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Abstract

In this paper, we prove some new fixed and common fixed point results in the framework of
partially ordered quasi-metric spaces under linear and nonlinear contractions. Also we obtain some
fixed point results in the framework of G-metric spaces. (©)2016 All rights reserved.
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1. Introduction and preliminaries

The fixed point theory is considered as a basic and very simple mathematical setting, since
it has some applications in many interesting fields such as differential equations, economics and
engineering. The existence of a fixed point is a pivotal property of a function. Many necessary or
sufficient conditions for the presence of such points are considered in many areas in mathematics.

The Banach contraction theorem [4] is considered as a fundamental theorem concerning fixed
point theorem in a complete metric space which is appeared in 1922 and rise for its elegant and
simple proof which it is known later as Banach contraction principle. Subsequently, a large number
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of generalizations of Banach contraction principle were obtained, for example in 2008, Agarwal et al.
[1] introduced and proved the following theorem.

Theorem 1.1 ([I, Theorem 2.3]). Let (X, d, <) be a partially ordered complete metric space. Assume
¥ : [0, 400) — [0, +00) is a non-decreasing function with () <t for each t > 0. Moreover, suppose
that f is a nondecreasing mapping satisfying the following form

d(f(x), f(y)) < Y(max{fd(z,y),d(z, f(z)),d(y, f(y))})

for all x > y. Also assume either fis continuous or if (x,) C X is a nondecreasing sequence with x,,
— z in X, then x,, < x for all n holds. If there exists an xo € X with xo < f(xo) then f has a fized
point.

The concept of quasi-metric spaces was generated by Wilson [19] in 1931 as the following:

Definition 1.2. Let X be a non empty set and d : X x X — [0,00) be a given function which
satisfies

(1) d(z,y) =0iff z = y;
(2) d(z,y) < d(z,z) + d(z,y) for any points z,y,z € X.

Then d is called a quasi metric on X and the pair (X, d) is called a quasi metric space.

It is clear that every metric space is a quasi metric space, but the reverse is not necessarily true.

Jleli and Samet [5] and Samet et al. [16] utilized the notion of quasi-metric space to obtain some
fixed point theorems. In their interesting papers, they pointed out that some fixed point results in
G-metric space in sense of Mustafa and Sims [I4] can be obtained from quasi-metric space. Agarwal
et. al [2] showed that many fixed point theorems in G-metric spaces can be derived from known
existing results if all arguments are not distinct. For some results in G-metric space, we refer the
reader to [7HI8].

The convergence and completeness in a quasi-metric space are defined as follows:

Definition 1.3 ([5]). Let (X, d) be a quasi-metric space, (x,) be a sequence in X, and x € X. Then
the sequence (x,) converges to z if and only if lim d(z,,z) = lim d(x,z,) = 0.
n—oo n—oo

Definition 1.4 ([3]). Let (X, d) be a quasi-metric space and (z,,) be a sequence in X. We say that
the sequence (x,,) is left-Cauchy if for every e > 0 there is positive integer N = N(¢) such that
d(xp, xm) < €foralln >m > N.

Definition 1.5 ([3]). Let (X, d) be a quasi-metric space and (z,,) be a sequence in X. We say that
the sequence (x,) is right-Cauchy if for every € > 0 there is a positive integer N = N (¢) such that
d(xp, xm) < €forallm >n > N.

Definition 1.6 ([5]). Let (X,d) be a quasi-metric space and (z,) be a sequence in X. We say
that the sequence (z,) is Cauchy if for every € > 0 there is positive integer N = N(€) such that
d(zp, x,) < € for all m,n > N.

Definition 1.7 ([5]). Let (X, d) be a quasi-metric space. We say that

(1) (X,d) is left-complete if and only if every left-Cauchy sequence in X is convergent;
(2) (X,d) is right-complete if and only if every right-Cauchy sequence in X is convergent;
(3) (X,d) is complete if and only if every Cauchy sequence in X is convergent.
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Mustafa and Sims [14] introduced the notion of G-metric spaces as follows:

Definition 1.8 ([14]). Let X be a nonempty set and let G : X x X x X — [0,00) be a function
satisfying:

(G1) G(z,y,2)
(G2) G(z,z,y)
(G3) G(z,y,y)
(G4) z) =

=0ifr =y =z,
>0 for all z,y € X, with x # v,
< G(x,y,z) for all x,y,z € X, with y # z,

G(z,y,z G(p{z,y,z}), where p{x,y, 2z} is the all possible permutations of {z,y, z} (sym-

metry),
(Gh) G(x,y,2) < G(x,a,a) + G(a,y,2) Vx,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or more specifically a G-metric on X, and the
pair (X, G) is called a G-metric space.

Definition 1.9 ([14]). Let (X, G) be a G-metric space and let (x,) be a sequence of points of X.
Then we say that (z,) is G-convergent to = if lim G(z,x,,x,,) = 0; that is, for any € > 0, there

n,Mm—00

exists k € IN such that G(x, z,,x,,) <€, for all n,m > k.

Proposition 1.10 ([14]). Let (X, G) be a G-metric space. Then the following assertions are equiv-
alent

(1) (xn) is G-convergent to x;
(2) G(xp,xn,x) >0 asn — o
(3) G(xp,xz,z) -0 asn — oc.

Definition 1.11 ([I4]). Let (X, G) be a G-metric space. A sequence (z,,) in X is said to be G-Cauchy
if for every € > 0, there exists k£ € IN such that

G(Tp, Tm,x;) <€, Yn,m,l > k.
Proposition 1.12 ([14]). In a G-metric space, the following are equivalent
(1) the sequence (x,,) is G-Cauchy;
(2) for every e > 0, there exists k € IN such that G(x,, T, Tp) < € for alln,m > k.

Definition 1.13 ([I4]). A G-metric space (X, G) is said to be G-complete or complete G-metric
space if every G-Cauchy sequence in (X, G) is G-convergent in (X, G).

The following theorem is a relation between G-metric spaces and quasi metric spaces.

Theorem 1.14 ([B]). Let (X,G) be a G-metric space and let d : X x X — [0,00) defined by
d(z,y) = G(z,y,y). Then

(1
2

) (X, d) is a quasi metric space;
(2) (z,) C X is G-convergent to x € X iff (x,) is convergent in (X,d);
(3) (zn) C X is G-Cauchy iff (x,) is Cauchy in (X, d);

(4) (x,) C X is G-complete iff (x,,) is complete in (X, d).
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2. Main result
We start with the following definitions.

Definition 2.1 ([3]). Let (X, <) be a partially ordered set. Two mappings F, G : X — X are said
to be weakly increasing if Fxr < GFx and Gz =< FGz, for all x € X.

Definition 2.2 ([18]). Let (X, <) be a partially ordered set and A, B be closed subsets of X with
X =AUB. Let f,g: X — X be two mappings. Then the pair (f,g) is said to be (A, B)-weakly
increasing if fox < gfx for all x € A and gx < fgx for all x € B.

Definition 2.3 ([6]). The function ¢ : [0,00) — [0, 00) is called an altering distance function if the
following properties are satisfied.

(1) ¢ is continuous and nondecreasing.
(2) ¢(t) = 0 if and only if t = 0.

Our main result in this section is the following theorem.

Theorem 2.4. Let (X, =) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let A,B be two nonempty closed subsets of X with respect to the topology induced by d
with X = AUB and AN B # ¢. Let f,g: AUB — AU B such that the pair (f,g) is (A,B)-weakly
increasing with f(A) C B, g(B) C A. Let ¢,¢ be altering distance functions. Moreover, suppose
that

¢d(fz, gy) < pmax{d(x,y).d(fz,z),d(gy, y)} — ¢ max{d(z,y),d(fz,z),d(gy.y)} (2.1)
for all comparative x,y € X withx € A, y € B, and
¢d(gz, fy) < pmax{d(z,y),d(gz, x),d(fy, y)} — Y max{d(z,y), d(gz, z),d(fy.y)} (2.2)

for all comparative x,y € X with x € B, y € A. Also,

1. suppose that there exists vy € A such that vo = fxo,
2. if f or g is continuous.

Then f and g have a common fixed point in AN B.

Proof. From 1. there exists g € A such that zo < fxg. Since f(A) C B, then z; = fxy € B.
Also, since g(B) C A, then x93 = gr; € B. By continuing this way, we construct a sequence (x,,)
in X such that fzo, = zon41, Ton € A, gTopi1 = Topie and 9,41 € B, n € INU {0}. Since (f, g)
is (A, B)-weakly increasing, then zq < fzg = 21 = gfxg = gr1 = 29 X fgry = fre = x5+ .
Thus =z, = z,41 for all n > 0. If there exists some k£ € IN such that xop = xogi1, then x9; is a
fixed point for f in AN B. To show that zo is also a fixed point for g it is equivalent to show that

Top = Tog41 = Tog42. SINCE Top = Top41, then by |’ we have

¢d(9€2k+2, $2k+1) = ¢d(9$2k+1, fok)
< ¢pmax{d(Torr1, Tor), d(Tokt2, Tort1), A(Tokt1, Tor) }
— Y max{d(zoi1, Tor), d(Tops2, Tops1), d(Tops1, Tor) }

< ¢d(Tonrt2, Tokt1) — VA(Tokta, Togt1)-

Therefore, ¥d(zogia, Tor+1) = 0, and so d(xopi2, Togr1) = 0. Hence xopyo = @opr1. Thus zg; is a
common fixed point for f and g in AN B.
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Now, assume that x,, # x,41 for all n > 0. Let n € IN. If n is even, then n = 2t for some ¢t € IN.

By (2.1)), we have
¢d(l’n+1, xn) = ¢d(5€2t+1, mzt) = ¢d(f$2t7 93727&71)

< gbmax{d(xgt, 1U2t—1)a d($2t+1,$2t)7 d($2ta $2t—1)}
— maX{d(Izm $2t—1); d($2t+1, $2t), d(xzn $2t—1)}
< ¢pmax{d(xari1, Tar), d(Tor, Tor—1)}

— Y max{d(Tat1, To), d(xar, To—1)}.

If maX{d($2t+17 $2t)7 d(xzt, xzt—1)} = d($2t+1, $2t)a then

¢d($2t+1, $2t) < ¢d($2t+1, 1‘2t) - wd(ﬂfztﬂ, fL‘zt)-

Therefore, ¥d(xa41,22) = 0 and so d(zas1,T2) = 0. Thus w911 = 9 is a contradiction. Hence
max{d(xo1,Tor), d(Tor, Tor—1)} = d(xs, x9i—1). Therefore

d(xn+17$n) S d(xn7mn—1) (23)

and
Od(Tpy1,Tn) < Od(Tp, Tp1) — Vd(Ty, Tp_1). (2.4)
If n is odd, then n = 2t + 1 for some ¢t € IN. By ({2.2]), we have

¢d<$n+17 xn) = ¢d($2t+2, $2t+1) = ¢d(g$2t+1, fIQt)
< ¢pmax{d(Tari1, Tar), A(Tar42, Tart1), d(Tary1, Tar) }
- maX{d($2t+1, 37275)7 d($2t+2, !L‘2t+1), d($2t+1, $2t)}
< ¢pmax{d(xai1, T2), d(Tor42, Targ1)}

-1 maX{d(fBQtH, 5U2t)7 d($2t+2, 352t+1)}-

If max{d(zot1, %), d(Tors2, Tors1)} = d(Toro, Tot1), then ¢d(Torys, Tory1) < Od(Topro, Tos1) —
VYd(xat42, Tor1). Therefore, Yd(xaig, T211) = 0, and so d(wai42, Tarp1) = 0. Thus oo = T
is a contradiction. Hence max{d(zas i1, To;), d(or12, Torr1)} = d(xo41, x9). Therefore,

d(xn+17$n) S d(xnvrn—l) (25)

and
Od(Tpy1,Tn) < Od(Tp, Tp—1) — Vd(Ty, Tp_1). (2.6)
From ([2.3) and ({2.5)), we have for all n € IN

d(xpi1, ) < d(Tp, Tp_1). (2.7)

Thus (d(xn41,2,) : n € IN) is a nonnegative decreasing sequence, so there exists > 0 such that
nh_{](r)lo d(xpy1, ) = 7. Also, from 1} and 1' we have for all n € IN

¢d(l’n+1, xn) S ¢d(3§’n, xnfl) - Wi(ib’m xnfl)' (28)

By taking the limit as n — oo in (2.8)), we get ¢r < ¢r — 1pr which implies that ¢r = 0. Therefore,
r = 0. Thus
lim d(x,41,2,) =0. (2.9)

n—oo
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Again, let n € IN. If n is even, then n = 2t for some ¢ € IN. By (2.2), we have

¢d(9€m$n+1) = ¢d($2t,x2t+1) = ¢d(g$2t—17 f952t)
< ¢pmax{d(xoi—1,T2), d(T2, Tor—1), d(Top11, T2t) }

- maX{d(ﬂbt—l, xzt), d($2t> 372t—1)> d(332t+1, 372t)}-
From ([2.7), we have d(za, z9—1) > d(x9i11, o). Thus

dd(xop, Top1) < pmax{d(xe_1,Ta), (T2, T24—1)}
— Y max{d(ray_1,Ta),d(xo, xor—1)} (2.10)
< pmax{d(vo—1, Tat), d(at, Tar—1)}-

Since ¢ is an altering distance function, then

d(xop, xorr1) < max{d(xa_1, o), d(xor, Tor—1)}- (2.11)
From ([2.7) we have
d(xori1, o) < d(xap, Top—1) < max{d(we_1,xo), d(To, Tor1)}. (2.12)
From and (2.12), we have
max{d(xe 1, Tar), d(Tar, Torr1)} < max{d(xe;_1,Ta), d(Tar, To—1)}- (2.13)

Similarly, we can show that
maX{d($2t+1, $2t+2)7 d($2t+2, I2t+1)} < maX{d(ZE2t+17 $2t)7 d(ﬁzt; $2t+1)}- (2.14)

From ([2.13) and (2.14)), we get that
max{d(x,, Tni1), d(Tpi1,2n)} < max{d(zn,,x,_1),d(Ty_1,2,)} holds for all n € IN.

So (max{d(z,,xnt1),d(Tnt1,%,)}) is a nonnegative decreasing sequence. Hence there exists r > 0
such that

lim max{d(z,, Tn11),d(Tns1,7,)} =7
n—oo

From ([2.9)), we get

lim d(x,, Tp41) =7
n—oo

From ({2.10), we get
o(r) < o(r) —o(r).
So (r) = 0, and hence r = 0. Therefore, for all n € IN

nll_{lolo d(xn, Tny1) = 0.

Now, our claim is to show that (z,) is Cauchy sequence. To show that (z,,) is a Cauchy sequence it
is sufficient to show that (z2,) is a Cauchy sequence; that is (z2,) is left-Cauchy and right-Cauchy.
Suppose to the contrary that (xs,) is not left-Cauchy. Then there is ¢ > 0 and two subsequences
(%2n, ) and (x9pm, ) such that (xs,, ) chosen to be the smallest index for which

d(zan,, Tom,) > € 2ng > 2my > k. (2.15)
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This means that
d<I2nk—27x2mk) < €.

From ([2.15)), we get

€ < d(xan,, Tam,) (Zang s Tong—1) + A(Ton,—1, Tam, )

<d
< d(Tany s Tong,—1) + d(Ton, —1, Ton,—2) + d(Ton, —2, Tam, )-

Taking the limit as £ — oo and using (2.9)), we conclude

lim d(zon,—1, Tom, ) = €. (2.16)

k—o0

Again, from ([2.15)), we obtain

€ < d(zan,, Tom,) < d(X2n,, Tomp+1) + A(Tom+1, Tamy,)-
Taking the limit as k — oo and using ([2.9)), we see that

€ S lim d('x?nkvmek—i-l)- (217)

k—o00

The contraction condition (2.2) yields

¢d($2nk, $2mk+1) = ¢d(9I2nk—1, f$2mk>
< ¢pmax{d(Ton,—1, Tom, ) A(Tany s Tang—1), AT2mp+1, Tom, ) }

- ¢ maX{d(fEan_l, .’I)ka)7 d<x2nk7 xan—1)7 d(mek-‘rl? ZEka)}

Taking the limit as £ — oo and using the continuity of ¢, and using (2.9)),(2.16)), and (2.17)), we
get

¢€ S (bkhjgo d(x2nk7 I2mk+1) S (bE - 1/}6‘

Therefore, e = 0, and hence ¢ = 0 which is 1a contradiction since € > 0. Hence (z3,) is a left-Cauchy
sequence. In a similar manner we can prove that (zy,) is a right-Cauchy sequence.

Since (X,d) is a complete quasi metric space, then (z,) converges to some element u € X.
Therefore any subsequence of (z,) also converges to u. Thus the subsequences (z2,) and (Z2,41)

also converge to u. Since (xs,) is a sequence in A, A is a closed subset of X and lim xg, = u, then
n—o0

u € A. Also, since (z9,41) is a sequence in B, B is a closed subset of X and lim xg,,1; = u, then

n—o0
uebB.
By using the continuity of f, we get

lim d(x,, fu) = lim d(fz,-1, fu) =0 and lim d(fu,z,) = lim d(fu, fx,—1) =0.
n—o0 n—o0 n—r00

n—oo

Hence
lim d(fu,z,) = lim d(z,, fu) = 0.

n—o0

Thus (x,,) converges to fu. By uniqueness of the limit, we have fu = u. So u is a fixed point of f in
ANB.

Now, since u = u, then from ([2.2]), we get

¢d(gu,u) = ¢d(gu, fu)
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< ¢max{d(u,u),d(gu,u),d(fu,u)}
— Y max{d(u,u),d(gu,u),d(fu,u)}.

Thus ¢d(gu, u) < ¢d(gu,u) —1d(gu,u). Hence ¥d(gu,u) = 0, and so d(gu,u) = 0. Therefore gu = u.
Hence u is a common fixed point for f and g in AN B. O]

Remark 2.5. The previous theorem is still correct if we choose the function ¢ : [0,00) — [0, 00) just
as a continuous function.

Corollary 2.6. Let (X,=) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let A,B be two nonempty closed subsets of X with respect to the topology induced by
d with X = AUB and ANB # ¢. Let f : AUB — AU B such that fx < f?z for all x € X with
f(A) C B, f(B) C A. Let ¢, be altering distance functions. Also suppose that

¢d(fx, fy) < pmax{d(z,y),d(fr,z),d(fy,y)} — Y max{d(z,y),d(fz,x),d(fy,y)}
for all comparative x,y € X withx € A, ye Borx e B, ye€ A. Also,

1. suppose that there exists xo € A such that zo = fxy,
2. if f or g is continuous.

Then f and g have a common fized point in AN B.
Proof. Tt follows from Theorem [2.4] by taking g = f. O

Corollary 2.7. Let (X,=) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let f,g: X — X such that the pair f and g are weakly increasing mappings. Let ¢,
be an altering distance functions. Moreover, suppose that

od(fr,gy) < pmax{d(z,y),d(fz,x),d(gy,y)} — ¢ max{d(x,y),d(fz,x),d(gy,y)}

for all comparative x,y € X, and

¢d(gz, fy) < ¢max{d(z,y),d(gz, x),d(fy, y)} — Y max{d(z,y), d(gz, z),d(fy, y)}
for all comparative x,y € X. Also,

1. suppose that there exists xo € A such that xq < fxg,
2. if f or g is continuous.

Then f and g have a common fixed point in AN B.
Proof. Tt follows from Theorem [2.4] by taking A = B = X. O
By replacing g by f and taking A = B = X in Theorem we get the following result.

Corollary 2.8. Let (X,=) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let f : X — X such that fx < f?x. Let ¢,1 be an altering distance functions.
Moreover, suppose that

od(fx, fy) < pmax{d(x,y),d(fx,x),d(fy,y)} — pmax{d(z,y),d(fzx,z),d(fy,y)}

for all comparative x,y € X. Also,
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1. suppose that there exists vy € A such that ro = fxo,
2. if f or g is continuous.

Then f and g have a common fixed point in AN B.

If we define ¢ : [0, 00) — [0, 00) by ¢(t) =t and ¢ : [0, 00) — [0, 00) by ¥(t) = (1 —k)t, k € [0,1),
then we get the following result.

Theorem 2.9. Let (X, =X) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let A,B be two nonempty closed subsets of X with respect to the topology induced by d
with X = AUB and AN B # ¢. Let f,g: AUB — AU B such that the pair (f,g) is (A,B)-weakly
increasing with f(A) C B, g(B) C A. Suppose that

d(fx,gy) < kmax{d(z,y),d(fz,z),d(gy,y)}

for all comparative x,y € X withx € A, y € B, and

d(gz, fy) < kmax{d(z,y),d(gz, ), d(fy,y)}

for all comparative x,y € X withx € B, y € A. Also,

1. suppose that there exists xog € A such that xo = fxg,
2. if f or g is continuous.

Then f and g have a common fixed point in AN B.

Corollary 2.10. Let (X, =) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let A,B be two nonempty closed subsets of X with respect to the topology induced by
dwith X = AUB and ANB # ¢. Let f : AUB — AU B such that fx < f?x forall x € X with
f(A) C B, f(B)C A. Suppose that

d(fz, fy) < kmax{d(z,y),d(fz,z),d(fy,y)}

for all comparative v,y € X withx € A, ye€ Borxz e B, ye A. Also,

1. suppose that there exists vy € A such that ro = fxo,
2. if f or g is continuous.

Then f and g have a common fized point in AN B.
Proof. The proof follows from Theorem [2.9] by taking g = f. O

Corollary 2.11. Let (X, =) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let f,g: X — X such that the pair f and g are weakly increasing. Suppose that

d(fx,gy) < kmax{d(z,y),d(fz,x),d(gy,y)}
for all comparative x,y € X, and
d(gz, fy) < kmax{d(z,y),d(gz,z),d(fy.y)}

for all comparative x,y € X. Also,

1. suppose that there exists vy € A such that ro = fxo,
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2. 4f f or g is continuous.

Then f and g have a common fized point in AN B.
Proof. Tt follows from Theorem 2.9 by taking A = B = X O
If we take g = f and A = B = X in Theorem then we get the following result.

Corollary 2.12. Let (X, <) be a partially ordered set and suppose that (X,d) is a complete quasi-
metric space. Let f: X — X such that fx < f2x Vo € X. Suppose that

d(fx, fy) < kmax{d(z,y),d(fz,z),d(fy,y)}

for all comparative x,y € X, and

1. suppose that there exists vy € A such that xo = fxo,
2. if f or g is continuous.

Then f and g have a common fized point in AN B.

3. Common fixed point theorems in G-metric spaces

Theorem 3.1. Let (X, =) be a partially ordered set and suppose that there exists a G-metric on X
such that (X,G) is a complete G-metric space. Let A,B be two nonempty closed subsets of X with
respect to the topology induced by G with X = AUB. Let f,g: AUB — AU B be two mappings
such that the pair (f,g) is (A, B)-weakly increasing with f(A) C B, g(B) C A. Let ¢ and ¢ be an
altering distance functions. Moreover, suppose that

oG (fr,9y,9y) < pmax{G(z,y,y), G(fz,z,),G(gy,y,v)}
— Yy max{G(v,y,y), G(fr,z, ), G(gy,y,v)}

for all comparative x,y € X withx € A, y € B, and

oG9z, fy, fy) < pmax{G(z,y,y), G(gz,z,2), G(fy,y. y)}
- w maX{G([L‘, Y, y)> G(Qxa T, .%’), G(fya Y, y)}
for all comparative x,y € X withx € B, ye€ A. Also

1. suppose that there exists xo € A such that xo < fxg,
2. if f or g is continuous.

Then f and g have a common fized point in AN B.

Proof. Let d : X x X — [0,00) defined by d(z,y) = G(z,y,y) for all comparative z,y € X with
r e A ye€ Bandd(y,x) = Gy, z,z) for all comparative z,y € X with x € A, y € B. Then by
Theorem m, (X,d) is a quasi metric space. From the contractive conditions we have

¢d(fz,gy) < pmax{d(z,y),d(fz,z),d(gy,y)} — ¢ max{d(z,y),d(fz,x),d(gy,y)}
for all comparative z,y € X with z € A, y € B, and
¢d(gz, fy) < pmax{d(z,y),d(gz, z),d(fy,y)} — ¢ max{d(z,y), d(gz,z),d(fy,y)}

for all comparative z,y € X with x € B, y € A. By Theorem f and g have a common fixed
point in AN B. O
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Theorem 3.2. Let (X, =) be a partially ordered set and suppose that there exists a G-metric on X
such that (X,G) is a complete G-metric space. Let A and B be two nonempty closed subsets of X
with respect to the topology induced by G with X = AUB. Let f,g: AUB — AUB be two mappings
such that the pair (f,g) is (A, B)-weakly increasing with f(A) C B and g(B) C A. Suppose that
there exists r € [0,1) such that

G(fr,gy,9y) <k max{G(z,y,y),G(fr,r,2),G(gy,y,y)}

forall comparativex,y € X withx € A, y € B, and

G(gz, fy, fy) < k max{G(z,y,v), G(gz,,2),G(fy,y,y)}

for all comparative x,y € X withx € B, y € A. Also,

1. suppose that there exists vy € A such that ro = fxo,
2. if f or g is continuous.

Then f and g have a common fived point in AN B.

Proof. As in the proof of Theorem , we consider the function d : X x X — [0,00) such that
d(xz,y) = G(z,y,y) for all comparative x,y € X with x € A, y € B and d(y,z) = G(y, x,x) for all
comparative z,y € X with z € A, y € B. Then by Theorem |1.14] (X,d) is a quasi metric space.
From the contractive conditions we have

d(fx,gy) < kmax{d(z,y),d(fz,z),d(gy,y)}

for all comparative x,y € X with z € A, y € B, and

d(g, fy) < kmax{d(z,y),d(gz,r),d(fy,y)}

for all comparative z,y € X with x € B, y € A. By Theorem f and g have a common fixed
point in AN B. O

Remark 3.3. We can prove Theorem from Theorem by choosing ¢t = t and ¥t = (1 — k)t,
where 0 < k < 1.

Next, we introduce an example to support our result.

Example 3.4. Let X = {0,1,2,3,---} and define a relation < on X by a,b € X, a <biffa—b >0
and let A and B be two subsets of X such that A = {0,2,4,6,---}, B={0,1,3,5,---}.

0 = y;
Define d : X x X — [0,00) by d(z,y) = =Y
T+2y, rFYy.
0 =0,1,2; 0 —0.1;
Let f,g: AUB — AU B be defined by fo =14 FENLES e r=0,1;
r—3, x2=3. r—1, z>2

Also, define ¢, : [0,00) — [0,00) by ¢t = t2, ¢t = t. Then

(1) (X,d, =) is a partially ordered complete quasi metric space;

(2) A and B are closed subsets of X with respect to the topology induced by d;
(3) the pare (f,g) is (A, B)-weakly increasing with f(A) C B, g(B) C A;

(4)

(5)

¢ and v are altering distance functions;
there is zg € X such that xq < fxo;
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(6)
od(fx,gy) < pmax{d(z,y),d(fz,z),d(gy,y)} — Y max{d(z,y),d(fr,z),d(gy,y)}  (3.1)

for all comparative x,y € X with z € A, y € B, and

¢d(gz, fy) < ¢max{d(z,y),d(gz, x),d(fy.y)} — Y max{d(z,y),d(gz, z),d(fy.y)}  (3.2)
for all comparative z,y € X withz € B, y € A.

Proof. The proofs of (1), (2), (3), (4), and (5) are clear. We show (6).
Let x € A, y € B. Then we have the following cases:

Case (I): If x € {0,1,2} and y € {0, 1}, then fzr =0 and gy = 0. Hence the left hand side of (3.1) is
equal to 0 and so (3.1)) is satisfied.

Case (II): If z > 3 and y > 2, then
Subcase (1): If z —3 =y — 1, then ¢d(fx, gy) = [d(x — 3,y — 1)]> = [0]> = 0 and so (3.1) is satisfied.
Subcase (2): If v —3 # y — 1, then

od(fr,gy) = ld(z — 3,y — 1)]* =[x + 2y — 5]* = 2” + 4y* + 25 + 4oy — 10z — 20y.
On the other hand

(max{d(z,y), d(fz,z),d(gy,y)}|* — max{d(z,y),d(fz,x),d(gy,y)}
- [max{d(xv y)? d(l’ - 37 :E)’ d(y - 1a y)}]2 - max{d(x, y)> d<$ - 37 ZL’), d(y - 17 y)}
= [max{z + 2y, 27 — 3,2y — 1}]> — max{z + 2y, 27 — 3,2y — 1}.

If max{x + 2y, 2z — 3,2y — 1} = 2 + 2y, then the right hand side is 2% + 4y? + 42y — x — 2y. Assume
to the contrary that z? + 4y? + 25 + 4oy — 102 — 20y > 2 + 4y* + 42y — x — 2y. Then we have
92+ 18y < 25 a contradiction since x > 3 and y > 2. Thus we have x? +4y% 4 25+ 4xy — 10z — 20y <
2?2 + 4y* + 4oy — v — 2y. If max{x + 2y,2z — 3,2y — 1} = 2z — 3 or 2y — 1, then the result is clear
since if a,b € IN with a < b, then o> — a < b*> — b. Thus is satisfied. In a similar manner we
can show that is satisfied. Hence all hypothesis of Theorem hold true. Therefore f and g
have a common fixed point in AN B. In this example the common fixed point of f and g in AN B
is 0. O
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