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Abstract

This work explores the approximate controllability of a semilinear impulsive fractional stochastic integro-differential inclu-
sions with Poisson jumps involving the Caputo fractional derivative of order q € (0,1). We consider a class of control systems
governed by fractional differential inclusions by using Bohnenblust-Karlin’s fixed point theorem and stochastic analysis theory
to derive a new set of sufficient conditions for the approximate controllability of a semilinear impulsive fractional stochastic
integro-differential inclusions with Poisson jumps. Finally, an example is given to illustrate the results obtained.
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1. Introduction

Controllability, a fundamental principle of mathematical control theory, is essential to both determin-
istic and stochastic control systems. The idea of controllability applies to systems represented by ordinary
and partial differential equations in finite and infinite-dimensional spaces. In essence, this property states
that a dynamical control system may be controlled by a set of allowed controls from an arbitrary begin-
ning state to an arbitrary end state. However, fractional differential equations may be an effective tool for
characterizing a number of diverse situations. For many real-world applications, fractional-order models
are preferred over integer-order ones. For more information, refer to books [17, 27, 45] and the research
articles [26, 38, 41].

On the other hand, processes that occasionally undergo an abrupt change in state are the focus of
impulsive differential equations. Processes having this characteristic frequently include control theory,
physics, population dynamics, biology, medicine, and many other fields, as well as processes that nat-
urally arise in the dynamics of various populations. These disturbances are best described as sudden
shifts in state or impulses. Impulsive differential equations are used to model these processes. Boudaoui
and Lakhel [9] studied the controllability of stochastic impulsive neutral functional differential equations
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with jumps. Lin and Hu [19] established the existence results for impulsive neutral stochastic functional
integro-differential inclusions with nonlocal initial conditions. Sakthivel [33] discussed the approximate
controllability of impulsive stochastic evolution equations. Rajchakit et al. [29-31] investigated the stabil-
ity, global exponential stability, and passivity for impulsive neural networks with time-varying delays.

The Poisson jumps have attracted a lot of interest and are commonly employed to replicate a wide
range of events that occur in disciplines including economics, biology, physics, medicine, economics, and
other sciences. Moreover, many real-life problems (such as those that experience abrupt price changes
[jumps] as a result of earthquakes, market collapses, epidemics, and so on) might experience a few
stochastic disturbances of the jump kind. Such systems have non-continuous sampling pathways. To bet-
ter explain such models, stochastic processes involving jumps should be considered. Frequently, Poisson
random data is the source of these jump models. Such systems have right-continuous sample routes with
left bounds. Recently, the exploration of stochastic differential equations with jumps has become more
and more popular. Evidence for the existence and uniqueness of stochastic differential equations with
Markovian switching and Poisson jumps was presented by [10, 15, 20, 35, 44].

The concept of the controllability of finite-dimensional deterministic linear control systems was first
proposed by Kalman [16]. See [7] and [11], respectively, for details on the core concepts of control theory
in finite and infinite-dimensional spaces. However, in several cases, some reasonable randomness can
appear in the problem, so that the system should be modeled by a stochastic form. Few writers have
examined how deterministic controllability ideas may be applied to stochastic control systems. By utiliz-
ing the Banach fixed point method, [12] examined the controllability of semilinear stochastic systems in
Dauer and Mahmudov systems. Mahmudov [21, 22, 25] investigated the controllability results for linear,
semilinear and nonlinear stochastic systems. Author [23] presented the approximate controllability of
semilinear deterministic and stochastic evolution equations. Controllability of nonlinear stochastic sys-
tems was discussed by [3, 6, 34]. Mahmudov et al. [24] investigated the approximate controllability results
for fractional semilinear integro-differential inclusions in Hilbert spaces. In [39, 42], authors studied the
approximate controllability for integro-differential systems.

Sakthivel and others [36, 37] looked at the existence of findings for fractional stochastic differential
equations. On the other hand, very few writers have used semigroup theory to look into the neutral
functional integro-differential systems in Banach space that are controllable. Balachandran et al. [4, 5]
established the controllability results for stochastic integro-differential systems. Additionally, by utilizing
Bohnenblust-Karlin’s fixed point theorem and multivalued maps, researchers in [40] discussed fractional
stochastic semilinear differential inclusion. Using Poisson jumps and nonlocal conditions, [2] Anguraj et
al. looked on the approximate controllability of a semilinear impulsive stochastic system.

Inspired by the above-mentioned work, this paper aims to fill this gap. The purpose of the article is
to show the approximate controllability of semilinear impulsive fractional stochastic integro-differential
inclusions with Poisson jumps of the form:

CDYx(t) € Ax(t) + Bu(t) + f(t,x(t)) + [{ e(t, s, x(s))ds + g(t, x(t) Ly
+ [ h(t,x(t),wN(dt,du), t€I=[0,bl,0<q<1, t#ty, (1.1)

AX(tk) = Ik(X(tk))/ t =tk k= 112/ cee, M, X(O) = X0 +p(X)1

where ©D49 denotes the Caputo fractional derivative of order q, A represents the infinitesimal generator
for the bounded linear operator T(t), t € [0,b] on H. B : U — H represents a bounded linear operator. The
control u € L2([0,bl,U), f:[0,b] xH —H e: IxJIxH—H g:[0,blxH— 13 h:[0,b]xHxU — H,
and I : H — H are suitable functions, and p : C([0, b], H) — H. Additionally, the constant moments of time
t fulfill0 =tg<t1 < <tm <tmy1 =D, x(tz) and x(t, ) represent the right and left limits of x(t)
at t = ty, consequently. Ax(tyx) = x(t;") — x(t}) denotes the jump in the state x at time t, with Iy is the
size of the jump.
The following are the main findings of our manuscript.
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(i) A study on the approximate controllability of a semilinear impulsive fractional stochastic integro-
differential inclusions with Poisson jumps is an unexplored topic in the literature and this is an
additional motivation for writing this paper.

(ii) In this manuscript, using Bohnenblust-Karlin’s fixed point methodology, we establish the approx-
imate controllability of a semilinear impulsive fractional stochastic integro-differential inclusions
with Poisson jumps.

(iif) The approximate controllability of (1.1) is illustrated, considering that the corresponding linear sys-
tem is approximately controllable.

(iv) The main findings are demonstrated using an example.

The format of this article is as follows. In Section 2, it offers some basic definitions, lemmas, and theorems
that are useful in demonstrating the main findings. Section 3 examines the adequate condition to show
approximate controllability for the system (1.1). In Section 4, the main conclusion is illustrated by an
example.

2. Preliminaries

Let (Q, F, P) be the complete probability space equipped with normal filtration F;, t € J = [0, b]. The
separable Hilbert spaces are H, U, and Y. Consider w denote a Q-Wiener process on (Q), F, P), and let Q be
the covariance operator such that tr(Q) < co. Suppose that Y contains a bounded sequence of nonnegative
real numbers A,, which is a full orthonormal system e,,, where A, > 0 such that Qe, =Ane,, n=1,2,..,,
and (3, of independent Brownian motions such that

w(t) =) VAuBultlen, teJ,
n=1

and Fy = FY’, where F}" is the o-algebra that w produced and the value should be Lg = LZ(Q%Y,H). The
space that contains all Hilbert-Schmidt operators is often used, ranging from Q%Y to H, additionally the
norm is [|8]] = tr[6Qd.]. Let J; = [—h,b] and the Banach space of all piecewise continuous functions
x(t) : J1 — La(Q, F, H) be specified, which fulfills SUP,cj, El|x(t)]|? < co. Assume that PC(J1, L,(Q, F, H))
has a closed subspace ¢ = C([0,b];H) it includes all processes that can be measured and Fi-adapted,
x(-) : t € [~h, b] while using the norm topology by

um=($mEmuMy-

t€[0,b]

Assume P(t), t > 01is a stationary Poisson point process that values are taken from the measurable space
(U,B(U)) and Fi-adapted. It is known as the Poisson random measure denoted by P(-). It is defined as
Ny ((0,t] x A) = Zse(o,b} IA(P(s)) for A € B(U). After that, provide the measure N by

N(dt,du) = Ny (dt, du) —v(du)dt,

this is known as the compensated Poisson random measure.

Definition 2.1 ([1]). System (1.1) is approximately controllable on J if R(b) = L,(Q, Fy,H), where R(b) =
fx(biu) € L2(10, b, W)

Foreach 0 < t < b, 5(81+f)~! — 0 is the strong operator topology as & — 0", the controllability
Gramian is of the form

b
11)5’ = Jo Sqlt— s)BB"‘S’ZI (t —s)ds.
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Keep in mind the linear deterministic system associated with (1.1),
CDY%(t) € Ax(t) + Bu(t), t € [0,b], x(0) = %0+ p(x),
is approximately controllable on J iff §(81+§)~1 — 0 strongly as 5 — 0.
Definition 2.2 ([28]). The Caputo derivative of order q for f: [0,00) — R can be expressed as

CDIf(t) =" Dq<f(t)— Lfk(o)>, t>0,n—-1<q<n
k=0
If f(t) € C™[0, 00), then
14 F_ )
Lpa — J ds = "9 (s), t>0, n—1 .
) FNn—gq)dtm Jp (t—s)atl-m S (s) >Un <g<n

Now, we will provide some basic definitions of multivalued maps. Refer Deimling [14] for further infor-
mation about multivalued maps and the basic definitions of upper semicontinuous, relatively compact,
the readers can refer to [43].

Definition 2.3 ([43]). g is called completely continuous if g(C) is relatively compact for every bounded
subset C of H.

The multivalued map g is completely continuous with nonempty values, then g is upper semicontin-
uous if g has a closed graph, i.e., xn — X, Un = Ux, Yn € g(xn) imply y. € g(x.). g has a fixed point if
there is x € H such that x € g(x).

In the preceding Pyq,c1,cv(H) stands for family of all nonempty bounded, closed and convex subset of
H.

A multivalued map g : J — Ppqcicv(H) is called measurable if Vx € H the mean square distance
between x and g(t) is measurable function on J.

Define a collection of choices of g, Vx € I_g,

0€Sgx= {O‘ € Lg 1o(t) € g(t,x(t)) forae. t € J}.

Definition 2.4 ([36]). A stochastic processes x € € is a mild solution of (1.1) if, Vu € I.]%(J, U), it represents
to the integral equation

x(t) =Tq(t)(x0 +p(x)) + Jo Sq(t —s)[Bu(s) + f(s,x(s))]lds

t

+ Jt Sq(t—s) [r e(s,r,x(r))dr] ds +J Sq(t —s)gls,x(s))dw(s)
0 0 0

+ JO Sq(t —s)h(s,x(s), WN(ds, du) + Y Tqlt—ti)k(x(ti)),
0<tr<tq

where

1

Tq (t) = qul(th) = ZmJB e

w AT s — o E _ ! r_ 1 g
}\Q —A 7 q - q,q(th) - R Bre }\Q —A 7

B, denotes the Bromwich path. If q € (0,1) and A € A9(8p, wy), then for each x € C and t > 0, we obtain
[Tq(t)]| < Me®* and ||Sq(t)]| < Ce®*(1+t971), £ >0, w > wp. Let

Mt = sup |[Tq(t), Ms= sup Ce®'(1+t!79).
0<t<b 0<t<b

Hence, we have ||Tq(t)|| < Mt and [|Sq(t)[| < t97 M.
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Definition 2.5 ([32]). The multi-valued map g: J x H = Py q,c1,cv(H) is called L,-Caratheodory if

(i) t — g(t,v) is measurable Vv € H;
(i) v — g(t,v) is u.s.c., for almost all t € J;
(iii) Vr >0, 3 Loy € [1(J,R") such that

lg(t,v)|I*:== sup E|o]* < Lor(t), V|v|]*<rand forae. t € J.
o€g(t,v)

Lemma 2.6 ([13]). Let 0: J x Q — LY be the strongly measurable function such that jg E||(r(t)H]E0 < oco. Then,
2

b P b
E’ | oteiawio)| <Lo | Elots)l?yas,
0 2

0

Vt € Jand p = 2, where L, is a constant involving p and b.

Lemma 2.7 ([18]). Comnsider J as compact real interval, Pyq,c1,cv(H) be the collection of all nonempty, closed,
bounded and convex subsets of H and g be a multi-valued maps fulfilling g : 3 x H = Pypq,c1,cv(H) is measurable to
tVxeHisusc,toxVteld andVx € C(J,H) the set

Sgx ={0 € L'(J,H): o(t) € g(t,x(t)),t € I}
is nonempty. Let : L}(J,H) x C be a continuous function, then
C0Sg:C(J,H) = Ppa,clev(C(I,H)), x— (CoSg)(x) = ((Sgx)-
is a closed operator in € x €.
Lemma 2.8 ([8]). Let D be a nonempty subset of H, which is closed, bounded and convex. Suppose g : D — 2P\{(}
is u.s.c., with closed, convex values and such that g(D) C D and G(D) is compact. Then g has a fixed point.
3. Main results

The requirements for the approximate controllability of a semilinear impulsive fractional stochas-
tic integro-differential inclusions with Poisson jumps are initially developed in this section using the
Bohnenblust-Karlin’s fixed point approach. To support our claim, we require the following assumptions.

(A1) The operators T4(t) and S4(t) are compact.
(A2) The function f : J x H — H is continuous and there exists a constant C; > 0 such that

1f(t,%)||> < C(1+[x]?), Yx €H, t € J.

(A3) g:J X H— Ppq,clcv(H) is a [p-Caratheodory and satisfies the following criteria.
(i) For every t € J, g(t,-) : H = Pypa,clcv(H) is ws.c., and for all x € H, g(-,x) is measurable.
Furthermore, the collection of all x € €,

Sex ={0€1y:0(t) € gt,x(t)) forae. t € J},

is nonempty.
(ii)) For each r > 0 and x € ¢ with ||x||¢ < r, there exists a constant f € (0,q) and Ls,(-) €
L%(J,IRﬂ such that ||g(t,x(t))||> = sup{HGHZLO coeg(tx(t) <Ly, ted
2

(A4) The function s — Ly +(s) € L}([0,b],IRT) and there exists a y > 0 such that

b g)2(9-1)
t L d
lim inffo ( d or(s)ds =v < +o0.
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(A5) The function e : J x J x H — H fulfills the Lipschitz and linear growth condition, i.e., there exist a

constant N; > 0 such that
2

t
J e(t,s,x)ds|| < Ni(1+ ||X”2)

0
(A6) The function h: [0,b] x H x U — H fulfills that there exists a constants K; > 0, [; > 0 such that

J IR(t, %) [v(dw) < K (14 []?), J (e, %) [v(dw) < Ly (1+ [|x]|*).

(A7) Ix :H x H are continuous and there exist constants dy satisfying
L (=)[1? < die(1+[[x[?), k=1,2,...,m.
(A8) The function p is continuous and there exists a constant M;, > 0 such that
Ip()I1* < Mp(1+[Ix[?), vVx € %.

Lemma 3.1. For any %y, € L?(Fy,,H), 30 ¢ L]ZE(Q; L2(3J, Lg)) such that %y = Exy, + f(k)’ ®(s)dw(s). Now, V5 > 0
and %y, € L?(Fy, H), the control function is defined as

b

ud(t) =B*S;(b—1t) | (SI+g) '[Exp — Tq(b)(xo + p(x))] + JO (3I+pg) ' d(s)dw(s)
—B*S(b—1t) J;(él +g) 'Sq(b—s)f(s, x(s))ds
B*sg(bt);(suw(‘;)—lsq(bs) “O e(s,r,x(r))dr} ds
—B*S;(b—t) :(51 +P8) 1S4 (b —s)o(s)dw(s)
—B*S(b—1t) ; L(SI +1g) 7 'Sq(b—s)h(s,x(s),u)N(ds, du)
—B*S;(b—t)(81+g) " i T(b — 1) Tie(x(t))-
P
Theorem 3.2. Assume (A1)-(A8) are fulfilled. Then the fractional control system (1.1) has a mild solution on J if

2q—1
] (bCq +bN7 + Ky + /L) + 7LnM§y) (1 +

2 2 » b 7 4 g4 DP9
1AM M +7MF dic + M3 5 MM <1

52 S4q—3
(3.1)

Proof. For & > 0, we define the multivalued operator I': 4 — 2, specified by

M(x) = {@ €% : D(t) =Ty(t)(x0 + plx)) +J0 Sq(t—s)[Bul(s) + f(s, x(s))ds

t

+J Sq(t—s) [E e(s,r,x(r))dr] ds + L Sq(t—s)o(s)dw(s)

0
n Jt J Sq (t —s)h(s, X(S),U)N(ds, du) + Z Tt —tr) Ik (x(ty)), o€ So-,x},
0Ju k=1

it contains a fixed point x, which provides a mild solution for the system (1.1).
Now, we prove that I" satisfies all required conditions of Lemma 2.8. For the sake of convenience, we
subdivide the proof into in several steps.
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Step 1: T is convex Vx € . In actuality, if @1, O, € I'(x), Jo1, 02 € Sgx such that for each t € J, we have

t

Sq(t—s) “s e(s,r,x(r))dr] ds

0

i () = Ty (t)(x0 + p(x)) +L Sq(t — 8)f(s, x(s))ds +J0

+ Jt Sq(t —s)oi(s)dw(s) "‘J

J Sqlt— s)h(s,x(s),u)N(ds, du)
0 0Ju

t

T(t —ti) e (x(tk)) + Jo Sq(t— &)BB*SZ (b—§&)

hE

_|_

~
I

1

b
X { 6I+1|)0 Ezy, —Tq(b)(x0 +p(x))] —i—L (6I+1|)5’)_1(TD(s)dw(s)
0

L

J ST+ W)~ (b—s)cn(s)dw(s)—J
0

0

c‘

b s
(ST+§) 'S4 (b —s)f(s, x(s))ds — L (BI+§) 'Sq(b—s) “ e(s, r,x(r))dr} ds
b

0

J (ST+W) 7S¢ (b —s)h(s, x(s), u)N(ds, du)
(s b) ZT(b—tk)Ik(x(tkn}da, =12
k=1

LetA €[0,1], Vt € J,
AD(t) + (1 =A)Dy(t)

=Tq(t)(xO+p(x))+J

0

Sq(t —s)f(s,x(s))ds + Jo Sq(t—s) [Ls e(s,r,x(r))dr] ds

t

+J sq(t—s)[ml(sw(1—A)cz(s)1dw(s)+J

J Sq(t—s)h(s,x(s),u uw)N(ds, du)
0 0Ju

m t
+ZT t—ti) Ik (x tk))-f—J Sq(t—a)BB*SZ(b—E)
k=1 0

b
X {(Mw};)—lmib —Tq(b)(x0 +p(x))] +L (SI+P) 'd(s)dw(s)

b b s

— (61+1bg)_15q(bs)f(s,x(s))dsJ (51+¢};)—13q(bs)H e(s,r,x(r))dr] ds
JO 0 0

b

— | (BI+Wg)"'Sq(b—s)Aoi(s)+ (1 —A)oa(s)Idw(s)

JO

rb

— J (81+g)'Sq(b—s)h(s,x(s), wN(ds,du) — (SI+pg) " Y T(b— tk)lk(x(tk))}da.
u k=1

Jo

Due to the convex values of g, it is clear that Sy is convex. So, that if 01,00 € Sz« then Aoy(s) + (1 —
A)oa(s) € Sgx. Thus,
7\01(8) + (1 *)\)Gz(s) S r(X)

Step 2: ' maps bounded sets into bounded sets in ¢". For each positive integer r > 0, let B, ={x € ¢ :
E[x(t)||2 < r}. The bounded, closed, and convex set % is B. According to our argument, v > I'(B;) C B,.
If this is false, then there exists a function x" € B, for each positive number r, but I'(x") does not belong
to B,. For all x € ¥, t € J. By the hypotheses, we have

2 2

Elu ()2 < 2 MEME(b— £~ 2{ Exo + [° ®(s)dw(s)|| + E|[Tq(0)(x0 + p(x))

52

+E




K. Nandhaprasadh, R. Udhayakumar, J. Math. Computer Sci., 38 (2025), 263-280 270

2 b s 2
+E J f(s,x(s))ds|| +E J Sq(b—s)[J e(s,r,x(r))dr]ds
0 0
2 b 2
+E J (s)dw(s) —l—E‘J J Sq(b—s)h(s,x(s),u)N(ds,du)
0 Ju
m 2
| 3Tl et |

7 = 2
§M2 M3 (b — )29~ Z{ZHEbuZ—I—ZJ E[|®(s)|[1gds +2MF (E|lxo]|* + My (1 + [1x[*))
o b2t o b2t 2 2 [ 2(q—1
+ M55 —Ci 1+ +OM 5 — N1+ =] )+LnMSJ (t—s)2@" VL, (s)ds
q-— q 0
o b297! 2 , 2971 2 2 2 2q-2
+ M3 S2q= K11+ [l )+M32q_1\/1-1(1+||x|| )+ Mpdi(1+x]1%) p < (b—1t)""My,
where
7 M2 a2 < 12 ® o d 2 2 2 2
Mu = 5 MEMEL 2)Exy | +2J EJ|(s)[Fyds +2M3 (E[lxol + My (1 4+ 7)) + M3 die(1+7)
0
b2q 1
+M52q_1(bC1(1+r)+bN1(1+r)+K1(1+r)+\/L1(1+r)>
b
—i—M%LnJ (t—s)z(ql)l_glr(s)ds}.
0

Now, we have

r <E[| @ ()|

7E‘

+7E‘

2 2

+7E

2

Tq(£)(x0 + p(x)) J Sq(t—s)Bud(s)ds

Jt Sq(t —s)f(s,x(s))ds
0

0

+7E‘

2 2

Jt Sq(t —s)o(s)dw(s)

0

Jt Sq(t—s) {r e(s, T,X(T))dT] ds

0 0

+7E’

2

t 2 m
+7E‘ J J Sq(t —s)h(s,x(s),u)N(ds,du)|| +7E ZT(t—tk)Ik(x(tk))

0

2q—1

5 b

<14M2E||xo* + 14M3Mp (1 7bM3E M3 L
STAMTE||xo” + TMp(1+71)+ B 2q—1

4q3

Ci(1+m)

) 2q—1 ) t ) 1 ) b2q—1
+7bM5 5 1N1(1+r)+7LnMSJ (t —s)2la— )LG,T(s)ds+7szmK1(1+r)
— . —
b2q—1
+7bM§2 _1\/L1(1+T)+7M2Tdk(1+r)

b4 q—3 7 B
<14MZE %o + 14M3EMp (1 4 1) + 7bME M3 Sig- 3<62M2M2{2\\Exb]2+2J EHd)(s)Hngds

b2q71
+2M% (E||%0[]* + Mp (1 + 7)) + MEdi (1 +71) + Mszq — <bC1(1 +71) 4+ bNy(1+71)

b 2q—1
b24
+K1(1+r)+\/l_1(1+r)) +M25LnJ (ts)z(q_l)l_glr(s)ds}) +7bM§2q 1C1(1+7)
. _
b2 q—1 t b2 q—1
+7bM2 2 N1(1+r)+7L MZJ (t—s)2a VL, (s )ds+7bM2 2 1K1(1+r)
0
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b2q—1
+7bM% VL1 47) +7MEdy (14 7)

2q—1

7 b4q—3 b4 q—3 7 b B
ZoMiMYE _3> +14bMEME (\EinZJrJO E][@(s)ﬁgds>

< 2 2
<14M2E||xo]| <1 + 5 I S35

7 b*a—3
> +7M%dy (1 +71) (1 + S bMEM )

IANVE M (141 (14 Zomme 2 4
52 4q—3

7 Siq-3

7 b*d—3
(1+7)(bCq +bNy + Ky ++/L1) (1 + ng‘éM‘éLLq _3)

t 4q—3
+7L M%J (t—s)29 ULy, (s)ds 1+1bM4 M@ﬁ .
n ) , 62 B 4q_3

Now, by dividing both side by r and taking the limr — oo, we get
2q—

7 b4q73
(bC1+bN1+K1+\/ )+ 7L, M5 )<1+bM‘]§M4> > 1.

5 b

29—
This is contradiction to condition (3.1). Consequently, Vr > 0, I'(B,) C B,.
Step 3: I maps bounded sets into equicontinuous sets of ¢, Vx € B,, ® € I'(x), 3 0 € Sz« such that

t

O(t) =Tq(t)(xo +p(x)) +JO Sqlt— s)[Bul(s) + f(s,x(s))]ds

. Jt Sq(t—s) [r e(slr,x(r))dr] ds +J Sq(t —s)o(s)dw(s)

0 0 0

—i—J J Sq(t—s)h(s,x(s),u)N(dS,du)—i—ZT(t—tk)Ik(x(tk)).
0 Ju k=1

Let 0 < t1 < tp < b, then
E[®(t2) — O (t1)]?

< 13| [2(E[|(Tq(t2) — Tq(t1))xol* + E[[(Tq (t2) — Tq (t1))p(x)[|*)]
rt1 2
1| E||(Sq(ta—s)=Sq(t1 —s))f(s,x(s)
Cn | E|(Sq(ts—8) — Sq (1 —8))Bul(s)
JO

(tp—t1)297 1 [*

2
ds + M2 J E|[f(s,x(s))|[?ds
e [ Elt(e )]

2 2q—1 prt
(t2 —1t1)" 2 5112
ds + ||B|PM2—“——— | E|ud|*ds

rt1 2

+t1| E (Sq(tz—s)—Sq(tl—s))[JS e(s,r,x(r))dr}
JO 0

(to —t1)2971 Jtz
+MEE E
S 2q _1 t1

ds

2
dw(s)

2 t1

EH(Sq(tz —s) —Sq(t1—s))a(s)

ds—i—LnJ
0

r e(s,r,x(r))dr

0

+ MgLn(tZ;:i)i‘H Lt Ello(s)[2dw(s) + (E L El[(Sq(t2—8) — Sq(t1 — s))h(s, x(s),w)|Pv(du)ds

- JE||Sq(t2—s))h(s,x(s),u)||2v(du)ds>

1
2

FJ Ell(Sq(ts—s)—S (tl—s))h(s,x(s),u)u4v(du)ds)
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+ > E(T(2— 1) = Tler — s e x (e ) D*+ D E(T(e2 — ti) [T (=)D |

<t <t t1<tx<t2

As t; — tp, the RHS of the aforementioned inequality approaches to 0. T4(t) and Sq(t) are chosen
because of their compactness, which ensures continuity in the uniform operator topology. As a result, ®
is equicontinuous.

Step 4: We show that TT(t) = {®(t) : ® € I'(B,)} is relatively compact for t € J. Let t € (0, b] be fixed and
n a real number satisfying 0 <1 < t. We define x € B, as

t—
Oy (t) = Tq(t)(xo +p(x)) + Sq(n) JO Sq(t—m—s)[Bug(s) + (s, x(s))]ds

t—m s t—mn
Sq(t—m—s) [L e(s,r,x(r))dr] ds +Sq(m) L Sq(t —m—s)o(s)dw(s)

+sq(n)J

0
t—n
#Sqim | | Sqlt—n-o)h(sx(e) wN(ds,dw)+ Y T(-nl(x(ei)

0 0<tr<t—m

Since S4(t) is compact operator, the set TT,(t) = {®y(t) : @y, € T(B;)} is relatively compact in H ¥n, 0 <
1 < t. However, we also have

rt 2 t 2
E[|[®(t) — @y (t))]* < 6E Sq(t—s)Bul(s)ds| +6E J Sq(t —s)f(s,x(s))ds
Jt—m t—
t s 2 t 2
+ 6E J Sq(t—s)U e(s,r,x(r))dr} ds —|—6E’J Sq(t—s)o(s)ds
t—n 0 t—n
t N 2
+6EJ JSq(t—s)h(s,x(s),u)N(ds,du) +6 Z EHT(t—tk)Ik(x(tk))H2
t—mJu t—n<tp<t
4q-—3 2q—1 2q—1
< 6M2 M2 LM M2 n 1 2 M2 n N (1 2
6M5p sb4q_3 u+t6 sbzq_lcl( +[[x[|7) +6 5b2q—1 11+ [[x[|)
t 2q—1
+6M3EL, J (t—s)2@ VL, (s)ds +6M§b121q71(bK1 +/Livb) (1 + |x[?)
t—m -
+6MT > (T4 =]
0<tr<t—m

As a result, there are sets that are arbitrarily near to the collection TT(t) = {®(t) : ® € I'(B,)} and the
collection @(t) is relatively compact in H Vt € J. TI(t) is relatively compact H, for all t € J, since it is
compact at t = 0.

Step 5: The closed graph of I'. Let x, = x, and ®, — ®,, n — co. We demonstrate that @, € I'(x,).
Since Oy, € I'(xn), 3 0n € Sgx,,, such that Vt € J,

t

©nlt) = Ta )i+ plxa)) + [ Sqle —o)flo,xnls)lds + [ Sql6—s) H e X“m)dr] -
0 0 0
+J Sq(t —s)on(s)dw(s) +J
0

J Sq(t —s)h(s, xn(s),u)N(ds, du)
# YTl wullilan(ei) + | Sqle-08{BS;0-8)

k=1

b

9 [(Mwé’)—l[mb ~ Ta(0) s+ plon )] + | (61+w8)—1®(s)dw(s)}
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b
—B*Si(b—&) | (8I+g) 'Sq(b—s)f(s,xn(s))ds
JO

rb

_ B*SZ(b —&)| (81 +1])(1)))—15q(b —s) [JS e(s,r,xn(r))dr] ds
Jo 0

b
—B*Si(b—&) | (81+Pg) 'Sq(b—s)on(s)dw(s)
Jo

b
~B'Sy(b -] | | (514 95)1Sq(b - 8)hls,xnls), wN (ds, du)
JOo Ju

m
~ B0 ST+ §) T Y T(o— eu)luln (1) b,
k=1
We must demonstrate Jo,. € Sg «,, such that Vt € J,
t t
©. () = Ta(t)xo + plx.)) + | Saqlt — o)f(s,x.(s))ds + |
0

0
t

+J: Sq(t—s)o.(s)dw(s) + L

J Sq(t —s)h(s,x«(s), u)N(ds, du)

+ Z Tt —ti) i (x4 (t1)) +J

k=1 0

b
9 [(ngrlﬂﬁb o)+ plxc ]+ | (61+¢5’)—1®(s)dw(s)]

Sqlt— E,)B{B*SZ (b—¢&)

b
—B*S5(b—&) | (8I+bG) 'Sq(b—s)f(s, x.(s))ds
-JO
b

—B*S;(b—¢) i (SI+P) 'Sq(b—s) “0 e(s,r,x*(r))dr} ds

b
—B*Sg(b—&) | (8I+G) 'Sq(b—s)o.(s)dw(s)
Jo

b
—BISib -8 | J (BT+g) 'Sq(b—s)h(s, x.(s),u)N(ds, du)

~ B0 = EI6T+ ) 3 Tlb — i () e

k=1
Since p is continuous, we obtain that

(cbn(t) CTq () (x0 + plxn)) —JO Sq(t — 5)f(s, xn(s))ds —J

0

t

Sq(t—s) [E e(s,r, xn(r))dr] ds

= | ] sate=sints,xals), wNids, du) - 3 Tlo—tutlon(c)

rt

- [ sate -8 xBrS; 0 a{mwo Ry — T (b) (30 + P ()]
b

+ (5I—|—11)0 J 61+1I)0 (b—s)f(s,xn(s))ds
JO

rb

— (5I+ll)0) (b—s)[J e(s, 1, xn(r ))dr] ds
JO 0

k=1

Sq(t—s) [E e(s,r, x*(r))dr} ds

b
-, J (6I+1l)(l)’)_13q(bs)h(s,xn(s),u)N(ds,du)(6I+Il)8)_1ZT(btk)Ik(xn(tk))}d£>
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t

- <q>*(t) ~Tals)m0+plx.)) = | Sqls—s)fls,x.(s))ds — |

0

Sq(t—s) [E e(s,, X*(T‘))dT:| ds

~| ] sate=sinte,x.(s),wN(es, av) - 3 Tl = butfs (6]
J u 1

| Sq(t—&)B x B” S* b—§&) { 6I+1|)0 Exb—Tq( ) (xo+p(x4))]

o
+ (5I—|—11)0 J 61+1I)0 (b—s)f(s,x(s))ds
T . )
— (5I+1l)0) (b—s)[J e(s, T, x.(r ))dr} ds—J J (5I+1|)(1)’)713q(b—s)h(s x«(s),u)N(ds, du)
JO 0 0 Ju
m 2
— (8T + )t ZT(btk)Ik(x*(tk))}dE) — 0, asn — oo.
k=1

Let ¥ : L2(L(Q,H)) — C(J,H) is a linear continuous operator,

b

o —P(o)(t) = E Sq(t—s) {G(s) +BB*S} (b—s) (L (BT+g) 'Sq(b —T)G(T)mﬂ dw(s).

Lemma 2.7 clearly proves that 1 o S, ; is a closed graph operator, where S, . = {0 € g(t,x(t))}. Also from
the definition of \, we have

t

(CDn(t) —Tq(t)(x0+p(xn)) — JO Sqlt —s)f(s,xn(s))ds —J

0

Sq(t—s) [JOS e(s,, Xn(r))dr] ds

_ ”0 J Sq(t —s)h(s, xn(s), WN(ds, du) — > T(t —ty) I (xn(tx))
J u k=1

rt

—| Sq(t—E&)Bx B*S(b—§)
-JO

rb B

+| (BI+Wd) 1D (s)dw(s) —
-JO

(ST+ ) EZp — Tq(b)(x0 + plxn))]

b
(61 +1g) 7 'Sq(b—s)f(s,xn(s))ds

%,_/H

rb s b
— (51+¢5’)1sq(b—s)U e(s,r,xn(r))dr] ds—J J (ST+W§) 'S¢ (b —s)h(s, xn(s), w)N(ds, du)
0 0 Ju

JO

—(s1+p) ! ZT(b—tknk(xn(tk))}da> € W(Sgn, -

k=1
As xn, — x,, Lemma 2.7 implies that

t

(cb*(t) a0+ plxe)) — [ Sl —o)f(e,x.(s))ds — |

0

Sq(t—s) HOS e(s,, x*(r))dr} ds

— | ] safe—sinis,x.(s),wN(ds, du) - 3 Tle—butle (o)

s q(t —&)B x B*SY, { ST+E) [Ey — Tq(b) (x0 +p(x.))]
0

b

+| GBI+ J

JO

6I+1|)0 (b—s)f(s,x«(s))ds

rb

b
—| 1+t (b—s)“o e(s, T, x. (T ))dr] ds—J0 J (SI+P) 1Sq(b—s)h(s, x.(s), u)N(ds, du)

0
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~ (BT Y T~ walilx. (61)) A€ ) € (S

k=1

As a result, @ has a closed graph.

Using the Arzela-Ascoli theorem and Steps 1-5, we get to the conclusion that I' is a compact multi-
valued map, u.s.c., with closed convex values. It can be deduced from Lemma 2.8 that I' has a fixed point
x, which is a mild solution of (1.1). O

Theorem 3.3. If f, g, e and h are uniformly bounded and it is assumed that (A1)-(A8) hold, then equation (1.1) is
approximately controllable on [0, b].

Proof. Applying the stochastic Fubini’s theorem and xg has a fixed point on T} it is easy to see that

b
xp(b) = %p — 8(S1+P§)~ <Exb —Tq(b)(x0 +p(xﬁ))> +5 JO (ST+P§) Sq(b—s)f(s, xp(s))ds

b s
+5 (51+¢5’)1sq(b—s)“ e(s,r,x[g,(r))dr] ds
Jo 0
b
+90 ; (81+1g5) 'Sq(b—s)lg(s, xp(s)) — @(s)]dw(s)
b
+5| (BI+WF)'Sq(b—s)h(s,xp(s), WN(ds, du) + 5(S1+p§) ™ Y Tq(b—t1)l(xp(tr)).
J0 0<ty<t

Given that f, e, g, and h are uniformly bounded according to our assumptions, then D > 0 exists such that

2 2 ~
) W[ <

2 2
1£(s, % (s ||+uj e(s,m,xp(r))ds|? + [lg(s, xp ()] + (s, xp (s

in [0,b] x Q. Now, there are consequences, as shown by {f(s,xpg(s))}, {fg e(s,1,xp(r))ds}, {g(s,xp(s))},
and {h(s, xg(s), u)}, which converge weakly to f(s), g(s) in H x Lg and fg e(s,1,x),h(s,u) in H x H x I_g, re-
spectively. Therefore, the compactness of S4(t) implies that, Sq(t —s)f(s, xg(s)) = Sq(t —s)f(s), Sq(t —
sle(s,T,xg(s)) = Sq(t —s)e(s,1,x), Sq(t —s)g(s, xg(s)) = Sq(t —s)g(s), and S4(t —s)h(s,xp(s),u) =
Sq(t —s)h(s,u) in [0, b] x Q. From the aforementioned equation, we obtained

2

ds)
0

o,

S(81+p5) Sq(t —s)[f(s, xp(s)) — f(s)]
2

ds)
5(81 +1|)5’)*1Sq (t—s) r [e(s, T, xp(1)) — e(s,r)] dr
’ 2
ds)
2

ds)
L

881+ g) '@ (s)

2
ds>

E[lxp (b) — %ol? < Hsmwgrl [Efcb —Tq(b)(xwp(xm)}

b
+E

+E S(81+p§) 1Sq(t —s)f(s)

2
ds)

+
rm

§(81+ ) 'Sq(t —s) H e(s,r)] dr

0

5(81+wg)'Sq(t —s)lgls, xp(s)) —g(s)]

2
ds)
L

+
rm

+
rm
S/ N 7 N 7 N 7 N 7N N
(=)
[en

S(81+g) 'Sq(t —s)g(s)

+
m
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b 2
(] )
JO Ju
b
(]
JO Ju

+E(’ S(ST+1)~ Z Tq t—tk)Ik(XB(tk))’

O<tr<t

5(61 +1p5’)*1sq (t —s)[h(s,xg(s),u) —h(s, w)IN(ds, du)‘

:

5(81+§) 1S4 (t —s)h(s,u)N(ds, du)‘
>2
However, in accordance with Definition 2.1, VO < s < b, 8(01 +1|)0 )= 0 strongly as § — 0%, and

furthermore, ||5(81+ )~ !|| < 1. As a result, we use the Lebesgue dominated convergence approach to
produce E|xp(b) —%p||> — 0 as § — 0T. This gives the approximate controllability of system (1.1). O

4. Example

Let us consider the impulsive fractional stochastic system

dw(t)

CDIx(t,Vv) = vy + Bult, v) + f(t,x(t,v)) + fg é(t, s, x(s,v))ds + &(t, x(t,v)) g
—f-fu h(t,x(t,v),u)N(ds,du), teJ, t#ty,
AX(tk,\/) = Tk(X(tk),‘V), t=t, k=1,2,...,n, (41)
x(t,0) =x(¢t,1) =0, 0<v<m,
x(0,v) —I—le dix(ty,v) =x0(v), vel0,m,

where B : U — H represents a bounded linear operator, and f:IxH—HE:IJxIxH—Hg:IxH->LY,
and h: J x H x U — H are all uniformly bounded and continuous, u(t) is a feedback control and w(t) is
a Q-Wiener process. Let H = [,[0,n1] and A : D(A) C H — H be an operator specified by Ax = xy, with

D(A) ={x € H: x, x, are absolutely continuous, xy~ € H, x(0) = x(7) = 0}.

Additionally, A has a discrete spectrum, and its eigenvalues are -2 n=12..., respectively, with the
accompanying normalized characteristic vectors e,(s) = \/%sin ns, then

[e.¢]

Ax = Z —n2<x, en)én, X EH

n=1
In this case, A creates a compact semigroup T(t), where t > 0 and is provided by

o0

T(t)x=) e “(xenen(v), x€h

n=1
Define f: JxH—H, e:JxJxH—H g:JxH— LY, h:JxHxU—Hand I:HxHby
f(t/X(t))(V) :‘F(t ( )) e(tlslx(s))(v) :é(tlslx(slv))l

(t, x(t,v)), h(t,x(t), w)(v) = h(t, x(t,v),u),
K (x(t, V), (t,x(t)) € IxH, v e [0,m.

The function g : C([0, b]; H) — H is defined as

n
=) &x(ty,v), 0<ti<b, vel0m,
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with the choices of A, B, e, f, g h, I, and g, system (1.1) the abstract form of system (4.1) such that the
conditions in (A1)-(AS8) are satisfied. An infinite dimensional space is defined by

U= <u:u:Zunen(v) Zu,z1 <2),
n=2 n=2

using the norm as described by

N
2
Il = (Zun) ,

n=2

and B : U — H is linear continuous mapping follows
Bu =2uy(t )+ Z uy(t
It is evident that, for u(t, v, w) = 3 7, un(t, w)ey(v) € L;([O, bl; U),
Bu = 2uy(t)er (v) + Zun ) € L5 ([0, bJ; ).
Moreover,
B*v = (2v; +va)ea(v +Zvnen v), B*S*(t)x = (2xie F+xe F)ea(v) + Y xue " Cen(v),
forv=73 " ;vaex(v) and x = Y 7 ; xnen(v). Let |[B*S*(t)x| =0, t € [0, b], the conclusion is that
2167 + xpe 42 + i |xne "2 =0,t€[0,b], =% =0,n=12,..., =x=0.

n=3

According to Theorem 4.1.7 of [16], the deterministic linear system associated with (4.1) is thus approx-
imately controllable on [0,b]. As a result, system (4.1) is approximately controllable if f e, g, h,1, and g
tulfill the following hypotheses (A1)-(AS).

Next, we verify that the hypothesis (A1)-(A8) for the above system (4.1) one by one.

Verification of (Al): The operators Ty(t) and Sq(t) are compact. Therefore, (A1) is verified.

Verification of (A2): Assume that f(t,x(t))(v) = f(t,x(t,v)). The function f : J x H — H is continuous
and there exist a constant C; > 0 such that

I1f(t, x(t,v)||> < C1 (14 ||x(t,v)|]*), Vx €H, t € J.

Hence, (A2) is verified.

Verification of (A3): Assume that g(t, x(t))(v) = g(t,x(t,v)). & : I XH — Ppqciev(H) is a L[,-Carath-
eodory and which satisfy the following criteria.

(i) For every (t,v) € JxH, g(t,) : H—= Ppqciev(H) is us.c, and for all x € H, g(-, x) is measurable.
Furthermore, the collection of all x € &,

Sex ={0€1):0(t) € Et,x(t,v)) for ae. (t,v) € I x H},

is nonempty.
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(ii) For each r > 0 and x € ¢ with ||x||¢ < 1, there exists a constant f € (0,q) and L+ (-) € L#(J,R)
such that
lg(t, x(e, v)|* = supll|o]Zy : o € &(t, x(t, )} < Lo

Therefore, assumption (A3) is verified.

Verification of (A4): The function s — Ly +(s) € L'([0,t],IR*) and there exists a constant y > 0 such that

b g)2(9-1)
t L d
rli_>n;1o infj0 ( s) " o.r(s)ds =7v < +o00.

Hence, (A4) is verified.

Verification of (A5): Assume that e(t,s,x(s))(v) = é(t, s,x(s,Vv)). The function & : J x J x H — H fulfills
the Lipschitz and linear growth condition, i.e., there exist a constant N1 > 0 such that

2

Jt é(t,s,x(s,v))ds|| <Ni(1+ Hx(s,v)Hz).

0

Therefore, assumption (AD) is satisfied.

Verification of (A6): Assume that h(t,x(t),u)(v) = h(t,x(t,v),u). The function i : [0,b] xHx U — H
fulfills that there exists K; > 0,1 > 0 such that

J [R(t, x(t, v),w)|*v(du) < Ki(1+[]x(t,v)|?), J IR(t, x(t, v),w)|*v(du) < Li(1+ [|x(t, v)|[*).

Hence, (A6) is verified.

Verification of (A7): Assume that Iy (x(t))(v) = Ii(x(t,v)). Ix : H x H are continuous and there exists
constants dy satisfying

||Tk(X(tk,'V))|| < dk(l + ||X(tklv)||2)/ k = 1/2/ cee, ML

Therefore, assumption (A7) is verified.

Verification of (A8): Assume that p(x(t))(v) = g(x(t,Vv)). The function g is continuous and there exists
a constant My > 0 such that
lg(x(t, v)[I* < Mg (1+||x(t,v)%),

Vx € €. Hence, (AS8) is verified.
Clearly, all the assumptions of the Theorems 3.2 and 3.3 are satisfied, then we conclude that system
(4.1) is approximately controllable on [0, b].

5. Conclusion

In this work, we have demonstrated the approximate controllability of a semilinear impulsive frac-
tional stochastic integro-differential inclusion with Poisson jumps. By using fractional calculus, semigroup
theories, and the fixed point technique, a new set of sufficient conditions is formulated that guarantees
the approximate controllability of a semilinear impulsive fractional stochastic integro-differential inclu-
sion with Poisson jumps. Additionally, we provided an example to illustrate the main results. In the
future, we will focus our study on the existence and approximate controllability of Sobolev-type impul-
sive fractional neutral stochastic differential inclusions with Poisson jumps by applying the fixed point
method.
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