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Abstract
In this paper, we discuss the Hyers-Ulam stability of the Davison functional equation
n—1 n—1 —
Z m(xiXn) Z m(xi 4+ Xn) Z m(xixn +xi) +m(xn)
i=1 i=1 i=1

with n-variables over non-Archimedean (n, ) normed spaces (NAnpNS). Also, discuss some results for the same with suitable
counter-example.
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1. Introduction

Ulam famously raised the topic of functional equation stability. Instead of a functional equation,
imagine a functional inequality and pose the following question: When may we say that the inequality’s
solutions are close to those of the equation? The problem is: “Given a group (K, *), a metric group (K, .)
with the metric d and a mapping g : K — K’, does there exist 6 > 0 such that if

d(g(x *y),g(x).g(y)) <3
for all x,y € K, then there is a homomorphism i : K — K’ such that
d(g(x),ilx)) < e

for all x € K?” ([35]).
Hyers [13, 15] presented the first mathematical solution on functional equation stability in 1941. He
provided a great solution to Ulam’s classic question about the stability of functional equations when G
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and H are considered to be Banach spaces. Further, Hyers[14] studied the stability of functional equations
in several variables. Davison [9] put forward a functional equation,

m(x+vy) +m(xy) = m(xy +x) + m(y).

Bourgin [6] studied classes of transformations and bordering transformations in 1951. Moreover, the
theory of functional equations and its inequalities developed by many authors [3, 8, 22, 31, 32] and also
some further generalizations of the Ulam-Hyers-Rassias stability of functional equations given by Wang
[16]. Jung et al. [18, 17] proved Hyers-Ulam stability of the functional equations. Later, Jung et al.
discussed a linear functional equation of the third order associated to the Fibonacci numbers [19] and
trigonometric type functional equations obtained by Jung et al. [20].

Gajda [11] studied stability of additive mappings in 1951. Subsequently, Czerwik[7] developed the
stability of the quadratic mapping in normed spaces whereas Alessa et al. [4] investigated Hyers-Ulam
stability of functional equation deriving from quadratic mappings in NAnBNS. In 2002, Trif [34] showed
the stability of a functional equation deriving from an inequality of Popoviciu for convex functions.
Smajdor [33] analyzed notes on a Jensen-type functional equation in 2003.

Jung and Sahoo [21] investigated the Hyers-Ulam stability of an equation of Davison although its
generalizations were studied by Girgensohn and Lajko [12]. In 2012, the stability of mixed additive and
cubic functional equations in many variables in non-Archimedean spaces was examined by Ebadian and
Zolfaghari [10]. Afterward, Lee et al. [25, 24] established the stability of the n-dimensional mixed type
additive and quadratic functional equation in non-Archimedean normed space. In 2014, the stability of a
functional equation associated with the Fibonacci numbers obtained by Mortici et al. [28].

Yang et al. [37] proved the stability of functional equation in (n, 3) normed spaces in 2015. In 2017,
Kim and Son [23] studied approximate Cauchy-Jensen mappings in non-Archimedean Quasi  normed
space. Thereafter, Abdollahpour [2, 1] obtained the Hyers-Ulam stability of differential equations. In
2019, Park and Rassias [30] discussed additive functional equations and partial multipliers in C*-algebras
as well as Liu et al. [27] gave stability of an AQCQ functional equation in NAnBNS. Recently, Najati and
Sahoo [29] discussed two Pexiderized functional equation of Davison type in 2023.

This study examines the stability of the Davison functional equation

n—1 n—1 n—1
D mxixn) + ) mxi+xn) = Y mxixn +xi) + mxn)
i=1 i=1 i=1

with n-variables over NAnf3NS. Also, discuss some results for the same.

2. Preliminaries

Definition 2.1 ([5, 36]). Let |.| : K — R be a function said to non-Archimedean (NA) valuation for any
field |.| : K — R, satisfying the following conditions. If K is any field, then a valuation (of rank 1) is a
function |.| : K — R satisfying the following axioms:

(i) |d| =0, when d # 0;
(ii) |d] =0, when d = 0;
(iii) |de| = |dllel;
(iv) |d + el < max{|d], |e|}.

Definition 2.2 ([5]). Let p be a positive prime number. Every non-zero rational number y can be expressed
in the form of

«

Il
)
= la
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where g, h, 3 are integers.
1
IyIp = E wheny # 0, |0|p =0 wheny =0.

This is called a p-adic valuation.

Example 2.3. Lety = &2. The 13-adic absolute value is

4,4

1

132- We also find the 17-adic absolute value for y as

which means |y|;3 =

1
=17"1.676, =— =17.
y lyhy 171

Definition 2.4 ([5, 36]). Let a function ||.|| : L — R be called a non-Archimedean norm if it satisfies the
following conditions:

(i) ||d|| =0iff d =0 for all d €L;

(i) ||«d|| = lec]||d| forall d € L and « € K;
(iii) ||d+ e|| < max{||d||,||e]|} for all d,e € L,

where L is a vector space over a field K.

Definition 2.5 ([26]). Let L be a real vector space with dim L > n over scalar field K with a non-
Archimedean nontrivial valuation |.|, where n is a positive integer. 3 is a constant and 0 < < 1. A
real-valued function ||,...,|g : Ly — R s called a (n, 3)-norm on L if the following conditions hold:

(i) ||d1,...,dn|lp =0if and only if dy, ..., d, are linearly dependent;
(ii) |/di,...,dn]||p is invariant under permutations of dy, ..., dn;
(iii) [Jvdy, d2,...,dnllg = lvlglldi, d2, ..., dnllg;
(iv) ||d() +dq,do, ..., dnHB < mClX{Hdo, dy,..., dn”fg, ||d1, dy,..., dnHB},

forall y € Kand do, dy,...,dn € L. Then (L,||,...,|g) is called a NAnBNS.

Definition 2.6. A sequence {x,}in a NAnfBNS L is a Cauchy sequence if and only if {x,, 1 —xn} converges
to zero.

Throughout this paper, let T and U be a additive group and complete NAnpNS, respectively. Let

n—1 n—1 n—1
E(x1, X2, %n) = ) mxixn) + ) mxi+xn) — Y m{xixn +xi) —m(xn).
i=1 i=1 i=1

3. Main results

Theorem 3.1. Let ¢ : T™ — [0, 00) be a function such that

. 1 .
Sh_{t;() PG d(2%x) =0 (3.1)

and let for each x € T, : unr-1 - 100,00) bea function, then

lim max{ ! P(2%%):0< a< s} (3.2)
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denoted by (x) exists. Suppose that m : T — U is a mapping satisfying m(0) = 0 such that
[E(x1,%2, -, Xn), Y1, Y2, Ynaallp < dlxa, %2, xn )W (Y1, Y2, -, Yna1), (3.3)
then there is an additive mapping V : T — U so that

L

|2|B $(X)/ d)(xr 0/ O/ sy O) }11’(91/ Y2,... /ynfl)/ (34)

[m(x) = V(x),Y1,Y2, ..., Yn—1]/p < max {

foreach y1,Ya,...,Yn—1 € W. Moreover, if

lim limmax{ L &(2“x):r<a<r+s}:0,

T—00 S—00 |2|‘1f3

then V is unique.
Proof. Put x3,x3,...,xn—1 =01n (3.3), we get

[mx1xn) +m(xq +xn) —M(xn) —Mm(X1Xn +%1),Y1,Y2,-- -, Yn—1llp

(3.5)
g d)(xll O/ e 0/ Xn)‘l’(UlrUZr . /Unfl)/

for each x1,xn € T, Y1,...,Yn—1 € W. If we replace x,, by xn 41 in (3.5), we get

[mxixn +x1) + M(x1 +xn +1) = m(x1Xn +2%1) = M(xn +1),Y1,Y2,. .., Yn—1lp

(3.6)
< d)(Xl/O/ .. ~10/XTL + 1)4’(91/92/ .. ~1yn71)/

for each x1,xn € T, Y1,...,Yn—1 € W. Using (3.5) and (3.6),

[m(x1xn) +m(x1 +xn) + Mx1 +xn +1) = mxn) = mx1xn +2%x1) = M(xn +1),Y1,Y2,. .., Yn—1llp

(3.7)
< max {(I)(Xllol' . '/O/Xﬂ.)l (I)(Xl,o,. . '/0/Xﬂ. + 1)}‘1’(91/92/- . -/ynfl)/

for each x1,xn € T, Y1,...,Yn—1 € U. Replacing x; by % and xy, by 2x,, in (3.7),

X X
|lm(x1xn) +m (El + an) 4+m (El +2%Xn + 1) —m(xixn +x1) —M(2xn +1),Y1,Y2, ..., Yn—1llg

ﬁ (3.8)

2

< max{d) <%,0,...,0,2xn> , b (

,0,...,0,27(1’1_ +1) }ll)(yl;UZ;---/Un—l)/

for each x1,xn € T, y1,.-.,Yn_1 € U. From (3.5) and (3.8), we have

Hm (% +2xn) +m (% 4+ 2xn + 1) —m(x1 +xn) —Mm(2xn) — Mm(2xn +1) +m(xn),y1,y2,...,yn,1HB
(3.9)
X1

< max{d) (%,O,...,O,an> ,d (7

2 /0/-~~/0/2Xn+1) ld)(xl/XZ/-"/Xn)}lb(yllyzl"'lyﬂ1)/

for each x1,xn € T, Y1,...,Yn—1 € W. If we replace x; by x; —x,, in (3.9), we have

3 3
Hm (Xl + Xn) +m (Xl + IXn —|—1> —m(x1) —m(2xn) —m(2xn +1) —l—m(xn),yl,yz,...,yn_lH

2 2 2 2 B

(3.10)

X1 Xn X1 Xn
< - —,0,... —-———,0,... —
\max{d)(z 2 /0/ /Orzxn)rd)(z 2 /0/ IOIZXTI+1)I¢(X1 Xn, X2, /XTL)}

XY, Y2, -, Yn—1),
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for each x1,xn € T, y1,...,Yn—1 € U. Put x,, as %“ in (3.10), we have

Hm<%+%‘)+m<%+%+1) —m(xﬂ—m(?) —m(z?L—i-l) +m(%)r91,y2/--w9n—1HB

2 2

X
X ¢ (Xl —Xn, X2, ?n) }ll)(ylfybn-/yn—l)/

for each x1,xn € T, y1,...,Yn—1 € U. Let us define functions g,h: T — U by

g =m (5 )em(Fer)-m(5),  nw=m(3)em(3e), 612)

for eachx € T, yy,...,yn—1 € U. From (3.11) and (3.12), we obtain the following inequality concerning
the Pexider equation:

||h(xl +XT1) - m(xﬂ.) - g(xn)/UI/HZI .. /Un—lnﬁ

gmax{cp ("21—’21,0,...,2’;‘>,¢ ("21—"6“,0,...,2’;““) b (xl—xn,o,...,o,%“) } (3.13)

X Il)(yllyZ/- . -/yn—l)/

for each x1,xn € T, Yy1,...,Yn_1 € U. Put x, = 0in (3.13), we obtain

[h(x1) —m(x1) —g(0),Yy1,Y2, ..., Yn—1llp
(3.14)

< max {¢ (%,0,...,0) b (%,0,...,0,1) q>(x1,0,...,0)}1p(g1,y2,...,yn1),

for each x1,xn € T, y1,...,Yyn_1 € U. Put x; =0 in (3.13), we obtain

[h(xn) —m(0) — g(xn), Y1, Y2,.. ., Yn—1llp

<max{¢ (‘;‘”,o,...,o,z’;“) b (?,0,...,0,2’;““) b (—xn,o,...,o,’i“) } (3.15)

X IP(UI/UZ/ e '/ynfl)/
for each xn € T, y1,...,Yyn—1 € U. Define H: T — U by
H(x) = h(x) —m(0) — g(0), (3.16)

for each x € T. From (3.13)-(3.16), we have

IH(x1 +xn) —H(x1) =H(xn), Y1, Y2, ., Yn—1ll
X]  Xn 2xn X1 Xn 2xn Xn
XX “n Mmoo, - ..,0,
{ <2 / .7 3 )/q)(z 6/0/ 7 3 + )I(I)(Xl XTl/O/ /O/ 3>/
1 X1 —Xn 2Xn (3.17)
(3 ) (2/OI"'Ioll)Id)(XlIOI"‘/O)Id)< 6 /0""’0’ 3 >’

—X 2x X
d) <6n/0/-~~1013n +1> /(b <_XTUO/---/O/ %) }lb(yllyZI---/ynl)/
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for each x1,xn € T, Y1,...,Yn—1 € W. Substituting (x1,%z,...,%xn) as (x,0,...,0,x) in (3.17):

[H(2x) —2H(x), Y1, Y2, -, Yn—-1llp < )V (y1,Y2, ..., Yn-1), (3.18)

foreachx € T, yq,...,yn_1 € U, where

- X 2x X 2x X
H(x) :max{d) <3,0,...,0,3> b <3,0,...,0,3+1> L (0,...,0,%), d (5,0,...,0,1)@(

—X 2x —X 2x X
q)(xlol“‘lo)/q) (6101"'/0/3> /d) (6’0,”‘/0’3—*—1) /(I) <_X/0/~~~/0/§> }/

foreachx € T, y1,...,Yn—1. Replacing x by 25— 1x and dividing by 25P in (3.18),

H H(25x) H(25 1x

- )/y11y2/~”/yn71H

2s 23—1 d)(zs ! )lp(ylryZ/'"/ynfl)/

\ZISB

foreachx € T, yi,...,yn—1 € U. Hence {H(225 X)} is a Cauchy sequence. Define

H(2%x)

V(x) = slg{}() T (3.19)
foreachx € T, yy,...,Yn—1 € U. By induction,
H(25x 1
H (25 ) _H(x),yl,yz,...,yn_lHB < rnax{|2|aB d(2%%):0< a<s), (3.20)

foreach x € T, yy,...,yn—1 € U. By taking limit s — oo in (3.20), using (3.2), we get (3.4). Replacing x;
and xn, by 2°x; and 2°x,, in (3.17) and by (3.1) and (3.3), we have

HH(zs (Xl +XTL)) - H(zsxl) - H(zsxn)/y1/y2/ .. '/yn—l”[s

1 2s 2s 28+1 bE 2s 2s+1
< max{d)( S x“),d)( M S g X“+1),

2B 2 6 3 2 6 3
28 28 2
b (25% —25%,0,...,0, 22 ) o (X2 0,...,0), 0 (2220,...,0,1),
3 2 2
_2s 2s+1 _Ds 25+1 n
¢(25x1,0,...,0),¢< 6X“,0,...,o, 3"“),4)( 6"“,0,...,0, 3" +1>,

25%n

(I) <—28Xn, 0, “en ,O, 3> }ll)(yllyZI e /ynfl)/

for each x1,xn € T, y1,...,Yyn_1 € U. This means H satisfies additive. Let V' be another additive function
satisfying (3.4),

1
|2|0—B Cb(za ) : < a< T+S}ll)(y1/y2/-"lyn—l)/

”V(X)_vl(x)/ylfHZ/ s Yn— 1”[3 hm 11_>1’I'1 max{

foreachx € T, yi,...,yn—1 € U. Hence, from (3.14), (3.16), (3.18), (3.19), we have

1 —
[m(x) —m(0) —H(x),Yy1,Y2,---,Yn—1llp <m {Hﬁcb( ), d)(x,0,0,---,O)}tl)(yl,yz,---,yn_l),

foreachx € T, y1,...,Yyn—1 € U. Hence the proof. O
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Corollary 3.2. Let 1,0 be positive real numbers and 1 > 1. If a mapping m : T — U satisfies

HE(X1/X2/- . -,Xn,ULUZI- . /Unfl)HB g e Z ||X‘i,H]('5/
i=1

then there is a unique additive mapping V : T — U so that

L

Hm(x) 7V(X)/ylly2/"'ryn—l||(3 < Om {| |B$( ) d)(x 0/0/---/0)}11)(91/92/---/911—1)/

where

¢(x) = lim max {|2|1aﬁcf)(2ax) 0<ac< s},
!

S—00
- X 2x

=omaxt |3+ 151, 31, + 15 1,
d(x) max{ 3 3 6 X 6
;"Hl +[5 1),
6 Il 3 B

=0+ H%" l

foreachx € T,y1,...,yn—1 € W

1

2
2

7 7

B

Hl x|t
3 + HEH 3

~

Example 3.3. Let T = U = Q,, and define m(x) = x + k for any constant k. Let |2|]tD =1,0>kteZ,1>1,
p > 2, where p is prime. If m : T — U is an odd mapping satisfying m(0) = 0 and

n
HE(Xllol- . -zO/Xn/ULyZ/-- -/Un—l)HB =0 g 0 Z ||Xi||}31|)(91;92,- . -/Unfl)/
i=1

then there is an additive mapping V : T — U so that

1 —
Hm(x)_V(X);Ul,UZ/---zynfln(ﬂ :kgm {||(5d)( ) d)(X/OzO/-~-/0)}1|)(91z92/-~-/Un1)/

which is unique for eachx € T, yy,...,yn—1 € U.

In the case of 1 = 1, we have following counter-example.

Example 3.4. Let T = U = Q, and define m(x) = x + % Let \ZI]’; =1,teZ, p > 2, where p is prime. If
m: T — Uis an odd mapping satisfying m(0) = 0 and

n
HE(Xllol' . ',OIXn/ULyZ/w ~/Un71)HB = 0 < BZ ”XiH}sll)(UlrUZw . ~/Un71)/
i=1

HH(zsx) _HE2s ) H |3|LP L0,
2s 2s—1 /Y1, Y2,-- -, Yn—1 B ‘2|256||X||1

H(ZZ: x) } is not a Cauchy.

foreachx € T, yi,...,yn—1 € U, hence {

Theorem 3.5. Let ¢ : T™ — [0, 00) be a function so that

- sBg, () =
lim 2*F (25) —0 (3.21)
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and let for each x € T, : unr—1! - 1[0,00) bea function so that the limit

i FYERIRE
Sll_{rolomax{Zla ¢<2a+1) .O§a<s} (3.22)

denoted by &(x) exists. Suppose that m : T — U is a mapping satisfying m(0) = 0 and
IE(x1, %2, -+, Xn), Y1, Y2, Yn—tllp < dlx1,x2,. ., X)) WY, Y2, -, Yn—1), (3.23)
then there is an additive mapping V : T — U so that
Im(x) = V(x),y1,Y2,- .., Yn—1llp < max {$(x), $(x,0,0,...,0)} ¥(y1, Y2, ..., Yyn-1), (3.24)

foreach y1,Ya,...,Yyn—1 € W. Moreover, if

T—00 §—00 2a+l

lim limmax{l2la‘3&)( X ):r<a<r+s}20,

then V is unique.

Proof. Using Theorem 3.1, replacing x by % and multiplying by 2/~ 1B in (3.18),

for each x € T, y1,...,yn—1 € U. Hence {2°H (%) } is a Cauchy sequence. Define

_ X X _ ~ X
25 lH (F) —2°H <273) +Y1,Y2,. -~/yn—1HB < |2|(S 1)[3(]) (275> II)(ULUZ,-- -/yn—l)/

V(x) = lim 25H (ﬁ>

5—00 28

foreachx € T, yy,...,Yn—1 € U. By induction,

|

foreach x € T, y1,...,yn—1 € U. By taking limit s — oo in (3.25), using (3.22), we get (3.24). Replacing x;
and x, by 3t and 32 in (3.17) and by (3.21) and (3.23), we have

() () 1)

<|2|3‘3max{q)( X1 Xn 0,..,,2X“)’¢< X1 Xn O,...,ZX“_,_1>,

X

2°H(5;

~ X
) — H(x),yl,yz,...,yn,lHB < max {|2|af5¢ (2a+1) :0<a< s}, (3.25)

25+l s g’ 253 25+l s g’ 253

30000 35) 8 (Bh00).

X1 X1 —Xn 2Xn
¢ (ﬁ,o,...,m),q)(f 0,...,0), ¢ (2 0,...,0 )

25/ 7 S.6I AR /ﬂ
—X 2x —X X
q)(zs.glolo../O/ZSE;_'_l)Id)(2811101...101251:LB> }ll)(yllyzl...,ynl),

for each x1,xn € T, y1,...,yn_1 € U. This means H satisfies additive. Let V/ be another additive function
satisfying (3.24),

/ : : B I X .
[V(x) =V (x),y1,Y2, ..., Yn—1lp < rh_)rrolO S11_>rr01omax {IZI“ ) <2a+1> r<a< r—i—s},
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foreachx € T, yi,...,yn—1 € U. Hence from (3.14), (3.16), (3.23), (3.24), we have
||m(X) - m(O) - H(X)/Ulz Y2,-+-rYn—1 || 8] < maX{@(X)r (I)(X/ 0/ 0/ ceey 0)}1'1) (Ulz Yo2,... /yn—l)/
foreachx € T, yy,...,Yyn—1 € U. Hence the proof. O

Corollary 3.6. Let 1,0 be positive real numbers and 1 < 1. If a mapping m : T — U satisfies

n
”E(X1/X2/ <o Xn,Y1,Y2, - lyn—l)”[_’) < 0 Z ||Xi||}31
i=1

then there is a unique additive mapping V : T — U so that
Hm(X) - V(X)/y1/y2/ ooy Yn—1 || B < max{a(x)l d)(xl 0/ 0/ ey 0)}1|) (‘Jl/UZ/ . /Un—l)/
where

- T BT X .
P(x) = slg{)\()max{lﬂa d)(2a+1) 0<a< s},

1

7

1 _XHI 2X 1
I+ 15
pIIl 6 lip 3 1ip

15+
3B 3

2
2

L
L
B

L
B’

Hl x|l
—X +H?H ’

ot = omas{ 3]} + 5

10,15+
6 Il 3

1
B/
foreachx € T,y1,...,yn—1 € W
Example 3.7. Let T = U = Q;, and define m(x) = x + k for any constant k. Let IZIE =1,0>kteZ 1>1,
p > 2, where p is prime. If m : T — U is an odd mapping satisfying m(0) = 0 and
n
||E(X1/ OI oo O/Xn/y1/y2/ ce lynfl)”[?) =0 < 0 Z HXiH}_’)w(leQZI oo /yﬂfl)/
i=1
then there is a additive mapping V : T — U so that
Hm(X) - V(X)/ Y1,Y2,---,Yn—-1 ” B = kO < maX{g(X), (I)(X/ 0/ 0/ ceey 0)}11) (91/92, oo ,yn—l),
which is unique, for each x € T, yy,...,yn—1 € U
In the case of 1 = 1, we have the following counter-example.
Example 3.8. Let T = U = Q,, and define m(x) = x + % Let \ZI]E =1,teZ, p > 2, where p is prime. If

m: T — Uis an odd mapping satisfying m(0) = 0 and

n
HE(XI/O/- -~/0/Xn/y1/y2/~ . -/Unfl)HB =0 < BZ HXiH}g‘l’(Ul/yZ/- . -/Un—l)/

i=1

. 22 [3)te
2s—1H CSH( )y, . ,H _ PR

} (o1 (55 ) Y1 Y2, Yn 5~ W]

foreachx € T,y1,...,yn—1 € U, hence {ZSH (2%)} is not a Cauchy:.
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