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Abstract

This investigation focuses on an impulsive Volterra-Fredholm integro-differential equation enriched with fractional Caputo
derivatives and subject to specific order conditions. The study establishes both the existence and uniqueness of analytical
solutions using the Banach principle. Moreover, it reveals a distinctive outcome regarding the existence of at least one solution,
supported by conditions derived from the Krasnoselskii fixed point theorem. Additionally, the paper extends its examination
to impulsive neutral Volterra-Fredholm integro-differential equations, providing insights into their long-term behavior through
Ulam stability. The inclusion of an illustrative example emphasizes the practical significance and reliability of the results.
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1. Introduction

In recent times, fractional calculus and fractional-order differential equations have attracted consider-
able interest owing to their profound effectiveness in representing and scrutinizing real-world phenom-
ena [29]. This emerging field has witnessed substantial progress, particularly in the study of differential
equations with fractional orders, which have proven to be indispensable tools for comprehending and
representing various physical processes. Traditionally, integer-order differential equations have served
as the cornerstone of mathematical modeling in science and engineering [31, 34, 42]. However, as re-
searchers delved deeper into the intricacies of natural phenomena, it became increasingly evident that

*Corresponding author

Email addresses: rockypraba55@gmail.com (Prabakaran Raghavendran), tguna84@gmail.com or m23air514@iitj.ac.in
(Tharmalingam Gunasekar), shyam01.math@gmail.com, shyamsundar.santra@jiscollege.ac.in (Shyam Sundar Santra),
dumitru.baleanu@gmail.com (Dumitru Baleanu), debamath@rediffmail.com (Debasish Majumder)

doi: 10.22436/jmcs.038.03.03
Received: 2024-03-21 Revised: 2024-04-13  Accepted: 2024-07-25


http://dx.doi.org/10.22436/jmcs.038.03.03
http://dx.doi.org/10.22436/jmcs.038.03.03
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.038.03.03&domain=pdf

P. Raghavendran, et al., ]. Math. Computer Sci., 38 (2025), 313-329 314

many systems exhibit memory-dependent behaviors that cannot be adequately captured by integer-order
derivatives alone [2, 5-7, 10, 24-26, 38]. This insight sparked an investigation into fractional calculus, a
mathematical discipline that extends differentiation and integration to non-integer orders. The theory
of differential equations of various orders, including fractional orders, has subsequently evolved into an
essential framework for representing a diverse range of physical phenomena. The realm of fractional
differential equations encompasses a broad spectrum of inquiry, encompassing both analytical and nu-
merical methodologies. In this domain, researchers not only investigate practical computational methods
but also delve into essential theoretical aspects. These theoretical facets encompass investigations into
the existence, uniqueness, periodicity, and asymptotic behavior of solutions. For a comprehensive view
of recent developments in fractional differential equations, valuable insights can be found in the works
referenced [8, 12, 14, 29, 36, 40, 43]. In the past few years, fractional IDEs have risen to prominence as pow-
erful instruments for describing intricate phenomena in a multitude of applied sciences and engineering
tields. These equations combine differential and integral operators, providing a versatile framework for
addressing a diverse range of phenomena. Fractional IDE finds significant utility across various domains,
including but not limited to acoustic manipulation, signal analysis, electrochemical processes, viscoelas-
tic materials, polymer behavior, electromagnetism, optics, medical science, economic modeling, chemical
engineering, chaotic systems, and statistical physics. This extensive application scope underscores the
relevance and versatility of fractional IDE in addressing real-world challenges and advancing our under-
standing of complex systems. Given the growing importance of these equations in both theoretical and
practical contexts, it is imperative to delve deeper into their properties and solutions, which forms the
core objective of this study [3, 19-21, 23, 37, 41]. Impulsive differential systems are employed to represent
phenomena influenced by brief disturbances that are significantly shorter in duration compared to the
overall time frame of the phenomenon. For a deeper understanding of this concept and its practical uses,
you can explore the comprehensive works by Lakshmikantham et al. in their monographs [39], as well
as see references [27, 28]. Ulam stability in the context of fractional calculus examines the resistance of
solutions to fractional functional equations when subjected to small variations. It has gained prominence
as a crucial framework for characterizing the long-term behavior of fractional-order systems, particularly
in modeling complex phenomena. This area of research is pivotal in understanding the stability and
dependability of fractional differential equations in diverse applications, one may find valuable insights
in the works presented in references [4, 13, 39]. Columbu et al. [11] refined criteria for boundedness in
chemotaxis systems by considering attraction-repulsion dynamics with nonlinear productions, providing
insights into the stability of such systems. Li et al. [30] investigated chemotaxis models, this study em-
phasizes the combination of factors to maintain boundedness, particularly focusing on production and
consumption dynamics, offering valuable contributions to understanding system stability.

Li et al. [31] examined properties of solutions to porous medium problems with different sources and
boundary conditions. Agarwal et al. [1] provided remarks on oscillation of second order neutral differ-
ential equations. Bohner and Li [9] addressed oscillation of second-order p-Laplace dynamic equations
with a nonpositive neutral coefficient. Li and Rogovchenko [32] examined the oscillation of second-order
neutral differential equations. Zafer [42] presented oscillation criteria for even-order neutral differential
equations. Li and Rogovchenko [33] discussed oscillation criteria for second-order superlinear Emden-
Fowler neutral differential equations. Li et al. [34] investigated the asymptotic behavior of solutions to a
class of third-order nonlinear neutral differential equations.

With motivation drawn from the work of Hamoud and Ghadle [22] as well as Ndiaye and Mansal [35],
in this paper, we investigate the existence and uniqueness of solutions for Impulsive Volterra-Fredholm
IDEs. We employ both the Banach fixed-point theorem and the Krasnoselskii fixed-point theorem to
address this challenge. Additionally, we explore the concept of Ulam stability for the derived solu-
tions, providing valuable insights into their enduring characteristics. In order to extend the relevance of
our findings to diverse systems and phenomena, we broaden our inquiry to include impulsive neutral
Volterra-Fredholm IDEs. This expansion is supported by suitable examples in the relevant area, which
serve to illustrate the underlying concepts. In conclusion, we provide a summary that is systematically
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organized and concisely summarizes the key findings of our investigation.

2. Preliminaries

In this section, our focus is on the commonly employed definitions in fractional calculus, specifically
the Riemann-Liouville fractional derivative and the Caputo derivative, as discussed in prior academic
literature [16, 17]. Let’s examine the Banach space M(A, R), equipped with the infinity norm defined as
IX|oo = sup{|X(n):n € A =[&),,l}, where X is a member of M(A, R).

Definition 2.1 ([29]). The fractional integral of a function 6 under the Riemann-Liouville definition with
order ¢ > 0 is defined as

Capmy LM e +
Ié(n)—r(C)L(n £)15(8) dE. for n > 0,0 € RY,

where R™ represents the set of positive real numbers, and 1% (M) = &(n).

Definition 2.2 ([43]). The Caputo derivative of order {, where ( is within the range 0 to 1, is applicable to
a function 6 : [0,1) — R and it can be expressed as

n §(0)
D% = o | )

r1—2a)Jo mM—&)¢

Theorem 2.3 (Arzela-Ascoli theorem, [17, 43]). A sequence of functions that is both bounded and equicontinuous
within the closed and bounded interval [a, b] possesses a subsequence converging uniformly.

dg, > 0.

Theorem 2.4 (Banach’s fixed point theorem, [17, 19, 43]). Consider a nonempty closed subset Y in a Banach
space @. Then, for any contraction mapping T from Y to itself, a unique fixed point exists.

Theorem 2.5 (Krasnoselskii fixed point theorem, [17, 43]). In a Banach space @, let & be a nonempty closed
and convex subset. Within &, there exist two functions C and D with the following properties.

1. Cis a contraction mapping;
2. D is compact and continuous;
3. forallm and v in &, Cn + Dv remains within &,

Under these conditions, there exists a v in & for which Cv + Dv = v.

3. Impulsive Volterra-Fredholm integro-differential equation

In this section, we delve into the exploration of solutions existence and uniqueness, along with Ulam
stability results, for impulsive Volterra-Fredholm IDE. Our investigation aims to provide valuable insights
into the theoretical foundations of these equations. Through illustrative examples, we will demonstrate
the significance of our findings in understanding the reliable behavior of fractional-order systems.

3.1. Existence and uniqueness results

In this subsection, we delve into the Caputo fractional Impulsive Volterra-Fredholm IDE, which is
formulated as

& 0
CDCx(a)=6(a)z<(a)+v(a,x(a))+J zl(a,s,x(a))dwj Zo(5,8, % (9))d9,

&o &o (3°1)
AN (&) = LI (X(&)).
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This equation is supplemented by the initial condition
N (&) = No. (3-2)

In the given expressions, cp¢ represents Caputo’s fractional derivative with 0 < ¢ < 1. The function
N : A = R, where A = [§,0], denotes the continuous function under consideration. Additionally,
V:AXxR—=Rand Z,, : A x A xR = R, where n = 1,2, are continuous functions. Here, A = {(&,9) : 0 <
o <O<CELCOL0<E<E <& < <Em < E&myr =0, and AN(&,) = R(&]) — N (&), where X(&])
and X(EE) denote the left and right limits of X at &y, respectively.

Prior to exploring our primary results and their proofs, we present a lemma along with following
crucial hypotheses.

(A1) Consider continuous functions Z; and Z; : A X A xR — R, defined onthesetD = (§,8): 0 < &g <9
< & < 0. They satisty the conditions

|Z1 (n;ﬁz xl(ﬁ)) - Zl (1'1;19; XZ(S)” < le ||x1(‘8) - z~IZ(S)”/
and

(A2) The continuous function v : A x R — R adheres to the condition |[v (&, X1) —v(&, Xo)| < x5 || N1 — Xy|.
The continuous function § : A — R is smooth, and the positive constants x; , x7,, and x;, are defined.

(A3) There exist constants x; > 0 and x; > 0 such that ||Ij (X)) — Ii (X2) || < X7[| X1 — Xy and [[Tx (X)|| <
X; foreach N, Ny, Np e pand k=1,2,...,m.

(A4) There exist constants p, o, and p in M(A,R") such that the following conditions hold: v(¢, X)| <
n(&) for all (&, X) € A x @, [Z1(&,9,K)| < o(&) for all (§,9,K) € AXAX @, |Z5(E9,X)| < p(&) for
all (£,9,X) e AxA X .

Lemma 3.1. Assuming Xo(&) € M(A,R), the function X (&) € M(A,R™) is a solution to problem (3.1)-(3.2) if
and only if it satisfies the condition

_ 1[5 o 1[5, oo
N(£) = X +F(C) Lo(a 9) 5(3)&(8)dﬁ+rm Lo(a 9 (9, X(9))dd
L r (a—s)“JEZ( 9, X(9))dndd
Q) Je, 5 1M, v, n (3.3)
+ 1 r (a—f_})“Jez (m, 9, X(9))dnd?d + §Oo L(X(&:))
(C) . 5 2\1N, v, M i i

1=0
for & € (Ex, Exp1), k=1,2,...,m.

Proof. By applying the integral operator (2.1) on both sides of equation (3.1), we obtain the integral equa-
tion (3.3). O

Theorem 3.2. Suppose conditions (A1)-(A3) are met, and for two positive real numbers «x and A with 0 < « < 1,
assume they satisfy the equations

HSHOO‘FXT) (X§1+X§z)9] 14
0° =«
[ MC+1) L+ DN x
and
Vo (z] +23)0

Kol + [r(cm T

Then, the initial value problem (3.1)-(3.2) has a unique continuous solution over the interval [y, 0], where vy =
max{[v(9,0) : 9 € A}, z§ = max{|Z;(n,9,0)|: (n,d) € D}, and z; = max{|Zz(n,9,0) : (n,V) € D}.

}Gcz(l—oc)?\.
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Proof. Consider the operator T : M(A,R) — M(A,R) defined by

g L [F gy HL I v
(TRE) =X+ g | (6= 01 00RO + s | (691 Mot W00

L[ 9t az 9, W(9))d ez 9, X -

Additionally, let ¥, be the set of functions X € M(A, R) such that ||X||, < A for some A > 0. Our goal is
to establish the existence of a fixed point for the operator T within the subset W) C M(A,R). This fixed
point corresponds to the unique solution of the initial value problem (3.1)-(3.2). To accomplish this, we
will present the proof in two distinct steps.

Step 1. Our objective is to show that the operator T maintains functions within the set ¥). Given the
previously mentioned assumptions, if X is a function within the set ¥, and & belongs to the interval A,
we have

I T P I T
(TR < 0+ gy [ -0 S@INEID s [ (&0 oo, K0)lad

+1f(a—8)c—1(f Z1(n, 9 x(a))|dn+f Zon, 9 xwmm) a0+ > IL(N(E)
Q) Jy, 9 Y to o i=0 ' '

g &
< |xo|+r(1@L (a—sﬁ1Hf>||oo||z<||oods+r(1@L (£—9) 1 ((v(®, X(9)) — v(®,0)

g &
+|v(19,0)|)d8+1j (a—S)Cl(J (1Z1(n, 9, K(9)) — Z1(n, 9,0)| + |Z1(n, 9, 0)]) dn
r(Q) Jg, 9

0
+ [ (22,0500~ Zaln, 0,001+ zz(n,a,modn) a9 + M

to

% ||6Hooec}\ 9¢ ‘) 9(C+1J . . g(c+1) = . .
< Nl + M+ 1) +F(C+1)(XU +U0)+m(){zl +Zl)+m(>{z2 +z3) +mx;
< ||5”009C7\ 9¢ \ a¢ g(c+1) A g(C+1)
< v At ez
oI+ i) e oM Fen Y T cr oo @M e g @
plery) , pler) .
Toro*E T trorg 2 T ™
* * * * * 9
<X * g Vo (z1+z2)9) 9C7\<’5||00+Xv (xz, +x2,) >
Rol+mx3 + (F(c+1) Troro) " MC+1) o (C+DnQ

=1—0)A+ A =A.
Therefore, we can deduce that [TX| < A, indicating that TN belongs to ¥,. This establishes that TY¥, is a
subset of ¥,.

Step 2. Our aim is to prove that T is a contraction mapping. Let’s consider two functions, N; and X,
both belonging to the set W,. Therefore,

£
Q) Je,

1 - ¢—1
+ F(C)Lo(a_ﬁ) (D, X1 (D)) —v(d, X2(9))dDd

+1F(a—a)“ J£|Z( 9,%1(9)) — Z4(n, 9, X (9))]d
F(C) £, o 1N, v, &1 1M, v, 2 mn
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0 00
+L 1Z2(n, ¥, ¥4 (D)) — Z2(n, 9, Nz(ﬁ)ﬂdn) A0+ ) L(N(&)) — Li(Ra(E))]

1=0
||5H006C X *0¢
I“(C+1)”N1_N2H+ (CU [0 — Ny|
X* 6C+1 +X* 9C+1 .
A(C+UF&) X1 — o] + mx7 || Xy — X

¢ * _ _ .
P DG TX0 Y 00 4 | 3 - 3ol = B3 — X,

r(¢+1) (c+1)r
T functions as a contraction mapping. Consequently, in alignment with Theorem 2.4, there exists a fixed
point denoted as X € M(A,R) such that TX = X. This fixed point serves as the unique solution to the
initial value problem defined by equations (3.1)-(3.2). This concludes the proof of the theorem. O

where B = [|5||°°+X” - (X21+X22 }6 +mx} < 1, we get | TR — TX,|| < B||Xq — Xy This confirms that

Theorem 3.3. Under the assumption (A4), it follows that there exists at least one solution to the problem outlined
in (3.1)—(3.2) over [, 6].

o¢ |5|00|N|oo 0% u|M 0+ oM oo+l |p“v|
fean - T ey T e T e T icolli(R(ED)]

define the set ¥, = X € M; |X|5, < A. In this context, we introduce the operators eand Y on V¥, as

< 1 and

Proof. Consider a fixed [INOI +

1 g 1 & g
(eX)(&) =J (£ 9)% o9, R(9))dd + —— L (£—9)¢ 1 L Z1(n, 9, X(9))dndd

r) Je, re)
g 0
+J (a—s)“j Zy(n, 9, X(9))dnds,
&o
1
TR)(E) =N+ —— | (E—d)5@IND)dd+ Y I
(T(E) =0 + 1 LO( ) Z
After examining X7 and X, from the set V), we can write
[eX1 +TXy|| < Hx +1r(a—w“é(a)xmdwlf (£—9)5Tu(9, R(9))dd
L N (N r(e) Jg, ’
+1JE (af})c—l(fzm 9 x(ﬂ))dwje Zo(n, 9 x(ﬂ))dn)dwiw(a))\\
F(C) £ 19 r Y 19 r Y

i=0

< [[Nofl + M+ T+ T eryr Tierr

\ T.

0°(8]loc N[0, Of1tlm . O“THlollm . 05 pllm
+ZH

Therefore, N + YN, € W). Importantly, the assumption (A4) guarantees that Y functions as a contraction
mapping. The continuity of functions v, Z;, and Z; outlined in (3.1)-(3.2) implies the continuity of the
operator ¥. Additionally, it is crucial to emphasize that € remains uniformly bounded on V¥, as

jex) < Qe 0ol 0 ol
ST+ (C+DrQ)  (C+1T(Q)
Now, we establish the compactness of the operator €. Given that v, Z;, and Z; are bounded on the compact
sets @1 = A x @, D, = A x A x @, let us define SUP (£ x)ca, (&, X)| = Cq and SUP (£,9,x) e D, |Z;(&,9, X))
= Cp, where i =1,2. For &1, &, € [&), 0], and X € W¥,, it is evident that

[ (eX)(&1) — (eX) (&)
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- HL rl(il —9)S Tu(®, K(9))dD + - rl(al —9)¢! Jal Zi(n,9,X(9))dndd

&o rec) &o 0
+1r1(a —9)“Jez (m, 9, X(9))d d{)—lrz(a — 9 (9, X(9))dd
F(C) . 1 s 2N, v, n F(C) £ 2 ’
—1rz(a —9)“r22( 9, X (9))d da—lfz(a —a)“JGZ( 9, X(9))d df}H
F(C) £ 2 5 1M, v, n F(C) £ 2 o 2N, v, n
&1 &1 &1
<l ] @ -oe e xenao+ | e -9t "z, x(0)anas
rQ e, & 0
ré1 0 &
NG L zz(n,s,x(%))dndﬂ—L (£2—9)< 10 (D, X(9))do
"822 &2 Oa2 e
|0t Tz s anas - | (g2 0)" | Zain, 0, (0)dnas
rEs & &1
+] e -0 o, @)+ | e -9 | 21,0, 5(0)) dnad
J&g &o s
r&n 0
| @9tz o x@)anas]
1 ' &1 &1 0
<mal | -0 s+ | "z 0 x@)an+ | Za(n, 0, x(0))an] a0
e, 9 9
r&
- (B2 =) — (& —9) Hu(®, X(D))dd
"502 & &
-, [(az—a)“L zl(n,ﬁ,x(%))dn—(al—w1L Z,(n, 9, X(9))dn] dd
r& ] 0
- | M=ot | Zatn 0, x(0)an (81~ 9)" | Zatn, 2, (0))an]as]
C1 Y- CaC oot CsC oot
< Fr (e — &)+ rgl2E — £2) M 2l — )
G e Gl et S LT T & BT T & L T < S TR O [
S A (A LA ) LA Sy L L vrany i M Vi B
! £ NC 50 g0 &18 £ 04 £C_ g0 Cs¢ e C g0 fC
ér(c+1)|2(51 )+ & 51\+r(c+2)|2(51 &)+ &; €1|+r(c+2)|2(€1 &)+ & — &7l

This quantity is independent of the choice of X. Thus, € demonstrates relative compactness on ¥,. Con-
sequently, following the Arzela-Ascoli theorem, € is a compact operator on ¥,. The conditions specified
in Theorem 2.5 are all fulfilled. Consequently, the conclusion derived from Theorem 2.5 is applicable,
signifying the existence of at least one solution to the problem (3.1)-(3.2). This marks the completion of
the theorem’s proof. O

3.2. Ulam stability results
In this subsection, we delve into the Ulam stability of the problem (3.1)-(3.2). Let’s examine the
inequality
0
21(£,0,X(2))d0 — | Z5(£,0,X(2))d0] < &, AN(E1) = (X[E0))
3
' (3.4)

Definition 3.4 ([17]). Consider a positive constant Cs > 0 that validates the Ulam-Hyers stability of
(3.1)-(3.2). For any given ¢ > 0 and a solution v € M(A,RR) satisfying inequality (3.4), there exists a

g

°DOR(E) — 5(E)X(E) — v(E, X(E)) —L
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corresponding solution n € M(A,R) to problem (3.1)-(3.2). This solution guarantees |v(&) —n(&)| < ¢Cs
forall £ € A.

Theorem 3.5. If (A1)-(A3) are satisfied, then problem (3.1)-(3.2) demonstrates Ulam-Hyers stability when 3 < 1.
Proof. Take ¢ > 0, and suppose v € M(A,R) satisfies inequality (3.4). Let n € M(A,R) be the unique

solution to the following problem. In this context, we recall that

1 (& 1 (&
x(a)zij (&—M“é(ﬁ)x(s)dwj (£ 9) (9, X(9))dd

rc &o r'(c) &
L 1 [f X(9))d ez 9, X(9))dn | do S 1L (X
+F(QLO(£—8) (L Zy(n, 9, X())dn + | Zaln,3,%(0) n) + 2 L(N(&)

Integrating inequality (3.4) and including the initial condition from problem (3.2), we get

1 (¢ 1 (¢
‘N(EJ—NO—J (5—19)“6(8)N(19)d8—J (£—9)1o(d,X(9))dd

ra) Jg, FQ) Je,
1 g g
- F(C)L (£ —9)c L Z,(n, 9, X(9))dndd
1 (¢ i1 [° - 0¢
~ 17 |, (€0 || 2o xi@nanco -3 (e < ey
Moreover, let’s consider
1 (® 1 1 (® 1
1)~ X3(8)] < [81(8) 0 — iy | (£ 0TI — | (8- 002, 20114
1 3 g
- F(C)L (£—9) 1 L Z,(n,9,%,(9))dndd
1 (% o1 [° =
_F(C)L (£ =90 | Za(n, 9, Ka(0))andd — 3 L(Kalé)
0 i=0
< IN;(8) = X —1J£ (£ =9 159N (8)d19+1j£ (& —9) 159N (9)dd
ST 1 M) Jey 1
L (£—9 15N (8)dﬁ—1ja(£—8)5_1v(8 N (9))dd
Q) Je, 2 re) Je, a
E &
+ r(lc) (= 0) (0,5, ()d0 - F(lC)L (£—9)5 (9, X,(0))d0
N (&—9)¢ T raz (m, 9, X1 (9))d dﬁ+i (" (& —9)c ! Paz (m, 9, ¥q(9))dndd
Tc)uao Js 1M, v, &1 n F(C)Uao Js 1M, v, &1 n
1 "5(5—8)(}1 raz (1,9, X, (9))d da—i * (&—9)¢t Pez (1,9, X1 (9))dndd
muao Js 1M, v, &2 n F(C)ugo Js 2N, vV, &1 n
1 (&—9)¢ T rez (1,9, X1(9))dndd 1 (&—9)¢ T Pez (1,9, Xa(9))dndd
+F(C)ua0 a Jo 2 " _F(C)uao Jy 2 "
=) LN (E)) + ) LNy (&) — ) L(Na(Es))
i=0 i=0 i=0

< ‘x (§) — X —1J£ (& -9 15N (ﬁ)dﬁ—lja (& —9) (9, Xq(9))dd
T T U, ! Q) Jg, o
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1 & g 1 & 0
- -9 “J Z1(n,9, X1 (9))d dﬁ—J —9 “J Z5(n, 9, X (9))dndd
fg ) 0 | B sionana — oy | g0 |z b xi0)dn
00 1 &
= 3 LOED)| + g | (= 00 0] 13 9) (@)1
i=0 &o
1 (¢ 1
+m . (E=9)"u(d, K1 (D) —v(D, Np()|dd
1 EO 1 3 1 3
b | e e =99 [ zatn, 2, 51(9) ~ Za(n, 0, Xaf@)ldndd
J& &o o
1 & & )
b | e e | zatn, 0, 51(9)) — Za(n, 0, Xaf@)ldndd
J& &o o
+ ) TR (E1) — Li(Ra (&),
i=0
€ 15]l00 + X3 (X§1+X§2)9] ¢ >
X; — No|| < 0 X, — Xo||,
s =l < ey (| + e )0
3
[y — N < FC 1) + BNy — o,
€ 1
Np— N e —p — M, where M = ——————.
SRl < roma e — M e M T i)
Therefore, we can deduce that the problem (3.1)-(3.2) demonstrates Ulam-Hyers stability. This concludes
the proof of the theorem. O

Example 3.6. We examine the Caputo fractional Volterra-Fredholm IDE (3.1)-(3.2) under the following
parameters: ( =0.5,0 = 0.5, xj, =0.2, X*Zl = 0.3, XZ =03, mxj = %, and ||8||cc = 0.1. Now, it follows
that

r 6 . 3 * + * e
o [L/FEE LR

M+ (D0
[0.1+0.2 (0.3+0.3) (0.5)}

(0.5)
rI+)  G+yr)
_ [ 0.3 (0.6)(0. 5)} 0.5
e o )
[ 0.3 0.30

= ' 707) = (0.45)(0.707) +0.084 = 0.4014 < 1.
_0.886+(1.5)(1.772J(0 07) = (0.45)(0.707) +0.084 = 0.4014 <

If we set ¢ = 0.5, the value of M can be computed as follows:

$
12

N|—

+

N|—

+0.084

1 1
TTEHDA-B)  T(3)(1—04014) 05303

= 1.8857.

Now, when we multiply ¢ by M, we get eM = 0.5 x 1.8857 = 0.9428. As all the conditions of Theorem 3.2
are met, there exists a unique and stable solution to the given equation.

4. Impulsive neutral Volterra-Fredholm integro-differential equation

In this section, we delve into examining the presence and singularity of solutions, along with in-
vestigating the Ulam stability outcomes for impulsive neutral Volterra-Fredholm IDE. This exploration
provides valuable insights into the theoretical underpinnings, and we will highlight the importance of
our results through illustrative examples.
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4.1. Existence and uniqueness results
In this subsection, we delve into the Caputo fractional impulsive neutral Volterra-Fredholm IDE, given
by

& 0

DE[N(E) ~ 1 (£, X(E)] = S(EIN(E) + vale, X(E) + | Z1(e, 0, %0+ | Zae,0,%(0))ad,
E.O E,(] (41)
AR (Ex) = L (N(Ex)).
This equation comes with the initial condition
N(&) = Np. (4.2)

In the given expressions, cD¢ denotes Caputo’s fractional derivative with 0 < ¢ < 1, and N : A — R,
where A = [&, 0], represents the considered continuous function. Moreover, v, : A xR — R and
Z, : Ax A xR — R, where n = 1,2, are continuous functions. Here, A = (§,9):0< & <9< E<KH,
0<&<&E <& < < &m < &my1 =0, AR(E) = R(&]) —X(&,), X(&), X(&) denote the left and
right limits of N at &y, respectively. Before delving into our main results and their proofs, we present the
following lemma along with some essential hypotheses.

(B1) Let Z; and Z, : A x A x R — R be continuous functions defined on D = {(&,9) : 0 < &g <9 < & < 0}
They satisfy the conditions

1Z1(7, 9, X1 (9)) — Z1 (1,9, Mo (9))] < Xz, [[N1 (D) — Mo (D),
and
1Z2(7, 9, N1 (D)) — Za(T, 9, Mo (9))] < X3, [[N1 (D) — Ko (D) |-
(B2) The functions vy and v; : A x R — R are continuous, and they satisfy the conditions
L1(&, 1) —v1(E, X)) < x5, [IX1 — Mo, and  Jva(&, Nq) —va(E, Ma)| < x5, |1 — N

(B3) The function & : A — R is continuous, and the constants x,, X,, X3,,, and x3,, are all positive.

(B4) There exist constants x; > 0 and x5 > 0 such that || I (¥) — I (X2 || < X7 X1 —No|| and || Iy (X)]| < x5
foreach X, N{, N, e pand k=1,2,...,m.

(B5) There exist constants w, pu, o, and p in M(A,IR") such that: |[v1(§, N)| < w(§),V(E,X) € A X o,
a(&, W) < p(E), VI(EN)eAX@,I[Z1(E9,X)| <o(E), V(EYN)eEAXAXQ, and |[Z3(E,9,N)| <
p(E),V(E, D, N) e AXAXa@.

Lemma 4.1. If Xy(&) € M(A,R), then X (&) € M(A,R™) constitutes a solution to problem (4.1)-(4.2) if and only
if it satisfies the condition

g
R(£) = Ko — v1 (£, o) + v1 (&, K(E)) + 1J (£ — 9)515(9)K(0)dd

I'(Q) Jg,
+1JE (& —9)Tuy(d x(ﬁ))daJrlJE (& -9t Jéz (T, 9, X (9))dtdd
ra) s, 2 M@ g, o 1Y (43)
+1r (E—9)" Jez (T, N(S))d’tdﬁ—i—il-(x(&))
ree) &o 9 2 o ' '

for E’ € (Ekrak—l—l]/ k: 1,2,...,m.

Proof. This can be easily illustrated by applying the integral operator (2.1) to both sides of equation (4.1),
leading to the integral equation (4.3). O
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Theorem 4.2. Assuming conditions (B1)-(B4) are satisfied, and considering two positive real numbers « and A
with 0 < « < 1, if they fulfill the following equations

. [Héuwxa (xiﬁxz)@]ec_a
vy r¢+1) (C+1T(Q) ’

and

vy (zF +25)0
Wo! + [v1(&0, No)| + v + 2 12
[No| + [v1(&o, No)| + V7 [F(C—i—l) (C+ D0
then, the initial value problem (4.1)-(4.2) has a unique continuous solution over the interval [y, 0], where v =
max{[v1(9,0)| : ¥ € A}, v3 = max{L(9,0)] : ¥ € A}, zf = max{|Z;(7,9,0)| : (1,9) € D}, and z5 =
max{|Z;(t,9,0)|: (t,9) € D}.

Proof. Considerthe operator T : M(A,R) — M(A,R) defined by

}ec—l—mxi‘ = (1— o)A,

& &
(Th)(a):xo—vl(ao,xowvl(a,x(am1J (a—m“s(ﬂ)x(mdwlj (£ 9) 0y (9, X(9))dd

rec &o Ir'(c) &
! ’ 9)et aZ 9, X(9))d eZ 9, X(8))dt )dd OOIN
+F(C)LO(E’_ ) (L 17,9, X (9) T+L 2(7,9, X (9)) T) +§ L(R(E)).

Moreover, let W, be the set of functions X € M(A,R) such that ||N| . < A for some A > 0. Our goal is
to establish the existence of a fixed point for the operator T within the subset W) C M(A,RR). This fixed
point corresponds to the unique solution of the initial value problem (4.1)-(4.2). To accomplish this, we
will present the proof in two distinct steps.

Step 1. Our goal is to show that the operator T preserves functions within the set . Given the previously
stated hypotheses, for any function X belonging to the set ¥, and for all £ in the interval A, we get

&
(TR)(E)] < 1ol + [v1 (£, Kol + for (&, R(£))] + r(laj (£ 9)5 1[5(0)/IX(9)]dD

&o
1 (¢ 1
— | - N
g |, B9 el Ko
! a(i 9) ! a|Z (t,9,X(9))ld ’ |Z5(, 9, X(D))|dT ) dD 3 [T (N(&;))]
+F(C)J'E'O - (J@ 1T, v, T+J£0 2\T, U, T> +§ i i
1 S
< Rl + w1 (&, Xo)l + w1 (&, X(E)) —U1(€,0)|+|v1(5,0)|+r(C)L (E—9)5118] |0 || 00 dD
1 g
+J (& —9) (jua(0, (D)) — v2(9, 0| + v (9, 0))dd
rQ) Jg,
g 3
+ i | (a—m“(j (121, 8, X(9)) — Z1(x, 9, 0)| + |21 (x, 9, O ar
Q) Je, 9
)
+J (|Zz(T,19,N(19))—Zz(T,3,0)|+|Zz(T,19,0)|)dT)dl9+mX§
&o
. . ||5HOOQC)\ o< i g(c+1) . .
< No| + [v1(&o, No)| + x5, + V1 + FC+1) + r(c+1)(Xv2)\+U2)+m(le7\+l1)
g(C+1) . . .
+m(XZZA+Z2)+mX2
. . ||5H009C)\ o< . 9¢ g(C+1) .
< [Rol + [v1(&o, No)l + Xy, + V7 + FC+1) + F(C+1)XU27\+ F(C+1)v2+ (C-l—l)r(C)XZl}\
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glc+1) g(c+1) g(c+1)
e A —————25 +mx}
LR 2T

C+r =" T 0
<|x0|+|U1((Z_,0,N0)|—|—U>1k+mX;+eC|:r U2 (Zl+12)6:|

(C+1)  (C+1)T(Q)

o [8lloo x5 (X2 +X2,007 00 _ (4 B
2+ (e + T [o) —a-anema

1

Thus, we can conclude that [TX| < A, implying that TX € ¥, and establishing TY¥, as a subset of Wj.

Step 2. Our goal is to show that T is a contraction mapping. Consider two functions, ¥; and X, both
belonging to ¥,,

&
[(Th1)(&) = (Th2) (E)] < 1 (&, X1 (&) —v1(E, N (&) + F(l(:)J (£ —9)HB(D)I1N; (8) — W (D)|dD

&o
1 &
+J (£ —9) ua (8, X1 (9)) — v (9, Xa (0))]d0
Q) Je,
1 & &
+j (£ —9)c J 12201, 9, X1 (8)) — Z1 (%, 9, Ko (9] dT
ra) Je, 9
0 00
+L 1Z5(, 9, X1 (D)) — Z5(7, 9, xz(ﬁ)ﬂd”t) dd+ ) L(Rq(&)) — Li(Xa(&:))
1=0
e 18]l008% . X5, o
0y 131 = Rl B 1 = ol 2 I — o
XZ@CH +X;296+1

N — N TRy — X

_[* <Hf>||oo+xii2 (X3, +Xz,)0
e rc+1) (C+1)T(Q)

)¢t m | 561 = 3l = Bl — .

se8 = [, + (e + B
that T functions as a contraction mapping. As a result, according to Theorem 2.4, there exists a fixed point
denoted as X € M(A,R) such that TX = X. This fixed point represents the unique solution to the initial
value problem outlined by equations (4.1)-(4.2). This concludes the proof of the theorem. O

) 0¢ +mxf} < 1, we get || Th; — Thy|| < B||X; — Ny||. This confirms

Theorem 4.3. If (B5) holds, then the inequality

XT)ZGC N X;19C+1 +X;29C+1
ric+1) (C+1)r(C)

Pi=x3, + <1

ensures the existence of at least one solution to the problem outlined in (4.1)—(4.2) over [&p, 6].

. eC 8l |12l oo eC eC+1 9&+1
Proof. Choose a fixed r > [HKOH + [[v1(0, X(0)]| + [|w]|lc + ”r(Hc+H1) llee 4 r(!ﬂ()j + (C+1|)|I(“y(HCC) + (C+1|)|]E’E|CC) +

> 2o I (X (&) ||} and define the set ¥ = {X € M; ||X||o, < A}. In this context, we introduce the operators
eand Y on V¥, as

g
(€X)(£) = —v1(Eg, No) +v1 (E, R(E)) + r(lc)L (£ 9)% 1oy (9, X(9))dd

g g
+ rlj (& —9)¢ 1 L Zl('r,ﬁ,x(ﬁ))d'tdﬁJrLo

& 0
(& -9t J Z>(T, 9, X(9))drdy,
o
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& 00
(TR)(E) =Ko + (£—9)°5()R)dd + Y LIR(E

al
I Jg,
When examining N; and N, within the set V,, it is evident that

&
ey + 78] < [N~ i €0, o) + (& X(E) + i | (- 0 T6@)x(0)a0
0 Je,
1

g
_ _9)¢1
g |, 9 el X e

L[ 9)ct aZ 9, xX(9))d eZ 9, X(d))dt |dd OOIN
#17g Jy (0 ([, s | zama xione) e+ 3 nosc)|

OC[I8|oo X [0, O[lullc 6" lo]c
rc+1) T+ (C+1r(E)

< || Xo || + [Jv1(&o, o) || + [|w]|c +

ec+1HPHC
Ii(
(C+1)r +Z”

Next, we show that (eX) possesses contraction properties
1 &
e — eNo| < [[u1(&, Rq(E)) —v1(E, N (&) + A} L (£—9)5H[L2(D, X1 (D)) —v2(, Xy(9)) ]| dd
0

+1r(a—a)“ F\z (1,9, %1 (9)) — Z1 (7,9, Xp(9)) | dt
Q) Je, g N I

0
+Jﬁ HZ2(TI'81 xl(ﬁ)) - ZZ(T/{)/ NZ(S))HdT> dd

X;19C+1 +Xzzec+l
(C+1)r(c)

)rxl 31| < P11 — o]l

X3,0°
rc+1)
<x* . X5,0° +x§19”1+xi§29“1
YT+ (C+1)r(Q)

Hence, € acts as a contraction. The continuity of & implies the continuity of the operator Y. Furthermore,
Y is uniformly bounded on ¥,,

< X, 1% — o[+ 10y — Nof| + g — 2|

1 0%15| o .
IS E)] < ol + g [ (6= 0 s0m01201+ 3 (el < 1l + D+ i

To verify the compactness of the operator 7, it is essential to illustrate its equicontinuity property. For
this purpose, let’s introduce § as the supremum of |§(9)X(9)|. Now, considering any pair of points & and
&2 within the interval [&p, 0], where &; > &, and for any function X in the set ¥, we have

[(YR) (&) — (YR) (&) |

< Hlfl(a —19)“5(19)x(19)d19—1f2(a —a)cfls(a)x(a)dﬁﬂ
ST g, Q) Je,
< HL Ez(a —9)5—15(19)x(9)d19+1fl(a —9)5—15(19)x(19)d9—1rz(a —a)c—ls(sm(a)dsu
ST Jg, 7 rQ) Je, MO Je
1= -1 (g qyi-1 R
< g ). =91t =& -0 ooxan]| + i | e 01 storsoranan
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bt __&¢ 21 — )¢
<rern et |18l + Ty 18lol Xl
5 5
< o208 — 8) + 55— & < &1 — &]¢ — Oas & — &.

rec+1) re+1)

Therefore, Y is equicontinuous. According to the Arzela-Ascoli Theorem, Y is compact. All the conditions
specified in Theorem 2.5 are met. Consequently, the conclusion of Theorem 2.5 holds, signifying that the
problem (4.1)-(4.2) has at least one solution. This concludes the proof of the theorem. O

4.2. Ulam stability results

In this subsection, we will explore the Ulam stability of the problem (4.1)-(4.2). Let’s introduce the
following inequality.

0
zl(a,s,x(snds—J Zo(5,9,%(9))d| < e,
&o

&

“DE[(E) —ur (£, X(£))] — SENN(E) — ol (2~ |

&o
AX (&) = L (X (Ex)). (4.4)
4.4

Theorem 4.4. If (B1)-(B4) are satisfied, equation (4.1)-(4.2) demonstrates Ulam-Hyers stability when 3 < 1.
Proof. Consider ¢ > 0, and let v € M(A, R) satisfy inequality (4.4). Additionally, let n € M(A,R) be the

unique solution to the following problem. In this context, we note that

— X 1 [% e gye L[ gy
() = 0 1 (80, Xo0) + 06 K(E) + iy | (80TS0 + | (8- 0 a0, (0D

! ’ 9yt aZ 9, X (9))d GZ 9, X(d))dt |dd OOIN
+F(C)LO“’_ ) <L 17,9, X (9) ”L 2(%,9, % (9)) T) +;) L(R(E0).

By integrating inequality (4.4) and including the initial condition of problem (4.2), we have

I3
(8 = o +v1[£0, ) 01 & X(E) — i | (E-9)5(0IN()a0
0 e,
fi N _9\¢1 7L & a1 &
F(C)LO(E, 9 (9, X(D))dd F(C)LO(E 9) L}Z1(T,8,N(ﬂ))d’rdﬁ
1 (¢ 1 0 ad . . s18
i e 22l 0, X(0)dta0 - 3 L(R(ED)| < ey
Moreover, let’s consider
% (£) — X 2|
I3
< [Ra(8) = o 10, 0) —vr (£, 82(8) ~ 77 | (691 5(@)a(9)a0
&o
fi N _9\¢-1 7L & a1 &
g |, B0 a0 %@ — e | &0 | 2100, at0)
e [ et [z waras - 3 Los(e)
F(C) £, s 200, U, N2 — i 2161

<IN (&) — Ng +v1(&p, No) —1(&, X1(E)) +v1(&, N1 (&)) —v1(&,NX3(E))
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1 & &
T (£—0)15(0)Ny

~75 ). (a—s)¢15(3)x1(9)da+r(1c)L (9149
1 "‘50 1 EO
T e (5_‘9)“5(‘9)x2(ﬁ)dﬁ—mf (£-9)Tua(d, X (9))dd
rc) Je, 20 T(Q) . 2 2
1 & & 1 r& r&
G (& —9)° 1 . Zﬂ’l’,ﬂ,&ﬂﬁ))d’l‘dﬁ—l—m . (£—9)&1 ) Z1(7,9, X1 (9)) ddd
1 ao & 1 “50 r0
_W . (&—9)! . Z1(T,19,N2(19))d’td19—m . (£—9)¢ ! . Zy(7, 9, X1(9))drdd
JrL "&(5—19)@1 "eZ (1,9, (8))d1ds_i "5(5_3)(:71 PGZ (1,9, X,(9)) drdd
M) Je, Js 2LV Q) Je, IR 2(T, U, &
=) LNy (&) + ) LN (E)) = ) Li(Xa(&))
i=0 i=0 i=0

<‘N1(€)—N0+U1(50,x0) v1(&, Xq(8)) — i)

+[v1(&, Xq(8))

J (£~ 9)515(9)%, (9)dd

(&—9)% 1J Z1(t,9, X4 (9))ddd

— (&, N5(8))]

C L e 9 Tuge, J
F(C)uio 29, ¥ (9 F(C &
X3
— | (B=9)T| Zy(r,9, X (9))dTdd — Y Li(Xy(&s))
@) Jg, J : 1 ; :
1 (¢ 1 (&
), (£~ OB 110) — K010 + i | (=0 a0, ,(0)

1 & & &
—Uz(ﬁlxz(ﬁ))|dﬂ+J (a—mé—lj (a—s)c—lj 1Z1(1,9, Ky (9)) — Zy (1,9, ¥o(9))|drdd
&o &o 9

rc)

1 (¢ £ 0
) Lo(a —9)¢! Lo(a—ﬁ)“ L) 1Z5(7,9, K1 (9)) — Za (7,9, X2 (9))|drdd
+§0Ii(xl(ai))—h(xz(ai)n,
I =3 < o+ {xi}l . (stu(o;ﬁ)iiz . (é:l)xr(c))e +mxi‘> ec] N
1% — 2%, | < 1)+sux1_x2”
1% — 85| < W — eMy, where M; = m

Therefore, we can deduce that the problem (4.1)-(4.2) demonstrates Ulam-Hyers stability. This concludes

the proof of the theorem.

O

Example 4.5. We examine the Caputo fractional Volterra-Fredholm IDE (4. 1) (4.2) under the following

parameters: ( = 0.5, 0 = 0.5, x3,, = 0.2, X3,
follows that

T (Il
B_[X"1+( rerl)

=04, X%, =03,X3, =

(X2, £X5,)0\ . }
(DN > O

0.3, mxj =

14, and [|8]| = 0.3. Now, it



P. Raghavendran, et al., ]. Math. Computer Sci., 38 (2025), 313-329 328

1
14

Nl—

=102+ +

03+04 (03+03)(05)
1 s
r+1)  (+yrd)

07  (0.6)(0.5)
re)  3)ri)
0.7 0.30
+ 088 " (15)(1.772)

Nl—

=102+ +0.071

} (0.5)

=102

} (0.707) + 0.071 = (1.102)(0.707) + 0.071 = 0.8501 < 1.

Since all the conditions of Theorem 4.2 are met, there exists a unique and stable solution to the given
equation.

5. Conclusion

The investigation conducted in this study has explored impulsive Volterra-Fredholm IDEs, incorpo-
rating fractional Caputo derivatives and adhering to specific order conditions. The research rigorously
established the existence and uniqueness of analytical solutions through the application of the Banach
principle. Notably, it revealed the existence of at least one solution, supported by precise conditions
derived from the Krasnoselskii fixed point theorem. Furthermore, the research extended its scope to
encompass impulsive neutral Volterra-Fredholm IDEs, thereby expanding the applicability of these find-
ings within the mathematical domain. Additionally, this paper explored the notion of Ulam stability
concerning the derived solutions, providing insight into their long-term behavior and enriching compre-
hension of their practical significance. To emphasize the real-world applicability and credibility of the
results presented herein, an illustrative example has been thoughtfully included. This example effectively
demonstrates how the theoretical findings can be applied in practical scenarios, highlighting the potential
impact and value of this research in the field of IDEs and related areas.

References

[1] R. P. Agarwal, C. Zhang, T. Li, Some remarks on oscillation of second order neutral differential equations, Appl. Math.
Comput., 274 (2016), 178-181. 1
[2] B. Ahmad, S. K. Ntouyas, J. Tariboon, A study of mixed Hadamard and Riemann-Liouville fractional integro-differential
inclusions via endpoint theory, Appl. Math. Lett., 52 (2016), 9-14. 1
[3] B. Ahmad, S. Sivasundaram, Some existence results for fractional integro-differential equations with nonlinear conditions,
Commun. Appl. Anal., 12 (2008), 107-112. 1
[4] M. Ahmad, A. Zada, ]J. Alzabut, Hyers-Ulam stability of a coupled system of fractional differential equations of Hilfer-
Hadamard type, Demonstr. Math., 52 (2019), 283-295. 1
[5] J. Alzabut, S. R. Grace, ]. M. Jonnalagadda, S. S. Santra, B. Abdalla, Higher-order Nabla difference equations of arbitrary
order with forcing, positive and negative terms: Non-oscillatory solutions, Axioms, 12 (2023), 14 pages. 1
[6] J. Alzabut, S. R. Grace, S. S. Santra, M. E. Samei, Oscillation criteria for even-order nonlinear dynamic equations with
sublinear and superlinear neutral terms on time scales, Qual. Theory Dyn. Syst., 23 (2024), 16 pages.
[7] H. Balasundaram, T. Muhammad, S. S. Santra, S. Nandi, Effect of hydrocephalus in an unsteady cerebrospinal fluid
influencing diffusivity, Numer. Heat Transf. B: Fundam., 1 (2024), 1-10. 1
[8] S. Begum, A. Zada, S. Saifullah, I.-L. Popa, Dynamical behavior of random fractional integro-differential equation via
Hilfer fractional derivative, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys., 84 (2022), 137-148. 1
[9] M. Bohner, T. Li, Oscillation of second-order p-Laplace dynamic equations with a nonpositive neutral coefficient, Appl.
Math. Lett., 37 (2014), 72-76. 1
[10] M. Caputo, M. Fabrizio, A new definition of fractional derivative without singular kernel, Progr. Fract. Differ. Appl., 1
(2015), 73-85. 1
[11] A. Columbu, S. Frassu, G. Viglialoro, Refined criteria toward boundedness in an attraction-repulsion chemotaxis system
with nonlinear productions, Appl. Anal., 103 (2024), 415-431. 1
[12] Z. Dahmani, A. Taeb, New existence and uniqueness results for high dimensional fractional differential systems, Facta
Univ. Ser. Math. Inform., 30 (2015), 281-293. 1
[13] L.S. Dong, N. V. Hoa, H. Vu, Existence and Ulam stability for random fractional integro-differential equation, Afr. Mat.,
31 (2020), 1283-1294. 1
[14] M. Feckan, J. Wang, M. Pospisil, Fractional-order equations and inclusions, De Gruyter, Berlin, (2017). 1
[15] T. Gunasekar, P. Raghavendran, The Mohand transform approach to fractional integro-differential equations, J. Comput.
Anal. Appl., 33 (2024), 358-371.


https://doi.org/10.1016/j.amc.2015.10.089
https://doi.org/10.1016/j.amc.2015.10.089
https://doi.org/10.1016/j.aml.2015.08.002
https://doi.org/10.1016/j.aml.2015.08.002
http://www.dynamicpublishers.com/CAA/caa12pdf/11-CAA-28-11.pdf
http://www.dynamicpublishers.com/CAA/caa12pdf/11-CAA-28-11.pdf
https://doi.org/10.1515/dema-2019-0024
https://doi.org/10.1515/dema-2019-0024
https://doi.org/10.3390/axioms12040325
https://doi.org/10.3390/axioms12040325
https://doi.org/10.1007/s12346-024-00961-w
https://doi.org/10.1007/s12346-024-00961-w
https://doi.org/10.1080/10407790.2024.2319338
https://doi.org/10.1080/10407790.2024.2319338
https://www.scientificbulletin.upb.ro/rev_docs_arhiva/full050_664193.pdf
https://www.scientificbulletin.upb.ro/rev_docs_arhiva/full050_664193.pdf
https://doi.org/10.1016/j.aml.2014.05.012
https://doi.org/10.1016/j.aml.2014.05.012
http://dx.doi.org/10.12785/pfda/010201
http://dx.doi.org/10.12785/pfda/010201
https://doi.org/10.1080/00036811.2023.2187789
https://doi.org/10.1080/00036811.2023.2187789
http://casopisi.junis.ni.ac.rs/index.php/FUMathInf/article/download/548/pdf_19
http://casopisi.junis.ni.ac.rs/index.php/FUMathInf/article/download/548/pdf_19
https://doi.org/10.1007/s13370-020-00795-0
https://doi.org/10.1007/s13370-020-00795-0
https://books.google.com/books?hl=en&lr=&id=MlA_DwAAQBAJ&oi=fnd&pg=PR7&dq=Fractional-order+equations+and+inclusions&ots=hVwnVwKset&sig=VJpD6n9TmTm6SbfsDERdAnlnwBM
https://www.researchgate.net/profile/Albert-Antony-Raj/publication/378605123_An_analysis_of_annular_fin's_thermal_conductivity_and_heat_production_using_the_DTM-Pade_approximation/links/65e1756aadc608480af22dea/An-analysis-of-annular-fins-thermal-conductivity-and-heat-production-using-the-DTM-Pade-approximation.pdf#page=368
https://www.researchgate.net/profile/Albert-Antony-Raj/publication/378605123_An_analysis_of_annular_fin's_thermal_conductivity_and_heat_production_using_the_DTM-Pade_approximation/links/65e1756aadc608480af22dea/An-analysis-of-annular-fins-thermal-conductivity-and-heat-production-using-the-DTM-Pade-approximation.pdf#page=368

P. Raghavendran, et al., ]. Math. Computer Sci., 38 (2025), 313-329 329

(16]
(17]
(18]

(19]

[20]

(21]
(22]
(23]
[24]
[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]
(37]
(38]
(39]
[40]
[41]

[42]
[43]

T. Gunasekar, P. Raghavendran, S. S. Santra, D. Majumder, D. Baleanu, H. Balasundaram, Application of Laplace
transform to solve fractional integro-differential equations, J. Math. Comput. Sci., 33 (2024), 225-237. 2

T. Gunasekar, P. Raghavendran, S. S. Santra, M. Sajid, Analyzing existence, uniqueness, and stability of neutral fractional
Volterra-Fredholm integro-differential equations, J. Math. Comput. Sci., 33 (2024), 390-407. 2,2.3,2.4,2.5,3.4

T. Gunasekar, J. Thiravidarani, M. Mahdal, P. Raghavendran, A. Venkatesan, M. Elangovan, Study of non-linear
impulsive neutral fuzzy delay differential equations with non-local conditions, Mathematics, 11 (2023), 16 pages.

H. HamaRashid, H. M. Srivastava, M. Hama, P. O. Mohammed, E. Al-Sarairah, M. Y. Almusawa, New Numerical
Results on Existence of Volterra-Fredholm Integral Equation of Nonlinear Boundary Integro-Differential Type, Symmetry,
15 (2023), 20 pages. 1, 2.4

H. HamaRashid, H. M. Srivastava, M. Hama, P. O. Mohammed, M. Y. Almusawa, D. Baleanu, Novel algorithms
to approximate the solution of nonlinear integro-differential equations of Volterra-Fredholm integro type, AIMS Math., 8
(2023), 14572-14591.

A. Hamoud, Existence and uniqueness of solutions for fractional neutral volterra-fredholm integro differential equations,
Adv. Theory Nonlinear Anal. Appl., 4 (2020), 321-331. 1

A. A. Hamoud, K. P. Ghadle, Some new uniqueness results of solutions for fractional Volterra-Fredholm integro-
differential equations, Iran. J. Math. Sci. Inform., 17 (2022), 135-144. 1

A. Hamoud, N. Mohammed, K. Ghadle, Existence and uniqueness results for Volterra-Fredholm integro differential
equations, Adv. Theory Nonlinear Anal. Appl., 4 (2020), 361-372. 1

K. Hattaf, A new generalized definition of fractional derivative with non-singular kernel, Computation, 8 (2020), 9 pages.
1

M. Houas, M. E. Samei, S. S. Santra, J. Alzabut, On a Duffing-type oscillator differential equation on the transition to
chaos with fractional q-derivatives, J. Inequal. Appl., 2024 (2024), 28 pages.

J. Jayaprakash, V. Govindan, D. Gowthaman, S. Vignesh, S. S. Santra, T. Muhammad, K. Vajravelu, A numerical
simulation of natural convection in a porous enclosure with nanofluid, Numer. Heat Transf. B: Appl., 1 (2024), 1-13. 1
S. Ji, G. Li, Existence results for impulsive differential inclusions with nonlocal conditions, Comput. Math. Appl., 62
(2011), 1908-1915. 1

S. Ji, G. Li, M. Wang, Controllability of impulsive differential systems with nonlocal conditions, Appl. Math. Comput.,
217 (2011), 6981-6989. 1

A. A.Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential equations, Elsevier Science
B.V., Amsterdam, (2006). 1, 2.1

T. Li, S. Frassu, G. Viglialoro, Combining effects ensuring boundedness in an attraction-repulsion chemotaxis model with
production and consumption, Z. Angew. Math. Phys., 74 (2023), 21 pages. 1

T. Li, N. Pintus, G. Viglialoro, Properties of solutions to porous medium problems with different sources and boundary
conditions, Z. Angew. Math. Phys., 70 (2019), 18 pages. 1

T. Li, Y. V. Rogovchenko, Oscillation of second-order neutral differential equations, Math. Nachr., 288 (2015), 1150-1162.
1

T. Li, Y. V. Rogovchenko, Oscillation criteria for second-order superlinear Emden-Fowler neutral differential equations,
Monatsh. Math., 184 (2017), 489-500. 1

T. Li, Y. V. Rogovchenko, On the asymptotic behavior of solutions to a class of third-order nonlinear neutral differential
equations, Appl. Math. Lett., 105 (2020), 7 pages. 1

A. Ndiaye, F. Mansal, Existence and uniqueness results of Volterra-Fredholm integro-differential equations via Caputo
fractional derivative, ]. Math., 2021 (2021), 8 pages. 1

N. Sene, A. Ndiaye, On class of fractional-order chaotic or hyperchaotic systems in the context of the Caputo fractional-order
derivative, J. Math., 2020 (2020), 15 pages. 1

H. M. Srivastava, R. K. Saxena, Some Volterra-type fractional integro-differential equations with a multivariable confluent
hypergeometric function as their kernel, J. Integral Equations Appl., 17 (2005), 199-217. 1

A. K. Tripathy S. S. Santra, Necessary and Sufficient Conditions for oscillations to a Second-order Neutral Differential
Equations with Impulses, Kragujevac J. Math., 47 (2023), 81-93. 1

J. Wang, L. Lv, Y. Zhou, Ulam stability and data dependence for fractional differential equations with Caputo derivative,
Electron. J. Qual. Theory Differ. Equ., 2011 (2011), 10 pages. 1

X. Wang, L. Wang, Q. Zeng, Fractional differential equations with integral boundary conditions, J. Nonlinear Sci. Appl.,
8 (2015), 309-314. 1

J. Wu, Y. Liu, Existence and uniqueness of solutions for the fractional integro-differential equations in Banach spaces,
Electron. J. Differential Equations, 2009 (2009), 1-8. 1

A. Zafer, Oscillation criteria for even order neutral differential equations, Appl. Math. Lett., 11 (1998), 21-25. 1

Y. Zhou, ]. Wang, L. Zhang, Basic theory of fractional differential equations, World Scientific, (2016). 1,2.2,2.3,2.4,2.5


https://dx.doi.org/10.22436/jmcs.033.03.02
https://dx.doi.org/10.22436/jmcs.033.03.02
http://dx.doi.org/10.22436/jmcs.033.04.06
http://dx.doi.org/10.22436/jmcs.033.04.06
https://doi.org/10.3390/math11173734
https://doi.org/10.3390/math11173734
https://doi.org/10.3390/sym15061144
https://doi.org/10.3390/sym15061144
https://doi.org/10.3390/sym15061144
https://doi.org/10.3934/math.2023745
https://doi.org/10.3934/math.2023745
https://doi.org/10.3934/math.2023745
https://doi.org/10.31197/atnaa.799854
https://doi.org/10.31197/atnaa.799854
http://ijmsi.ir/article-1-1366-en.html
http://ijmsi.ir/article-1-1366-en.html
https://doi.org/10.31197/atnaa.703984
https://doi.org/10.31197/atnaa.703984
https://doi.org/10.3390/computation8020049
https://doi.org/10.1186/s13660-024-03093-6
https://doi.org/10.1186/s13660-024-03093-6
https://doi.org/10.1080/10407782.2024.2310596
https://doi.org/10.1080/10407782.2024.2310596
https://doi.org/10.1016/j.camwa.2011.06.034
https://doi.org/10.1016/j.camwa.2011.06.034
https://doi.org/10.1016/j.amc.2011.01.107
https://doi.org/10.1016/j.amc.2011.01.107
https://books.google.com/books?hl=en&lr=&id=uxANOU0H8IUC&oi=fnd&pg=PA1&dq=Theory+and+applications+of+fractional+differential+equations&ots=jF0qOuMpzr&sig=qVRxWDrXYq3SRnchSeRWj_98CfI
https://books.google.com/books?hl=en&lr=&id=uxANOU0H8IUC&oi=fnd&pg=PA1&dq=Theory+and+applications+of+fractional+differential+equations&ots=jF0qOuMpzr&sig=qVRxWDrXYq3SRnchSeRWj_98CfI
https://doi.org/10.1007/s00033-023-01976-0
https://doi.org/10.1007/s00033-023-01976-0
https://doi.org/10.1007/s00033-019-1130-2
https://doi.org/10.1007/s00033-019-1130-2
https://doi.org/10.1002/mana.201300029
https://doi.org/10.1007/s00605-017-1039-9
https://doi.org/10.1007/s00605-017-1039-9
https://doi.org/10.1016/j.aml.2020.106293
https://doi.org/10.1016/j.aml.2020.106293
https://doi.org/10.1155/2021/5623388
https://doi.org/10.1155/2021/5623388
https://doi.org/10.1155/2020/8815377
https://doi.org/10.1155/2020/8815377
https://doi.org/10.1216/jiea/1181075324
https://doi.org/10.1216/jiea/1181075324
https://imi.pmf.kg.ac.rs/kjm/pub/kjom471/kjm_47_1-5.pdf
https://imi.pmf.kg.ac.rs/kjm/pub/kjom471/kjm_47_1-5.pdf
https://doi.org/10.14232/ejqtde.2011.1.63
https://doi.org/10.14232/ejqtde.2011.1.63
https://doi.org/10.22436/jnsa.008.04.03
https://doi.org/10.22436/jnsa.008.04.03
https://eudml.org/serve/117763/accessibleLayeredPdf/0
https://eudml.org/serve/117763/accessibleLayeredPdf/0
https://doi.org/10.1016/S0893-9659(98)00028-7
https://books.google.com/books/about/Basic_Theory_Of_Fractional_Differential.html?id=7mhtDQAAQBAJ

	Introduction
	Preliminaries
	Impulsive Volterra-Fredholm integro-differential equation
	Existence and uniqueness results
	Ulam stability results

	Impulsive neutral Volterra-Fredholm integro-differential equation
	Existence and uniqueness results
	Ulam stability results

	Conclusion

