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Abstract

This paper explores the topological and geometric characteristics of a novel complex function space. We do this by con-
structing a weighted binomial matrix within the Nakano space of absolute type. The fixed points of Kannan contraction and
non-expansive operators are associated with these structures. To solve Volterra-type summable equations, one can analyze
practical instances and their applications.
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1. Introduction

Summable equations come up in many situations in critical point theory for non-smooth energy func-
tionals, mathematical physics, control theory, bio-mathematics, difference variational inequalities, fuzzy
set theory [34], probability theory [14], and traffic problems, to mention but a few. In particular, Volterra-
type summable equations are known to be of great importance in investigating dynamical systems [1] and
stochastic processes [19, 23]. Some instances are in the fields of granular systems, sweeping processes,
oscillation problems, control problems, and decision-making problems [10]. The solution of summable
equations is contained in a certain sequence space. So there is a great interest in mathematics to construct
new sequence spaces, see [25]. Mursaleen and Noman [26] examined some new sequence spaces of non-
absolute type related to the spaces ¢, and {.,, and Mursaleen and Basar [24] constructed and investigated
the domain of C; matrix in some spaces of double sequences. The Banach contraction principle (BCP) is
a noteworthy result from 1922 by the Polish mathematician Banach [8] that is fundamental to a theory
of metric fixed points. Banach’s work is well appreciated and has flexible repercussions in the theory of
fixed points. Since BCP’s initial work in this area in 1922, numerous other researchers have built upon
their findings. The nonlinear analysis places significant weight on the BCP, which is a potent instrument
for nonlinear analysis [9, 13, 29, 32, 33]. Kannan [21] showed one of the most important generalizations of
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the BCP. He showed a group of operators with the same fixed point actions as contractions, but this group
is not continuous. Once, in Reference [18], an attempt was made to explain Kannan operators in modular
vector spaces. That was the only attempt ever made. Bakery and Mohamed [5] researched the idea of a
pre-quasi norm on the Nakano sequence space with a variable exponent that fell somewhere in the range
(0,1]. They talked about the settings that must be met to generate pre-quasi Banach and closed space
when it is endowed with a specified pre-quasi norm, as well as the Fatou property of various pre-quasi
norms. They also determined a fixed point for Kannan pre-quasi norm contraction operators, in addition
to the ideal of pre-quasi Banach operators derived from s-numbers in this sequence space. Both of these
ideals were established. In addition, several fixed point findings of Kannan non-expansive operators on
generalized Cesaro backward difference sequence space of a non-absolute type were discovered in [7].
Among the Kannan fixed point results, we refer the reader to Gaba et al. [17] and Aydi et al. [3]. By N,
MR, and C, we will indicate the sets of non-negative integers, real and complex numbers, respectively. We
will describe the spaces of real and positive real sequences by %™ and R+ N, respectively. The binomial
formula is defined by

a
a __ a k., a—k
(u+v) —Z[k]uv ,
k=0
where u,v > 0, and [{] = k,(%ik), Given that the proof of many fixed point theorems in a given space
requires either growing the space itself or expanding the self-mapping that acts on it, both of these options
are viable, we have constructed the space, (Eﬁ/v(q,’r)) " which is the domain of absolute type weighted
binomial matrix in Nakano complex functions space of formal power series (6?)( Ta))) , Where the weighted
binomial matrix, Ey v = ((Auyv)ak(q)), is defined as:

A(a/k)qk O <k< a
(Au,v)ak(q) = { (utv)

0, k> a,
where g € (0,00), for all k € N and A(a k) = [fJubve ™ If 1 = (1q) € R+, then the domain
of absolute type weighted binomial matrix in Nakano complex functions space of formal power series

is denoted by: EY  (q,1) = {f e CC: fly) = fo’:of:y" and ¢@(uf) < oo , for some p > 0}, when

u,v

— Ta
e(f) = X%, Lo éfff)iqklfkl . Please refer to [15, 16, 20, 31] for further information on formal

power series spaces and their associated behaviors.

Lemma 1.1 ([2]). If Tp > 0and yp,zp, € R, for every p € N, then [y, +zp™ < ZKfl(IyplTP +|zp P ), where
K = max{1, sup,, Tp 1

In this article, we have constructed vast spaces of solutions to a variety of nonlinear summable and
difference equations. The following is an outline of the objectives of this research. In Section 2, we inves-
tigate sufficient setups of Eﬁ/v (q,T) equipped with the definite function ¢ to be pre-quasi Banach (ssfps).

We have examined some topological and geometric structures of Eﬁlv(q, T), which are connected with the

fixed point property. In Section 3, we look at how to configure (Eﬁ,v (q, T)) with different ¢ so that there

is only one fixed point of Kannan contraction mapping. We give some illustrative examples to clarify our
results. Specifically, in Section 4, we present the requirements of this function space with definite ¢ for
the Kannan non-expansive mapping to have a fixed point on it, and we do this by introducing it. In
Section 5, we discuss many applications of solutions to summable equations and illustrative examples of
our findings.

2. Structure of Eﬂ)’v(q,'r)

We have presented in this section some topological and geometric structures of EJ, ,(q,T), which are
connected with the fixed points of Kannan contraction mapping.
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Theorem 2.1. Suppose that (ty) € RN N oo, then

Eiv(q,fr) = {g €eCC:g(z) = Z goz® and @(1g) < oo, for every L > O}.
b=0

Proof. Evidently, as (T ) is a bounded sequence. O

Suppose ¥ is the zero function of P and

3
S:{QECC:EIkENWith g(z) = gbzb}
b=0

Definition 2.2 ([27]). A mapping h : P — [0, 00) is said to be modular, where P is a vector space, if the
followings are satisfied:

(a) if f € P, then @(f) > 0and @(f) =0 f=19;

(b) assume f € P and n| =1, then @(nf) = @(f);

(c) supposen € [0,1] and f, g € P, then p(nf+ (1 —m)g) < @(f) + @(g).

Definition 2.3 ([4]). The space P = {f e CC:f(y) = >0 aya} is said to be a special space of formal
power series (ssfps), if the followings are satisfied:
(1) if q € P and [pp| < |qpl, so that b € N, thenp € T'

(2) eV € P, for every L € N, so that e(* Zb 0 e{})zb =zY;
(3) suppose f € P, then f; € P, where f 0y =2 o0 fo ] y and [%] marks the integral part of %

Definition 2.4 ([4]). The function h : P — [0, oo) is said to be pre-modular on P, if the followings are
satisfied:
(1) if fe P, then o(f) >0and o(f) =0 =1;

(ii) assume g € P and ¢ € C, then Q > 1 with ¢(eg) < [¢]|Qe(g);

(iii) let f, g € P, one has P > 1 such that ¢(f+g) < P(¢(f) + @(g));

(iv) suppose Ifp| < |gpl, for every b € N, then ¢(f) < ¢(g);

(v) thereis Py > 1 with ¢(f) < @(f[;) < Poe(f);

(vi) the closure of § = P;
(vii) there is & > 0 so that @(Ae(?)) > E\|p(e(®), for every A € C.

The space P, is called a pre-modular ssfps. When P, is complete, then P, is said to be a pre-modular
Banach ssfps. Pre-modular vector spaces are more general than modular vector spaces. Following is an
example of a pre-modular vector space and a modular vector space.

o0
Example 2.5. The space EJ, |, ((m)kzo () 0) , where

Teol2)
e(f) = 1nf{oc>0 Z w1 <1}.

Following is an example of pre-modular vector space, but not modular vector space.

2b+3

o
Example 2.6. The space EJ, | ((ﬁ)k . (%)f_o) , where o(f) = Y32, <lei_'_0v|{k|> _ Since for
" k= e

all f,g € EY, ((m)kzo (21&43% 0) , one has

2a+3
a-+4

© (ya |ficd

a=0
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Definition 2.7 ([4]). A subspace P, of the ssfps is said to be a pre-quasi normed ssfps whenever the
function h : P — [0, co) satisfies the parts (i), (ii), and (iii) of Definition 2.4.

Presume P, is complete, then P, is called a pre-quasi Banach ssfps.

Theorem 2.8 ([6]). Every quasi-normed ssfps is a pre-quasi-normed ssfps.

a ' d o}
Example 2.9. The function ¢(f) = i/zaeff\f <Z(1‘i+°v;cfj|> is a quasi norm on EJ, <<ﬁ>k—0 , (d)fzo),

for 0 < d < 1. But the function ¢(f) is not a norm, since @(f+ g) < 2%*1(@“) + ¢(g)), for every e € C
P 1 \® 3k42)\%®
and 1, g € €5, ((xki ), G5

3a+2

a e a+1 [oe]
Example 2.10. The function @(f) = ) <Z(l‘i+0v|{ak|> is a pre-quasi norm on Eilv( <ﬁ>k70’

()

P 1\~ 3k+2\%®
fe Eu,v( (A(a,k))kzo’ = )kzo)-

). But the function ¢(f) is not a quasi norm, since @(ef) # |e|@(f), for every ¢ € C and

N . . ) Zﬁzo/\(a,k)qkl%\ T
Example 2.11. If (1) € [1,00)", then the function @(f) =inf{x >0:) o =L <1

P

is a Luxemburg norm on E; ,

norm.

(q, 7). Therefore, the function @(f) is a norm, quasi norm, and pre-quasi

Theorem 2.12 ([6]). The space P, is a pre-quasi normed ssfps whenever it is a pre-modular ssfps.

Definition 2.13.
(i) If 85(Q) :=sup {(p(f— g): f,ge Q} < 00, then Q C (E;’;\,(q,ﬂ) is called @-bounded.
(@)

(q,7) satisfies the Fatou property, if for every {gp} ; C (Eﬁlv(q, T)) so
(@)

that limy, .o @(gp —g) =0 and every f € (E¥ (q,7)) , one has ¢(f —g) < sup.inf,s, @(f—gp).
P P y , 0 Py INTp> P

P

(i) A pre-quasinorm @ onkE; ,

(iii) Consider By, (h,¢) == {t € (Eﬁ/v(q,T)> ph—1t) < s} for the -ball of radius ¢ > 0 and center h,
©

for every h € (Elﬂi,\,(q,’f» o

Let I and D be the spaces of all increasing and decreasing sequences of real numbers, respectively.
Presume I is the space for all increasing positive reals sequences.

A=

__\ Ta
Theorem 2.14. (Eﬁlv(q,1)> , where @(f) = [ZOO <Z“°A(a’k]qk|fk|> } , forall f € EY (q,7), is a
%)

a=0 (u+v)a w,v

pre-modular (ssfps), if the followings are satisfied:

(bl) u+v>1;
(b2) (Tp)pen € oo NIT;
(b3) (Ala,k)qk)rey € Dor, (Ala, K)qx)r_o € INLs and there exists C > 1 such that

Ala,2k +1)qak+1 < CA(a, k) qk-

Proof.
(i) Evidently, @(f) =0« f =9 and ¢(f) > 0.
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(1-) If f,g € EX ,(q,T), then (f+ g)(y) = X2 o(fy + gv)y” € C so that

o(f+g) = Z <Zk oA(ii)vq)klfkﬂLgkl) ]

La=0

[ & Zk oAla, k)C|k|fk|
S Z( (u+v)a )

4

a=0

D w—oAla, kK)qilgxl
(u+v)a

) ] — o(f)+ o(g) < oo,

sof+ge€ Euv(q, T).
(iii) There are P > 1 so that ¢ (f+ g) < P(@(f) + ¢(g)), for every f,g € EJ ,(q,7).
(1-ii) Let « € C and f € E, ,(q,T), then

olaf) = [Z <Zk°f¥it;fk|“fk|> ]

a=0

< suplal* [Z (Zk—O(ﬁf'v'ﬂqk'fk'> ] < Qlod(f) < o0

a=0

Since of € Eﬁ,v(q,ﬂ, from parts (1-i) and (1-ii), then Eﬁ,v(q T) is linear. Obv1ously, ) e ET v(q,7), for
o 1
()

Ta X
Yo Alak)qi|ey A Ta1t
every p € N, as (p(e(p)) = !ZZOO ( (u+v)e ) ] - [ZZO:P ( ((Ltl—;—ri)))ip> ] < 00.

(i) One has Q = max {1,sup Ial%_l} 1 so that @(af) < Qlaf@(f), for every f € Euv(q, T) and « € C.

(2) If [fol <Igal, for every a € Nand g € Euv(q, 1), then

olf) = [Z (Zk_o(ﬁ(ilrv])(()l%“ﬂ) ] < [Z (Zpo(ifﬂ?l%@ﬂ) 1 — o(g) < oo,

a=0 a=0

sofe€EY,(q,1).
(iv) Clearly, from (2).
(3) Assume (fq) € E} ,(q,7) and (A(a,k)qx)%_y € D, then

= pE OAak)qk|f12<| e
olro) - £ (B

K

1
X T2a+1
+ Z (u+v)2a+1
a=0
%

D
]

I
l\’lg

T2a
Y 1 0Aak) qk|f 5] )

)2
aO( (uw+v)2a
_ i A(2a, %) qaalfal +2 5 ¢y Ala, k) qlfxl i 2y ¢ Il e
= (u+v)a (u+v)e
La=0 a=
< i 3 k 0A a, k)qk|fk| _|_ ZZk o|fk| 3](_’_2]()% (f)
= = (u+v)e = (W+v)e !

then (f[%]) S E? (q,
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1
(v) From (3), there exists Py = (3K + ZK) K >1.
(vi) Obviously, the closure of § = ELL v(q,7).
(vii) One gets 0 < 0 < sup,, ] ¥, for o £ 0 or o > 0, for o = 0 so that @(ae®) > ol (e®). O

Theorem 2.15. Let the settings of Theorem 2.14 be satisfied, then (Eﬁ/v(q,’t)> is a pre-quasi Banach (ssfps),
@)

1
— Ta
where @(h) = [Z?—o (Zko /(\Lfi’vk))aqklhkl) ] , for every h € EY, (g, 7).

Proof. The space (Elﬂi’v(q,T)> , given by Theorems 2.14 and 2.12, is a pre-quasi normed (ssfps). Presume
@)
ht = (hl )%, is a Cauchy sequence in (Eﬁlv(q,’r)) , then for all ¢ € (0,1), one has 1y € N. One obtains
(@)

for all |, m > 1; that
© (78 AlaKqnt R 1"
1 pmy _ k=0 / kT~ M '
@(h" —h™) E ( v ) <€

a=0
Therefore IP/L]T( — ﬂka\ < ¢. Fix k € N, then (@) is a Cauchy sequence in C. Then limy, IﬁkH — ]’/Lak| =0.
We get @(h! —h%) < ¢, for every 1 > 1;. Since @(h’) < @(h! —h%) + @(h!) < co. Hence h" € E?i,v(q,'t). O]
1

a e Tal K
Theorem 2.16. The function @ (f) = o [ ZimoAlak)qilfil verifies the Fatou property, whenever the
a=0 property,

(ut+v)a

settings of Theorem 2.14 are confirmed, for every f € EY, ,(q, 7).
Proof. 1f{gP} C (Euv(q, )) so that lim, .o, @(gP —g) = 0. As (Eﬁlv(q,1)> is a pre-quasi closed space,
®
we have g € <Eu,v(q/T)> .Forall f € <E$N(q,’t)> , then
@)

x\w

o(f—g) = i (Zk _oAla, k)qk|fk—9k>

(u+v)a

Y k—oAla, k)Qk|fk—9k|
S ;( (u+v)a > ]

<sup inf @(f—gP).

m p=m

\.a
A=

— (X OAak)qk|gk gl -
Z( (u+v)e > ]

a=0

O

.\ Ta
Theorem 2.17. The function ¢(f) = Y %, (Zko éff;}k))aqkfk> does not verify the Fatou property, for all
f € B} ,(q,7), when the settings of Theorem 2.14 are confirmed with sup , tq > 1.

Proof. Suppose {gP} C (Euv(q, )) with limy, o @(gP —g) = 0. As (E?i/v(q,'r)) is a pre-quasi closed

(0]
space, we obtain g € ( uN(q,*c)) . For all f € (Eiv(q,”c)> , then
@ @
> (59 A(aK)qulf—grl)
o(f—g) = Z (Zk_o (a,k)qilfk — gk

= (u+v)a

(S (T Al —atl) & (XAl Kagl —arl )
s 2 (Z < (u+wv)a ) +Z ( (u+wv)a

a=0 a=0

<2k sup mf o(f—gP).

m p=m
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O

We'll use that ¢(g) = { (Zk OAuivk))qklgk') } for all g € EJ ,(q,7), in the next part of this

section. By S(P,) and B( o), we indicate the unit sphere and the unit ball of P, respectively.

Definition 2.18 ([12]). A function ¢ € 0y, if for all ¢ > 0 we have k > 2 and a > 0 so that
©(2g) < ko(g) + ¢ for each g € Py, and ¢(g) < a.

Suppose @ € &y, for all a > 0 so that k > 2 depending on a, then ¢ € 55.

Theorem 2.19 ([12]). Assume ¢ € 85, then for all L > 0 and ¢ > 0 one has & > 0 with |[p(h+1t) — @(h)| < ¢,
h,t € Pn, with o(h) < Land ¢(t) < 0.

Theorem 2.20. Presume the settings of Theorem 2.14 are verified, then for all ¢ > 0 and L > 0 one has & > 0 with
lp(h+1t)— @(h)| < ¢, forall ht € <Euv(q, )) 5o that @(h) < Land o(t) < 6.
@)

Proof. In view of Theorems 2.14 and 2.19, we have ¢ € 05. O

Definition 2.21 ([28]). The function ¢ is strictly convex, (SC), when for all h,t € P, with @(h) = @(t)
and ¢ (3t) = % then h = t.

Definition 2.22 ([22]). A sequence {gp} C P, is said to be e-separated for some ¢ > 0, if
sep(gp) =inflo(gp —gi) :p At} > &

Definition 2.23 ([22]). A Banach space P, is said to be k-nearly uniformly convex (k-NUC), for an integer
k > 2, if for all e > 0 one has 6 € (0,1) so that for all sequences {g,} C B(P,), with sep(gp) > ¢, there are
P1,P2,P3, ---, Pk € N. So that

$<9P1+9P2+9]:3+"'+9Pk> <1-28.

Recall that k-NUC implies reflexivity.

Theorem 2.24. If the settings of Theorem 2.14 are confirmed so that T9 > 1, then (E?ilv(q,'c)) is k-NUC, for
every integer k > 2. v

Proof. Suppose ¢ € (0,1) and {f,} C B ((Ez/v(q,’t)) ), where fn(y) =Y {7, f ( )yt so that sep(fy) > e.
(0]

For every m € N, assume ' (y) = Y {7, @yi, where (@) .= (O, 0,0,...,1%1/(\n1),fn(m+ 1),...).
1=
Since for every i € N, (fn(i)) . € {x. By the diagonal method, we have (fy;) of (fn) with (fnj (i))
n=

converges for every i € N, 0 < i < m. One has an increasing sequence of positive integers (t,) so that
sep ( (f}{‘j ) j>tm) e. Therefore, one has a sequence of positive integers (vin )5 _, under vop < v <vp < -
with c

e () > 5 (2.1)
for all m € N. Fix k > 2, assume ¢ = (%) (7) by Theorem 2.20 there exists & > 0 so that

9" (f+9) — @ (F)] < &1 (2.2)

(%
Presume @X(f) < 1 and ¢¥(g) < 8. Since *(fy) < 1, for every n € N, one obtains positive integers
mi(i =0,1,2,...,k—2)sothat mp < m; < My < --- < my_o and X (f M) < 6. Suppose my_1 =
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mg_2 + 1. By inequality (2.1), one gets (p(fl,ffk) > 5. Assume p; =1ifor0 <i

By inequalities (2.1), (2.2), and Jn (u) = [u|™ is convex for every n € N, then

K (fpo+fp1+fpz+“'+fpk1>

k
—_ —_— —_— Tn
. fo ()4 Fp, (1)4-+f (1)
i i Ami)gs v (1 plmk LS
= n
= (u+v)
Tn

4 —
mp—1 Z{L:OA(n,i)qi Po( )+ Pl( D)oot - 1( )

<k—-2and px_1 =vm,_,-

k
B n
n=0 (u+v)
f/(\i)Jrf/-\(i)Jr...Jrf/\(i) Tn
> Z{L:o/\(n,i)qi LU Pl 4 Pr_1
" (u+v)™
n=mg
o - z
. fo () 4+Fp, (i) F .
my—1 Z{L:OA(nll)qi po (1) + pl(l)k e (V)
n
n=0 (u+v)
4 Dt I\ ™
0 Y ioAMm,i)g [ P2 Pr-1
£
" Z (w4+v)n + €1
n=mg
J— o .
o () | o Dy (et (1)
ml_llkzl T oAM ) |f (1)‘ et St oAM, gy [ (1) e
3 +
n
n=0 k j=0 (u4v)n et ey
O Dt I\ ™
o0 ZIL:O A(Tl,l)ql P1 P2 " Prk—1
£
’ Z (w4 v)m + &
n=msy;
Tn

Foy (D4 Fpy (D4 Ty (1)

—_— TT\. n .
_ miztg R (3 o Al Vg | (i)‘ ) “‘221 2 i Al 1)gi 3
—k = (w4v)m S (w+v)n
T . _ Tn
o [ ZiogAli)g: fp2(1)+fp3(l)1<+m+fpkflm
2
- Z (w+v)n tea
n=ms;
/\. Tn n . /\. Tn
ml_l 1 kzl oA, )qq |f -(1)‘ . "‘221 1"21 S oA, )i |fp, (1)’
k (utv)n — K (wrvn
— Tn .
mat el (3 A, g T, () mkzl . kzl T oA, Da: [, (7]
+ = I -
n—m, k j—2 (U+V)n el k Saral (quv)“
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— Tn
. fp (1)
Z?:O A(nll)qi kal

(u+v)n

_|_

+(k—1)g

o
n=miy

= k k

n=

— Tn
< hK(fPo + fpl + fpz +-o-t fpk_z) + 1 Mt Z?:O Aln, 1)qi ka(l)‘

Tn

o [ LiioAM g
Sy L +(k=1ey

n=my

o (1)
k

-
_|_

=1

M

(u+v)n

1 1 © [¥igAMi)g; @‘ "
St (1nZ ( (w+v)n

o (T Am g @)\
- ( ° i ) +(k—1)e;

(u+v)n
Z?:O A(n,1)qi @‘ o
(w+v)n

kTl —1 kT~ —1
<1 temne - (K1) o () e

k—1 1™ YT oAM)a;
(u+v)n

@)Tn+ Lo (Z?OA(n,i)qi @))Tnﬂk .
1 ey

ko1 &

kTo kTo

Hence (E?j/v(q,r)) , i kNUC. 0

By fixing () a nonempty ¢-closed, @-bounded, and @-convex subset of (Eﬁ,v(q,’t)) we have the

following. ¢

Definition 2.25. The space P satisfies the property (R), if and only if, for each decreasing sequence
{Qj}jen of @-closed and ¢-convex nonempty subsets of P, so that sup; . R (f, Qj) < 0o, where R, (f, Q) =

inf {(p(f— g:ge Q}, for some f € P, we have ;e Q; # 0.

Theorem 2.26. Presume the settings of Theorem 2.14 are confirmed so that Ty > 1, then
(i) iffe (Elﬂilv(q,T)) . so that R, (f, Q) < oo, one gets a unique A € Q with K, (f, Q) = @(f —A);
(ii) (Eﬁlv(q,1)> . verifies the property (R).

Proof. For (i), if f ¢ QO as Q is @-closed, then C := R, (f, Q) > 0. Therefore, for every i € N, we have
gi € Q so that o(f—g;) < C(1+ %). Assume {%} is not @-Cauchy. We have a {%} and 1y > 0 so that

@ (Em59m0) > 1, for all i > > 0. As

max (¢ (f— gm 1)), @(f— 9m(j))) <C <1+ ml(])>
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Im(i) — 9m(j) Lo 1
—— 2> (1+—=,
@< 2 > ° 2<+mm

foralli>j > 0. As (Ta)aen € oo NIT so that Ty > 1, hence the function Vy, (u) = [u|™ is strictly convex,

and

for every n € N. So the space (Eu oa,T )) is strictly convex, then
(0]

(p(fgm(” 9‘“(”) <C<1+1‘ >
2 m(j)

C = Relf,Q) <c<1+ml().)>,

for every j € N. Let j — oo, then there is a contradiction. Hence {4} is ¢-Cauchy. Since ( EY (q,T )) is
[}

So

@-complete, so {3t} p-converges to some g. For every j € N, we obtain {gl+g’} @-converges to g + 5 9 As
Q is @-closed and @-convex, so g + g’ €. Asg+ g] @-converges to 2g, then 2g € Q). By Theorem 2.16
and if A = 2g, as ¢ satisfies the Fatou property, then

Ro(f, Q) < o(f—7) < sgp;r/lfcp( (9+3))

< sup inf sup inf ¢ < gp-l-gj>

izt ¢ op2t 2

1
< 5sup in inf sup i mf [@(f—gp) + @(f — gj)] = Rel(f, Q).
i P2l g

Hence @(f —A) = R (f, Q). As ¢ is (SC), we have the uniqueness of A. To prove (ii), if f ¢ Q;,, for some
ip € N, as (Re(f, Q1))icn € o is increasing, let lim;_,,, R (f, Qi) = C. If C > 0. Otherwise f € Q;, for
every i € N. By part (i), one has one point g; € Q; so that R, (f, Qi) = @(f —gi), for all i € N. Obviously,

{%} @-converges to some g € (Eﬁ/v(q,ﬂ) . Since {Q;} are @-convex, decreasing and ¢-closed, then
2g € NienQ;i. ¢ O

Definition 2.27 ([35]). Presume P, is a Banach space, then

WCS(Pg) i= inf {A(fn]) : {FJieg © S(Pe), Allfn)) = Axl{fn}), fn 2 0},

where
A({fn}) — hm sup{(P(fa - fb) : G.,b 2 Tl, a 7& b}

n—oo

and
Ar1({fn}) = liminf{o(fa —fp): a,b>mn,a 7 b}.

Definition 2.28. P, verifies the @-normal structure-property, if and only if, for every Q C P, is not
decreased to one point, then h € Q such that sup, ., @(h—1) < 5,(Q) :=sup {(p(h—t) th,te Q} < 0.

Theorem 2.29 ([11]). A reflexive Banach space P, so that WCS(P ) > 1 satisfies the normal structure-property.

Theorem 2.30. Presumr the settings of Theorem 2.14 are confirmed so that Tg > 1, then (Eﬁlv(q, T)) verifies the
@)
@-normal structure-property.
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Proof. Assume {fn,} C S ((EUD (q,T)) ) is an asymptotic equidistant sequence so that f, —» 0 and
@ —_ .

e > 0. If vg = fy, we have iy € N so that ¢ (Zl Y i)e“)> < ¢. Since f, — 0 coordinate-wise,

there exists n; € N with ¢ (Z”’ 011‘:\(1)em> < e. Forn > ny, let vi = f,,, one has i; > ip with

@ (Zci’o:il \Z(T)d”) < €. Since f,,(i) — 0 coordinate-wise, one has n, € N with ¢ (Z“:ol f:\(l)em> < e
For n > ny, by induction, we have a subsequence {v,,} of {f,,} so that

[eS) in—1
© (Z vn(i)em) <e¢ and @ <Z vnH(i)em) < €.

i=in i=0

Put zn, = Z?ifj,l \Z(\i)em forn=1,2,3,.... Hence

S in1—1 S
12z =09 (Z\Z(\i)e(” — Y eV -y v:\(i)e“))
i=0 i=0 i
© in_1—1 . o
¢ (Zvn(i)e(”) —¢ ( > vn(i)e(”) —0 (Z vn(i)e“)) >1—2¢.
i=0 .

i=1

For every n, m € N with n # m, one has

0 (n—vm) = 0 (i@em _ i@em)

i=0 i=0

in—1 im—1 in_1—1 /\
> | Y va@e™— 3 (e | @ | > vali)e!

i=141 i=im 1 i=0

0 ipo1—1 00
o ( 5 Aw) o ( 5 mem) o ( 5 mem)
i=in 1=0 i=im

Therefore, A({fn}) = A({vn}) = A({zn}) —4e. Put A, = =

n
llznll”

forn=1,2,3,... Hence

?\n65<<E 7, ) ) A({fn)) = 1— eA((An}) — 4. (2.3)

On the other hand ¢ (viy —vim) < @ (zn —zm) +4e < @ (An —Am) +4¢, for all n,m € N with n # m.
Then

A({{An}) = A({fn}) —4e. (2.4)
As € > 0, from (2.3) and (2.4), one has WCS (( Jq,T )) ) — inf{A({An})}, with
)
in—1

Z ?;(\'1)6(1) €S ((Eiv(q,ﬁc)> ) 0=i1<ig<- -, A = 0and {An}is asymptotic equidistant.
(@)

i=in

Fix m € N large enough so that } " ; ( b )Tk < ¢, where b := Z?Zfl A(k,1)qi I?\ (i)]. We obtain

(u+v)k i=in
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forn<m,
. i1 1 Kk N
@ (A —Am) = k_ian (WéA(kzl)qi Anh)))
00 1 k /\ Tk
+ > (W <b+ZA(k,i)qi ?\m(i)‘)>
k=im_1 i=
imo1—1 Tk Tk
/kZ <u+kaAk1q1A()’> + Z <u+kaAk1ql ()‘)
-5 (b Sakvalmi)) - 5 (b))
G (w+v)k — A B = (w+v)k
+kIZml<u+kaAk1qlmD >1—e4+1=2—g¢,

that is An ({An}) = (2 — ¢)¥. Recall that

1

m))Tk] K

- b Tk ¥ 0 1 3 .
gLiZ <(u—|—v)k) ] +Liz <(u+v)k;)/1\(k,1)qi

(%] k
{ > (m_lv)k <b+ZA(kfi)qi
i=0

k=im_1

Tk %
mD ] <£%—|—1.

Hence
O (An —Am)
imo1—1 1 k . Tk 00 1 k . Tk
e <(u+v)k 3 Al e AmmD »a <(u+v)k (b+;)A(k,m)qi AmmD)
i 1 iA(kl) A ()] Tk+ i 1 b+iA(ki) )] :
S o (u—l—v)k par qi [Am A (u+v)k s 141 |Am

1
withn,me Nand n #Zm. So A,({An}) < (1+(1+ s%)K * and, as this is true for every ¢ > 0, one gets
y g

WCS ((Eﬁlv(q, T)) ) =2k, According to Theorems 2.24 and 2.29, hence the function space (E?i,v(q, T))
has the @-normal sgucture—property.

3. Kannan contraction operator

We have presented in this section the space (Euv(q, )> with different ¢ so that one has a unique

fixed point of Kannan contraction operator. We also explain some illustrative examples to clarify our
results.

Definition 3.1. A mapping V : P, — P, is said to be a Kannan @-contraction, when one has « € [0, 1)
with @(Vf—Vg) < a(@(Vf—f)+ @(Vg—g)), for all f,g € P,. The mapping V is said to be Kannan
@-non-expansive, if o« = % An element f € P, is said to be a fixed point of V, when V(f) = f.
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Theorem 3.2. Suppose the settings of Theorem 2.14 are verified, and V : (Eﬁ,v( q,T)> . — (Exﬂi,v( q,ﬂ) o is

— Ta
Kannan @-contraction mapping, where @(f) = {ZZOO <Zk—° ﬁl(ff))aqklfkl) } , for all f € Euv(q, T), then V

has a unique fixed point.

Proof. Assume f € Euv(q, T), we have VPf € Eﬁlv(q,'c). Since V is a Kannan ¢-contraction mapping, one
obtains

eV — V) < a (@ (VI — Vi) + @(VH = VITlf)) =

2 L
PV = Vi) < 7 T _p(Vi—ViE) < (1j‘a> PV — VT2 <o < <1i‘a> Q(VF—1).

Hence for every I, m € N with m > 1, we have

-1 m—1
e(VH = V™) <o (@(VH = V) + (VM — V™)) < ((“ ) + <°‘ ) ) Q(Vf—1).

11—« 11—«

Hence {V'f} is a Cauchy sequence in (Eﬁlv(q,'c)) . Since the space (Eﬁrv(q,T)> is pre-quasi Banach
@ @

space, then g € (Euv(q, )) so that lim_,,, V'f = g. To show that Vg = g, as ¢ verifies the Fatou
property, we get ¢

!
e(Vg—g) < supmf(p(Vle Vi) < supg{ (1()() e(VF—1) =0,

hence Vg = g. Therefore, g is a fixed point of V. To prove the uniqueness, suppose f, g € (E?i/v(q,'r))
are fixed points of V with f # g, then i

¢(f—g) < @(Vf—Vg) < a(o(VF—1f)+9(Vg—g)) =0.
Hence f = g. O

Corollary 3.3. Presume the settings of Theorem 2.14 are established and V : (Eﬁ/v(q,’r)) — (Eﬁ,v(q,”c)> is
® @

1

a=0 (ut+v)e

a . Tal K
Kannan -contraction mapping, where @(f) = [Z‘X’ <Zk°A(a’k)q“f“> ] , for every f € Euv(q, T), then
V has unique fixed point g with @(V'f — g) < « (L)l_l o(Vf—1).

1—x

Proof. By Theorem 3.2, we have a unique fixed point g of V. Hence

1-1
e(Vif—g) = o(Vif—Vg) < a (@(VH =V ) + (Vg —g)) = <1f(x> @(Vf—1).

O
2k+3 7 1 \® 2k+3
) ) — By ((A(a,k))k 0’ (355) o) where

(
\/zao Z;fv‘gk') forall g € E2, ((xhm) .y ()i and

g
Vig) = {fi p(g) € [(1),1),
g .

Example 3.4. Consider V : EJ (( ) ’
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Forall g1, 9> € Ef, <<ﬁ)k:0 , (%)?:o) . so that @(g1), ©(g2) € [0,1), we obtain

1 3 3
0V —Vax) = (=) < = (0 + o)) = 5 (0(Var 1) + 0V — ) ).

For every g1,9, € EY, ((A(é,k)) , (%)f:() . so that ¢(g1), @(g2) € [1,00), we get

g1 92 1 49 49, 1
©(Vg1 —Vg) @(5 5) m(cp( G )+ @ G )) 464(<p( g1—9g1) +o(Vg gz))
For every g1,9, € EY, ((A(}l/k))k o (7215:23))?:0) so that @(g1) € [0,1) and ¢(g2) € [1,00), one has
= @
g1 92 1 391 1 49,
—Vgo) = (2 - 92y ¢ 291 292
o(Ver —Ver) = o — L) < gl + o)
1 391 49, 1
< _— e = — — .

So V is Kannan ¢-contraction. Since ¢ verifies the Fatou property, by Theorem 3.2, we have V satisfies a
o0
unique fixed point 9 € EY, | ((7}\(21,]() ) o  (32)_ 0)

Definition 3.5. Assume P, is a pre-quasi normed (ssfps), V: P, — Py, and g € P,. The mapping V is
called @-sequentially continuous at g, if and only if, when lim, o @(f, —g) = 0, then lim, .o @(Vf, —
Vg) =0.

00 a |~ %—H
Example 3.6. Consider V : EJ, ((ﬁ)k . (%)fi(ﬁ , where @(g) = Y% (Zk:o|9§|> 55 for all
' = =V

(utv)
P 1 o k+1
g€y ((W)k:o (F5) e o) and

%(1+49), Goel0 ),
V(g) = %/ Si) = 117/
= go € (15, 11.

(e ¢]
Evidently, V is ¢-sequentially continuous and discontinuous at 7 € (Eﬁ,v ((ﬁk)) o’ (fk—%):):o) )

Example 3.7. If V is defined as in Example 3.4, presume {g(™} C Eﬁ/v ((ﬁ’k))jio (zll(:;)k 0) is so

that limn 0 9(g™) — g(¥) = 0, where g(® € EY | ((m)k—o' (%)?:0 with ¢(g'®) = 1. Since
the pre-quasi norm ¢ is continuous, one gets ?
(n) (0) (0)
: M) _vg®y = [ 9 _L>: (L)
Jim @(Vg™ —Vvg®) = tim (-~ %) =n(%) >0

Hence V is not @-sequentially continuous at g(*)

Theorem 3.8. Presume the settings of Theorem 2.14 are established under v > 1, and V : (Eﬁrv(q,’c)> —
®

(ELv(a ) where o(f) = T3 (Z“ fh(f’vk)lq“'f“'> forall f € €2 (q,7). If

(1) V is Kannan @-contraction mapping;

(2) Vis @-sequentially continuous at g € (Elﬂi,v( q,T)> ;
®
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(3) one has f € (Eﬁ/v(q,'r)) with {V'f} has {VYf} converging to g,
[0)
then g € <Eﬁlv(q,’r)) is the only fixed point of V
0]
Proof. Let g be not a fixed point of V, we have Vg # g. By settings (2) and (3), then

lim @(VYf—g)=0 and lim (VYT —Vg)=0.

Since V is Kannan ¢@-contraction, we have

0<@(Vg—g) =@ ((Vg—Vhit) + (VHf—g) + (VI —Vb1))

-1
< n2sup; 11—2@ (Vli“f—Vg) +225upi Ti—2(p (Vljf_ g) - Dsup; Ti—lcx <1 i‘ ) (p(Vf—f).

By letting 1; — oo, one has a contradiction. So g is a fixed point of V. To prove the uniqueness, assume
g fe (Eﬁlv(q,'ro are fixed points of V with g # f, then
0]

e(g—1f) < @(Vg—Vf) <ax(@(Vg—g)+o(Vf—f)) =0.

Therefore, g = f. O

2a+3

a e a+2
Example 3.9. Consider V is defined as in Example 3.4. Suppose ¢(f) = > o, <Z(L‘i+°\}|;c§|> , for ev-

P 1\ (2k43\® P 1 \® [ ok43\©
ery f € ], ((W)k:o’ (kij—rz)k:o) As for every f,f, € E, ((m>k:0, (—ka )k:())@ so that
©(f1), ©(f2) € [0,1), we obtain

Vi Vi) = ot~ 2) < (o5 + 0 02)) =

1 4) S Um @ (@(Vfl —f1) +(P(Vf2—f2)>-

2
V27
o
For every f1,f, € Ef |, ((ﬁ)k Wy (%)ffo) so that @(f1), @(f2) € [1,00), we have
) k= /e

4n,

2)) = 3 (o(vhi— 1)+ 0(Vi— 1)),

_ — = _ A<
@(Vf; — Vf,) @(5 ) < 1

(0(55h) + o

For each f1,f, € EJ, ((A(é’k))jzo, (%):;O)(P so that @(f1) € [0,1) and ¢(f2) € [1,00), we obtain

OIVi = Vi) = 0l = 2) < —— o)+ o)
2 3f1 4f; 2
< (0 o) = = (eVh— )+ o(Vi— ).

= ef) elon),
=, ©(f) €[1,00).

)?—0) and {VPf} verifies {VYif} converges to 9. From Theorem
e

Hence V is Kannan ¢-contraction and VP (f) = { Evidently, V is @-sequentially con-

, (2k+3

o
tinuous at ¥ € EJ ((ﬁ) Zutd

k=0

3.8, the point 9 € EY, ((ﬁ) f:o , (%)f:o) . is the unique fixed point of V.
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4. Kannan non-expansive mapping on (Eﬁ,‘,( q, 't))

1

a . Tal K
We give the sufficient settings of (Eiv(q,’c)) o where ¢(f) = [Z‘f_o <Zk=0 fh(jﬁl%&) ] , for

P

u,v

every f € E; (g, T), such that the Kannan non-expansive mapping on it has a fixed point.

Lemma 4.1. Assume (Eﬁlv(q,'r)) satisfies the (R) property and the @-quasi-normal property. If V: QO — Q is
[0
a Kannan @-non-expansive mapping, suppose Gy = {f €eQ:p(f—V(f)) < t} # 0, so that t > 0. Take

0c = {Bo(.j): V(G) € By (p,i) } N0
Hence Q # (), @-convex, @-closed subset of Q, 5, (Q¢) < tand V(Qi) C Q¢ C Gt

Proof. As V(G¢) C Qy, hence Q¢ # (). Since the ¢-balls are @-convex and @-closed, then Q) is a ¢-closed
and @-convex subset of Q. To prove that Q¢ C Gy, if f € Q4, suppose @(f —V(f)) =0, we get f € G¢.
Else, let @(f — V(f)) > 0. Take

p =sup {(p(V(g) —V(f)) 1g € Gt}.
By the definition of p, we have V(G¢) C By, (V(f),p). Hence O C By, (V(f),p), then (p(f— V(f)) < p.
Assume 1 > 0. We have g € G so that p —1 < (p(V(g) —V(f)). Hence

(p(f—V(f)) 1<p-1< (p(V(g)—V(f)) < %((p(f—V(f)) +<p(g—V(g))) < %((p(f—V(f)) +t).

Since 1 is an arbitrary positive, then (p(f—V(f)) <t sof e Gy. As V(Gy) C Qy, we have V(Qy) C
V(G¢) C Qy, then Qy is V-invariant. To prove that 6, (Q¢) < t, since

o(ViN) - Vig) < 5 (o (- VD)) +o(s- V@),

for every f,g € Gy, let f € G¢. Hence V(G¢) C By (V(f),t). The definition of Q¢ implies that QO C
B, (V(f),t). Hence V(f) € mtth By, (g,t). We have (p(g —f) < t, forevery g,f € O, 500, (Q¢) <t. O

Theorem 4.2. Presume (Eﬁ/v(q,fc)> verifies the @-quasi-normal property and the (R) property. Assume V :
Q — Q is a Kannan @-non-expansive (%mpping. Then, V has a fixed point.

Proof. Take tp = inf {(p(f — V(f)) :f € Q} and t, = to+ %, for every p > 1. From the definition of
to, we have G, = {f e Q: (p(f—V(f)) < tp} # 0, forallp > 1. If Qy, is defined as in Lemma 4.1.
Obviously, {Q¢,} is a decreasing sequence of nonempty @-bounded, ¢-closed, and ¢-convex subsets of
Q. The property (R) explains that Q. = ﬂp>1 Qy, # (). Presume f € Q,, we have ¢ (f — V(f)) < tp, for
every p > 1. Assume p — oo, then (p(f—V(f)) < to, hence (p(f—V(f)) = t9. So G¢, # 0. Then to = 0.
Else, tgp > 0, then V fails to have a fixed point. Suppose Q, is defined in Lemma 4.1. Since V fails to have

a fixed point and Qy, is V-invariant, then (), has more than one point, hence 6, (Q¢,) > 0. According to
the @-quasi-normal property, we get f € (¢, so that

(p(f— g) <8¢ (Q4y) < to,



E. A. E. Mohamed, A. A. Bakery, ]. Math. Computer Sci., 35 (2024), 270-290 286

for every g € Q,. By Lemma 4.1, one has Q, C Gy,. By definition of Q,, hence V(f) € Gy, C Qy4,. So

o(r=VN) < 85(0) <to,

this contradicts the definition of ty. Hence ty = 0, which implies that any point in Gy, is a fixed point of
V. O

By Theorems 2.26, 2.30, and 4.2, we have the following.

Corollary 4.3. Presume the settings of Theorem 2.14 are established under Ty > 1, and V : Q — Q is a Kannan
@-non-expansive, then V has a fixed point in O C (Eﬁ/v(q,T))
(@)

oo e,
L @(f) €ll,00),

1 2k +3\% ~ o~
Q= fekE] N fo=f1=0
{ © u'v<<A(a/k)>k—0 <k+2)k—o>¢, o }

2a+3
Yiolful 7 1\ (2k43)\® .
and o(f \/Za 0 l‘ifv 5 > ,forall f € Ej ((m)kzo , (W)k:0> K By using Example 3.4,
V is Kannan ¢-contraction. Therefore, it is Kannan @-non-expansive. From Corollary 4.3, V has a fixed
point ¥ in Q.

Example 4.4. Consider V: Q — Q and V(f) = { where

5. Existence of solutions of Volterra-type summable equations

We have investigated a solution in (Eﬁ,v (q, T)) to Volterra-type summable equations as (5.1), defined
@)

1
a - Ta] X
in [30], where the settings of Theorem 2.14 are established and ¢(f) = [Z?—o (Zko (Au(_(:;%)aqkﬁkl) ] )

for every f € (Eﬁ,\, (q, T)) . Take the summable equation
@)

fo=Pa+ )_Bla,m)g(m,fp). (5.1)

Presume W : (Eﬁlv(q,’c)) . — (Eﬁrv(q,’c)> . is defined as:

W)(z) =) (Pa+ ) Bla,mlg(m,fn))z®. (5.2)
a=0 m=0
Theorem 5.1. The summable equation (5.1) has a unique solution in ( W(q, )) when B : N> = R, g :
(p

NxC—-Cp:N—=>Cn:N—=C, zfonehas?\ei)%sothatsupal?\lk € [0, 3) and for every a € N, one has

> (Z B(k, m)[g(m, fn) —g(m,nAm)]> Ala, k)qx

k=0 \meN
a o.¢]
<D (p/l\<_fk+ > B(k,m)g(m,fm)> Ala, k) qx
k=0 m=0
a o0
+IN D (ﬁ—ﬁ+ > B(k,m)g(m,nAm)> Ala, k)qr
k=0 m=0
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Proof. Suppose the mapping W : (Eﬁlv(q,’r)> — (Eﬁlv(q,T)) is defined by equation (5.2). So
® @

o (1Yt (Zmexn Bk, m)g(m, fin) — g(m,mm)l) Ala, k)q Bk
e(Wf—Wn) = {Z ( - O< = (u+v)e ) k‘> ]

a=0

A=

0 (P fict oo Blomg(m, fm) ) Ala,Kaw| | ]
(u4v)e

< sup[A[¥ {Z
a

a=0

A=

+ su ks
ap\ | (u+v)e

a:O J

[i e (P —Te+ X2 B(k, m)g(m,@m(a,k)qu)“'
(

= sup AI% (@(WFf—f) + @(Wn—n)).
a

O
From Theorem 3.2, one has a unique solution of equation (5.1) in (EjD )
2113

E 1 5 2. T k E 1 2k+3 h ; 0 lszl‘ . f

Xampie ake v mko(k"‘Z)ko lwere(P ZLO (u+v)t , tor
every f € (Eiv ((W) (Zk+ ) )) Presume the Volterra-type summable equation
o o
fa—e Caton y eorm__Ja2 53)
m=0 fg 1 + m2 + 1

so thati2=—1,b,d, f/—\z,f/—\l > 0 and if

e (1 YT (3 2 (o) (22)
W-(Eu,v<<(k+1)A(llk)>k_0’(k+2)k_0>>(p_>(Eulv(<(k+1)A(L/k)>k—0,<k+2>k—0>>(p,

is defined by
_ = —(3a+61) - fb —2 a
WH)z)=) (e D e E (5.4)
a=0 m=0 fd 1 + m?2 +1

One has A € " such that sup I?\IM+4 e [0, ) and for every a € N, we obtain

Z (Z el —— s (emem)> Ala, k)qx

k=0 \ m=0 ﬂ1+m2+1

a [e'9) f\
<A Z ( (Bk+6i) _ Z kZ) Ala, k)qx

=0 fg L +m2+1
a 00 ﬂ/\
Y Z —(3k+6i) _ Z m_ M2 ) Arqk)qe
k=0 m=0 T]k 1+m2+1

From Theorem 5.1, the Volterra-type summable equations (5.3) have a unique solution in

E? 1 o0 (2k+3)°°
wv \\ AR )y o/ k2 )=o) ),
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Example 5.3. Consider the Volterra-type summable equation (5.4) and W : QO — Q is defined as equation
_ * (2k+3 S —
G4), where 0 = {f ¢ (€L, ((remimm),_, () 0)) i fo = fi = 0} and o(n =

1 [fz] \ T+2 (o)
\/ > 0 fl Fepie ) , forevery f € (Eﬁ,\, ((W) o (B o 0)) . Obviously, Q is a nonempty

@-bounded, @-convex, and @-closed subset of ( Wy ((W)j o (2k+3 )k 0)) . From Example
’ P

K+2
5.2, W is Kannan @-contraction, therefore, it is Kannan ¢-non-expansive. In view of Corollary 4.3, W has
a fixed point in Q.

Theorem 5.4. Presume the summable equation (5.1), and if W : (Eﬁlv( q,*r)) — (Eﬁrv(q,ﬂc)> is defined by
@ @

__\ Ta
(5.2), where the settings of Theorem 2.14 are confirmed so that Tty > 1 and @(f) =Y 3, (Zko (Au(j;)k)zlqklfkl) )

forall f € €Y, (q,t). The summable equation (5.1) has a unique solution Z € (Eﬁ/v(q,'t)) , if the next settings
are established. i

(1) SupposeB:fN2—>9%,g:fN><C—>C,}3:N—>C,ﬁ:N—>C,oneha57\ei)‘iwichKflsupa\AlTﬂ € [0,%)
and for all a € N, then

> (Z B(k, m)[g(m, fm) —9(m,ﬁ;1n> Ala, k) g

k=0 \meN
<D ( —fi+ Z B(k,m)g(m, f )) Ala, k)qx
k=0 m=0
+IN D (p?—ﬂ+ > B(k,m)g(m,nAm)> Ala, k)qx
k=0 m=0

(2) W is @-sequentially continuous at t € (Eﬁ/v(q,’r))
(0]

(3) Thereis f € <Eﬁ,v (q, T)) with (W™f} having {W™if} converging to t.
@)

Proof. We have

‘Zﬁzo (ZmefN B(k, m)lg(m, frm) — Q(mfﬂAm)D A(a,k)qk‘ ) Ta

e(Wf—Wn) = -
C% ( (u+v)

— % —~ Ta
<2 Tsupe Y (Zko (P2t 2Bttt ) A(“rk)qk)

= (utv)a
+2K—1 sup |)\|Ta i <|Z]c<1—0 (ﬁi _ﬁi + Zﬁ:o B(kl m)g(m/n/;l)) A(Cl, k')qk|)ﬂt‘1
AP (Wrv)e

=25"Tsup A\[* ((WFf—f) + @(Wn—n)).

From Theorem 3.8, we obtain a unique solution t € (Eﬁ,v(q, T)) of equation (5.1). O
(@)

2143
L Ifz]

00 Ifzl 1+2
Example 5.5. Presume (Eﬁ/v ((m>k:0' (%)SZ(J)@’ where ¢(f) = Y 12, <Z(1zl+0vz)+ll> , for

(o¢]
every f € (Eiv ((m)kzo (215:23)]{ 0))@ Consider the summable equations (5.3),
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w (€D, ((m); (%)fzo))(p — (€L, ((m); (21%3)?:0))(9 defined by (5.4).

(0¢]
Suppose W is @-sequentially continuous at t € (Eiv «m)kw (2]l<:_r23)]< 0)) , and there is

fe (Efp ( ( m) . 0 (%fj; )k 0)) with {W™f} having {W™if} converging to t. Clearly, we have

A € R so that 2 Tsup Al W7 e o, 2 and for every a € N, we have

—

a 00 fb

Z ek/\L&m—em) Ala, k)qx

=0 \m—0 fg_;+m2+1
a 00 f\

|3 (e e 3 eem 2| A gq
k=0 m=0 fd +m2+1
= = -1
a 0 TI/-\
+|)\| Z —(3k+61) *le+ Z ek+mk——2 A(a,k)qk )

k=0 m=0 nd ;+m2+1

From Theorem 5.4, the summable equations (5.3) have a unique solution t & (Eﬁlv< ( m )oo
(2t3)> )) .

k+2/%x=0) ),
6. Conclusion

In this article, several topological and geometric structures in the new complex function space ELL v(aq,7)
are discussed. The nonlinear dynamical systems can be solved in a variety of ways. The variable exponent
we discovered in the space we just discussed has bolstered several well-known ideas.
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