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Abstract

This paper aims to apply fuzzy set theory to Sheffer stroke BE-algebras. The concepts of fuzzy SBE-ideals and anti-fuzzy
SBE-ideals of Sheffer stroke BE-algebras are introduced, and their important properties are investigated. Characterizations of
SBE-ideals of SBE-algebras are given in terms of fuzzy SBE-ideals and anti-fuzzy SBE-ideals. Relationships between fuzzy SBE-
ideals and anti-fuzzy SBE-ideals and their level subsets are discussed. We especially characterize fuzzy SBE-ideals and anti-fuzzy
SBE-ideals by their level subsets.
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1. Introduction

Sheffer stroke (Sheffer operation), which is one of the two operators that can be used by itself without
any other logical operators, was originally introduced by Sheffer to build a logical formal system [13].
Since it offers novel axiom systems that are straightforward and easily adaptable for a variety of algebraic
structures owing to its commutative property, there are numerous uses for this operation in algebraic
structures, such as Sheffer Stroke Hilbert algebras [8], Sheffer stroke BCK-algebras [9], Sheffer stroke
BCH-algebras [5], strong Sheffer stroke nonassociative MV-algebras [6], Sheffer stroke BL-algebras [10],
Sheffer stroke UP-algebras [7], and Sheffer stroke BE-algebras [1, 2, 11, 12].

Sheffer stroke BE-algebras, or SBE-algebras, were presented by Katican et al. [2] and links between
SBE-algebras and BE-algebras were examined. It is demonstrated by presenting an SBE-filter and an
SBE-subalgebra on an SBE-algebra that any SBE-filter of an SBE-algebra is an SBE-subalgebra, but the
inverse is not true. Relationships between SBE-algebras and Sheffer stroke Hilbert algebras were studied.
Recently, fuzzy Sheffer stroke BE-algebras were explored by Oner et al. [11]. They defined concepts of
fuzzy SBE-subalgebras, fuzzy SBE-filters, and the Cartesian product of fuzzy points and fuzzy subsets
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on SBE-algebras. Additionally, they looked into how different SBE-filters on SBE-algebras related to one
another.

As previously stated, it motivated us to study fuzzy set theory in SBE-algebras. We introduce the
concepts of fuzzy SBE-ideals and anti-fuzzy SBE-ideals of SBE-algebras, and investigate their important
properties. It is demonstrated that every fuzzy SBE-ideal of an SBE-algebra is a fuzzy SBE-subalgebra,
but the inverse does not always hold in general. Also, characterizations of SBE-ideals of SBE-algebras are
given in terms of fuzzy SBE-ideals and anti-fuzzy SBE-ideals. Finally, we will discuss the relationships
between fuzzy SBE-ideals and anti-fuzzy SBE-ideals and their level subsets.

2. Preliminaries

In this section, definitions and notions about BE-algebras and Sheffer stroke BE-algebras are given.
Definition 2.1 ([4]). An algebra (X,~»,1) of type (2,0) is called a BE-algebra if it satisfies the following
conditions:

(BE-1) a~a=1forall a € X;
(BE-2) a~1=1forall a € X;
(BE-3) 1~ a=aforall a € X;
(BE-4) a~ (b~ c)=b~ (a~c)forall a,b,ce X

Example 2.2 ([4]). Consider X = {1, a,b,c,d} and a binary operation ~+ on X has the Cayley table:

~ 11 a b ¢ d
1/1 a b ¢ d
all 1 b ¢ d
b|1 a 1 ¢ ¢
c|1 1 b 1 b
1 (1 1 1 1 1

Then (X, ~~,1) is a BE-algebra.

Definition 2.3 ([2]). Let (S, 1) be a groupoid. The operation 1 on S is said to be a Sheffer stroke (or Sheffer
operation) if it satisfies the following conditions:

(S1) atb=btaforallaq,bes;

(S2) (ata)t(atb)=aforall a,beSs;

(83) at((btc)t(brc))=((atb)t(atb))tcforalab,ceS;

($4) (at((ata)T(®1b)))T(at((ata)t(brtb)))=aforallabeS.

Definition 2.4 ([2]). A Sheffer stroke BE-algebra (shortly, SBE-algebra) is a structure (X,1,1) of type (2,0)
such that 1 is the constant in X, 1 is a Sheffer operation on X, and the following conditions are satisfied:
(SBE-1) at (ata)=1forall a € X;

(SBE-2) at ((bt(ctec))t(bT(ctc)))=bt((at(ctc))t(at(cTc))) foralla,b,ceX

In what follows, let X denote an SBE-algebra (X, 1, 1) unless otherwise specified.

Example 2.5 ([2]). Consider X = {0, a, b, c,1} and a binary operation 1 on X has the Cayley table:

710 a b ¢ 1
o/1 1 1 1 1
all b 1 1 b
b1 1 a 1 a
c|/1 1 1 ¢ ¢
111 b a ¢ O
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Then (X, 1,1) is an SBE-algebra. However, (X, 1,1) is not a BE-algebra since a 1 a # 1.

Example 2.6. Consider the BE-algebra (X, ~~,1) in Example 2.2. We see that (X, ~~, 1) is not an SBE-algebra
since a ~» b #b ~ a.

From Examples 2.2, 2.5, and 2.6, we have that every SBE-algebra may not be a BE-algebra and every
BE-algebra may not be an SBE-algebra. In 2022, Katican et al. [2] gave relationships between BE-algebras
and SBE-algebras in the following two theorems.

Theorem 2.7 ([2]). Let (X,1,1) be an SBE-algebra and a binary operation ~» on X defined by a ~~b =a 1 (b 1 b)
forall a,b € X. Then (X,~+,1) is a BE-algebra.

Theorem 2.8 ([2]). Let (X,~»,1) be a BE-algebra and 0 be a constant of X such that 0 # 1. Define a unary
operation " and a binary operation Ton Xby a’ =a~»0and atb =a~> b’ forall a,b € X. Then (X,1,1) is an
SBE-algebra.

Definition 2.9. A nonempty subset I of an SBE-algebra X is called an SBE-ideal of X if

(SBEI-1) (vx € X)(Va e I),x T (ata) €

(SBEL-2) (vx € X)(Va,b € I), (a1 ((b T (XTX)) TOTETX)N)T(xTx) el

Example 2.10. Consider (X, 1,1), where X ={0, a, b, 1} and a binary operation 1 has the Cayley table:

10 a b 1
0/1 1 1 1
al/l b 1 b
b1 1 a a
1/1 b a 0

Then (X, 1,1) is an SBE-algebra [2]. We see that {1}, {1, a}, and X are SBE-ideals of X.

Definition 2.11 ([2]). An SBE-algebra X is called
(1) commutative if (a T (b1b))1t(b1tb)=(bt(ata))t(ata)forall aqbeX;

(2) self-distributiveif a t (b1 (ctc)) T (bt (ctec)))=(at(brTb))t((af(ctc))t(at(ctc)) for
all a,b,c € X.

Definition 2.12 ([2]). Define a relation 3 on an SBE-algebra X by for all a,b € X,
aZbifandifonlyif af(b1b)=1.

Definition 2.13. An SBE-algebra X is called transitive if b 1 (c t¢) S (aT(b1Db)) Tt ((at(cTc)) T (a7t
(ctc))) forall a,b,c e X.

For the study of Sheffer stroke BE-algebras, the following lemma is crucial.

Lemma 2.14 ([2]). Let X be an SBE-algebra and a,b,c € X. Then the following statements hold:

1) at(1t) =1

(2)1T(<1Ta)—a,

@) at((dt(ata)t(dt(ata))=1

@) at(((at(dtb)T(dTB) T (at(dbTb))T(bTb))=

G) (at) 1t (atl)=q

6) ((atb)t(atb))t(ata)=1and ((atb)T(atb))t(btb)=1
(7) at((atb)t(atb))=atb=((atTb)?(atb)) b

8) fab, thenbtbata

9 aZbtlata)

(11) if X is self-distributive, then a 3 b impliesb ¢ S atc;

)
)
(10) b2 (bt (ata))t(ata)
)
(12) if X is self-distributive, thean(cT c) 32 (cT(aTa))T((bT(aTa)T(bT(aTa))).
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3. Fuzzy SBE-ideals and anti-fuzzy SBE-ideals

In this section, fuzzy SBE-ideals and anti-fuzzy SBE-ideals of SBE-algebras are introduced and their
properties are investigated. Moreover, we discuss the relationships among SBE-ideals, fuzzy SBE-ideals,
and anti-fuzzy SBE-ideals of SBE-algebras.

A fuzzy set [16] of a nonempty set X is defined to be a mapping p : X — [0, 1]. Oner et al. [11] studied
fuzzy Sheffer stroke BE-algebras and defined a fuzzy SBE-subalgebra on an SBE-algebra as follows.

Definition 3.1 ([11]). A fuzzy set u in an SBE-algebra X is called a fuzzy SBE-subalgebra of X if u(a 1 (b 1
b)) > min{u(a), u(b)} for all a,b € X.

Example 3.2. Consider the SBE-algebra X in Example 2.5. Define a fuzzy set p in X by

03, ifx=0,
W X = {01, x— { 0.5, otherwise.
Then p is a fuzzy SBE-subalgebra of X.
Now, we define a fuzzy SBE-ideal of an SBE-algebra as the following.

Definition 3.3. A fuzzy set p in an SBE-algebra X is called a fuzzy SBE-ideal of X if

(FSI-1) (a1 (b1 b)) > u(b) forall a,b € X;
(FSI-2) p((at (bt (cte)) (bt (ctc))))t(cte)) = min{u(a), u(b)}forall a,b,ceX.

Example 3.4. Consider an SBE-algebra (X,1,1) defined in Example 2.10. Define a fuzzy set u in X by
(1) =09, u(a) =0.7 and pu(b) = u(0) = 0.2. Then p is a fuzzy SBE-ideal of X.

Proposition 3.5. Every fuzzy SBE-ideal of an SBE-algebra is a fuzzy SBE-subalgebra.
Proof. 1t follows from (FSI-1). O
The following example illustrates why the inverse of Proposition 3.5 is not true in general.

Example 3.6. The fuzzy SBE-subalgebra p of an SBE-algebra X in Example 3.2 is not a fuzzy SBE-ideal of
X because

r((at (b1 (010)) (b1 (010))))1(010)) =p(0) =03 <05 =min{u(a), p(b)}.
Proposition 3.7. If |t is a fuzzy SBE-ideal of an SBE-algebra X and a,b € X, then
u((at (d1b)) 1T (b1b)) > pla).
Proof. Assume that 1 is a fuzzy SBE-ideal of X and a,b € X. Using Lemma 2.14 (2) and (FSI-2), we get

(@t ® 1) T 1b))=pllat (@ (®TH)T (1 (bTb))))1T(b1Db))
= min{u(a), u(1)} = min{u(a), u(a t (a ta))} = u(a).

Proposition 3.8. Every fuzzy SBE-ideal w of an SBE-algebra X is order-preserving.

Proof. Let a,b € X be such that a 2 b. Then a 1 (b T b) = 1. From Lemma 2.14 (2) and Proposition 3.7,
we have

ud) =pd 1 (d1b)) =pn((at(®Tb))T(b1Tb)) > ula)

Hence, p is order-preserving. O
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Proposition 3.9. If w is a fuzzy SBE-ideal of an SBE-algebra X and a € X, then
w1 = u(a). (3.1)
Proof. Let a € X. By using (SBE-1) and (FSI-1), we have p(1) = (a1 (a1 a)) = p(a). O
Proposition 3.10. Let p be a fuzzy set in an SBE-algebra X, which satisfies u(1) > u(a) and
wlat (et c)) = minfu(at (b1 (ctc)) T(bT(ctc)))) (b)) (3.2)
forall a,b,c € X. Then W is order-preserving.
Proof. Let a,b € X be such that a 3 b. Then
u(b) = u(1 1 (b1 b)) = min{u(1 1 ((at (b 1Db)) 1 (at(b1b)))), ula);
= min{p(1 1 (11 1)), u(a)} = min{u(1), u(a)} = p(a).
Hence, u is order-preserving. O

Theorem 3.11. A fuzzy set W in a transitive SBE-algebra X is a fuzzy SBE-ideal of X if and only if it satisfies (3.1)

and (3.2).

Proof. Assume that p is a fuzzy SBE-ideal of X. By Proposition 3.9, we have (1) > p(a) for all a € X.

Since X is transitive, we get

(brlete))tlete)Z(at((btlcte))t(dT(cte)))t((atcte))t(at(ctec))

for all a,b,c € X. Thus,

(bt (cte))tcte))t((at(dbt(cte))t(dT(ctc)))T((at(ctc)
tlat(cte))tlat((dbtlctc)) (bt (ctc))
T(lat(ctc))t(at(ctc)))) =

for all a,b,c € X. We consider

wat(ete))=ndt((at(ctec))t(a
)1 (c

( (c1¢))))
=p(((bt(ctec) a
T (

C

1 Tbrtlctc)r(dr(ctc))
(@t (cte))tlat( Tlat(dt(cte))t(dt(ctc))
T ((at(cte))t(at( N1 ((at(cte))t(at(ctc)))))
= min{u((b 1 (ctc)) T (cte)),ulat((br(cte))t(bt(ctc)))}
> min{u(at (b1 (ctc)) T (bt (cTc)))) ub)}

for all a,b,c € X. Hence, the conditions (3.1) and (3.2) are true.
Conversely, using (3.1), (3.2), (SBE-1), and Lemma 2.14 (2), we have

"
R
4
R

n(at (b1b)) = minfu(at (b1 (b 1b)) 1 (b1 (b1b))), u(b)}
= min{u(a 1 (a71)), u(b)} = min{u(1), u(b)} = u(b)

and

r((at(®15)) 1 (b1Db)) > min{u((at (b Tb)) T ((at (dTb)) 1 (at(btb))),ula)}
= min{u(1), u(a)} = p(a)
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for all a,b € X. Since p satisfies (3.1) and (3.2) and by Proposition 3.10, we have u is order-preserving.
Since X is transitive, we see that

w(dr(ete))tlete))<plat(btlcte))tdtlcte)))t((atctec))t(atctc)))),
for all a,b,c € X. Hence, for all a,b, ¢ € X, we have
wlat (T (ctc)) Tt (ctc))))tlcte))=min{u((at (bt (ctc)) (bt (ctc)))
)

Tlat(ctc))tlat(cte)))), nla)}
z min{u((b 1 (c T ¢)) 1 (c T c)), ula)} = min{u(a), (b))

Therefore, 1 is a fuzzy SBE-ideal of X. O

Corollary 3.12. Let p be a fuzzy set in a self-distributive SBE-algebra X. Then w is a fuzzy SBE-ideal of X if and
only if it satisfies conditions (3.1) and (3.2).

Proof. Straightforward. 0

Definition 3.13. A fuzzy set u in an SBE-algebra X is called an anti-fuzzy SBE-ideal of X if it satisfies the
two conditions:

(AFSI-1) p(at (b1 b)) < u(b) forall a,b € X; and
(AFSI-2) p((at (bt (ctc))t (bt (ctc))))(ctc)) <max{u(a), pu(b)}forallab,ceX

Example 3.14. Consider an SBE-algebra (X, 1,1) defined in Example 2.10. Define a fuzzy set p in X by
(1) =0, u(a) = 0.2, and pu(b) = u(0) = 0.6. Then p is an anti-fuzzy SBE-ideal of X.

Let 1 be a fuzzy set in a nonempty set X. The fuzzy set fi in X, defined by fi(x) = 1— u(x) for all x € X,
is called the complement [14] of p in X. Note that p = fi. Now, we show the relationships between fuzzy
SBE-ideals and anti-fuzzy SBE-ideals and their complement.

Lemma 3.15 ([14]). Let p be a fuzzy set in a nonempty set X and x,y € X. Then

(1) 1—max{u(x), u(y)} = min{l — u(x), 1 —u(y)}; and
(2) 1—min{u(x), u(y)} = max{l —p(x),1—u(y))

Theorem 3.16. A fuzzy set w in an SBE-algebra X is a fuzzy SBE-ideal of X if and only if fi is an anti-fuzzy
SBE-ideal of X.

Proof.
(=) Assume that p is a fuzzy SBE-ideal of X. Let a,b,c € X. Then p(a 1 (b 1 b)) > u(b) and
p(lat (bt (cte))t (bt (cte))))t(cte))>min{p(a), u(b)}.

Thus,
filat(d1b))=1—pfat(btb)) <1—p(b)=n(b),
and by Lemma 3.15, we have
flat(dtlcte)tdtlete)))tlcte))=1—pnllat((bt(ctc))t(bt(ctc)))T(ctc))
< 1—min{pu(a), u(b)}
= max{l — p(a), 1 — p(b)} = max{p(a), i(b)}

Hence, i satisfies the conditions (AFSI-1) and (AFSI-2), that is, fi is an anti-fuzzy SBE-ideal of X.
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(<) Assume that fi is an anti-fuzzy SBE-ideal of X. Let a, b € X. By using the condition (AFSI-1), we have
filat (b1Tb)) <ifb). Thus,1—p(at (b1b)) <1—u(b),andso u(a?t (b1b)) > u(b). Hence, u satisfies
the condition (FSI-1).

Now, let a, b, ¢ € X. By using (AFSI-2) and Lemma 3.15, we have

I—pllat((dtlcte))t(drlcte))))t(cte))=nllat((dbT(ctec))t(dT(ctc))))t(ctc))
< max{fi(a), i(b)}
max{l —u(a),1—u(b)} =1—min{u(a), u(b)}.
Thus,
plat (bt (cte)) (bt (ctc))))t(cte))>min{u(a), u(b)}
Hence, p satisfies the condition (FSI-2). Since p satisfies the conditions (FSI-1) and (FSI-2), we see that 1
is a fuzzy SBE-ideal of X. O

Theorem 3.17. A fuzzy set w in an SBE-algebra X is an anti-fuzzy SBE-ideal of X if and only if {i is a fuzzy
SBE-ideal of X.

Proof. By using u = fi and Theorem 3.16, we have Theorem 3.17. O

For a subset Y of a nonempty set X, the characteristic function xy of Y is defined by

. 1, ifyey,
xy: X—={0,1}, y~ { 0, otherwise.

Note that xy is a fuzzy set in X. Next, we show the relationships among SBE-ideals, fuzzy SBE-ideals,
and anti-fuzzy SBE-ideals of SBE-algebras.

Theorem 3.18. Let Y be a nonempty subset of an SBE-algebra X. The following statements are true.

(1) Y is an SBE-ideal of X;
(2) xv is a fuzzy SBE-ideal of X;
(3) Xv is an anti-fuzzy SBE-ideal of X.

Proof.

(1)=(2) Assume that Y is an SBE-ideal of X and a,b € X. If b ¢ Y, then xy(a 1 (b T b)) > 0 = xy(b).
Suppose that b € Y. Then a 1 (b T b) € Y. Thus, xy(a T (b 1 b)) =1 = xy(b). Hence, xy satisfies the
condition (FSI-1).

Now, let a,b,ce X. If a¢ Yorb ¢ Y, then

xy(lat (bt (cte))t(bt(cte))))t(cte))>0=min{xy(a),xy(b)}

Suppose that a,b € Y. Since Y is an SBE-ideal of X, we have (a 1T ((b 1 (c T¢)) T (b1 (c1c)))) T(ctTc)e
Y. Thus,

xy((at (bt (cte))T(bT(ctc))))t(cte))=1=min{xy(a),xy(b)}-
Hence, xv satisfies the condition (FSI-2). Since xv satisfies the two conditions (FSI-1) and (FSI-2), we have
Xy is a fuzzy SBE-ideal of X.
(2)<(3) It follows from Theorem 3.16.

(3)=>(1) Assume that Xy is an anti-fuzzy SBE-ideal of X. Let a € X and b € Y. Then xy(b) = 1. By the
assumption, we have

xv(a?t (b1b)) <xv(b)=1-—xv(b) =0.
Thus, Xy(a 1 (b 1T b)) =0, which implies that a T (b 1 b) € Y. Hence, Y satisfies the condition (SBEI-1).
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To show that Y satisfies the condition (SBEI-2), let a,b € Y and ¢ € X. Then min{xvy(a),xv(b)} =1. By
the assumption and Lemma 3.15, we have
xv(lat (bt (cte))t (bt (ctc)))) (et c)) <max{Xy(a),Xxv(b)}=1—min{xy(a),xv(b)}=0.
Thus,
xv((at((dtlcte))t(dtcte))))tlcte))=0,

and then (a1t ((bT(cte))t (T (ct¢)))) T (ctc)eY. Hence, Y satisfies the condition (SBEI-2). Since
Y satisfies the conditions (SBEI-1) and (SBEI-2), we see that Y is a SBE-ideal of X. O

4. Level subsets of fuzzy SBE-ideals and anti-fuzzy SBE-ideals

In this section, we discuss level subsets of fuzzy sets in SBE-algebras. Characterizations of fuzzy
SBE-ideals and anti-fuzzy SBE-ideals of SBE-algebras are given in terms of their level subsets.

Definition 4.1 ([14]). Let u be a fuzzy set in an SBE-algebra X and t € [0, 1]. The sets
Ut ={aeX|ul@) >t} and U (t)={aeX]|ula)>t)

are called an upper t-level subset and an upper t-strong level subset of 1, respectively. The sets
Liwt) ={aeXlula) <t} and L (wt)={aeX|n(a) <t}

are called a lower t-level subset and a lower t-strong level subset of , respectively.

Theorem 4.2. Let y be a fuzzy set in an SBE-algebra X. Then W is a fuzzy SBE-ideal of X if and only if it satisfies
the condition: for all t € [0,1], U(w; t) # 0 implies U(w; t) is an SBE-ideal of X.

Proof.

(=) Assume that p is a fuzzy SBE-ideal of X, t € [0,1] and U(w;t) # . Let x € X and a € U(w; t). Then
p(a) > t,s0 u(x 1 (a1 a)) > pla) > t by the condition (FSI-1). Thus, x T (a 1 a) € U(p;t). Hence, the
condition (SBEI-1) holds.

Now, let x € X and a,b € U(w; t). Then u(a) > t and p(b) > t. It follows from (FSI-2) that

rla T (b T xtx) T (T (xTx))) 1 (x1x)) >min{u(a), u(b)} > t,

which implies that (a 1 ((b T (x T x)) T (b1 (x Tx)))) T (x T x) € U(p; t). Hence, the condition (SBEI-2)
holds. Therefore, U(u;t) is an SBE-ideal of X.

(<) Assume that U(y;t) is an SBE-ideal of X for all t € [0,1] such that U(w;t) # (. If u(a 1 (b 1+ b)) < u(b)
for some a,b € X, then there exists ty € [0,1] such that pu(a 1 (b 1 b)) < tg < p(b) by taking

u(at (b10o))+ud)

t) =
2
Thus, a T (b T b) ¢ U(wte) and b € U(y;tp), which is a contradiction with the assumption. Hence,
(a1 (b1 b)) > u(b) for all a,b € X, that is, the condition (FSI-1) holds.
Now, let a,b, ¢ € X be such that
p(lat (bt (ctec)) T (bt (cte))))T(c?te)) <min{u(a), u(b)}
Taking ko — plat(dtlcte))r(dtlctc)))) (CTC)Hmin{u(a),u(b)}, we get that ko € [0,1] and

2
p{lat (bt (cte))T(dT(cte))))T(cte)) <k <minfu(a),u(b)}.

It follows that a,b € U(w; ko) and (a1t (b1 (ctc))t (bt (ctc)))) T (ctc) ¢ Uy ko). Thus, U(w; ko) is
not an SBE-ideal of X, which is a contradiction with the assumption. Hence, p((a 1 ((b 1 (c T¢c)) T (b 1
(ctc))))t(ctc)) > min{u(a), u(b)} for all a,b,c € X, that is, the condition (FSI-2) holds. Therefore, u is
a fuzzy SBE-ideal of X. O
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Theorem 4.3. Let p be a fuzzy set in an SBE-algebra X. Then W is an anti-fuzzy SBE-ideal of X if and only if it
satisfies the condition: for all t € [0,1], U(y; t) # (0 implies U(u;t) is an SBE-ideal of X.

Proof. 1t follows from Theorems 3.16 and 4.2. O
Theorem 4.4. Let y be a fuzzy set in an SBE-algebra X. Then W is a fuzzy SBE-ideal of X if and only if it satisfies
the condition: for all t € [0,1], U™ (w; t) # 0 implies U™ (w;t) is an SBE-ideal of X.

Proof.

(=) Assume that p is a fuzzy SBE-ideal of X, t € [0,1] and U™ (p;t) # 0. Let x € X and a € U™ (p; t).
Then p(a) > t. Since p is a fuzzy SBE-ideal of X, we have p(x 1 (a1 a)) > t. Thus, x T (a1 a) € U (y;t).
Hence, the set U™ (u; t) satisfies the condition (SBEI-1).

Now, let x € X and a,b € U™ (p;t). Then p(a) >t and p(b) > t. Since p is an SBE-ideal of X, we get
that

@t (BT xTx) T (bt xTx))) T (xTx)) >t
which implies that (a 1 (b1 (x tx)) T (b1 (x Tx)))) T (x T x) € UT(p; t). Hence, the set U™ (y; t) satisfies
the condition (SBEI-2). Since the set U™ (y;t) satisfies the conditions (SBEI-1) and (SBEI-2), we have the
set UT (w;t) is an SBE-ideal of X.

(<) Assume that U™ (p;t) is an SBE-ideal of X for all t € [0, 1] such that U™ (y; t) # 0. Suppose that p(a 1
(b1 b)) < u(b) for some a,b € X. Choose tyg = p(a 1 (b 1 b)), we have pu(b) > to. Thus, b € U (; tg). By
the assumption, we get that U™ (w; tg) is an SBE-ideal of X. Hence, a 1 (b 1 b) € Ut (n; to), that is,

ulat (b1b)) >to=mwlat (b1b)).

This is a contradiction. Then p(a 1 (b 1 b)) > u(b) for all a,b € X, that is, u satisfies the condition (FSI-1).
Now, we will show that p satisfies the condition (FSI-2). Let a, b, ¢ € X be such that

w(lat (1t (ctc)) T (d1(ctc))))Tcte)) <minfu(a), (b}
Choose kg = u((at (T (ctTc)) (b1 (ctc)))) T (c?c)), wehave that u(a) > kg and p(b) > kg. Thus,
a,b € Ut (w ko). By the assumption, we get that (a T (b1 (ctc)) T (b1 (cT¢)))) T (ctec)e Ut (wko),
that is,
wlat (bt (cte))tdtcte))))tlcte))>ko=nllat((bT(ctec))t (bt (ctc))))T(ctc).

It is a contradiction. Hence, for all a,b, ¢ € X, we have

plat (bt (cte))t(bT(ctc))))t(cte))>min{u(a), u(b)}
We have that p satisfies the condition (FSI-2). Since p satisfies the two conditions (FSI-1) and (FSI-2), we
see that u is a fuzzy SBE-ideal of X. O

Theorem 4.5. Let p be a fuzzy set in an SBE-algebra X. Then W is an anti-fuzzy SBE-ideal of X if and only if it
satisfies the condition: for all t € [0,1], U" (w;t) # 0 implies U™ (w; t) is an SBE-ideal of X.
Proof. 1t follows from Theorems 3.16 and 4.4. O
Theorem 4.6. Let p be a fuzzy set in an SBE-algebra X. Then fi is a fuzzy SBE-ideal of X if and only if it satisfies
the condition: for all t € [0,1], L(w; t) # 0 implies L(; t) is an SBE-ideal of X.
Proof.
(=) Assume that i is a fuzzy SBE-ideal of X, t € [0,1] and L(p;t) # 0. Let a € X and b € L(y;t). Then
i(b) < t. By the assumption, we have

I-t<1—p(b)=qa(b) <plat(btb))=1—plat(btb)).

Thus, pu(a 1 (b 1 b)) < t, which implies that a T (b T b) € L(w;t). Hence, the set L(u;t) satisfies the
condition (SBEI-1).
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Now, let a,b € L(p;t) and x € X. Then p(a) < t and p(b) < t. By using the assumption and Lemma
3.15, we get that

I—p(lat (bt (xtx) (BT (xTx))) 1T (xTx))
=p(lat((dt(xtx) (T xTx))T(xTx))
2 min{fi(a), fi(b)} = min{l — p(a), 1 —u(b)} = 1 —max{u(a), u(b)} = 1 —t.

Thus,

plat (bt xtx)) T (T xTx))TxTx) <t
which implies that

(at (bt xtx))t (bt etx)))T(xTx)ellpt)

Hence, the set L(; t) satisfies the condition (SBEI-2). Since the set L(;t) satisfies the conditions (SBEI-1)
and (SBEI-2), we have that the set L(y;t) is an SBE-ideal of X.

(<) Assume that L(y;t) is an SBE-ideal of X for all t € [0,1] such that L(w;t) # 0. Let a,b € X. Choose
to = u(b), we get u(b) < to. Thus, b € L(y; tg). By the assumption, we get that L(y; tg) is an SBE-ideal of
X. Hence, a1 (b1 b) € L(w; tp), that is,

wlat (b1b)) <to=n(b).
Then
flat(dbtb))=1—plat(btb))>=1—u(b)=pn).

Hence, [1 satisfies the condition (FSI-1).

To show that fi satisfies the condition (FSI-2), let a,b,c € X. Choose kg = max{u(a), u(b)}, we have
a,b € L(y; ko). By the assumption, we get that L(j; ko) is an SBE-ideal of X. Hence, (a1 ((b 1 (c T ¢)) T
(b1 (ctc))) T (ctc)e L(w ko), thatis,

wlat(dr(cte))t(dr(ctc)))) T (ctc)) < ko=max{u(a), u(b)}

Hence,

Blat((®r(cte))tdtcted)txte) =1T—pllat((btlctc) (bt (ctc)))) T (ctec))
> 1—max{u(a), u(b)}
= min{l — p(a), 1 —p(b)} = min{f(a), £(b)}.

We have that [i satisfies the condition (FSI-2). Since fi satisfies the two conditions (FSI-1) and (FSI-2), we
get that fi is a fuzzy SBE-ideal of X. O

Theorem 4.7. Let w be a fuzzy set in an SBE-algebra X. Then W is an anti-fuzzy SBE-ideal of X if and only if it
satisfies the condition: for all t € [0, 1], L(p; t) # 0 implies L(w; t) is an SBE-ideal of X.

Proof. 1t follows from Theorems 3.17 and 4.6. O

Theorem 4.8. Let u be a fuzzy set in an SBE-algebra X. Then fi is a fuzzy SBE-ideal of X if and only if it satisfies
the condition: for all t € [0,1], L™ (w; t) # 0 implies L (w; t) is an SBE-ideal of X.

Proof.

(=) Assume that fi is a fuzzy SBE-ideal of X, t € [0,1] and L (i;t) # 0. Leta € X and b € L~ (u; t).
Since fi is a fuzzy SBE-ideal of X, we get fi(b) < fifa 1 (b 1+ b)). Then1—t < 1—p(a 1 (b 1 b)), so
wat (b1b)) <t. Thus,at (b?1b)e L (wt). Hence, the set L (u;t) satisfies the condition (SBEI-1).
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Now, let a,b € L7 (i;t) and x € X. Then max{u(a), u(b)} < t. Since fi is a fuzzy SBE-ideal of X, we
have

Rilat (b1 xtx)) T (bt (xtx)))) T (x Tx)) > min{fi(a), i (b)}.
By using Lemma 3.15, we get that

—r{lat (P xtx)) T (bt xtx))) T (xTx))>1—max{p(a), u(b)} >1 -t
Thus,
pilaT (b T xtx)) T (b1 (xTx)))) T (xTx)) <t
which implies that
(at (b T tx)) T (bTOetx))) T (xTx) el ().

Hence, the set L™ (; t) satisfies the condition (SBEI-2). Since the set L™ (y; t) satisfies the two conditions
(SBEI-1) and (SBEI-2), we have that the set L™ (u; t) is an SBE-ideal of X.

(<) Assume that for all t € [0,1], L™ (p; t) is an SBE-ideal of X if L™ (y; t) is nonempty. Suppose that there
exist a,b € X such that fi(a 1 (b1 b)) < i(b). Then u(at (b 1 b)) > u(b). Choose tg = u(at (b 1 b)), wi
have pu(b) < tg. Thus, b € L= (y;t9) but a T (b 1 b) ¢ L™ (n; tg). By the assumption, we have that L™ (y; to)
is an SBE-ideal of X. Hence, a 1 (b T b) € L™ (u;tp), a contradiction. Then {i(a 1 (b 1 b)) > fi(b) for all
a,b € X, that is, fi satisfies the condition (FSI-1).

Now, we will show that fi satisfies the condition (FSI-2). Let a, b, c € X be such that

pllat((dtlcte))t(dr(ctc))))(ctc)) <min{p(a), p(b)}.
By using Lemma 3.15, we get min{fi(a), fi(b)} = 1 —max{p(a), u(b)}, and so

n(lat (bt (cte)) (b1 (ctec)))t(ctc))>max{ula), n(b)}

Choose
ko=p((at (BT (ctc))T(dT(ctc))))T(ctc)),
)

T (c
we have a,b € L™ (ko) but (a T (b1 (cTc)) T (bt (ctTc)))) T (ctc)éL (ko). By the assumption,
the set L~ (w; ko) is an SBE-ideal of X. Thus, (a 1 ((b Tcte)T(dr(ctc))))t(ctec) el (wko), a
contradiction. Hence,

ilat (bt (cte))t(dT(ctec)))T(cte))>min{ila), i(b)},

for all a, b, c € X. We have that i satisfies the condition (FSI-2). Since f1 satisfies the two conditions (FSI-1)

and (FSI-2), we have that fi is a fuzzy SBE-ideal of X. O]
Theorem 4.9. Let p be a fuzzy set in an SBE algebm X. Then w is an anti-fuzzy SBE-ideal of X if and only if it
satisfies the condition: for all t € [0,1], L t) # 0 implies L~ (u; t) is an SBE-ideal of X.

Proof. 1t follows from Theorems 3.17 and 4.8. O

5. Conclusions

In the present paper, we have introduced the concepts of fuzzy SBE-ideals and anti-fuzzy SBE-ideals
of SBE-algebras and given their important properties. We have discussed the relationships between fuzzy
SBE-ideals and anti-fuzzy SBE-ideals and their level subsets. Further, characterizations of SBE-ideals of
SBE-algebras in terms of fuzzy SBE-ideals and anti-fuzzy SBE-ideals.

Our research group plans to extend the study of this article to Q-fuzzy sets and intuitionistic fuzzy sets
in the near future, building on the work of [15] and [3], respectively, and to additional kinds of SBE-ideals
in SBE-algebras.
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