn are considered as uniformly
convergent Cauchy sequences (see [26, 32]). If we take the limit of (3.7) with n → ∞, we come to the
conclusion that the limits of the aforementioned sequences are equal to the solutions of model (3.2). This
completes the proof.

4. Analysis of equilibrium points and their stability

Assume that the fractional order model is given as follows

C
0 D

α
t x = f (x) ,α ∈ (0, 1), xi(0) = ki, i = 1, 2, . . . ,n,

where ki are initial conditions, f =[f1,f2, . . . , fn]
T : Rn→Rn and x(t)=[x1(t),x2(t), . . . , xn(t)]

T∈Rn. The
steady states or equilibrium points (EPs) of the above system can be obtained by taking C

0 D
α
t x = 0. Hence,

by solving nonlinear algebraic equations f(x∗) = 0, the EPs can be obtained [32]. Let J(x∗) be the Jacobian
matrix J =

(
∂f
∂x

)∣∣
EPs

=
(

∂(f1,f2,...,fn)
∂(x1,x2,...,xn)

)∣∣∣
EPs

of above system at equilibrium point x = x∗. The eigen values
of J(x∗) are λi, where i = 1, 2, . . . ,n. Then

• equilibrium point x∗ is locally asymptotically stable if and only if
∣∣arg(λi)

∣∣ > απ
2 (Matignon condi-

tions);

• equilibrium point x∗ is stable if and only if
∣∣arg(λi)

∣∣ ⩾ απ
2 , and eigenvalues with

∣∣arg(λi)
∣∣ = απ

2
have the same geometric multiplicity and algebraic multiplicity; and

• equilibrium point x∗ is unstable if and only if there exists eigenvalue λi of the Jacobian matrix J(x∗)
such that

∣∣arg(λi)
∣∣ < απ

2 .

• The stable and unstable regions for fractional order system are shown in Figure 1.

Figure 1: Stability region of the fractional-order system (3.2).
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By setting the right-hand side of model (3.2) equal to zero and solving the resulting system, we can
determine the solutions,

−bα1 S(t)[I1(t) + I2(t)]−b
α
2 S(t)R(t) + b

α
3 S(t)[1 − S(t)] = 0,

pαbα1 S(t)[I1(t) + I2(t)]−b
α
4 I1(t) = 0,

(1 − pα)bα1 S(t)[I1(t) + I2(t)]−b
α
5 I2(t) = 0,

bα2 S(t)R(t)+b
α
6 I1(t)−b

α
7 R(t) = 0,

we can find the values of S, I1, I2, and R, Ei =
(
S(i), I(i)1 , I(i)2 ,R(i)

)
, i ∈ {1, 2, 3, 4},


S(1) = 0,
I
(1)
1 = 0,
I
(1)
2 = 0,
R(1) = 0,


S(2) = 1,
I
(2)
1 = 0,
I
(2)
2 = 0,
R(2) = 0,



S(3) =
bα

7
bα

2
,

I
(3)
1 = 0,
I
(3)
2 = 0,

R(3) =
bα

3 (bα
2 −bα

7 )
b2α

2
,

S(4) =
bα

4 b
α
5

bα
1 (p

αbα
5 −((−1+pα)bα

4 ))
,

I
(4)
1 =

pαbα
3 b

α
5 (−bα

4 b
α
5 +bα

1 (−((−1+pα)bα
4 )+pαbα

5 ))(−bα
2 b

α
4 b

α
5 +bα

1 (−((−1+pα)bα
4 )+pαbα

5 )b
α
7 )

b2α
1 ((−1+pα)bα

4 −pαbα
5 )

2(bα
2 b

α
5 (−bα

4 +pαbα
6 )+bα

1 (−((−1+pα)bα
4 )+pαbα

5 )b
α
7 )

,

I
(4)
2 =

(−1+pα)bα
3 b

α
4 ((−1+pα)bα

1 b
α
4 +(−pαbα

1 +bα
4 )b

α
5 )(b

α
2 b

α
4 b

α
5 +bα

1 ((−1+pα)bα
4 −pαbα

5 )b
α
7 )

b2α
1 ((−1+pα)bα

4 −pαbα
5 )

2(bα
2 b

α
5 (b

α
4 −pαbα

6 )+bα
1 ((−1+pα)bα

4 −pαbα
5 )b

α
7 )

,

R(4) =
pαbα

3 b
α
5 (−bα

4 b
α
5 +bα

1 (−((−1+pα)bα
4 )+pαbα

5 ))b
α
6

bα
1 ((−1+pα)bα

4 −pαbα
5 )(b

α
2 b

α
5 (b

α
4 −pαbα

6 )+bα
1 ((−1+pα)bα

4 −pαbα
5 )b

α
7 )

.

Therefore, there are four EPs for the model (3.2). Now, we investigate the system’s local stability of the
equilibria of model (3.2). By examining the Jacobian matrix of system (3.2) at these equilibria, it is found
that:

J =


−((I1 + I2)b

α
1 ) − Rb

α
2 + (1 − 2S)bα3 −Sbα1 −Sbα1 −Sbα2

pα(I1 + I2)b
α
1 pαSbα1 − bα4 pαSbα1 0

−((−1 + pα)(I1 + I2)b
α
1 ) −((−1 + pα)Sbα1 ) −((−1 + pα)Sbα1 ) − b

α
5 0

Rbα2 bα6 0 Sbα2 − bα7

 .

It is simple to verify that the Jacobian matrix calculated at the trivial equilibrium state

E1 =
(
S(1), I(1)

1 , I(1)
2 ,R(1)

)
equals

J1 =


bα3 0 0 0
0 −bα4 0 0
0 0 −bα5 0
0 bα6 0 −bα7

 .

It has the following eigenvalues: 
λ
(1)
1 = bα3 > 0,

λ
(1)
2 = −bα4 < 0,
λ
(1)
3 = −bα5 < 0,
λ
(1)
3 = −bα7 < 0.

Then, the equilibrium point E1 is unstable since one of these eigenvalues is positive. Hence, we have the
following proposition.

Proposition 4.1. The equilibrium point E1 is unstable equilibrium point for model (3.2).
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Proposition 4.2.
∣∣∣tan−1 v1

u1

∣∣∣ > απ
2 , u1 = 1

2

(
bα1 − bα4 − bα5

)
,

v1 =
1
2

√
−(−bα1 + bα4 + bα5 )

2 + 4(bα4 b
α
5 + bα1 ((−1 + pα)bα4 − pαbα5 )),

and bα2 − bα7 < 0, when the second equilibrium point E2 exists, it is locally asymptotically stable.

Proof. The Jacobian matrix evaluated at the equilibrium point E2 can be expressed as follows:

J2 =


−bα3 −bα1 −bα1 −bα2

0 pαbα1 − bα4 pαbα1 0
0 −((−1 + pα)bα1 ) −((−1 + pα)bα1 ) − b

α
5 0

0 bα6 0 bα2 − bα7

 .

It has the following eigenvalues
λ
(2)
1 = −bα3 ,

λ
(2)
2,3 = u1 ± iv1; u1 = 1

2
(
bα1 − bα4 − bα5

)
, v1 = 1

2

√
−(−bα1 + bα4 + bα5 )

2 + 4(bα4 b
α
5 + bα1 ((−1 + pα)bα4 − pαbα5 )),

λ
(2)
4 = bα2 − bα7 ,

Then, the equilibrium point E2 is locally asymptotically stable if
∣∣∣tan−1 v1

u1

∣∣∣ > απ
2 , and λ

(2)
4 < 0.

Proposition 4.3. If
∣∣∣tan−1 v2

u2

∣∣∣ > απ
2 ; u2 = − 1

2bα
2

(
bα3 b

α
7

)
, v2 = − 1

2bα
2

(√
4b2α

2 bα3 b
α
7 −

(
4bα2 b

α
3 + b2α

3

)
b2α

7

)
,∣∣∣tan−1 v3

u3

∣∣∣ > απ
2 ; u3 = 1

2bα
2

(
bα2

(
−bα4 − bα5

)
+ bα1 b

α
7

)
,

v3 = −
1

2bα2

√
−
(
bα2

(
bα4 + bα5

)
− bα1 b

α
7

)2
+ 4

(
b2α

2 bα4 b
α
5 + bα1 b

α
2

(
(−1 + pα)bα4 − pαbα5

)
bα7

)
,

and bα2 − bα7 < 0, if the third equilibrium point, denoted as E3 exists, it is locally asymptotically stable.

Proof. The Jacobian matrix evaluated at the equilibrium point E3 can be expressed as follows:

J3 =


−b−α

2 bα3 b
α
7 −bα1 b

−α
2 bα7 −bα1 b

−α
2 bα7 −bα7

0 −bα4 + pαbα1 b
−α
2 bα7 pαbα1 b

−α
2 bα7 0

0 −((−1 + pα)bα1 b
−α
2 bα7 ) −bα5 − (−1 + pα)bα1 b

−α
2 bα7 0

bα3 (1 − b−α
2 bα7 ) bα6 0 0

 .

It has the following eigenvalues
λ
(3)
1,2 = u2 ± iv2; u2 = − 1

2bα
2

(
bα3 b

α
7

)
, v2 = − 1

2bα
2

(√
4b2α

2 bα3 b
α
7 −

(
4bα2 b

α
3 + b2α

3

)
b2α

7

)
,

λ
(3)
3,4 = u3 ± iv3; u3 = 1

2bα
2

(
bα2

(
−bα4 − bα5

)
+ bα1 b

α
7

)
,

v3 = − 1
2bα

2

√
−
(
bα2

(
bα4 + bα5

)
− bα1 b

α
7

)2
+ 4

(
b2α

2 bα4 b
α
5 + bα1 b

α
2

(
(−1 + pα)bα4 − pαbα5

)
bα7

)
.

Then, the equilibrium point E3 is locally asymptotically stable if
∣∣∣tan−1 v2

u2

∣∣∣ > απ
2 and

∣∣∣tan−1 v3
u3

∣∣∣ > απ
2 .

Now, we will find the basic reproduction number R0 based on the next generation matrix technique
[10, 24, 38, 40]. Hence, R0 can be calculated by R0 = ρ

(
FV−1

)
. Here, ρ represents the spectral radius of

the matrix FV−1, with F,V defined as follows. Define the next two matrices:

F =

 pαbα1 pαbα1 0
(1 − pα)bα1 (1 − pα)bα1 0

bα6 0 bα2

 and V =

bα4 0 0
0 bα5 0
0 0 bα7

 .
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Then

FV−1 =


pαbα

1
bα

4

pαbα
1

bα
5

0
(1−pα)bα

1
bα

4

(1−pα)bα
1

bα
5

0
bα

6
bα

4
0 bα

2
bα

7

 .

Thus, we have

R0 = max
{

0,
bα2
bα7

,
bα1 (b

α
4 − pαbα4 + pαbα5 )

bα4 b
α
5

}
.

If R0 < 1, it follows that the disease-free equilibrium point E2 is globally stable. The local stability for the
fourth equilibrium point E4 =

(
S(4), I(4)

1 , I(4)
2 ,R(4)

)
can be investigated numerically due to its complexity.

Figures 2 and 3 depict the stability regions of the equilibrium point E4 in the parameter space of model
(3.2). From Figure 2, it is observed that stability region in b1 − b2 space shrinks when the value of
discharge rate for infected individuals with resistant strains is increased. The equilibrium point E4 losses
its stability for small values of b1 and relatively moderate to large values of b2, see Figure 3. The value of
b7 also affects the stability of E4 as illustrated in Figure 3.

(a) (b) (c)
Figure 2: The stability regions for E4 in b1 − b2 space of parameters of model (3.2) for the following case: (a) b7 = 0.06; (b)
b7 = 0.03; and (c) b7 = 0.08. The other values of parameters are p = 0.1, b3 = 0.4, b4 = 0.02, b5 = 0.03, b6 = 0.5, and α = 0.9.

(a) (b)
Figure 3: The stability regions for E4 in b6 − b7 space of parameters of model (3.2) for the following case: (a) b1 = 0.2, b2 = 0.5,
and (b) b1 = 0.5, b2 = 0.3, while the other values of parameters are p = 0.1, b3 = 0.4, b4 = 0.02, b5 = 0.03, and α = 0.9.

5. Simulation and discussion

In this section, we aim to utilize an efficient numerical technique to obtain the numerical solutions
of model (3.2). The method employed is an enhanced version of the well-known Adams-Bashforth-
Moulton (ABM) integrator, commonly used for numerical simulations of first-order differential equations
[7, 12, 19, 30, 33, 41]. We employ a predictor-corrector scheme based on the Adams-Bashforth-Moulton
algorithm. The stability analysis of this numerical scheme can be found in [1]. To numerically simulate
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fractional Initial Value Problems (IVPs) with Caputo derivatives, a foundational understanding of the
numerical method is essential. The fractional Adams-Bashforth-Moulton technique is comprehensively
outlined in the subsequent formulas.

Let the domain of the solution be [0, T ] and, n = 0, 1, 2, . . . ,N, where h = T/N, tn = nh and let
C
0 D

α
t S(t) = ψ1 (t,S(t)) ,

C
0 D

α
t I1(t) = ψ2 (t, I1(t)) ,

C
0 D

α
t I2(t) = ψ3 (t, I2(t)) ,

C
0 D

α
t R(t) = ψ4 (t,R(t)) .

Then 

S(tn+1) =
∑⌈α⌉−1

i=0 S
(i)
0

ti+1
n+1
i! + hα

Γ(α+2)ψ1(tn+1,Sp(tn+1)) +
hα

Γ(α+2)
∑n

j=0 λj,n+1ψ1(tj,S(tj)),

I1(tn+1) =
∑⌈α⌉−1

i=0 I
(i)
1,0

ti+1
n+1
i! + hα

Γ(α+2)ψ2(tn+1, Ip1 (tn+1)) +
hα

Γ(α+2)
∑n

j=0 λj,n+1ψ2(tj, I1(tj)),

I2(tn+1) =
∑⌈α⌉−1

i=0 I
(i)
2,0

ti+1
n+1
i! + hα

Γ(α+2)ψ3(tn+1, Ip2 (tn+1)) +
hα

Γ(α+2)
∑n

j=0 λj,n+1ψ3(tj, I2(tj)),

R(tn+1) =
∑⌈α⌉−1

i=0 R
(i)
0

ti+1
n+1
i! + hα

Γ(α+2)ψ4(tn+1,Rp(tn+1)) +
hα

Γ(α+2)
∑n

j=0 λj,n+1ψ4(tj,R(tj)),

Sp(tn+1) =
∑⌈α⌉−1

i=0 S
(i)
0

ti+1
n+1
i! + 1

Γ(α)

∑n
k=0Λk,n+1ψ1(tk,S(tk)),

I
p
1 (tn+1) =

∑⌈α⌉−1
i=0 I

(i)
1,0

ti+1
n+1
i! + 1

Γ(α)

∑n
k=0Λk,n+1ψ2(tk, I1(tk)),

I
p
2 (tn+1) =

∑⌈α⌉−1
i=0 I

(i)
2,0

ti+1
n+1
i! + 1

Γ(α)

∑n
k=0Λk,n+1ψ3(tk, I2(tk)),

Rp(tn+1) =
∑⌈α⌉−1

i=0 R
(i)
0

ti+1
n+1
i! + 1

Γ(α)

∑n
k=0Λk,n+1ψ4(tk,R(tk)),

where

λj,n+1 =


nα+1 − (n−α)(n+ 1)α, j = 0,
(n− j+ 2)α+1 + (n− j)α+1 − 2(n− j+ 1)α+1, 1 ⩽ j ⩽ n,
1, j = n+ 1,

and
Λk,n+1 =

hα

α
((n+ 1 − k)α − (n− k)α).

The proposed technique is fully explained by the authors in [3]. Using MATLAB 16, we demonstrate the
numerical simulation of the suggested model based on the predictor-corrector (PECE) method of ABM.
The initial values for the states are as follows: S0 = 0.99, I1,0 = 0.1, I2,0 = 0.2,R0 = 0.3. The bifurcation
diagrams are employed to investigate the influences of key parameters on the state variables. Using the
values of parameters shown in Table 2, the bifurcation diagrams are obtained in Figure 4. It is clear that
increasing the rate of resistance evolution tends to induce oscillatory dynamics of state variables. Also, it
is found that increasing the value of bα7 suppresses these observed oscillations. Where α = 1, we obtained
the bifurcation diagrams in Figure 4.

Table 2: The first set of values of parameters for model (3.2).

Parameter Value

bα1 (0.2)α

bα2 (0.04)α

bα3 (0.4)α

bα4 (0.04)α

bα5 (0.03)α

bα6 (0.5)α

bα7 (0.03)α

p (1)α
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(a) (b) (c)
Figure 4: Bifurcation diagrams of S and R with respect to b6 and b7.

(a) (b)

(c) (d)
Figure 5: Solution profiles of the different compartments for α = 1, 0.9, 0.8, 0.7 using the PECE method of ABM.

The second set of values of parameters for model (3.2) are given in Table 3. Figure 5 shows the
numerical solutions for the proposed model at α = 0.7, 0.8, 0.9, 1. Figure 5 illustrates the result of
the fractional term’s addition. The effect of the fractional order is clear as S, I1(t), and I2(t) states are
decreased gradually while R increases. Also, it can be depicted that while changing the value of α the
states become more stable for fewer values of α which indicates the success of the proposed problem of
modeling the antimicrobial resistance. The phase portraits between the different compartments are shown
in Figure 6. Additionally, Figure 7 displays a 3D plot of states versus time and fractional order α along
with the associated contour plot. Figures 6 and 7 provide a detailed presentation of the results achieved
through the inclusion of the fractional term in the analysis. The influence of the fractional order becomes
distinctly visible as the susceptible S and infected states (I1(t), I2(t)) demonstrate a gradual decrease
in their respective magnitudes, with a simultaneous increase observed in the R state. Additionally, it
becomes apparent that the variations in the parameter α lead to a notable enhancement in the stability
of the states within a narrower spectrum of α values. This observation underscores the effectiveness and
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precision of the proposed methodology in the modeling of antimicrobial resistance dynamics. Where
α = 1, we obtained the bifurcation diagrams in Figure 5.

Table 3: The second set of values of parameters for model (3.2).

Parameter Value

bα1 (0.2)α

bα2 (0.3)α

bα3 (0.4)α

bα4 (0.02)α

bα5 (0.03)α

bα6 (0.5)α

bα7 (0.06)α

p (0.1)α

(a) (b)

(c) (d)
Figure 6: Phase portraits of the different compartments of the model (3.2).

The occurrence of Hopf bifurcation is investigated in parameters space of the model via defining the
function ∆ as follows

∆ = Arg (λi) −
απ

2
.

Then the changes in ∆ are tracked in the space of parameters to determine the critical bifurcation values
at which the value of ∆ transversally passes through the value of 0. Thorough numerical investigations
depict that Hopf bifurcation does not exist in the model. Figures 8-11 show the results of the second
scenario of simulation experiments. In this case, the model exhibits decaying oscillatory dynamics in its
phase space at the values of parameters given in Table 4. Figure 8 shows the numerical solutions for the
proposed model at α = 0.7, 0.8, 0.9, 1. Figure 8 illustrates the effect of the fractional order, it is clear that
S, I1(t), and I2(t) states are decreased gradually while R increases. Also, it can be depicted that while
changing the value of α the states become more stable for the small values of α. The 3D phase portraits
between the different compartments are shown in Figure 9. Figure 9 shows that the oscillation increases as
the fractional order α increases. The 2D phase portraits between the different compartments are shown in
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(a) (b)

(c) (d)

(e) (f)

(g) (h)
Figure 7: 3D plots of the compartments populations versus time and fractional order α with the corresponding contour plots.
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Figure 10. Also, it is clear from Figure 10 that the oscillation increases as the fractional order α increases.
Finally, Figure 11 displays a 3D plot of states versus time and fractional order α along with the associated
contour plot. In Figure 11, the states become more stable as the time increases and the fractional order
decreases.

Table 4: The third set of values of parameters for model (3.2).

Parameter Value

bα1 (0.2)α
bα2 (0.04)α
bα3 (0.4)α
bα4 (0.02)α
bα5 (0.03)α
bα6 (0.5)α
bα7 (0.03)α
p (1)α

(a) (b)

(c) (d)
Figure 8: Solution profiles of the different compartments for α = 1, 0.9, 0.8, 0.7 using the PECE method of ABM for the values
of parameters in Table 4.
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(a) (b)

(c)
Figure 9: 3D Phase portraits of the different compartments of the model (3.2) for the values of parameters in Table 4.

(a) (b) (c)

(d) (e) (f)
Figure 10: Phase portraits of the different compartments of the model (3.2) for the values of parameters in Table 4.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)
Figure 11: 3D plots of the compartments populations versus time and fractional order α with the corresponding contour plots
for the values of parameters in Table 4.

6. Conclusion

The dynamics of a proposed fractional order antibiotic resistance model are explored in this study.
It is depicted that the present model has four steady states. One of the steady states of the model is



A. A. Elsadany, A. Elsonbaty, J. Math. Computer Sci., 38 (2025), 396–416 414

always unstable. The stability of the remaining steady states is affected by key parameters in the model
along with the value of fractional order which reflects memory influence. In particular, the stability of
disease-free equilibrium point is E2 requires that bα2 < bα7 and bα1

(
bα4 + pαbα5

)
< bα4 b

α
5 + pαbα4 b

α
1 . In

other words, the infection rate of resistant strains should be sufficiently reduced via suitable control and
health-care measures. Also, the of rate treatment with antibiotics should be kept at minimum accurate
and necessary dose to maintain stability of healthy steady state. Stability regions are obtained in the
space of parameters of model (3.2) for the coexistence equilibrium point. It is found that stability region
in b1 − b2 space shrinks when the value of discharge rate for infected individuals with resistant strains
is increased. The equilibrium point E4 are observed to lose its stability for small values of infection rate
of sensitive strains and relatively moderate to large values of b2. It is demonstrated that the fractional
order model does not exhibit the Hopf bifurcation in the way that the possible oscillatory dynamics of the
model are decaying with time. From another perspective, the memory effects introduced by fractional-
order derivatives have been observed to mitigate the oscillatory dynamics seen in the model’s phase space.
The theoretical analysis is validated through numerical simulations. The key recommendations stemming
from this study include: precise administration of antibiotic dosages, governmental efforts to control all
forms of pollution, and increased investments in research for new types of antibiotics and infection control
in healthcare facilities. Prioritizing appropriate antibiotic treatments is essential for effectively addressing
this issue in the future. Our view is that a thorough examination of upcoming research suggests that
utilizing multi-antibiotic therapy presents a more effective and efficient approach compared to solely
relying on single antibiotic treatments to combat the challenge of antibiotic resistance.
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