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Abstract

This paper explores the topological and geometric characteristics of a novel complex function space. We do this by con-
structing a weighted binomial matrix within the Nakano space of absolute type. The fixed points of Kannan contraction and
non-expansive operators are associated with these structures. To solve Volterra-type summable equations, one can analyze
practical instances and their applications.
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1. Introduction

Summable equations come up in many situations in critical point theory for non-smooth energy func-
tionals, mathematical physics, control theory, bio-mathematics, difference variational inequalities, fuzzy
set theory [34], probability theory [14], and traffic problems, to mention but a few. In particular, Volterra-
type summable equations are known to be of great importance in investigating dynamical systems [1] and
stochastic processes [19, 23]. Some instances are in the fields of granular systems, sweeping processes,
oscillation problems, control problems, and decision-making problems [10]. The solution of summable
equations is contained in a certain sequence space. So there is a great interest in mathematics to construct
new sequence spaces, see [25]. Mursaleen and Noman [26] examined some new sequence spaces of non-
absolute type related to the spaces `p and `∞, and Mursaleen and Başar [24] constructed and investigated
the domain of C1 matrix in some spaces of double sequences. The Banach contraction principle (BCP) is
a noteworthy result from 1922 by the Polish mathematician Banach [8] that is fundamental to a theory
of metric fixed points. Banach’s work is well appreciated and has flexible repercussions in the theory of
fixed points. Since BCP’s initial work in this area in 1922, numerous other researchers have built upon
their findings. The nonlinear analysis places significant weight on the BCP, which is a potent instrument
for nonlinear analysis [9, 13, 29, 32, 33]. Kannan [21] showed one of the most important generalizations of
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the BCP. He showed a group of operators with the same fixed point actions as contractions, but this group
is not continuous. Once, in Reference [18], an attempt was made to explain Kannan operators in modular
vector spaces. That was the only attempt ever made. Bakery and Mohamed [5] researched the idea of a
pre-quasi norm on the Nakano sequence space with a variable exponent that fell somewhere in the range
(0, 1]. They talked about the settings that must be met to generate pre-quasi Banach and closed space
when it is endowed with a specified pre-quasi norm, as well as the Fatou property of various pre-quasi
norms. They also determined a fixed point for Kannan pre-quasi norm contraction operators, in addition
to the ideal of pre-quasi Banach operators derived from s-numbers in this sequence space. Both of these
ideals were established. In addition, several fixed point findings of Kannan non-expansive operators on
generalized Cesàro backward difference sequence space of a non-absolute type were discovered in [7].
Among the Kannan fixed point results, we refer the reader to Gaba et al. [17] and Aydi et al. [3]. By N,
R, and C, we will indicate the sets of non-negative integers, real and complex numbers, respectively. We
will describe the spaces of real and positive real sequences by RN and R+N, respectively. The binomial
formula is defined by

(u+ v)a =

a∑
k=0

[
a

k

]
ukva−k,

where u, v > 0, and
[
a
k

]
= a!
k!(a−k)! . Given that the proof of many fixed point theorems in a given space

requires either growing the space itself or expanding the self-mapping that acts on it, both of these options
are viable, we have constructed the space,

(
EPu,v(q, τ)

)
ϕ

, which is the domain of absolute type weighted

binomial matrix in Nakano complex functions space of formal power series
(
`P((τa))

)
, where the weighted

binomial matrix, Eu,v = ((λu,v)ak(q)), is defined as:

(λu,v)ak(q) =

{
A(a,k)qk
(u+v)a , 0 6 k 6 a,

0, k > a,

where qk ∈ (0,∞), for all k ∈ N and A(a,k) =
[
a
k

]
ukva−k. If τ = (τa) ∈ R+N, then the domain

of absolute type weighted binomial matrix in Nakano complex functions space of formal power series
is denoted by: EPu,v(q, τ) =

{
f ∈ CC : f(y) =

∑∞
v=0 f̂vy

v and ϕ(µf) < ∞ , for some µ > 0
}

, when

ϕ(f) =
∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa
. Please refer to [15, 16, 20, 31] for further information on formal

power series spaces and their associated behaviors.

Lemma 1.1 ([2]). If τp > 0 and yp, zp ∈ R, for every p ∈ N, then |yp + zp|
τp 6 2K−1(|yp|

τp + |zp|
τp), where

K = max{1, supp τp}.

In this article, we have constructed vast spaces of solutions to a variety of nonlinear summable and
difference equations. The following is an outline of the objectives of this research. In Section 2, we inves-
tigate sufficient setups of EPu,v(q, τ) equipped with the definite function ϕ to be pre-quasi Banach (ssfps).
We have examined some topological and geometric structures of EPu,v(q, τ), which are connected with the

fixed point property. In Section 3, we look at how to configure
(
EPu,v(q, τ)

)
ϕ

with different ϕ so that there
is only one fixed point of Kannan contraction mapping. We give some illustrative examples to clarify our
results. Specifically, in Section 4, we present the requirements of this function space with definite ϕ for
the Kannan non-expansive mapping to have a fixed point on it, and we do this by introducing it. In
Section 5, we discuss many applications of solutions to summable equations and illustrative examples of
our findings.

2. Structure of EPu,v(q,τ)

We have presented in this section some topological and geometric structures of EPu,v(q, τ), which are
connected with the fixed points of Kannan contraction mapping.
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Theorem 2.1. Suppose that (τb) ∈ R+N ∩ `∞, then

EPu,v(q, τ) =
{
g ∈ CC : g(z) =

∞∑
b=0

ĝbz
b and ϕ(ιg) <∞ , for every ι > 0

}
.

Proof. Evidently, as (τb) is a bounded sequence.

Suppose ϑ is the zero function of P and

F =
{
g ∈ CC : ∃k ∈ N with g(z) =

k∑
b=0

ĝbz
b
}

.

Definition 2.2 ([27]). A mapping h : P → [0,∞) is said to be modular, where P is a vector space, if the
followings are satisfied:

(a) if f ∈ P, then ϕ(f) > 0 and ϕ(f) = 0⇔ f = ϑ;
(b) assume f ∈ P and |η| = 1, then ϕ(ηf) = ϕ(f);
(c) suppose η ∈ [0, 1] and f,g ∈ P, then ϕ(ηf+ (1 − η)g) 6 ϕ(f) +ϕ(g).

Definition 2.3 ([4]). The space P =
{
f ∈ CC : f(y) =

∑∞
a=0 f̂ay

a
}

is said to be a special space of formal
power series (ssfps), if the followings are satisfied:

(1) if q ∈ P and |p̂b| 6 |q̂b|, so that b ∈ N, then p ∈ P;

(2) e(l) ∈ P, for every l ∈ N, so that e(l)(z) =
∑∞
b=0 ê

(l)
b z

b = zl;
(3) suppose f ∈ P, then f[.] ∈ P, where f[.](y) =

∑∞
b=0 f̂[b2 ]

yb and [b2 ] marks the integral part of b2 .

Definition 2.4 ([4]). The function h : P → [0,∞) is said to be pre-modular on P, if the followings are
satisfied:

(i) if f ∈ P, then ϕ(f) > 0 and ϕ(f) = 0⇔ f = ϑ;
(ii) assume g ∈ P and ε ∈ C, then Q > 1 with ϕ(εg) 6 |ε|Qϕ(g);

(iii) let f,g ∈ P, one has P > 1 such that ϕ(f+ g) 6 P(ϕ(f) +ϕ(g));
(iv) suppose |f̂b| 6 |ĝb|, for every b ∈ N, then ϕ(f) 6 ϕ(g);
(v) there is P0 > 1 with ϕ(f) 6 ϕ(f[.]) 6 P0ϕ(f);

(vi) the closure of F = Pϕ;
(vii) there is ξ > 0 so that ϕ(λe(0)) > ξ|λ|ϕ(e(0)), for every λ ∈ C.

The space Pϕ is called a pre-modular ssfps. When Pϕ is complete, then Pϕ is said to be a pre-modular
Banach ssfps. Pre-modular vector spaces are more general than modular vector spaces. Following is an
example of a pre-modular vector space and a modular vector space.

Example 2.5. The space EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

, where

ϕ(f) = inf
{
α > 0 :

∞∑
a=0

∑ak=0 |
f̂k
α |

(u+ v)a

 2a+3
a+2

6 1
}

.

Following is an example of pre-modular vector space, but not modular vector space.

Example 2.6. The space EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+4

)∞
k=0

)
ϕ

, where ϕ(f) =
∑∞
b=0

(∑b
k=0 |f̂k|

(u+v)b

) 2b+3
b+4

. Since for

all f,g ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+4

)∞
k=0

)
ϕ

, one has

ϕ

(
f+ g

2

)
=

∞∑
a=0

∑ak=0 |
f̂k+ĝk

2 |

(u+ v)a

 2a+3
a+4

6
2
4
√

8
(ϕ(f) +ϕ(g)).
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Definition 2.7 ([4]). A subspace Pϕ of the ssfps is said to be a pre-quasi normed ssfps whenever the
function h : P→ [0,∞) satisfies the parts (i), (ii), and (iii) of Definition 2.4.

Presume Pϕ is complete, then Pϕ is called a pre-quasi Banach ssfps.

Theorem 2.8 ([6]). Every quasi-normed ssfps is a pre-quasi-normed ssfps.

Example 2.9. The function ϕ(f) = d

√∑
a∈N

(∑a
k=0 |f̂k|

(u+v)a

)d
is a quasi norm on EPu,v

((
1

A(a,k)

)∞
k=0

, (d)∞k=0

)
,

for 0 < d < 1. But the function ϕ(f) is not a norm, since ϕ(f+ g) 6 2
1
d−1(ϕ(f) +ϕ(g)), for every ε ∈ C

and f, g ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(3k+2
k+1

)∞
k=0

)
.

Example 2.10. The function ϕ(f) =
∑
a∈N

(∑a
k=0 |f̂k|

(u+v)a

) 3a+2
a+1

is a pre-quasi norm on EPu,v

((
1

A(a,k)

)∞
k=0

,(3k+2
k+1

)∞
k=0

)
. But the function ϕ(f) is not a quasi norm, since ϕ(εf) 6= |ε|ϕ(f), for every ε ∈ C and

f ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(3k+2
k+1

)∞
k=0

)
.

Example 2.11. If (τa) ∈ [1,∞)N, then the function ϕ(f) = inf
{
α > 0 :

∑
a∈N

(∑a
k=0A(a,k)qk|

f̂k
α |

(u+v)a

)τa
6 1
}

is a Luxemburg norm on EPu,v(q, τ). Therefore, the function ϕ(f) is a norm, quasi norm, and pre-quasi
norm.

Theorem 2.12 ([6]). The space Pϕ is a pre-quasi normed ssfps whenever it is a pre-modular ssfps.

Definition 2.13.

(i) If δϕ(Ω) := sup
{
ϕ(f− g) : f,g ∈ Ω

}
<∞, then Ω ⊂

(
EPu,v(q, τ)

)
ϕ

is called ϕ-bounded.

(ii) A pre-quasi norm ϕ on EPu,v(q, τ) satisfies the Fatou property, if for every {gp}
∞
p=1 ⊆

(
EPu,v(q, τ)

)
ϕ

so

that limp→∞ϕ(gp − g) = 0 and every f ∈
(
EPu,v(q, τ)

)
ϕ

, one has ϕ(f− g) 6 supr infp>rϕ(f− gp).

(iii) Consider Bϕ(h, ε) :=
{
t ∈

(
EPu,v(q, τ)

)
ϕ

: ϕ(h− t) 6 ε
}

for the ϕ-ball of radius ε > 0 and center h,

for every h ∈
(
EPu,v(q, τ)

)
ϕ

.

Let I and D be the spaces of all increasing and decreasing sequences of real numbers, respectively.
Presume I+ is the space for all increasing positive reals sequences.

Theorem 2.14.
(
EPu,v(q, τ)

)
ϕ

, where ϕ(f) =

[∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa] 1
K

, for all f ∈ EPu,v(q, τ), is a

pre-modular (ssfps), if the followings are satisfied:

(b1) u+ v > 1;
(b2) (τp)p∈N ∈ `∞ ∩ I+;
(b3) (A(a,k)qk)

∞
k=0 ∈ D or, (A(a,k)qk)

∞
k=0 ∈ I∩ `∞ and there exists C > 1 such that

A(a, 2k+ 1)q2k+1 6 CA(a,k)qk.

Proof.

(i) Evidently, ϕ(f) = 0⇔ f = ϑ and ϕ(f) > 0.
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(1-i) If f,g ∈ EPu,v(q, τ), then (f+ g)(y) =
∑∞
v=0(f̂v + ĝv)y

v ∈ C so that

ϕ(f+ g) =

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k + ĝk|

(u+ v)a

)τa] 1
K

6

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+ v)a

)τa] 1
K

+

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|ĝk|

(u+ v)a

)τa] 1
K

= ϕ(f) +ϕ(g) <∞,

so f+ g ∈ EPu,v(q, τ).

(iii) There are P > 1 so that ϕ(f+ g) 6 P(ϕ(f) +ϕ(g)), for every f,g ∈ EPu,v(q, τ).

(1-ii) Let α ∈ C and f ∈ EPu,v(q, τ), then

ϕ(αf) =

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|αf̂k|

(u+ v)a

)τa] 1
K

6 sup
a

|α|
τa
K

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+ v)a

)τa] 1
K

6 Q|α|ϕ(f) <∞.

Since αf ∈ EPu,v(q, τ), from parts (1-i) and (1-ii), then EPu,v(q, τ) is linear. Obviously, e(p) ∈ EPu,v(q, τ), for

every p ∈ N, as ϕ(e(p)) =

∑∞
a=0

∑ak=0A(a,k)qk

∣∣∣∣ê(p)k ∣∣∣∣
(u+v)a

τa
1
K

=
[∑∞

a=p

(
A(a,p)qp
(u+v)a

)τa] 1
K

<∞.

(ii) One has Q = max
{

1, supa |α|
τa
K −1
}
> 1 so that ϕ(αf) 6 Q|α|ϕ(f), for every f ∈ EPu,v(q, τ) and α ∈ C.

(2) If |fa| 6 |ga|, for every a ∈ N and g ∈ EPu,v(q, τ), then

ϕ(f) =

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+ v)a

)τa] 1
K

6

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|ĝk|

(u+ v)a

)τa] 1
K

= ϕ(g) <∞,

so f ∈ EPu,v(q, τ).

(iv) Clearly, from (2).

(3) Assume (fa) ∈ EPu,v(q, τ) and (A(a,k)qk)
∞
k=0 ∈ D, then

ϕ
(
f[a2 ]

)
=

 ∞∑
a=0

∑ak=0A(a,k)qk|f̂[k2 ]|

(u+ v)a

τa
1
K

=

 ∞∑
a=0

∑2a
k=0A(a,k)qk|f̂[k2 ]|

(u+ v)2a

τ2a


1
K

+

 ∞∑
a=0

∑2a+1
k=0 A(a,k)qk|f̂[k2 ]|

(u+ v)2a+1

τ2a+1


1
K

6

[ ∞∑
a=0

(
A(2a,k)q2a|f̂a|+ 2

∑a
k=0A(a,k)qk|f̂k|

(u+ v)a

)τa
+

∞∑
a=0

(
2
∑a
k=0 |f̂k|

(u+ v)a

)τa] 1
K

6

[ ∞∑
a=0

(
3
∑a
k=0A(a,k)qk|f̂k|

(u+ v)a

)τa
+

∞∑
a=0

(
2
∑a
k=0 |f̂k|

(u+ v)a

)τa] 1
K

=
(
3K + 2K

) 1
K ϕ
(
f
)

,

then (f[a2 ]) ∈ E
P
u,v(q, τ).
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(v) From (3), there exists P0 =
(
3K + 2K

) 1
K > 1.

(vi) Obviously, the closure of F = EPu,v(q, τ).

(vii) One gets 0 < σ 6 supp |α|
τp
K −1, for α 6= 0 or σ > 0, for α = 0 so that ϕ(αe(0)) > σ|α|ϕ(e(0)).

Theorem 2.15. Let the settings of Theorem 2.14 be satisfied, then
(
EPu,v(q, τ)

)
ϕ

is a pre-quasi Banach (ssfps),

where ϕ(h) =
[∑∞

a=0

(∑a
k=0A(a,k)qk|ĥk|

(u+v)a

)τa] 1
K

, for every h ∈ EPu,v(q, τ).

Proof. The space
(
EPu,v(q, τ)

)
ϕ

, given by Theorems 2.14 and 2.12, is a pre-quasi normed (ssfps). Presume

hl = (hlk)
∞
k=0 is a Cauchy sequence in

(
EPu,v(q, τ)

)
ϕ

, then for all ε ∈ (0, 1), one has l0 ∈ N. One obtains
for all l,m > l0 that

ϕ(hl − hm) =

 ∞∑
a=0

(∑a
k=0A(a,k)qk|ĥlk − ĥ

m
k |

(u+ v)a

)τa 1
K

< ε.

Therefore |ĥlk − ĥ
m
k | < ε. Fix k ∈ N, then (ĥmk ) is a Cauchy sequence in C. Then limm→∞ |ĥmk − ĥ0

k| = 0.
We get ϕ(hl−h0) < ε, for every l > l0. Since ϕ(h0) 6 ϕ(hl−h0) +ϕ(hl) <∞. Hence h0 ∈ EPu,v(q, τ).

Theorem 2.16. The function ϕ(f) =
[∑∞

a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa] 1
K

verifies the Fatou property, whenever the

settings of Theorem 2.14 are confirmed, for every f ∈ EPu,v(q, τ).

Proof. If {gp} ⊆
(
EPu,v(q, τ)

)
ϕ

so that limp→∞ϕ(gp− g) = 0. As
(
EPu,v(q, τ)

)
ϕ

is a pre-quasi closed space,

we have g ∈
(
EPu,v(q, τ)

)
ϕ

. For all f ∈
(
EPu,v(q, τ)

)
ϕ

, then

ϕ(f− g) =

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k − ĝk|

(u+ v)a

)τa] 1
K

6

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k − ĝ

p
k |

(u+ v)a

)τa] 1
K

+

[ ∞∑
a=0

(∑a
k=0A(a,k)qk|ĝ

p
k − ĝk|

(u+ v)a

)τa] 1
K

6 sup
m

inf
p>m

ϕ(f− gp).

Theorem 2.17. The function ϕ(f) =
∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa
does not verify the Fatou property, for all

f ∈ EPu,v(q, τ), when the settings of Theorem 2.14 are confirmed with supa τa > 1.

Proof. Suppose {gp} ⊆
(
EPu,v(q, τ)

)
ϕ

with limp→∞ϕ(gp − g) = 0. As
(
EPu,v(q, τ)

)
ϕ

is a pre-quasi closed

space, we obtain g ∈
(
EPu,v(q, τ)

)
ϕ

. For all f ∈
(
EPu,v(q, τ)

)
ϕ

, then

ϕ(f− g) =

∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k − ĝk|

(u+ v)a

)τa

6 2K−1

( ∞∑
a=0

(∑a
k=0A(a,k)qk|f̂k − ĝ

p
k |

(u+ v)a

)τa
+

∞∑
a=0

(∑a
k=0A(a,k)qk|ĝ

p
k − ĝk|

(u+ v)a

)τa)
6 2K−1 sup

m

inf
p>m

ϕ(f− gp).
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We’ll use that ϕ(g) =
[∑∞

a=0

(∑a
k=0A(a,k)qk|ĝk|

(u+v)a

)τa] 1
K

, for all g ∈ EPu,v(q, τ), in the next part of this
section. By S(Pϕ) and B(Pϕ), we indicate the unit sphere and the unit ball of Pϕ, respectively.

Definition 2.18 ([12]). A function ϕ ∈ δ2, if for all ε > 0 we have k > 2 and a > 0 so that

ϕ(2g) 6 kϕ(g) + ε for each g ∈ Ph, and ϕ(g) 6 a.

Suppose ϕ ∈ δ2, for all a > 0 so that k > 2 depending on a, then ϕ ∈ δs2 .

Theorem 2.19 ([12]). Assume ϕ ∈ δs2 , then for all L > 0 and ε > 0 one has δ > 0 with |ϕ(h+ t) −ϕ(h)| < ε,
h, t ∈ Ph, with ϕ(h) 6 L and ϕ(t) 6 δ.

Theorem 2.20. Presume the settings of Theorem 2.14 are verified, then for all ε > 0 and L > 0 one has δ > 0 with
|ϕ(h+ t) −ϕ(h)| < ε, for all h, t ∈

(
EPu,v(q, τ)

)
ϕ

, so that ϕ(h) 6 L and ϕ(t) 6 δ.

Proof. In view of Theorems 2.14 and 2.19, we have ϕ ∈ δs2 .

Definition 2.21 ([28]). The function ϕ is strictly convex, (SC), when for all h, t ∈ Pϕ with ϕ(h) = ϕ(t)

and ϕ
(
h+t

2

)
=
ϕ(h)+ϕ(t)

2 , then h = t.

Definition 2.22 ([22]). A sequence {gp} ⊆ Pϕ, is said to be ε-separated for some ε > 0, if

sep(gp) = inf{ϕ(gp − gt) : p 6= t} > ε.

Definition 2.23 ([22]). A Banach space Pϕ is said to be k-nearly uniformly convex (k-NUC), for an integer
k > 2, if for all ε > 0 one has δ ∈ (0, 1) so that for all sequences {gp} ⊆ B(Pϕ), with sep(gp) > ε, there are
p1,p2,p3, . . . ,pk ∈ N. So that

ϕ

(
gp1 + gp2 + gp3 + · · ·+ gpk

k

)
< 1 − δ.

Recall that k-NUC implies reflexivity.

Theorem 2.24. If the settings of Theorem 2.14 are confirmed so that τ0 > 1, then
(
EPu,v(q, τ)

)
ϕ

is k-NUC, for
every integer k > 2.

Proof. Suppose ε ∈ (0, 1) and {fn} ⊆ B
((
EPu,v(q, τ)

)
ϕ

)
, where fn(y) =

∑∞
i=0 f̂n(i)y

i so that sep(fn) > ε.

For every m ∈ N, assume fmn (y) =
∑∞
i=0 f̂

m
n (i)yi, where

(
f̂mn (i)

)∞
i=0

=
(

0, 0, 0, . . . , f̂n(m), ̂fn(m+ 1), . . .
)

.

Since for every i ∈ N,
(
f̂n(i)

)∞
n=0

∈ `∞. By the diagonal method, we have (fnj) of (fn) with
(
f̂nj(i)

)
converges for every i ∈ N, 0 6 i 6 m. One has an increasing sequence of positive integers (tm) so that
sep

(
(fmnj)j>tm

)
> ε. Therefore, one has a sequence of positive integers (vm)∞m=0 under v0 < v1 < v2 < · · · ,

with
ϕK(fmvm) >

ε

2
, (2.1)

for all m ∈ N. Fix k > 2, assume ε1 =
(
kp0−1−1
(k−1)kp0

)
(ε4 ) by Theorem 2.20 there exists δ > 0 so that

|ϕK(f+ g) −ϕK(f)| < ε1. (2.2)

Presume ϕK(f) 6 1 and ϕK(g) 6 δ. Since ϕK(fn) 6 1, for every n ∈ N, one obtains positive integers
mi(i = 0, 1, 2, . . . ,k − 2) so that m0 < m1 < m2 < · · · < mk−2 and ϕK(fmi

i ) 6 δ. Suppose mk−1 =
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mk−2 + 1. By inequality (2.1), one gets ϕ(fmk
vmk

) > ε
2 . Assume pi = i for 0 6 i 6 k− 2 and pk−1 = vmk−1 .

By inequalities (2.1), (2.2), and Jn(u) = |u|τn is convex for every n ∈ N, then

ϕK
(
fp0 + fp1 + fp2 + · · ·+ fpk−1

k

)

=

∞∑
n=0


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p0(i)+f̂p1(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

=

m1−1∑
n=0


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p0(i)+f̂p1(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+

∞∑
n=m1


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p0(i)+f̂p1(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

6
m1−1∑
n=0


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p0(i)+f̂p1(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+

∞∑
n=m1


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p1(i)+f̂p2(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+ ε1

6
m1−1∑
n=0

1
k

k−1∑
j=0

∑ni=0A(n, i)qi
∣∣∣f̂pj(i)∣∣∣

(u+ v)n

τn + m2−1∑
n=m1


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p1(i)+f̂p2(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+

∞∑
n=m2


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p1(i)+f̂p2(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+ ε1

6
m1−1∑
n=0

1
k

k−1∑
j=0

∑ni=0A(n, i)qi
∣∣∣f̂pj(i)∣∣∣

(u+ v)n

τn + m2−1∑
n=m1


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p1(i)+f̂p2(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+

∞∑
n=m2


∑n
i=0A(n, i)qi

∣∣∣∣ f̂p2(i)+fp3(i)+···+
̂fpk−1(i)

k

∣∣∣∣
(u+ v)n


τn

+ 2ε1

6
m1−1∑
n=0

1
k

k−1∑
j=0

∑ni=0A(n, i)qi
∣∣∣f̂pj(i)∣∣∣

(u+ v)n

τn + m2−1∑
n=m1

1
k

k−1∑
j=1

∑ni=0A(n, i)qi
∣∣∣f̂pj(i)∣∣∣

(u+ v)n

τn

+

m3−1∑
n=m2

1
k

k−1∑
j=2

∑ni=0A(n, i)qi
∣∣∣f̂pj(i)∣∣∣

(u+ v)n

τn + · · ·+ mk−1∑
n=mk−1

1
k

k−1∑
j=k−2

∑ni=0A(n, i)qi
∣∣∣f̂pj(i)∣∣∣

(u+ v)n

τn
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+

∞∑
n=mk


∑n
i=0A(n, i)qi

∣∣∣∣ f̂pk(i)k

∣∣∣∣
(u+ v)n


τn

+ (k− 1)ε1

6
hK(fp0 + fp1 + fp2 + · · ·+ fpk−2)

k
+

1
k

mk−1∑
n=0

∑ni=0A(n, i)qi
∣∣∣f̂pk(i)∣∣∣

(u+ v)n

τn

+

∞∑
n=mk


∑n
i=0A(n, i)qi

∣∣∣∣ f̂pk(i)k

∣∣∣∣
(u+ v)n


τn

+ (k− 1)ε1

6
k− 1
k

+
1
k

mk−1∑
n=0

∑ni=0A(n, i)qi
∣∣∣f̂pk(i)∣∣∣

(u+ v)n

τn + 1
kτ0

∞∑
n=mk

∑ni=0A(n, i)qi
∣∣∣f̂pk(i)∣∣∣

(u+ v)n

τn + (k− 1)ε1

6 1 −
1
k
+

1
k

1 −

∞∑
n=mk

∑ni=0A(n, i)qi
∣∣∣f̂pk(i)∣∣∣

(u+ v)n

τn
+

1
kτ0

∞∑
n=mk

∑ni=0A(n, i)qi
∣∣∣f̂pk(i)∣∣∣

(u+ v)n

τn + (k− 1)ε1

= 1 + (k− 1)ε1 −

(
kτ0−1 − 1
kτ0

) ∞∑
n=mk

∑ni=0A(n, i)qi
∣∣∣f̂pk(i)∣∣∣

(u+ v)n

τn

6 1 + (k− 1)ε1 −

(
kτ0−1 − 1
kτ0

)
ε

2
= 1 −

(
kτ0−1 − 1
kτ0

)
ε

4
.

Hence
(
EPu,v(q, τ)

)
ϕ

is k-NUC.

By fixing Ω a nonempty ϕ-closed, ϕ-bounded, and ϕ-convex subset of
(
EPu,v(q, τ)

)
ϕ

we have the
following.

Definition 2.25. The space Pϕ satisfies the property (R), if and only if, for each decreasing sequence
{Ωj}j∈N ofϕ-closed andϕ-convex nonempty subsets of Pϕ so that supj∈N Kϕ(f,Ωj) <∞, where Kϕ(f,Ω) =

inf
{
ϕ(f− g) : g ∈ Ω

}
, for some f ∈ Pϕ, we have

⋂
j∈NΩj 6= ∅.

Theorem 2.26. Presume the settings of Theorem 2.14 are confirmed so that τ0 > 1, then

(i) if f ∈
(
EPu,v(q, τ)

)
ϕ

so that Kϕ(f,Ω) <∞, one gets a unique λ ∈ Ω with Kϕ(f,Ω) = ϕ(f− λ);

(ii)
(
EPu,v(q, τ)

)
ϕ

verifies the property (R).

Proof. For (i), if f /∈ Ω as Ω is ϕ-closed, then C := Kϕ(f,Ω) > 0. Therefore, for every i ∈ N, we have
gi ∈ Ω so that ϕ(f− gi) < C(1 + 1

i ). Assume {gi2 } is not ϕ-Cauchy. We have a {
gm(i)

2 } and l0 > 0 so that

ϕ
(
gm(i)−gm(j)

2

)
> l0, for all i > j > 0. As

max
(
ϕ(f− gm(i)),ϕ(f− gm(j))

)
6 C

(
1 +

1
m(j)

)
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and

ϕ

(
gm(i) − gm(j)

2

)
> l0 >

l0

2

(
1 +

1
m(j)

)
,

for all i > j > 0. As (τa)a∈N ∈ `∞ ∩ I+ so that τ0 > 1, hence the function Vn(u) = |u|τn is strictly convex,
for every n ∈ N. So the space

(
EPu,v(q, τ)

)
ϕ

is strictly convex, then

ϕ

(
f−

gm(i) + gm(j)

2

)
< C

(
1 +

1
m(j)

)
.

So

C = Kϕ(f,Ω) < C

(
1 +

1
m(j)

)
,

for every j ∈ N. Let j → ∞, then there is a contradiction. Hence {gi2 } is ϕ-Cauchy. Since
(
EPu,v(q, τ)

)
ϕ

is

ϕ-complete, so {gi2 } ϕ-converges to some g. For every j ∈ N, we obtain {
gi+gj

2 } ϕ-converges to g+ gj
2 . As

Ω is ϕ-closed and ϕ-convex, so g+ gj
2 ∈ Ω. As g+ gj

2 ϕ-converges to 2g, then 2g ∈ Ω. By Theorem 2.16
and if λ = 2g, as ϕ satisfies the Fatou property, then

Kϕ(f,Ω) 6 ϕ(f− λ) 6 sup
i

inf
j>i
ϕ
(
f−
(
g+

gj

2

))
6 sup

i

inf
j>i

sup
i

inf
p>i

ϕ

(
f−

gp + gj
2

)
6

1
2

sup
i

inf
p>i

sup
i

inf
p>i

[
ϕ(f− gp) +ϕ(f− gj)

]
= Kϕ(f,Ω).

Hence ϕ(f− λ) = Kϕ(f,Ω). As ϕ is (SC), we have the uniqueness of λ. To prove (ii), if f /∈ Ωi0 , for some
i0 ∈ N, as (Kϕ(f,Ωi))i∈N ∈ `∞ is increasing, let limi→∞ Kϕ(f,Ωi) = C. If C > 0. Otherwise f ∈ Ωi, for
every i ∈ N. By part (i), one has one point gi ∈ Ωi so that Kϕ(f,Ωi) = ϕ(f− gi), for all i ∈ N. Obviously,
{gi2 } ϕ-converges to some g ∈

(
EPu,v(q, τ)

)
ϕ

. Since {Ωi} are ϕ-convex, decreasing and ϕ-closed, then
2g ∈ ∩i∈NΩi.

Definition 2.27 ([35]). Presume Pϕ is a Banach space, then

WCS(Pϕ) := inf
{
A({fn}) : {fn}

∞
n=0 ⊂ S(Pϕ),A({fn}) = A1({fn}), fn

w−→ 0
}

,

where
A({fn}) = lim sup

n→∞ {ϕ(fa − fb) : a,b > n,a 6= b}

and
A1({fn}) = lim inf

n→∞ {ϕ(fa − fb) : a,b > n,a 6= b} .

Definition 2.28. Pϕ verifies the ϕ-normal structure-property, if and only if, for every Ω ⊆ Pϕ is not
decreased to one point, then h ∈ Ω such that supt∈Ωϕ(h− t) < δϕ(Ω) := sup

{
ϕ(h− t) : h, t ∈ Ω

}
<∞.

Theorem 2.29 ([11]). A reflexive Banach space Pϕ so that WCS(Pϕ) > 1 satisfies the normal structure-property.

Theorem 2.30. Presumr the settings of Theorem 2.14 are confirmed so that τ0 > 1, then
(
EPu,v(q, τ)

)
ϕ

verifies the
ϕ-normal structure-property.



E. A. E. Mohamed, A. A. Bakery, J. Math. Computer Sci., 35 (2024), 270–290 280

Proof. Assume {fn} ⊂ S
((
EPu,v(q, τ)

)
ϕ

)
is an asymptotic equidistant sequence so that fn

w−→ 0 and

ε > 0. If v0 = f0, we have i0 ∈ N so that ϕ
(∑∞

i=i0
v̂0(i)e

(i)
)
< ε. Since fn → 0 coordinate-wise,

there exists n1 ∈ N with ϕ
(∑i0−1

i=0 f̂n(i)e
(i)
)
< ε. For n > n1, let v1 = fn1 , one has i1 > i0 with

ϕ
(∑∞

i=i1
v̂0(i)e

(i)
)
< ε. Since fn(i) → 0 coordinate-wise, one has n2 ∈ N with ϕ

(∑i1−1
i=0 f̂n(i)e

(i)
)
< ε.

For n > n2, by induction, we have a subsequence {vn} of {fn} so that

ϕ

 ∞∑
i=in

v̂n(i)e
(i)

 < ε and ϕ

(
in−1∑
i=0

̂vn+1(i)e
(i)

)
< ε.

Put zn =
∑in−1
i=in−1

v̂n(i)e
(i) for n = 1, 2, 3, . . .. Hence

1 > ϕ (zn) = ϕ

 ∞∑
i=0

v̂n(i)e
(i) −

in−1−1∑
i=0

v̂n(i)e
(i) −

∞∑
i=in

v̂n(i)e
(i)


> ϕ

( ∞∑
i=0

v̂n(i)e
(i)

)
−ϕ

in−1−1∑
i=1

v̂n(i)e
(i)

−ϕ

 ∞∑
i=in

v̂n(i)e
(i)

 > 1 − 2ε.

For every n,m ∈ N with n 6= m, one has

ϕ (vn − vm) = ϕ

( ∞∑
i=0

v̂n(i)e
(i) −

∞∑
i=0

v̂m(i)e(i)

)

> ϕ

 in−1∑
i=in−1

v̂n(i)e
(i) −

im−1∑
i=im−1

v̂m(i)e(i)

−ϕ

in−1−1∑
i=0

v̂n(i)e
(i)


−ϕ

 ∞∑
i=in

v̂n(i)e
(i)

−ϕ

im−1−1∑
i=0

v̂m(i)e(i)

−ϕ

 ∞∑
i=im

v̂m(i)e(i)


> ϕ (zn − zm) − 4ε.

Therefore, A({fn}) = A({vn}) > A({zn}) − 4ε. Put λn = zn
‖zn‖ , for n = 1, 2, 3, . . . Hence

λn ∈ S
((
EPu,v(q, τ)

)
ϕ

)
, A({fn}) > 1 − εA({λn}) − 4ε. (2.3)

On the other hand ϕ (vn − vm) 6 ϕ (zn − zm) + 4ε 6 ϕ (λn − λm) + 4ε, for all n,m ∈ N with n 6= m.
Then

A({λn}) > A({fn}) − 4ε. (2.4)

As ε > 0, from (2.3) and (2.4), one has WCS
((
EPu,v(q, τ)

)
ϕ

)
= inf {A({λn})} , with

λn =

in−1∑
i=in−1

λ̂n(i)e
(i) ∈ S

((
EPu,v(q, τ)

)
ϕ

)
, 0 = i−1 < i0 < · · · , λn

w−→ 0 and {λn} is asymptotic equidistant.

Fix m ∈ N large enough so that
∑∞
k=im−1

(
b

(u+v)k

)τk
< ε, where b :=

∑in−1
i=in−1

A(k, i)qi|λ̂n(i)|. We obtain
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for n < m,

ϕK(λn − λm) =

im−1−1∑
k=in−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂n(i)∣∣∣

)τk

+

∞∑
k=im−1

(
1

(u+ v)k

(
b+

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣))τk

>
im−1−1∑
k=in−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂n(i)∣∣∣

)τk
+

∞∑
k=im−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣)τk

=

∞∑
k=in−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂n(i)∣∣∣

)τk
−

∞∑
k=im−1

(
b

(u+ v)k

)τk

+

∞∑
k=im−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣)τk > 1 − ε+ 1 = 2 − ε,

that is An({λn}) > (2 − ε)
1
K . Recall that ∞∑

k=im−1

(
1

(u+ v)k

(
b+

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣))τk
 1
K

6

 ∞∑
k=im−1

(
b

(u+ v)k

)τk 1
K

+

 ∞∑
k=im−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣)τk
 1
K

< ε
1
K + 1.

Hence

ϕK(λn − λm)

=

im−1−1∑
k=in−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣)τk + ∞∑
k=im−1

(
1

(u+ v)k

(
b+

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣))τk

6
∞∑

k=in−1

(
1

(u+ v)k

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣)τk + ∞∑
k=im−1

(
1

(u+ v)k

(
b+

k∑
i=0

A(k, i)qi
∣∣∣λ̂m(i)

∣∣∣))τk
6 1 + (1 + ε

1
K )K,

with n,m ∈ N and n 6= m. So An({λn}) 6
(

1 + (1 + ε
1
K )K

) 1
K

and, as this is true for every ε > 0, one gets

WCS
((
EPu,v(q, τ)

)
ϕ

)
= 2

1
K . According to Theorems 2.24 and 2.29, hence the function space

(
EPu,v(q, τ)

)
ϕ

has the ϕ-normal structure-property.

3. Kannan contraction operator

We have presented in this section the space
(
EPu,v(q, τ)

)
ϕ

with different ϕ so that one has a unique
fixed point of Kannan contraction operator. We also explain some illustrative examples to clarify our
results.

Definition 3.1. A mapping V : Pϕ → Pϕ is said to be a Kannan ϕ-contraction, when one has α ∈ [0, 1
2)

with ϕ(Vf− Vg) 6 α(ϕ(Vf− f) +ϕ(Vg− g)), for all f,g ∈ Pϕ. The mapping V is said to be Kannan
ϕ-non-expansive, if α = 1

2 . An element f ∈ Pϕ is said to be a fixed point of V , when V(f) = f.
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Theorem 3.2. Suppose the settings of Theorem 2.14 are verified, and V :
(
EPu,v(q, τ)

)
ϕ
→
(
EPu,v(q, τ)

)
ϕ

is

Kannan ϕ-contraction mapping, where ϕ(f) =
[∑∞

a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa] 1
K

, for all f ∈ EPu,v(q, τ), then V

has a unique fixed point.

Proof. Assume f ∈ EPu,v(q, τ), we have Vpf ∈ EPu,v(q, τ). Since V is a Kannan ϕ-contraction mapping, one
obtains

ϕ(Vl+1f− Vlf) 6 α
(
ϕ(Vl+1f− Vlf) +ϕ(Vlf− Vl−1f)

)
⇒

ϕ(Vl+1f− Vlf) 6
α

1 −α
ϕ(Vlf− Vl−1f) 6

(
α

1 −α

)2

ϕ(Vl−1f− Vl−2f) 6 · · · 6
(

α

1 −α

)l
ϕ(Vf− f).

Hence for every l,m ∈ N with m > l, we have

ϕ(Vlf− Vmf) 6 α
(
ϕ(Vlf− Vl−1f) +ϕ(Vmf− Vm−1f)

)
6 α

((
α

1 −α

)l−1

+

(
α

1 −α

)m−1
)
ϕ(Vf− f).

Hence {Vlf} is a Cauchy sequence in
(
EPu,v(q, τ)

)
ϕ

. Since the space
(
EPu,v(q, τ)

)
ϕ

is pre-quasi Banach

space, then g ∈
(
EPu,v(q, τ)

)
ϕ

so that liml→∞ Vlf = g. To show that Vg = g, as ϕ verifies the Fatou
property, we get

ϕ(Vg− g) 6 sup
i

inf
l>i
ϕ(Vl+1f− Vlf) 6 sup

i

inf
l>i

(
α

1 −α

)l
ϕ(Vf− f) = 0,

hence Vg = g. Therefore, g is a fixed point of V . To prove the uniqueness, suppose f,g ∈
(
EPu,v(q, τ)

)
ϕ

are fixed points of V with f 6= g, then

ϕ(f− g) 6 ϕ(Vf− Vg) 6 α (ϕ(Vf− f) +ϕ(Vg− g)) = 0.

Hence f = g.

Corollary 3.3. Presume the settings of Theorem 2.14 are established and V :
(
EPu,v(q, τ)

)
ϕ
→
(
EPu,v(q, τ)

)
ϕ

is

Kannan ϕ-contraction mapping, where ϕ(f) =
[∑∞

a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa] 1
K

, for every f ∈ EPu,v(q, τ), then

V has unique fixed point g with ϕ(Vlf− g) 6 α
(
α

1−α

)l−1
ϕ(Vf− f).

Proof. By Theorem 3.2, we have a unique fixed point g of V . Hence

ϕ(Vlf− g) = ϕ(Vlf− Vg) 6 α
(
ϕ(Vlf− Vl−1f) +ϕ(Vg− g)

)
= α

(
α

1 −α

)l−1

ϕ(Vf− f).

Example 3.4. Consider V : EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ
→ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

, where

ϕ(g) =

√∑∞
a=0

(∑a
k=0 |ĝk|

(u+v)a

) 2a+3
a+2

, for all g ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
and

V(g) =

{
g
4 , ϕ(g) ∈ [0, 1),
g
5 , ϕ(g) ∈ [1,∞).



E. A. E. Mohamed, A. A. Bakery, J. Math. Computer Sci., 35 (2024), 270–290 283

For all g1,g2 ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

so that ϕ(g1),ϕ(g2) ∈ [0, 1), we obtain

ϕ(Vg1 − Vg2) = ϕ(
g1

4
−
g2

4
) 6

1
4
√

27

(
ϕ(

3g1

4
) +ϕ(

3g2

4
)
)
=

1
4
√

27

(
ϕ(Vg1 − g1) +ϕ(Vg2 − g2)

)
.

For every g1,g2 ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

so that ϕ(g1),ϕ(g2) ∈ [1,∞), we get

ϕ(Vg1 − Vg2) = ϕ(
g1

5
−
g2

5
) 6

1
4
√

64

(
ϕ(

4g1

5
) +ϕ(

4g2

5
)
)
=

1
4
√

64

(
ϕ(Vg1 − g1) +ϕ(Vg2 − g2)

)
.

For every g1,g2 ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

so that ϕ(g1) ∈ [0, 1) and ϕ(g2) ∈ [1,∞), one has

ϕ(Vg1 − Vg2) = ϕ(
g1

4
−
g2

5
) 6

1
4
√

27
ϕ(

3g1

4
) +

1
4
√

64
ϕ(

4g2

5
)

6
1

4
√

27

(
ϕ(

3g1

4
) +ϕ(

4g2

5
)
)
=

1
4
√

27

(
ϕ(Vg1 − g1) +ϕ(Vg2 − g2)

)
.

So V is Kannan ϕ-contraction. Since ϕ verifies the Fatou property, by Theorem 3.2, we have V satisfies a

unique fixed point ϑ ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

.

Definition 3.5. Assume Pϕ is a pre-quasi normed (ssfps), V : Pϕ → Pϕ, and g ∈ Pϕ. The mapping V is
called ϕ-sequentially continuous at g, if and only if, when limp→∞ϕ(fp − g) = 0, then limp→∞ϕ(Vfp −
Vg) = 0.

Example 3.6. Consider V : EPu,v

((
1

A(a,k)

)∞
k=0

,
(
k+1
2k+3

)∞
k=0

)
ϕ

, where ϕ(g) =
∑∞
a=0

(∑a
k=0 |ĝk|

(u+v)a

) a+1
2a+3

, for all

g ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(
k+1
2k+3

)∞
k=0

)
and

V(g) =


1

18(1 + g), ĝ0 ∈ [0, 1
17),

1
17 , ĝ0 = 1

17 ,
1

18 , ĝ0 ∈ ( 1
17 , 1].

Evidently, V is ϕ-sequentially continuous and discontinuous at 1
17 ∈

(
EPu,v

((
1

A(a,k)

)∞
k=0

,
(
k+1
2k+3

)∞
k=0

))
ϕ

.

Example 3.7. If V is defined as in Example 3.4, presume {g(n)} ⊆ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

is so

that limn→∞ϕ(g(n) − g(0)) = 0, where g(0) ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

with ϕ(g(0)) = 1. Since

the pre-quasi norm ϕ is continuous, one gets

lim
n→∞ϕ(Vg(n) − Vg(0)) = lim

n→∞h
(g(n)

4
−
g(0)

5

)
= h

(g(0)

20

)
> 0.

Hence V is not ϕ-sequentially continuous at g(0).

Theorem 3.8. Presume the settings of Theorem 2.14 are established under τ0 > 1, and V :
(
EPu,v(q, τ)

)
ϕ
→(

EPu,v(q, τ)
)
ϕ

, where ϕ(f) =
∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa
, for all f ∈ EPu,v(q, τ). If

(1) V is Kannan ϕ-contraction mapping;

(2) V is ϕ-sequentially continuous at g ∈
(
EPu,v(q, τ)

)
ϕ

;
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(3) one has f ∈
(
EPu,v(q, τ)

)
ϕ

with {Vlf} has {Vljf} converging to g,

then g ∈
(
EPu,v(q, τ)

)
ϕ

is the only fixed point of V

Proof. Let g be not a fixed point of V , we have Vg 6= g. By settings (2) and (3), then

lim
lj→∞ϕ(Vljf− g) = 0 and lim

lj→∞ϕ(Vlj+1f− Vg) = 0.

Since V is Kannan ϕ-contraction, we have

0 < ϕ(Vg− g) = ϕ
(
(Vg− Vlj+1f) + (Vljf− g) + (Vlj+1f− Vljf)

)
6 22 supi τi−2ϕ

(
Vlj+1f− Vg

)
+ 22 supi τi−2ϕ

(
Vljf− g

)
+ 2supi τi−1α

(
α

1 −α

)lj−1

ϕ(Vf− f).

By letting lj → ∞, one has a contradiction. So g is a fixed point of V . To prove the uniqueness, assume

g, f ∈
(
EPu,v(q, τ)

)
ϕ

are fixed points of V with g 6= f, then

ϕ(g− f) 6 ϕ(Vg− Vf) 6 α (ϕ(Vg− g) +ϕ(Vf− f)) = 0.

Therefore, g = f.

Example 3.9. Consider V is defined as in Example 3.4. Suppose ϕ(f) =
∑∞
a=0

(∑a
k=0 |f̂k|

(u+v)a

) 2a+3
a+2

, for ev-

ery f ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
. As for every f1, f2 ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

so that

ϕ(f1),ϕ(f2) ∈ [0, 1), we obtain

ϕ(Vf1 − Vf2) = ϕ(
f1

4
−
f2

4
) 6

2√
27

(
ϕ(

3f1

4
) +ϕ(

3f2

4
)
)
=

2√
27

(
ϕ(Vf1 − f1) +ϕ(Vf2 − f2)

)
.

For every f1, f2 ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

so that ϕ(f1),ϕ(f2) ∈ [1,∞), we have

ϕ(Vf1 − Vf2) = ϕ(
f1

5
−
f2

5
) 6

1
4

(
ϕ(

4f1

5
) +ϕ(

4f2

5
)
)
=

1
4

(
ϕ(Vf1 − f1) +ϕ(Vf2 − f2)

)
.

For each f1, f2 ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

so that ϕ(f1) ∈ [0, 1) and ϕ(f2) ∈ [1,∞), we obtain

ϕ(Vf1 − Vf2) = ϕ(
f1

4
−
f2

5
) 6

2√
27
ϕ(

3f1

4
) +

1
4
ϕ(

4f2

5
)

6
2√
27

(
ϕ(

3f1

4
) +ϕ(

4f2

5
)
)
=

2√
27

(
ϕ(Vf1 − f1) +ϕ(Vf2 − f2)

)
.

Hence V is Kannan ϕ-contraction and Vp(f) =

{
f

4p , ϕ(f) ∈ [0, 1),
f

5p , ϕ(f) ∈ [1,∞).
Evidently, V is ϕ-sequentially con-

tinuous at ϑ ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

and {Vpf} verifies {Vljf} converges to ϑ. From Theorem

3.8, the point ϑ ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

is the unique fixed point of V .
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4. Kannan non-expansive mapping on
(
EPu,v(q,τ)

)
ϕ

We give the sufficient settings of
(
EPu,v(q, τ)

)
ϕ

, where ϕ(f) =

[∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa] 1
K

, for

every f ∈ EPu,v(q, τ), such that the Kannan non-expansive mapping on it has a fixed point.

Lemma 4.1. Assume
(
EPu,v(q, τ)

)
ϕ

satisfies the (R) property and the ϕ-quasi-normal property. If V : Ω → Ω is

a Kannan ϕ-non-expansive mapping, suppose Gt =
{
f ∈ Ω : ϕ(f− V(f)) 6 t

}
6= ∅, so that t > 0. Take

Ωt =
⋂{

Bϕ(p, j) : V(Gt) ⊂ Bϕ(p, j)
}
∩Ω.

Hence Ωt 6= ∅, ϕ-convex, ϕ-closed subset of Ω, δϕ(Ωt) 6 t and V(Ωt) ⊂ Ωt ⊂ Gt

Proof. As V(Gt) ⊂ Ωt, hence Ωt 6= ∅. Since the ϕ-balls are ϕ-convex and ϕ-closed, then Ωt is a ϕ-closed
and ϕ-convex subset of Ω. To prove that Ωt ⊂ Gt, if f ∈ Ωt, suppose ϕ(f− V(f)) = 0, we get f ∈ Gt.
Else, let ϕ(f− V(f)) > 0. Take

p = sup
{
ϕ
(
V(g) − V(f)

)
: g ∈ Gt

}
.

By the definition of p, we have V(Gt) ⊂ Bϕ
(
V(f),p

)
. Hence Ωt ⊂ Bϕ

(
V(f),p

)
, then ϕ

(
f− V(f)

)
6 p.

Assume l > 0. We have g ∈ Gt so that p− l 6 ϕ
(
V(g) − V(f)

)
. Hence

ϕ
(
f− V(f)

)
− l 6 p− l 6 ϕ

(
V(g) − V(f)

)
6

1
2

(
ϕ
(
f− V(f)

)
+ϕ

(
g− V(g)

))
6

1
2

(
ϕ
(
f− V(f)

)
+ t
)

.

Since l is an arbitrary positive, then ϕ
(
f − V(f)

)
6 t, so f ∈ Gt. As V(Gt) ⊂ Ωt, we have V(Ωt) ⊂

V(Gt) ⊂ Ωt, then Ωt is V-invariant. To prove that δϕ(Ωt) 6 t, since

ϕ
(
V(f) − V(g)

)
6

1
2

(
ϕ
(
f− V(f)

))
+ϕ

(
g− V(g)

))
,

for every f,g ∈ Gt, let f ∈ Gt. Hence V(Gt) ⊂ Bϕ
(
V(f), t

)
. The definition of Ωt implies that Ωt ⊂

Bϕ
(
V(f), t

)
. Hence V(f) ∈

⋂
t∈Ωt Bϕ(g, t). We have ϕ

(
g− f

)
6 t, for every g, f ∈ Ωt, so δϕ(Ωt) 6 t.

Theorem 4.2. Presume
(
EPu,v(q, τ)

)
ϕ

verifies the ϕ-quasi-normal property and the (R) property. Assume V :

Ω→ Ω is a Kannan ϕ-non-expansive mapping. Then, V has a fixed point.

Proof. Take t0 = inf
{
ϕ
(
f − V(f)

)
: f ∈ Ω

}
and tp = t0 +

1
p , for every p > 1. From the definition of

t0, we have Gtp =
{
f ∈ Ω : ϕ

(
f− V(f)

)
6 tp

}
6= ∅, for all p > 1. If Ωtp is defined as in Lemma 4.1.

Obviously, {Ωtp} is a decreasing sequence of nonempty ϕ-bounded, ϕ-closed, and ϕ-convex subsets of

Ω. The property (R) explains that Ω∞ =
⋂
p>1Ωtp 6= ∅. Presume f ∈ Ω∞, we have ϕ

(
f− V(f)

)
6 tp, for

every p > 1. Assume p → ∞, then ϕ
(
f− V(f)

)
6 t0, hence ϕ

(
f− V(f)

)
= t0. So Gt0 6= ∅. Then t0 = 0.

Else, t0 > 0, then V fails to have a fixed point. Suppose Ωt0 is defined in Lemma 4.1. Since V fails to have
a fixed point and Ωt0 is V-invariant, then Ωt0 has more than one point, hence δϕ(Ωt0) > 0. According to
the ϕ-quasi-normal property, we get f ∈ Ωt0 so that

ϕ
(
f− g

)
< δϕ(Ωt0) 6 t0,
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for every g ∈ Ωt0 . By Lemma 4.1, one has Ωt0 ⊂ Gt0 . By definition of Ωt0 , hence V(f) ∈ Gt0 ⊂ Ωt0 . So

ϕ
(
f− V(f)

)
< δϕ(Ωt0) 6 t0,

this contradicts the definition of t0. Hence t0 = 0, which implies that any point in Gt0 is a fixed point of
V .

By Theorems 2.26, 2.30, and 4.2, we have the following.

Corollary 4.3. Presume the settings of Theorem 2.14 are established under τ0 > 1, and V : Ω → Ω is a Kannan
ϕ-non-expansive, then V has a fixed point in Ω ⊆

(
EPu,v(q, τ)

)
ϕ

.

Example 4.4. Consider V : Ω→ Ω and V(f) =

{
f
4 , ϕ(f) ∈ [0, 1),
f
5 , ϕ(f) ∈ [1,∞),

where

Ω =
{
f ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(

2k+ 3
k+ 2

)∞
k=0

)
ϕ

: f̂0 = f̂1 = 0
}

and ϕ(f) =

√∑∞
a=0

(∑a
k=0 |f̂k|

(u+v)a

) 2a+3
a+2

, for all f ∈ EPu,v

((
1

A(a,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

)
ϕ

. By using Example 3.4,

V is Kannan ϕ-contraction. Therefore, it is Kannan ϕ-non-expansive. From Corollary 4.3, V has a fixed
point ϑ in Ω.

5. Existence of solutions of Volterra-type summable equations

We have investigated a solution in
(
EPu,v(q, τ)

)
ϕ

to Volterra-type summable equations as (5.1), defined

in [30], where the settings of Theorem 2.14 are established and ϕ(f) =

[∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa] 1
K

,

for every f ∈
(
EPu,v(q, τ)

)
ϕ

. Take the summable equation

f̂a = p̂a +

∞∑
m=0

B(a,m)g(m, f̂m). (5.1)

Presume W :
(
EPu,v(q, τ)

)
ϕ
→
(
EPu,v(q, τ)

)
ϕ

is defined as:

(W(f))(z) =

∞∑
a=0

(
p̂a +

∞∑
m=0

B(a,m)g(m, f̂m)
)
za. (5.2)

Theorem 5.1. The summable equation (5.1) has a unique solution in
(
EPu,v(q, τ)

)
ϕ

, when B : N2 → R, g :

N×C→ C, p̂ : N→ C, η̂ : N→ C, if one has λ ∈ R so that supa |λ|
τa
K ∈ [0, 1

2) and for every a ∈ N, one has∣∣∣∣∣
a∑
k=0

(∑
m∈N

B(k,m)[g(m, f̂m) − g(m, η̂m)]

)
A(a,k)qk

∣∣∣∣∣
6 |λ|

∣∣∣∣∣
a∑
k=0

(
p̂k − f̂k +

∞∑
m=0

B(k,m)g(m, f̂m)

)
A(a,k)qk

∣∣∣∣∣
+ |λ|

∣∣∣∣∣
a∑
k=0

(
p̂k − η̂k +

∞∑
m=0

B(k,m)g(m, η̂m)

)
A(a,k)qk

∣∣∣∣∣ .
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Proof. Suppose the mapping W :
(
EPu,v(q, τ)

)
ϕ
→
(
EPu,v(q, τ)

)
ϕ

is defined by equation (5.2). So

ϕ(Wf−Wη) =

 ∞∑
a=0


∣∣∣∑ak=0

(∑
m∈N B(k,m)[g(m, f̂m) − g(m, η̂m)]

)
A(a,k)qk

∣∣∣
(u+ v)a

τa
1
K

6 sup
a

|λ|
τa
K

 ∞∑
a=0


∣∣∣∑ak=0

(
p̂k − f̂k +

∑∞
m=0 B(k,m)g(m, f̂m)

)
A(a,k)qk

∣∣∣
(u+ v)a

τa
1
K

+ sup
a

|λ|
τa
K

[ ∞∑
a=0

(
|
∑a
k=0 (p̂k − η̂k +

∑∞
m=0 B(k,m)g(m, η̂m))A(a,k)qk|
(u+ v)a

)τa] 1
K

= sup
a

|λ|
τa
K (ϕ(Wf− f) +ϕ(Wη− η)) .

From Theorem 3.2, one has a unique solution of equation (5.1) in
(
EPu,v(q, τ)

)
ϕ

.

Example 5.2. Take
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

, where ϕ(f) =

√∑∞
l=0

(∑l
z=0

|f̂z|
z+1

(u+v)l

) 2l+3
l+2

, for

every f ∈
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

. Presume the Volterra-type summable equation

f̂a = e−(3a+6i) +

∞∑
m=0

ea+m
f̂ba−2

f̂da−1 +m
2 + 1

, (5.3)

so that i2 = −1, b,d, f̂−2, f̂−1 > 0 and if

W :

(
EPu,v

((
1

(k+ 1)A(l,k)

)∞
k=0

,
(

2k+ 3
k+ 2

)∞
k=0

))
ϕ

→
(
EPu,v

((
1

(k+ 1)A(l,k)

)∞
k=0

,
(

2k+ 3
k+ 2

)∞
k=0

))
ϕ

,

is defined by

(W(f))(z) =

∞∑
a=0

(
e−(3a+6i) +

∞∑
m=0

ea+m
f̂ba−2

f̂da−1 +m
2 + 1

)
za. (5.4)

One has λ ∈ R such that supa |λ|
2a+3
2a+4 ∈ [0, 1

2) and for every a ∈ N, we obtain∣∣∣∣∣∣
a∑
k=0

 ∞∑
m=0

ek
f̂bk−2

f̂dk−1 +m
2 + 1

(
em − em

)A(a,k)qk

∣∣∣∣∣∣
6 |λ|

∣∣∣∣∣∣
a∑
k=0

e−(3k+6i) − fk +

∞∑
m=0

ek+m
f̂bk−2

f̂dk−1 +m
2 + 1

A(a,k)qk

∣∣∣∣∣∣
+ |λ|

∣∣∣∣∣∣
a∑
k=0

e−(3k+6i) − η̂k +

∞∑
m=0

ek+m
η̂bk−2

η̂dk−1 +m
2 + 1

A(a,k)qk

∣∣∣∣∣∣ .
From Theorem 5.1, the Volterra-type summable equations (5.3) have a unique solution in(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

.
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Example 5.3. Consider the Volterra-type summable equation (5.4) and W : Ω→ Ω is defined as equation

(5.4), where Ω =
{
f ∈

(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

: f̂0 = f̂1 = 0
}

and ϕ(f) =√∑∞
l=0

(∑l
z=0

|f̂z|
z+1

(u+v)l

) 2l+3
l+2

, for every f ∈
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

. Obviously,Ω is a nonempty

ϕ-bounded, ϕ-convex, and ϕ-closed subset of
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

. From Example

5.2, W is Kannan ϕ-contraction, therefore, it is Kannan ϕ-non-expansive. In view of Corollary 4.3, W has
a fixed point in Ω.

Theorem 5.4. Presume the summable equation (5.1), and if W :
(
EPu,v(q, τ)

)
ϕ
→
(
EPu,v(q, τ)

)
ϕ

is defined by

(5.2), where the settings of Theorem 2.14 are confirmed so that τ0 > 1 and ϕ(f) =
∑∞
a=0

(∑a
k=0A(a,k)qk|f̂k|

(u+v)a

)τa
,

for all f ∈ EPu,v(q, t). The summable equation (5.1) has a unique solution Z ∈
(
EPu,v(q, τ)

)
ϕ

, if the next settings
are established.

(1) Suppose B : N2 → R, g : N×C → C, p̂ : N → C, η̂ : N → C, one has λ ∈ R with 2K−1 supa |λ|
τa ∈ [0, 1

2)
and for all a ∈ N, then∣∣∣∣∣

a∑
k=0

(∑
m∈N

B(k,m)[g(m, f̂m) − g(m, η̂m)]

)
A(a,k)qk

∣∣∣∣∣
6 |λ|

∣∣∣∣∣
a∑
k=0

(
p̂k − f̂k +

∞∑
m=0

B(k,m)g(m, f̂m)

)
A(a,k)qk

∣∣∣∣∣
+ |λ|

∣∣∣∣∣
a∑
k=0

(
p̂k − η̂k +

∞∑
m=0

B(k,m)g(m, η̂m)

)
A(a,k)qk

∣∣∣∣∣ .
(2) W is ϕ-sequentially continuous at t ∈

(
EPu,v(q, τ)

)
ϕ

.

(3) There is f ∈
(
EPu,v(q, τ)

)
ϕ

with {Wmf} having {Wmjf} converging to t.

Proof. We have

ϕ(Wf−Wη) =

∞∑
a=0


∣∣∣∑ak=0

(∑
m∈N B(k,m)[g(m, f̂m) − g(m, η̂m)]

)
A(a,k)qk

∣∣∣
(u+ v)a

τa

6 2K−1 sup
a

|λ|τa
∞∑
a=0


∣∣∣∑ak=0

(
p̂k − f̂k +

∑∞
m=0 B(k,m)g(m, f̂m)

)
A(a,k)qk

∣∣∣
(u+ v)a

τa

+ 2K−1 sup
a

|λ|τa
∞∑
a=0

(
|
∑a
k=0 (p̂k − η̂k +

∑∞
m=0 B(k,m)g(m, η̂m))A(a,k)qk|
(u+ v)a

)τa
= 2K−1 sup

a

|λ|τa (ϕ(Wf− f) +ϕ(Wη− η)) .

From Theorem 3.8, we obtain a unique solution t ∈
(
EPu,v(q, τ)

)
ϕ

of equation (5.1).

Example 5.5. Presume
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

, where ϕ(f) =
∑∞
l=0

(∑l
z=0

|f̂z|
z+1

(u+v)l

) 2l+3
l+2

, for

every f ∈
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

. Consider the summable equations (5.3),
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W :
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ
→
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

defined by (5.4).

Suppose W is ϕ-sequentially continuous at t ∈
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

, and there is

f ∈
(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,
(2k+3
k+2

)∞
k=0

))
ϕ

with {Wmf} having {Wmjf} converging to t. Clearly, we have

λ ∈ R so that 2K−1 supa |λ|
2a+3
a+2 ∈ [0, 1

2) and for every a ∈ N, we have∣∣∣∣∣∣
a∑
k=0

 ∞∑
m=0

ek
f̂bk−2

f̂dk−1 +m
2 + 1

(
em − em

)A(a,k)qk

∣∣∣∣∣∣
6 |λ|

∣∣∣∣∣∣
a∑
k=0

e−(3k+6i) − fk +

∞∑
m=0

ek+m
f̂bk−2

f̂dk−1 +m
2 + 1

A(a,k)qk

∣∣∣∣∣∣
+ |λ|

∣∣∣∣∣∣
a∑
k=0

e−(3k+6i) − η̂k +

∞∑
m=0

ek+m
η̂bk−2

η̂dk−1 +m
2 + 1

A(a,k)qk

∣∣∣∣∣∣ .
From Theorem 5.4, the summable equations (5.3) have a unique solution t ∈

(
EPu,v

((
1

(k+1)A(l,k)

)∞
k=0

,(2k+3
k+2

)∞
k=0

))
ϕ

.

6. Conclusion

In this article, several topological and geometric structures in the new complex function space EPu,v(q, τ)
are discussed. The nonlinear dynamical systems can be solved in a variety of ways. The variable exponent
we discovered in the space we just discussed has bolstered several well-known ideas.
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[2] B. Altay, F. Başar, Generalization of the sequence space l(p) derived by weighted mean, J. Math. Anal. Appl., 330 (2007),
174–185. 1.1

[3] H. Aydi, M. Aslam, Dur-e-Shehwar Sagheer, S. Batul, R. Ali, E. Ameer, Kannan-type contractions on new extended
b-metric spaces, J. Funct. Spaces, 2021 (2021), 12 pages. 1

[4] A. A. Bakery, M. H. El Dewaik, A generalization of Caristi’s fixed point theorem in the variable exponent weighted formal
power series space, J. Funct. Spaces, 2021 (2021), 18 pages. 2.3, 2.4, 2.7

[5] A. A. Bakery, O. M. K. S. K. Mohamed, Kannan prequasi contraction maps on Nakano sequence spaces, J. Funct. Spaces,
2020 (2020), 10 pages. 1

[6] A. A. Bakery, E. A. E. Mohamed, Some applications of new complex function space constructed by different weights and
exponents, J. Math., 2021 (2021), 18 pages. 2.8, 2.12

[7] A. A. Bakery, O. K. S. K. Mohamed, Kannan nonexpansive maps on generalized Cesàro backward difference sequence
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