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Abstract

In this article, we introduce the notion of best proximity point in R-metric space. We prove the best proximity result in
R-metric space and also given some examples to strengthen our obtained results. Finally, an application to fractional differential
equation and an application to production-consumption equilibrium are given.
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1. Introduction

For the past hundred years, the fixed point has an active and interesting area of research because of
its significance and applications see [12, 25, 27]. Similarly, a brief discussion on regarding the concept of
proximity pairs between two sets in the theory of functional analysis. Many researchers have analyzed
the result of fixed point when the equation does not have an exact solution of I'(v) = v. Asadi et al.
[3] had generalized the common fixed point on M-metric space. George and Veeramani [10] has given
some results in fuzzy metric. Anjum and Aage [2] has established some common fixed point theorem
on F-metric space. Latif et al. [15] has generalized the fixed point on multi-valued contractive mapping
in metric type space. Mustafa et al. [18] has given some coincidence point results in ordered G-metric
space. Likewise Mustafa et al. [19] has proved some common fixed point in ordered partial b-metric
space. Menaha et al. [8] have proved fixed point theorem in orthogonal «-admissible on Branciari b-
metric spaces. Gunaseelan et al. [16] had established fixed point theorems in C*-algebra-valued partial
b-metric. Notably Fan [9] demonstrated the existence and uniqueness of the best approximation in a
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normed space. Similarly, in 1989, the existence and uniqueness of best approximation in an compact
subset of normed space was proved by Segal and Singh [26]. Likewise Prolla [24] have extended the same
work to multifunction. In 2010, with the help of Banach contraction principle Basha [5] had found the
best proximity point. Similarly, Basha et al. [7] had given the common best proximity points for pairs
of non-self-mappings in metric space. Karapmar and Erhan [13] has studied the best proximity point on
different types of contractions. In fixed point theory, the most important mathematical finding is Banach
contraction principle. In addition to that, some generalized metric spaces such as fuzzy metric, quasi-
metric, semi-metric, pseudo-metric, and partial metric spaces had extended to best approximation point.
Pragadeeswarar et al. [23] have proved the common best proximity point on partially ordered metric
space. In 2012, Basha [6] have proved best proximity point on partially ordered metric space. Abkar
and Gabeleh [1] has proved best proximity points of non-self mapping. Satyendra Kumar et al. [11]
established best proximity point in partial ordered metric space. Poonguzali et al. [22] has given best
proximity point in O-CM space. Khalehoghli et al. [14] has introduced fixed point result on R-Metric
space. Gunaseelan et al. [17] have proved fixed point theorems in R-Metric space. For more details see
[20, 21, 28].

Motivated by the results of [11, 22], in this paper, we have extended the best proximity point on non-
self mapping in the background of R-M space. From this result, we have proved best proximity point
results. Appropriate examples are also given to support our results. Finally, we give some applications
on our presented results.

2. Preliminaries

Throughout this paper, M space means metric space, R-M space means R-metric space, CM space
means complete metric space, R-CM space means R complete metric space, R-Per means R-preserving,
R-Con means R-continuous, and R-Seq means R-sequence. The following Definitions 2.1-2.8 have been
introduced in [22].

Definition 2.1. Let V and U be any two non-empty subsets of a metric space (X,dx) and I': V — U be a
mapping. An element v € V is called best proximity point of the mapping T’, if the following condition is
fulfilled

dx(v, Fv) = dx(V,u). (21)

Definition 2.2. Let X be a non-empty set and let R C X x X be an binary realtion. Then (X, R) is an R-set,
if there exists vy € V such that wRv, or vgRw, for all w € X.

Definition 2.3. Let (X, R) be an R-set and {v,,} be any sequence, then {vy} is an R-Seq, if vy Rvn 41 OF
Vni1Rvuq, for all n € IN.

Definition 2.4. Let (X, R) be an R-set and V be any subset of X. Then V is R-closed set, if R-Seq {vn} C V,
Vv, — v, thenv e V.

Definition 2.5. Let (V, U) be a pair of non-empty subset of (X, dx). The pair (V, U) satisfies the P-property,
if v1,v, € Vand wq, wr € U with

dx (v, w1) = dx(V,U)

. lies d ’ 4 ’ ‘
dX(Uz, (.Uz) = dX(V,U)} mmplies X(Ul Uz) X(wl wZ)

Definition 2.6. A binary relation R on a metric space (X, dx) is called a R-metric space and it is denoted
by (X, dx, R).

Definition 2.7. Let (X, dx,R) be an R-M space (X,R) is an R-set and (X,dx) be a M space. A map
I': X — X is called R-Con at v € X, for each R-Seq {vn}nen in X with v, — v, we have I'(vn,) — T'(v). T'is
called R-Con on X, if I"'is R-C in each v € V.
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Definition 2.8. Let (X, dx, R) be an R-M space and 0 < p < 1. A map I': X — X is called R-contraction
with Lipschitz constant p, if for all v, w € X with vVRw, dx(T'v, Tw) < pdx (v, w).

Example 2.9. Let X = [0,0.95) and X be Euclidean metric. Let vRw if vw € {v, w}, Vv, w € X. Let the map
I': X = X is defined by

v}, fveQnX,
M) = . o
0, ifve*nX

Suppose, v = 0.5, w = %, and 0 < p < 1, then [M(v) —T(w)| = 0.125 £ p[0.5— %I. Hence, T is not a
contraction. Now, let vRw, therefore v =0 or w = 0. Suppose v = 0, thus

w? fweQnX,
M) = . o
0, ifweQ*NX.

Hence by choosing p = 0.90, then [I'(v) — N'(w)| < w?® < p|0 — w| = pw. Hence T is R-contraction.
Definition 2.10. Let I': X — X be a mapping, I' is called R-Per if vRw, then I'(v)RI'(w) for all v, w € X.

Definition 2.11. An R-sequence {vn} in X is said to be an R-Cauchy sequence, if for every e > 0 there
exists an integer N such that dx(vn,Vm) < € if n > N and m > N. It is clear that vy RV Or VRUA.

3. Main results

Next, we will prove the theorems will be used to demonstrate the existence of best proximity point in
R-metric space.

Lemma 3.1. Let V be an R-closed subset of an R-complete metric space X, then V is an R-complete metric space.

Proof. Let {vn} be any R-Cauchy sequence in V. Then, {v,} C X. Since X is an R-complete metric space,
there exists v € X such that v, — v. Additionally, {v,} is an R-sequence, which converges to v € X.
Hence, v € V. O

Definition 3.2. Let V and U be any two subsets of a metric space (X,dx). A map I': V — U is called
proximally R-Per if
dx (v, Tw1) = dx(V,U)

implies ‘Ulle)z, if (,UlfR(,Uz.
dx (v, Twy) = dx(V,U)} P

Theorem 3.3. Let V and U be two non-empty R-closed subsets of an R-CM space (X, dx,R) such that Vy be a
non-empty subset. If (V, U) has the P-property and also T': V — U such that:

1. T is R-Con and a R-contraction mapping;
2. T(Vp) € Uy,

3. T is proximally R-Per;

4. Vj is an R-set,

then, dx(v,T'v) = dx(V,U) for somev € V.

Proof. Since Vj is an R-set, there exists ¢ € Vj, then there is some v such that vR$p (or) ¢pRv for all
v € V. Let us consider that vR¢$. From above assumption 2, we have ' € Uy. Similarly, vi € Vj such
that dx(vq,I'p) = dx(V,U). Let Tv; € Uy, and hence dx(vz,'vy) = dx(V,U). By the proximally, R-Per
property of I' is given by viRv;. Like this manner, we construct an R-Seq, viRUVRVzR - - - Rv R - - with
dx(vn41,Tvn) = dx(V,U),vn € N. By P-property of (V,U), we have

dx (Vn, Vnt1) = dx(Tvn—1,Tvn).
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We have,

dX(Un/Un—H) = dX(rUn—lz rUn) < de(Un—lzvn) <0 < pndX(UOIUl)'
Since 0 < p < 1, we obtain lim,,_,» p™ = 0. Hence, limn, o dx(Vn,Vny1) =0. If n,v € N and v < n,
then,

dx(Vvy,Un) < dx(Vv,Vvi1) +dx Vv, Vvi2) + -+ dx(Vn—1,Vn)
<

p¥dx (vo,v1) + p¥ M dx(vo,v1) 4+ -+ p™ Tdx (vo, 1)
v
dx (vo,v1).

<pY[L+p+---+p™ Y dx(vo,v1) < 1p

As v,n — 00,dx(vy,vn) — 0, such that vy, is an R-Cauchy sequence. We know that, V is an R-closed
subset of an R-CM space. From Lemma 3.1, V is an R-CM space (X, dx,R). Thus, we can find v* €V,
such that limy, _, o, vn = v*. Since I' is R-C, limy, o M1 = I'v*, such that dx(vn, M) — dx(v*, 'v*) as
n — oo. Hence, dx(v*, Tv*) = dx(V, U). O

Corollary 3.4. Let V be a non-empty closed subsets of (X, dx, R) and let (X, dx, R) be a R-CM space such that Vy
be a non-empty subset. Define I': V. — V be the mapping such that:

1. T is R-Per;

2. there exists T'(Vy) C Vp such that dx(T'vy, Tva) < dx(v1,V2), with ViRV, and v # vy,

3. Tis R-Con;

4. V, is an R-set.

Then, T" has a unique fixed point.

Proof. If we substitute V = U into the proof of Theorem 3.3, we obtain the following results respectively.
O

Theorem 3.5. Let (X, dx,R) be any R-CM space. Let V and U be two non empty subsets of X. Let T: V — U be
the mapping such that:

1. T is R-Con and a R-contraction;

2. by P-property holds that T'(Vp) C Ug and (V,U);

3. T is proximally R-Per;

4. we can find vy, v1 € Vy such that dx (v, Tvg) = dx(V, U) and voRv;.
Then, there exists an element v € X such that dx (v, 'v) = dx(V, U).

Proof. There exist vg and v in Vj such that dx (v, Tvg) = dx(V, U) and voRv;. Since v € V), this implies
My € Up, and hence, there exists v, € Vj such that dx(v,, 'vy) = dx(V, U), by the proximally, R-Per
condition of T is given by viRv,. Like this manner, viRVIR - - - RU RV 1R ---. Then {v,} is an R-Seq
with dx(vn+1,Tvn) = dx(V, U), for all n € IN. By P-property of (V, U), we define,

dX (Un/anrl) = dX(rUnflz rvn) < de (Unflzvn) < pth(v0/v1)~

Since p < 1,p" — 0,limn 00 dx(Vn, Un+1) = 0, vy, is an R-Cauchy sequence. If v,n € N and n < v, we
have

dx (Un,vv) < ldx(Un, V1) + -+ dx(Vy_1,0v)]
mn

1—p

< p"dx(vo,v1) + -+ pY Hdx(vg,v1) < dx (vo,v1).

Therefore, dx(v,vn) — 0as v,n — oco. Therefore, {vn,} is an R-Cauchy sequence. Hence, lim; ;0o Uy = V™.
Since I' is R-Con, limp o, My 1 = I'v*, which implies dx (vn, M'vn) — dx(v*, Tv*). Therefore, v* is a best
proximity point. O



G. Janardhanan, et al., J]. Math. Computer Sci., 38 (2025), 45-55 49

Theorem 3.6. Let (X, dx, R) be an R-CM space. Let V and U be two non-empty R-closed subsets of X such that
Xo be a non-empty set. Moreover, assume that (V,U) has the P-property. Let T': V — U be the mapping such that:

1. T is a R-contraction mapping and proximally R-Per;

2. T(Vo) C Uy,

3. if {vn} is any R-Seq with vy, — v, then v RV for alln € IN;
4. V, is an R-set.

Then, there exists v € V such that dx(v,Tv) = dx(V, U).

Proof. By Theorem 3.5, we can give an R-Cauchy sequence {v,} with dx(vn41,Tvn) = dx(X, X) and there
exists v € V, such that v, — v. Thus, for any 5 > 0, there exists TT; € IN such that dx(vn,v) < 5, ¥/n >
ITy. Similarly, for any ﬁ > 0, there exists TT, € IN such that dx(vy,v) < ﬁ, where p is the contraction
condition of I' and for all v > TT. Choosing IT = max{ITy, 1>} is given by the following

dx (v, Tv) < dx(v,vr) + dx (v, Tvr) + dx(Tor, To)

< 5+ dx(X, ) + pdx(vm,v) € 5+ dx(X, D) + 2 < dx(X, D) +e.
Since € is arbitrary, then dx (v, 'v) = dx(X, X). O

Let us denote the new notion called weakly proximally R-preserving as follows.

Definition 3.7. The mappings I', O: V — U are said to be weakly proximally R-Per if

1. for all v € V, we can find that k1, k» € V with dx(kq,Tv) = dx(X, X), dx(kz, Qk1) = dx(X,Z) and
K1RKp;
2. for all v € V, there exist 91,9, € V with dx(81,Tv) = dx(X, ), dx (82, Qd1) = dx(X, X) and H1RY,.
Theorem 3.8. Let V and U be two non-empty subsets of R-closed with an R-CM space (X, dx, R) with Vy be a
non-empty subset. Assume that (X, L) has the P-property. Let T, (): V — U be two non self-mappings satisfying

1. (T, Q) is weakly proximally R-Per;

2. Tor Qis R-Con;

3. forall v, k with VRk, dx(I'v, Qk) < pdx (v, k), for some p € [0,1);

4. if any R-Seq {vn } converges, then vnRv, for all n € IN, where v = limn ;00 V.

Then, there exists v € V such that dx(v,Tv) = dx (v, Qu) = dx(V,U).

Proof. Since Vj be an non-empty subsets, choose any vy € Vy. Applying I' on vy, then vy € Uy. As (T, Q)
is weakly proximally, we have

dx (v, Tvg) = dx(V,U), dx(Tvy, Quy) = dx(V, U)

and viRv;y. Continuing this manner, we get the weakly proximally R-Per condition of (I', Q). Let {vn} of
R-Seq with
dx(Vant1, Tvan) = dx (X, ), dx(van 2, Quan 1) = dx(V, U)

and von 1RV 2. Let us prove {vn } to be Cauchy sequence. We have

dx (Van+1,Van42) = dx(Tvon, QUon 1)
< de (Uan Von+1 )

= pdx(Tvan—_1, Quan) < p?dx(Van—1,V2n) < -+ < P> dx(vo,v1).
Since 0 < p < 1, we obtain that p>™*! — 0, this implies

lim dx(voni1,V2n42) =0.
n—oo
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For n,v € IN with v > n, we have

dx (vn, Uv) < dx(Vn,Vni1) + dx(Vnt1, Ung2) + - + dx(Lyv—1,Vv)
< p"dx(vo,v1) + P dx (Lo, V1) + - -+ p¥ T dx (vo, V1)
<PMI+p+p% 4+ dx (v, v1).
By the above inequality, then {v,} is an R-Cauchy sequence. Since, we have R-CM space {v,} con-
verges which implies v, Rv, for all n € IN. Assume that I' is R-Con, then we can easily say that
dx(Van1, Moan) — dx (v, Tv); proceed with this, er get dx (v, 'v) = dx(X, Z). Thus, v is the best proximity
point of I'. Next, we prove k be the best proximity point on Q. By convergence of {v,}, for § > 0, we can

find TT; € IN such that dx(vn,v) < 5, for all n > Ty, similarly, for % > 0, we can find TT, € IN, such that
dx (vn,v) < 5,Yn > Tl,. Let us choose T = max{ITy, T}, we obtain

dx (v, Qu) < dx(v,van) + dx (Varr41, Tvarr) + dx (Tvar, Qu)

+ dx (Varr41, M) + pdx (Varr, V)

E
€ €
S5+d x(Varry1, Toorr) + 5 Sdx (varr 41, Tvam) + €.
Now, dx(v, Qu) < dx(V,U) + €. Since € is arbitrary, we get the conclusion that dx (v, Qv) = dx(X, X).
Thus, dx(v,'v) = dx(v, Qv) = dx(V,U) and v is the best proximity point of I' and Q. O

Theorem 3.9. Let V and U be two-empty closed subsets of an R-CM space (X, dx, R) with Vi be non-empty subset.
Assume that (V,U) has the P-property. Let the mappings I', O: V — U be two non-self mappings such that:

1. (T, Q) is weakly proximally R-Per;

2. Tor Qis R-Con;

3. for all v, k with VRk, dx(T'v, Qk) < pdx (v, k), for some p € [0,1);

4. if v is a best proximity point of either T or Q, then vRv.

Then, there exists v € V such that dx(v,Tv) = dx(v, Qu) = dx(V, U).

Proof. From Theorem 3.8, we can see that the R-Cauchy sequence {v,} such that dx(von41,Tvon) =
dx(V,U) and dx(van+1, Quani2) = dx(V,U). R-completeness provides the convergence of {vn}, that
is, we can find v € V such that v, — v. By the condition 2, Q is R-Con, then dx(van+1, Quon2) —
dx (v, Qu). Therefore dx(v, Qu) = dx(V,U). Hence, v is the best proximity point for Q, thus vRv. By
utilizing triangular property,

dx (v, Tv) < dx(v, Qu) + dx(Qu,Tv) < dx (v, Qu) + pdx(v,v) < dx (v, Qu).
Similarly,
dx (v, Qu) < dx(v,Tv) + dx (v, Qu) < dx (v, Tv) + pdx(v,v) < dx(v,Tv).
Hence, dx(v,v) = dx (v, Qu), which means that dx (v, 'v) = dx (v, Qu) = dx(V, U). O

Example 3.10. Let X: = R? and define I': {0} x R — {1} x R with R defined as VRw and (v, w) € R if
v,w > 0 by

F(O,v) = (1,Y), vEQNR,
1 (1,0, veQCnR.

Since, I' is R-contraction, we observe that Vy = V and Uy = U; therefore I'(Vy) C Up. Clearly, (V,U)
has the P-property. Therefore (0,0) is the best proximity point of I'. Hence, I' satisfies all conditions of
Theorem 3.5.
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Example 3.11. Consider X = R? with R defined as (v1,v2)R(wy, wy), if v1 < w; and v, < w;y and
(v,w) € Rif v,w > 0. Let us choose dx (v, w) = [vy — V2| +|w1 — wa|. Then (X, dx, R) is an R-CM space.
Define

V={0,0):0eR} and U={(1,1):n € R}L

Then dx(V,U) =1. Define I': V — U by

[0, ) = (1,7%), 0c€QnR,
’ (1,=2), 0€Q®nR,

and Q:V — Uby Q(0,n) = (1, 51). Then we have following cases.

1. (T, Q) is weakly proximally R-Per. Let v € X, then v = (0,v1), where v; € R.
1. If vy € QNR, then Tv = (1, =) and let us take k = (0, ) and w = (0, ¢*), then dx(v,Tx) =
dx(V,U) = dx(k, Qw) and kRw.
2. If v € Q° NI, then M'v = (1, =) and let us take k = (0, =) and w = (0, 522 ), then dx(v, k) =

8 4 7732
dx(V,U) = dx(k, Qw) and kRw.

Similarly, for all v € V, thus, w,w’ € V with
dX (wl QU) - dX (V/ u)/ dX(w// rw) - dX(V/ u)/

which implies wRw'.
2. T'or Q is R-Con. Hence, Q is a continuous function. Thus Q is R-Con. We assume that I" is not R-Con,

(1 =2
%) converges to v = (0,—1). But, I'(vy) = (1, (1'8" 1) converges to (1 %),

since R-Seq v, = (0,—1 —

which is not equal to I'v = (1, %).

3. If vRk, then dx(T'v, Qk) < pdx (v, k) for some p € [0,1). Letv = (0,v1),k = (0, k1) € V.
1. If v1 € Q, then

—V1 —K1 —U1 K1 —V1 K1 . 1
— — — < |— 4+ = < < = .
dX(rU/QK) dX((]-/ 4 )/ (1/ 8 )) | 4 + 8 | X | 4 + 4 | (Slnce V1 & Kl) X 4dX(U/ K)
2. If vy € QF, then
—U1 —K1 —1 K1 1 1
I'v, Qk) = 1 1 = <1< g SK) S o s KJ.
dX( v, K) dX(( s ) )/( s ) )) | ) + 8‘ 8dX(v K) 4dX(U K)

By choosing p = %, then vRw, dx (v, Qk) < pdx(v, k).

4. If {vn} is an R-Seq with v, — v, then vV, Rv,Vn € IN. Since {v,} is an R- Seq, we have v, = (0, o) <
Un+1 = (0,0n41), such that 05, < opn41. Thus {vn} has monotonically increasing sequence and converges
to supremum, say v: = (0,0). We say that v,Rv, Vn € IN. We observe that (V, U) has the P-property.
Hence v* = (0,0) satisfies dx (v*, 'v*) = dx(v*, Qu*) = dx(V, U).

4. An application on fractional differential equation

Ayari et al. [4] has first presented fractional differential equation in best proximity point. Let €[0, 1] be
the set of all continuous function on [0, 1] and the mapping dx: C([0,1]) x €([0,1]) — R defined by

dx (v, w) =|[v—wllee = sup V(N)—w(X)|.
Re(0,1]
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Define (v, w) € R iff v, w > 0. Let the map h: [0, +00) — R be a Caputo derivative of fractional order 3
of a continuous function defined as

X
CDP(5(3)) = gy | (X= 07PN (0dL (v—1< B < v = (Bl+1)

where I be gamma function. Let us see, the existence result of a non-linear fractional order differential
equation,

CDP k(X)) + (X, k(X)) =0, (0<N<LB<1), (4.1)

with k(0) = k(1) = 0 and continuous function of f: [0,1] x R — R and Green’s function of a problem (4.1)
is given by

N(1—0° 1 (R—0)° 1 fo<N<l<]1,
9“{; ): N (1—¢)o1 .

Assume that the following conditions hold.
1. There exists p € (0,1) such that [f(X,v) — (X, w)| < plv — w|, for all X € [0,1], v, w € R;

2. SUPycp1) <j39(x,z)dz> <1

Next, we prove the existence result of a fractional differential equation (4.1).
Theorem 4.1. Let us assume the conditions (1)-(2) hold, then (4.1) has a unique solution.

Proof. Let the mapping I': €[0,1] — €[0, 1] be defined by

1

I'v(X)) :J (X, 0)f(L,v(L))de.

0

As our assumption v is a solution of (4.1) and equivalently, v € V is a solution of integral equation.

1
K(X) = L G(X, (L, k(0)dE, VX € [0, 1]

Consider

1 1
Tu(X) —Tw(X)| = J S(N,E)f(f,v(f))dﬂ—J

0 0

S(X, Of(€, w(ﬂ))df)

1
< L (X, 0)(F(6,0(0) — (6, w(€)))de

1 1
< L S(X, O|(F(¢,v(£)) —F(€, w(€)))ldl < J S(X, Opl(v(f) — w(E))|dL.
0
Now we take supremum, we have dx(I'v, F'w) < pdx(v, w). Therefore, all the hypothesis of Corollary 3.4
are satisfied. Hence, I' has a unique solution in C[0, 1]. O

5. An application in production-consumption equilibrium

For production v, and consumption v, whether prices are rising or decreasing daily pricing patterns
and prices have a significant influence on markets. As a result, the economists are interested about the
present cost U(X). Now, assume

dU(X) d*U(X)

dG(X) d>U(X)
dt{ + Cl dxz ’

Vp = 01 +MmO(N) + 11 e + G 2

Ve = 02 +M20(N) + 13
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initially 0O(0) = O,g—g(O) = 0, where 01, 02,M1,M2,T1,T2, (1, and (, are constants. A state of dynamic
economic equilibrium occurs when market forces are in balance, indicating that the current gap between
production and consumption stabilises, that is, v, = v.. Thus,

dU(X) d*U(R)

2
S dO(X) d“U(X)

01 +T‘]16(X)+T1 + &

= 02 +MU(X) + 12

AN dN2 dx axz '’
(01— 02) + (m —m)B() + (1~ ) ) (- ) PO
Cd?x(zx) szil(xx) +n0(X) = —o,
i 10, Y-,

where 0 = 01 — 02,1 =11 — M2, T = T1 — T2, ( = {1 — (. Now, our initial value problem is modeled as

5" (X) + %U'(N) n %U(K) - %‘7 with 0(0) =0 and &' (0) = 0. G.1)

The study of production and consumption of the duration time I" is equivalent to

r
UO(X) = Jo G, WH) I, N, B(N))dN,

where Green function §(X, X*) is,

7

Neze (X* —X), 0
0

N <
Qeze (N* — ), L <

I
I

NN

< (
< N

7

and X: [0,T] x 3> — R is a continuous function. Let an operator A: d — 0 be described as
r
AU(X) = J G(N, N*)K (X", X, 5(N))dN.

0

Then, the solution of dynamic market equilibrium problem expressed as (5.1) is a fixed point of A. Equa-
tion (5.1) controls the current price G(X). Let C[0, '] symbolizes the family of real continuous functions
on [0,T] and assume 0 = C[0,I']. Define dx: 0 x 0 — R" as dx (v, w) = SUPye (o, [V(X) — w(X)|,v,w € 0.
Then (9, dx) is a CM space.

Theorem 5.1. Let us assume the map A: 0 — 0 is a CM space (0, dx ), such that
1. a continuous function X: [0,T] x 8> — R and p € (0,1) such that

KN, K, U1 (X)) = KR, X, T (N))] < pl01(X) — Op(X)];

2. supycor Jo SN, K*)dX < 1.
Then, the dynamic market equilibrium problem (5.1) has a unique solution.

Proof.

r r
IAGL(X) — A (X)] = J G(%, K*)K(X*, X, 5y (X)) —j

0 0

r
|
0

G(N, N*)K(X*, N,UZ(N))dz{‘

G(N, N*)K(X*, N}, U1 (X))dX — S(N,N*)ZK(N*,N,UZ(N))dt{‘
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T

< | [808, (KR, K, By (X)) — KK, K, B () )ax
JO
T

< | SRR, 8, (X)) — KR, X, Bal())
T

< | S0 RNBHR) ~ ().

Taking supremum on both sides, we have dx(I'v,Tw) < pdx(v, w). Thus, the mapping A has a unique
fixed point. From Corollary 3.4, the equation (5.1) has a unique solution. O

6. Conclusion

In this paper, we introduced the concepts of R-M space in best proximity point. And also proved the
theorems based on best proximity results in R-M space. Some examples are given related to our obtained
results. Finally, we applied our obtained results in the solution of fractional calculus. We concluded that
new result are more effective in finding the solutions for further dealing with science and engineering.
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