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Abstract

This work is devoted to study a broad system of sequential hybrid fractional differential equations (S-HFDEs). Sufficient
conditions related to the existence theory for the aforementioned system are investigated by utilizing the coincidence degree
theory of topology. The mentioned degree theory is a powerful instrument which can be utilized to examine a wide range of
nonlinear problems for qualitative theory. In addition, for the system of boundary value problems (BVPs) of S-HFDEs under
consideration, a result concerning the Ullam-Hyers (U-H) stability is also developed. A pertinent example is also given to verify
our theoretical results.
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1. Introduction

Like regular calculus, fractional calculus has received a lot of recent scientific attention. This is because
fractional calculus can provide better descriptions of phenomena that occur in the real world. Addition-
ally, these derivatives have a wide range of uses in the description of systems having memory effects.
The aforementioned calculus has been applied in a variety of contexts to examine various infectious
disease models, such as those in [19, 25, 27]. Additionally, fractional calculus has been extensively em-
ployed in the fields of physics, engineering, and cosmology. For illustration, we quote some citations
[14, 18, 38]. Here we remark that fractional calculus has significant applications in physics which have
recently identified by many researchers (see some applicable results in [17, 36]). In additions, the said
area have been used increasingly to investigate various viral infectious diseases including Hepatitis B, and
others in [12, 13, 28, 29]. Moreover some interesting applicable in fluid mechanics, vegetable oil process,
electromagnetic theory, pine wilt disease can be read in the cited articles as [1, 16, 22-24].

For existence theory and stability analysis, various issues related to the fractional calculus idea have
been investigated. Investigating hybrid problems under the aforementioned notions is one of the key ar-
eas. In this regard, various boundary and initial condition problems have been researched using modern
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functional analysis tools and nonlinear analysis techniques. For instance, in [9, 35, 37, 40], the theory
of hybrid fixed points has been used to the investigation of various hybrid situations. Additionally, the
authors have created several results pertaining to existence theory for various BVPs of HFDEs in publi-
cations we refer to [2, 8, 10, 11, 34]. These results were developed using the aforementioned techniques.
Additionally, in articles [15, 21], various writers examined integral-type FHDEs. The authors’ fixed point
approach was used to study a system of FHDEs of the thermostat kind. A class of FHDEs has also been
studied by writers [3, 4] under integral BVPs. Similar to this, the authors of articles [6, 30-32, 39] used
nonlinear functional analysis tools to investigate a variety of issues and HFDEs systems.

Additionally it is remarkable that researchers [33] designed a comprehensive survey about the com-
putation of analytical or semi analytical solutions for double integral equations of hybrid nature. Like
wise a class of HFDEs has been studied in [5]. Keeping in mind the interest of the said area and their
systems, we consider the nonlinear S-HFDEs system as follows:

cDVq(t) — 3t FPiH;(t, q(t),€ ID§q(t))]
IL1(t, q(t),© IDSq(t))
°DVr(t) — Y 1t FPuK;(t, x(t),° IDSx(t))
Lo (t, (t),© DS (1)) }
q(0) = x1(x(0)), ¢7(0) =0,q(1) = x2(x(2)),
1(0) = x1(q(0)), t9(0) =0, r(1) = x2(q(®)), i =1,2,...,k—1,

Clm’[ — Z(t,r(t), £Ve(t), t e ],

CIDP[ = P(t,qt), £¥q(t), tel, (1.1)

suchthat0 < p <1, ve (k—1kl|, §e€ (k—2k—1], withk > 2,0 < € < 1, the mappings IL;, H;, K, 71, 7>
€ <I XxRxR,R)(i=12....,m), also .%,.%; satisfy the Caratheédory criteria, and IL; # 0, j = 1,2. In

addition, x1, x2 : R — R are nonlinear mappings.

To create outcomes of existence and uniqueness, we employ the methods of measure of non-compact-
ness and degree theory as a significant outcome of the qualitative theory, stability analysis. As a result, we
create the framework for consistent outcomes. In this perspective, we establish a thorough examination
of the difficulties under consideration using the methods indicated in articles [7, 20, 26]. Stability analysis
has taken a few HFDE issues into account as U-H types. We thereby confirm the aforementioned stability
finding for the problem under consideration.

Our paper is structured as follows. Section 1 is devoted to literature review and introduction. Section
2 is devoted to basic requirements. Section 3 contains first part of our main results about the existence
theory. Section 4 contains stability results. Section 5 includes example. Section 6 contains a brief conclu-
sion.

2. Fundamental results

Some basic results we need to recollect from [19, 27] for further analysis in this work as follows.

Definition 2.1. The fractional order integration of a function q € L!([0, 1]) is given by

e (t)—ljt(t—a“ ()
=T THE

Definition 2.2. Let q € C[0, 1], then derivative in the Caputo sense of fractional order is given by

t

1 k—r—1 (k)
e ) (0P,

°Drq(t) =

where k —1 = [r].
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Theorem 2.3. The solution of
FTEDq(t)] =y(t), r e (k—1,K],

is given by
FTEDTq(t)] = y(t) + mo +myt + mpt? + -+ my_t57,
for m; € R.
Let IE be the Banach space defined as IE = {q € C(I) :© D'"!q € C(I)} under the norm |q|s =

IDSql. Also, IE x Eis a B h ith = .
Orgflélq( )|+OI£?%(1| ql- Also, [E x [E is a Banach space with norm ||(q, r)||s = max{||q|[s, ||¥]|s}

3. Existence criteria
For system (1.1), we derive one of the main results in this portion.

Lemma 3.1. The solution of (1.1) is given by

q(t) = 7 x(t,q(t), r(t), S D3q(t) (1) + ) £V PHHi(t, q(t),° D q(t)) +xa (v(e)
1

FIL(t, q(t), IDS~1q(t))
f""—l(ll‘l( )/ |D§ (1))

(x2(v(0)) = x1 (v(0)) = #Vxa (1, q(1),v(1), DS q(1))

— #1(1,q(1),5DSq(1)) — ) 7V P (1, q(1),° DS q(1)), o)
- .

r(t) = 7Vxa(t, q(t), x(t), DSe(t) + qmi™ sV~ UK (t, x(1),€ Dx(t)) + X1 (q(¢))

Il (L, x(t),° DS Lr(t)) v ¢ NS
oLy (L (1), DSE(D)) (x2(q(0)) —x1(q(€)) — £ x2(1,q(1), (1), D>x(1))

— 7 (1, 1(1),° IDSE(1)) — Z FUTPUK (1, £(1), IDSE(1)),

where

xi(t, q(t), x(t),C DS q(t)) = ILy(t, q(t),© DS q(t))7 2.7 (¢, x(t), ﬂr(t))
X2(t, q(t), r(t), DS1(t)) = ILa(t, 2(t),€ DS2(1)) 7€ Za(t, q(t), # ¥ q(t)),
Sx1(1,q(1),1(1),° DSq(1)), # ILi(1, q(1),° DSq(1)),
Ix2(1,q(1),1(1),° DSx(1)), FVlo(1,2(1),° IDSx(1)),

stand for the values of the given integrals at t = 1. In addition, the integrals
SUx;(t,q(1),CD3q(t), Ul q(t),C Doq())], j=1,2,

and
SUTPIH(1,q(1),5DSq(1)), £V TPiK(1,q(1),° DSq(1)),

stand for value at t = 1 of #VTPiH;(t, q(t),° DSq(t)), LV TPiK;(t, q(t),c DSq(t)).

Define operators A\;, B;, C; : [E — [E by

A1(q,1)(t) = 7 xa (L, q(t),x(t),° DS q( +Zf“+pllH (t,q(t), DS q(t)) +x1(x(e)),

Aa(q,1)(t) = FVxa(t, q(t), r(t),° DE(t)) + Z FVUPHK (t, x(t),€ IDSx(t)) + X2(q(€),
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It q(t),C IDSq(t)
Bl = 700, q(1),c D5q(1)"
B IV (t,x(t),° IDSr (1))
B2 () = L (1 (1) 2 DSe(1)) (3-2)

Ci(q,1)(t) = xa(r(0)) = xa(r(6) — # xa (1, q(1),x(1),€ DS q(1)) — #VILy (1, q(1),€ D q(1))
— > JUTPIH(1,q(1),° Diq(1)),

C2(q,1)(t) = x2(q(8)) —x1(q(t) = #Vxa(1,q(1),1(1),€ DSr(1)) — £ lLa(1, 2(1),€ ID¥x(1))
— > UK (1,(1),6 DSE(1))),
1

then (3.1) of operators is expressed as

q(t) =A(q 1) (t) + B1(q)(t)Ci(q,1)(t) = Ti(qr)(t), t €], (3.3)
r(t) = Ay(q,1)(t) + Ba(r)(t)C2a(q, 1) (t) = Tr(q, 1) (1), t € L. '

Using the definition of the direct product
(IBl (Q)Cl (q/ r)/ IBZ(I') CZ(q/ I')) - (IBl (CI)/ IBZ(I‘) ) (0:1 (q/ I'), q:2 (q/ I') )/

we write (3.3) as an operator equation

(q,1)(t) = A(q,1)(t) + B(q,1)(t)C(q, 1) (t) = T(q,1)(t), t €T, (3.4)

where A = (A1, Ay), IB = (IBy, B2), € = (€4, C2). Further, (3.2) yields

DS (A1(q,1)(1)) = 7Ny (t, q(t),x(t), DS q(t)) + Y FTPTSIH;(t, q(t),° IDSq(t)),
1
‘DS (Ag(q,1)(t) = 7 VS )xo(t, q(t), x(1),C DSx(t)) + Y # TSI (t, x(1),€ IDSx(1)),
1
v c 3.5)
s =9I (t, q(1),€ DSq(t) (
OB =T, q(1) < D51
F =S, (¢, r(t),° IDSE(L))
cns _ 2
D> (B2(1)() = =510, vt CID§r( Y
“IDS(Ci(q,1)(t)) = 0, “ID%(Ca(q,1)(t)) =

Using (3.2) and (3.5), we obtain

A1 (q, 1) < 7% (t q(t), 1(1),S DS q(e)]+ D 17 PP H (¢, q(t),° DS q(t)]+ Ixa (x)],
1

Aa(q, 1)| < [7%a(t, q(t), 1(1),S DSE(t)) + Y £ TPIIK (¢, x(t),€ DSe(t)] + Ixa(q)],
1

m

€DS (A1 (q 1) < 17 (¢, q(t), 1(1),€ DS q(e)[ + Y [# TP S, (¢, q(t), DS q()],
1

°DS (A2(q, 1)) < |7 Sxa(t, q(t), x(t),C DSx())| + D |7 VP SIIK (¢, 2(t),© DSx(1))],

1
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7L (L q(0),€ DS oo 7Sy (¢, £(t),€ DSr(t)
B S o 1, q0,c psqr | P B2 S TR A v nse )
(€Ca(q 1) = I (0)] + b)) + 17 (1, (1), 2(1), DSq(L)] + |7 Iy (1, (1), DS q(1))

+ ) [#VTPH(1,q(1),€ DV q(1))],
1

(3.6)

(C2(q, 1) = Ixa(q)l+ Ixa(q)l + -7 X2 (1, q(1), ¢(1), DS x(1))] + [.#V1La(1, £(1),€ D¥x(1))]
+ ) AUTPIK (L, x(1),° DV (1)),
1

D5 (C1(q,1)| = 0, [ID(C2(q,1)| = 0.
We describe some data dependence results.

(Hq) Iy, 75, Hy, Ki,j =1,2, i=1,2,..., m satisfy the Caratheddory conditions.
(Hy) For constants Ty, 1o, c1, ¢, dy, dz, one has

Ix; (qi(t)) —x5(q2(t))] < 15191 — q2l, Ix;(q)l < cjlzl+dj, z,qi,q2 € E, j =1,2.
(H3) Let 03, 07, uj, 85 : I = IR, such that 0 < &, A, then for qq,q2 € IE, one has

IH; (t, q1(t),€ DS qq (t

), ( t)(lqull + 1D qu ) + & = 0:(t) || qulls + &,
Ki(t, q2(t),¢ |D§¢12(t
), D3 qq
(

0:(t)(
0 (V) ([lqall + 1D qa)) + & = 81 (V)| q2|s + &,
b (O (| + 1D qul) +A = w5 (1) | qulls +2,
8;(t),j=1,2.

DI <
NI <
IIL; (t, qu (t t))l <
75 (t, qa(t), quz t))l <

(Hs) Let t; > 0, such that for q1, q2 € [E,

IIL; (£, qu (t),€ DS qp(t)) — ILj(t, q2(t),¢ DS qa(t

Hi(t, qu(t),€ DS qq(t)) — Hi(t, qa(t), DS qp

K¢ (t, qq(t),° DSqq () — Ky (t, qa(t), DS q2
)

|Z5(t qu(t), LY qu(t)) — Z5(t, q2(t), £V q2

ollqr — qzls,
a1 — qz2|s,
lq1 — qzlls,
ollar —qll, i =1,2,

1
*
i

=+
— — — —
—_— — — —

VA ANV/AN/AN

0;
03
t 5

— —~ o~ —

where

Ho = max pj(t), &g =maxd;j(t), 6; =max0i(t), 0] =max0i(t),i=1,23,...,m
tel tel tel tel

Inview of (Hs), one has

x1(t, q(t), x(t),° DSq(t))] <

cmns
Xa(t, q(t), x(t)," D x(t))] < Mep-+1)

| 7V%1(t, q(t),x(t),° D3 q(t))] <

(3.7)
. 7V%a(t, q(t), x(t),¢ DVx(t))] <

Mo+ Mg+ 1) (tollrlls +A),

do
Mv—§+1)T(p+1)

do
NMu—§+1T(p+1) (IJ'OHr”§ +A).

.7 (7S (¢, q(t), 1(1),C DS q(t))] <

(kollqlls +A),

.7 (V=S (4, q(t), 1(1),° DSx(t))] <




K. Shah, S. Gul, R. A. Khan, T. Abdeljawad, J. Math. Computer Sci., 34 (2024), 268-282 273

Similarly, one has

.71 (t, q(t),€ IDSq(t))] < (nollqlls +A),

Mv+1)
1
Fv+pi+1)
1
Fv+pi+1)
v+pi— : ¢ DS :
|ﬂ( o §)|H1(t,q(t), D q(t))l < Tv+pi—§+1)
1
FM+pi—8§+1)

|j(v+pi)|Hi(t, q(t),c |D§q(t))| < (elHqH§ + E’)’

|7 PO (t,£(t),¢ IDSx(t))] < (07 [[xlls + &), (3.8)

(Billqlls + &),

|7 (v+pi=S) K (t,£(t),¢ DSr(t))] <

(03 rl[s + &).

Using (3.6), (3.7), and (3.8), and (H>), (H3), one has

m

So(pollqlls +A) (Oillqlls + &)
A(q,r)(t)] < di,
(Aslq 0] < (SRS +; Fo LSl + dy

m

5o/ uoHrHﬁ +A) 9*HrH§ + &)
Ax(q, 1) ()] < + E + +dy,
[(A2(q, 1) (t)] < Flo t Mo 1) 1 Mo+ 1) colql + do

m

So(tollqlls +N) (Billqlls + &)
S o(rollq
DA 4O S R S§ 1) T T+ p—§ <1

m

So(Hollxlls +A) (07 r]ls + &)
cns 0(Ko i
0% (Aa(a, DV < e r S5 4T ; A — v
(pollalls +A) (pollrlls +A)
(B (q) (1) < 25T (B (0] < TS (39)
cing (HO||qH§+}\) cing (}L()Hl.‘||§-%7\)
DS (IB1(q) (t)] < AT(o—§ 1 1)/ |“ID7 (1B (r) (t)] < ATo—S+ 1)
So(pollglls +A) | « (6illqlls + &)
I(C1(q,1)(t)| < Fv+ Mg +1) +; Mo+ 1) +cqlr] + dq + c2lq| + do,
Solpollrlls +A) | < (85 ]rlls + &)
I(C2(q, 1) ()| < Fo+ (et 1) +; Moo i1) +cilr| 4+ d1 + calq| + do,
°IDS (€1 (q, 1) (1) =0, D3 (C2(q, 1) (1) =0,
where Aj = [#V1L;(1,q(1),¢ IDSq(1)), j = 1,2. Under hypothesis (Hy), for j = 1,2 one has
LIOF (4, @), 7Y qu (1) — I OF (4, qa(t), SV qal )] < r(;_omuql ~qll,
(3.10)

I (t, q1 (1), £(t),€ DS q1 (1)) — x5 (t, q2(t), 1(1),€ DS qa ()] < F((Z)iol) a1 — qells-
Further t, > t;, one has
Vx5 (t1,q(tr), x(t1),€ DS q(t1)) — VX (t2, q(ta), 1(t2),S D3 q(t2))
_ Jo' (=)' (s, qls), x(s), DSq(s))ds — [* (t2 —5)° " (s, q(s), x(s), DS q(s)) ds
I'v)

[ tl((tl — )" —(t2— )" )x; (s, q(s),x(s),° DS q(s))ds
F(v

| (2 —s)" 1= (ta—s)""V)xj(s,qls),1(s),c DS q(s))ds].
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Hence, it follows that

7% (t1, q(t1), 1(t1) D3 q(t1)) — 7% (t2, q(t2), y(t2),€ DS q(t2))]

 [¥(s,q(s), x(s),< DS q(s)]|
= Mv+1)

(2(ta —t1)" +t] —t3),

which in view of (3.7) implies that

| 7V%; (t1, q(t1), 1(t1),¢ DS q(t1)) — £Vx; (t2, q(t2), r(t2),€ D3 q(t2))]
So(1ollqlls +A)
ST+ 1T (v+1)

Similarly, in view of (3.7), we obtain

|7V Sy (ty, q(t1), £(t1),€ DS q(t1)) — 7V Sx; (2, q(t2), 1(t2),¢ DS q(t2))]
So(Hollqlls +A)
ST+ 1T (v—19§)
7P (ty, q(t),€ DS q(t1)) — £ FPHH (12, q(t2), DS q(t2))]
(0i[lqlls + &)
STw+pi+1)
ZVTPSH (1, q(t1),° D q(t)) — TP S H (12, q(t2),€ DS q(t2))]

2t —t)" +t] — 7).

20ty —t)" S+ 775 —ty79),

(2(t2 . tl)erPi 4 ti)eri _ t;eri)/

7

(Oulalls + &) T
< S 2(th — t v+pi—S§ +tv+pl _tv+pl
F(v+pi—§+1)((2 1) 1 2 )

|7V TP (ty, 1(t1),° DS1(ty)) — FVTPHK; (t2, 1(t2),S DS1(ta))]

< (07 [Irlls + &)

ST+pi+1)

| ZVTPISIK (1, 1(t),€ DS1(ty)) — £V TPITSK (1o, 1(t2),S IDS1(t))]
(0F[[r]ls + &)

STw+pi—§+1)

2V (t, q(t1),S D3 q(t1)) — £ V1L (12, q(t2),° DS q(t2))]

(2(t2 . tl)v-l-pi + t71~’+Pi _ t;JrPi)/

(2(t2 . tl)v+pi—§ + t¥+pr§ . t12)+pi*§)/

A o (3.11)
<%(2(t2—t1) + —13),
V7SI (1, q(), DS q(tr)) — 0l (2, q(t2),€ DS (1))
A e e (3.12)

Hence, it follows that

< xalt q(t),x(t), D3q(t) —xa (t, (1), ¥(t),© DG (1))]
= Fv+1)
o [Hi(t q(t),© D3q(t) — Hi(t, g(t),C DSg(t))|
- ; Fo+pi+1)

A1 (q, 1) (t) — Aq(q,T)(1)]

+ xa () (6) —xa (B) (0],

which in view of (3.10) and (Hy) implies that

m

- Sottollq —qlls 0illa—dlls .
A A < +3 n

m (3.13)
doHo 0; _ _
< % g 3
(orDre+1) +; Tt prry - dls +lr=7
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Also, one has

DAy (q,1)(t) — D3A(§, B)(t)] < f(”’§)l><1(t q(t), x(t),S DSq(t)) — x1(t, q2(t), 1a2(t), D3 G)(t)]

+ Z F TS| (Hy(t, qu (), DS qu (1)) — Hi(t, g(t),© DS q(t))],

which in view of (3.10) and (IHy) implies that
Sotollqr — qlls — 01 —dlls
2

CDSA (qu,11)(t) = IDSA (g, B)(1)] <
| 1(q1,11)(t) 1(q,1)(t)] Fo— S+ (e + 1) STy
. ) (3.14)
B oMo i -
_(F(v—§+1)r(p—|—1)+;F(v+pi—§+1))uql al's
From (3.13) and (3.14), it follows that
- - 50po 1 1
A ,r1) — A <
[A1(q1, 1) — A (g, Tl (F(p+1)(F(v+1) + F(v—§+1))
- ; ; (3.15)
i i — _ .
+;(F(v+pi+1) + F(v+pi—§+1)))”q1 alls + Tt — x|
= «1lqr —qalls +T1||r1 — ¥,
S 0; ..
where k1 = =255 (7o + ros) 2T (1 v+p 17 + TroTpe 571 )- Similarly,
50“0 1 1
A , Ay <
IMatanm) =A@ Dlls < (e oy FFo—s 1))
i % i —sls gl 19
— Tv+pi+1) F(v+pi—§+1)
= k2|11 —F|s + T2l —QHI
5 o1 s
where k, = F(giol)(l"(vl+1) + F(v—1§+1 + > v+pl+1) + Foreos 1) Now, for j = 1,2, we have
I|(IL(t, CIDSqq(t)) — ILi(t, go(t),C DSqa(t))]
By () — By () < 20 D) 2 @2 (1) BRaRt)]
)
(V=S)|(IL; (t, qq (1),° DS qq (1)) — IL; (t, q2(t),° DS qa(t
D, (ay) — D, (g < 2100 a0 D@ (1)~ 1, (6)* Diga(t)),
j
which in view of (IHg), one has
Hollg1 — gl cns ¢ ns Hollq1 — gl
- — IB: < 2L 14l . B ihy SN T2 I
IIBj (q1) — Bj(q2)| < AP+’ °ID>IB; (q1) — IDIB; (q2)| < AFo—§+1)°
Hence, it follows that
1 1
a1 — qzlls = ksllq1 — qz|ls, (3.17)

Ho
a1 — IB: < —§+
IBjq1 — Bjqalls < A (F(v—i-l) Frv—§+1)

— K 1
where k3 = (;(F(v+1) trooso)

1Ci(q, 1) — (g, B)l < Ixa(r)) =X (B) + Ixa (r1) —xa (7))
+177%(1,q(1),1(1), DSq(1)) — #Vxa (1, (1), (1), D3q(1))|

r
+1771L4(1,q(1),° DSq(1)) — # Iy (1, §(1),° DS g(1))]

+ Z | ZVTPUHL (1, q1(1), DS q(1)) — £ FPiH; (1, §(1),C DS qa(1))].
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Using (3.10) and (IH4), we obtain

Sobollq1 —qlls | mollgr—alls | v Oillar —4dlls
FNv+1)T(p+1) Nw+1) - MNv+pi+1)

ICi(q1, 1) —Ci(q, 1)l < (11 +T2) 11 — | +

oMo Ho i i} (3.18)
< + +)) — —
(F(v—l—l)r(p—i-l) F(w+1) ; F(v—i—pi—i—l))qu alls
+ (11 + )it —H = kaflqr — §lls + (11 + )l — 1,
where k4 = l"(v—l—?%?{(}p—o—l) + o T r(v+6751+1)' Similarly, we have
Gl 1)~ @) < (04wl g+ porln e vl tls | Sin Tl
’ e FTv+1)T(p+1) rw+1) —Fv+pi+1)
So ko Ho s 07 - (3.19)
< + + ) — —
(F(v +1Me+1) " Tw+1) ; v+ pi+1) )l =2
+ (11 + T2)lq1 — gl = x5ty — F|s + (T1 + T2)lq1 — 4,
S0 CH
where k5 = r(v+1)$(p+1) + r(w+1 +2 0 NEEEES L
Lemma 3.2. If (Hy), (H2), (H3) hold, the operator A\ is u-Lipschitz with constant & and obeys the relation
[A(q, 1)l[s < A1l[(q,1)]|s + A, (3.20)
with o
dolo 1 1 ~ 1 1
A = - +) 0 +ec,
! F(p—i—l)(F(v—i—l) F(v—§+1)) ; 1(l“(v—i—pi—i—l) F(v—i—pi—§—|—1)) ¢
and -
oA 1 1 1 1
Ay = + + +d.
2 F(p+1)(l“(v+1) F(v—§+l)) Za(F(IH-pi—I—l) F(v+Pi—§+1))
Proof. For (q1,11), (q,%), we have
[A(q1, 1) — A, B)||s = max{||A1(q1, 1) — A(q, T)ls, |A2(qr, 1) — Ax(q, B)|s)-
Using (3.15) and (3.16), we obtain
[A(q1, 1) — A, B)[[s < kmax{|lq1 —qls, [lr1 —Flls} + Tmax{|lr1 —Flls, [|q1 — qlls}
where k = max{kq, K2}, T = max{t1, T2}. Hence, it follows that
||A\(q1,1'1) —A\(qu')”§ < (K+T)H(q1/r1) - (q/f)||§ = k||(ql/r1) q f ”§/ (321)

where K = Kk +T.
For the growth condition, using (3.9), one has

1A (g, 1) ()]s = [|(Ax(q, 1) (V)| + | (D Ay (q, 1) (1)

8o uollCIH§+7\( 1 1 |
MNe+1) NMv+1) T-§+1)

+3 (Oclalls + £)(=— !
1

+ +d
F(U+pi+l)r(v+pi_§+1)) c1lr| 1
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Solpllels +A), 11
MNe+1) Nv+1) TL-§+1)

)

m . 1
+;(91HrH§+£)(r(v+pi+1)r(v+pi_§+1))+czlq+d2
< dolkoll(q 1)ls +7\)( 1 1 )
MNe+1) NNv+1) T(v—§+1)

+ 3 Bila 0l + 8 ! )+ cll(q)] +d,
1

FNv+pi+1)Tv+pi—§+1)

where 0; = max{6;, 07}, ¢ = max{cy, c2}, d = max{dy, do}. Hence, it follows that

[(Av(q, 1) (t)[ls < Aill(q 1)]ls + Az, (3.22)
where
8010 1 UL, 1
A = + )+ i +
! F(p+1)(F(v+l) v — §—|—1 ; ' v—l—pﬁ—l)l“(v—i—pl §—|—1)) <
SoA 1 1 = 1 1
Ay = d.
2 F(p—l—l)(r(v—i-l) NMv—-§+1) +;£ FMv+pi+1)T(v+pi— §+1))+
O
Lemma 3.3. Under the hypothesis (IH1)—(IH3) the operator B is continuous and compact.
Proof. Here By(q)(t) = 2 lbalt 0] g, (p)(4) = L(r(tlDU(0) Gearly, B(q,r) = (B1q, Bar) is
continuous on [E and is bounded as
SN (t,q(t),c IDSq(t S CIDSr(t
(8, q) (1)) = L AOITDIAN g ) = ROTOIDEON g (59
/\1 /\2
For equi-continuity, choose t; < t; € I, and consider
B1(q)t2 — B1(q)ts] + (D B1q)t2 — (D3 B1q) 1]
o [Pt q(te), DSq(t2)) — £l (ty, q(t1),° DS q(t1))]
~ /\1 .
In view of (3.11), we obtain
+A
1)t — B < LEIISED (o, e 4y ), 629
and in view of (3.12), we obtain
+A _ _ _
I°IDS1B1 (q)t2 —€ IDSIBy (q)t1] < m(ﬂtz—tl)” Sty —y79). (3.25)
Similarly,
((HUHr||§ +A) v L v
_ < NS T T _ _
B2 (r)t2 — B2(r)ta] < o A 2t —t)" +t7 —t7),
and in view of (3.12), we obtain
((uollr[ls +7)

ISIDS 1By (1) ty —C DS By (x)t;] < (2t — )P S + VS — 37 9).

Fv—=§+1)A;
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From (3.24) and (3.25), it follows that

1By (q)t2 — B(q)t1]|s = |/IBy(q)t2 — B1(q)ta]| + ||(°IDSB1q)ts — ((IDSBq)t1|| — O as t; — to,
||IBa 1)ty — By (r)ty||s = ||Ba(r)ty — Ba(r)ty|| + || ((DSBar)ty — (CIDSBor)ty || — 0 as t; — to.

Thus BB in view of Arzela-Ascoli theorem is compact. O

Lemma 3.4. Under the hypothesis (H1)-(Hs), the operator C is Lipschitz with constant 1 + T2 + K, and obeys

ICalls < Asllqlls +As, (3.26)
where . 5
Az =C+ Mo +i(;LFL(()p+ 0" F(UH—(:- o Z(Fv:);ﬁl)
and -
S T T T 2 T e T

Proof. For (q,1), (q,F) € E, we have
1€(q, 1) — €(q,7)[|s = max{[|C:(q, 1) — C1(q, F)[|s, [[C2(q, 1) — Ca(q, T) [|s -
Using (3.18) and (3.19), we obtain

IC( C(q1)s < (1 +12)ll(q 1) — (uz, Bl[s + & (q 1) — (q,7)|s

3.27
— m+nrRlQn—(@Dls (3.27)

= 5 0;
where & = max{ky, ks} = r(v+1%$%p+1) + F(vt(jl—l) +2 0 T(o+pi+1)
(q,r) €IE

. For the growth condition, we have for

1€ (q, 1) ()] < Ixa(x(€)] + Ixa (x(8) +1.7Vxa (1, (1), 7(1),€ DS q (1))

+ 1771 (1, q(1),2(1),€ DSq(1))[+ ) _ |72 FPeH; (1, q(1),€ DSq(1))),
1

which is in view of (Hy) and (3.7) implies that

< 5, OSo(mollalls +A) | (mollalls +A) Zm (Oiflqlls + &)
Ci(q,1r)(t)| < { d 4 )
Culg DOl a0+ At w e+ ) T Fo+ 1) —T(v+pi+1)
Similarly
. 5 Soluollrlls +A)  (ollrlls +A) 5= (0Frlls + &)
Ca(q, 1) (1) < elq(e)| +d § :
Glanhsdalidt ey Tty — (v +pi+1)
Thus it yields

o(poll(q,1)l[s +A) 1
NMv+1)T(p+1) MNuv+1)

~ O
IC(q,1)[ls < €llq 1)l +d+ (koll(q,1)l[s +A)

1)|[s +8)
+Z leﬂ) < Asll(q 1] + As O
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Choose the parameters such that A; + A3 < 1. Choose R > max{t; + T2 + &, g, %}. Define

S={(q,r) € ExIE:|(q,r)|ls <R}, then S is closed, convex, and bounded subset of IE x IE.
Theorem 3.5. If ((IH1)-(H3) and Ay + Az < 1 hold, then system (3.4) has at least one solution.

Proof. By Lemma 3.2, the operator A is p-Lipschitz with constant &k and by Lemma 3.4, the operator C is
u-Lipschitz with constant 11 4 T, + K. By Lemma 3.3, the operator B is compact. Now for (q,r) € S, take
(q,r) =Al(q,r) 4+ B(q,r)C(q, r), which implies that

I(a 0)l|s < [[A(q,r)lls + [[1B(q, r)|s[|C(q, 1)

In view of the growth conditions (3.20), (3.23), and (3.26), one has
[(q,1)[ls < (A1+A3)[[(q1)[[s + A2 + Ay

That implies
(1—(A1+A3))[(q1)]ls < (A2 + Aq).

Hence, it follows that
Ay + Ay
(q1))]s < 7= <
lanls < T

which implies that (q,r) € S. Further we have M = ||B(q,r)||s = 1 and R > 11 + T2 + &, &. Thus all
conditions are satisfied. Hence, (3.4) has at least one solution. O

Theorem 3.6. If (IH1)-(Hy) and & + k2(A3R+ Ay) + (1 + T2 + R) < 1 hold, then (3.4) has a unique solution.

Proof. For (q,1), (q,F) € S, consider

1T(q, 1) —Z(q,7)l[s = [|A(q, 1) + B(q,1)C(q, 1) — (A(q, ) + B(q,F)C(q, 7))
< [|A(q, 1) —A(q,T) H§ + H‘f (ar 1)|s/[B(q,r) —B(q,T)s (3.28)
+1B(q, ¥ H§H¢ q,7)s-

By (3.17), (3.21), and (3.27), we have

IA(q, 1) A\(q,f)ll§ <k[l(qr)—(qBls,
[B(q,r) —B(q,¥)l[s < kall(q,1) — (g, T) H§/ (3.29)
|C(q, 1) —C(q,F)|ls < (11 +T2+&)[|((q,r) — (g )]s
Using (3.29) in (3.28), we obtain
[%(q, 1) —%(q,7)lls <K[(q1)—(qT)s+ [Clq 1)skall(q 1) — (g, F)[s
+(t+72+K&)|(qr)—(qB)slB(q H§/

which further implies that

1€(q, 1) = 2@ Blls < (R+x2(Asll(q1)lls +A4) + (11 + 12+ &) [ (@, 1) — (B[
)

(R+ k2(AsR+ Ag) + (11 + 12+ ®))[|(q, 1) — (q, ) s-

NN

Hence the result is received. O
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4. U-H stability
Here we construct second important result devoted to U-H stability.

Definition 4.1. The system (3.4) will be U-H stable, for positive > 0, ¢ > 0 corresponding to every
solution (q, r) of

I(q, 1) — (A(q,1) + B(q,1)C(q,1)[|s < @1,
if one has unique solution (g, ¥) of (3.4), which fulfils the following result,
l(q,r) = (g )ls < @C
Theorem 4.2. If (IHy) and (Hy), and & + k2(A3R 4+ Ay) 4 (T1 + T2 + &) < 1 hold, then (1.1) is U-H stable.

Proof. 1f (q, 1) be any solution and (g, ¥) be a unique solution of (1.1), then lets take

I(q,1) —(q,%)ls = |l(q ( \(q, ) +B(q,7)C(q,T))s
< ||(q, 1) — (A(q,r) + B(q,1r)C(q, 1)) s
+ [I(A(q, r +|B(q r)C(q, 1)) — (A(q,T) + B(q,T)C(q,T))|s

< @ +[%(q,1) —%(q,1)s,

which further means

[(q1) = (q,B)|ls < @+ (R+K2(AsR+Ag) + (11 + T2+ R))[[(q,1) — (§,B)||s = ¢ + K||/(q,1) — (§F)|s,

with K = & 4+ k2(A3R + Ay4) + (11 + T2 + &), which implies

1
I(q.1r) —(q,F)|ls < ¢C, where { = ——.

1-XK
O
5. Example
Consider a test example as follows.
Example 5.1.
cplig(t) — 5 ™ .7PiH;(t, q(t),c IDOOq(t
cDLAp(t) — ¥t PiIK; (t, £(t),C IDSE(1))
NE [ |Lzz(t1 T = Fa(t,qt), #q(1), t €], (5.1)

q(0) = sin(|x(0.5)]), q'*(0) = 0,q(1) = tan(|x(0.5)]),
1(0) = sin(|q(0.5)]), ¥ (0) = 0, (1) = tan(]q(0.5)]).

Here we see in (5.1) that p = § =€ =05, vy = v = 1.5, and x1 = sin(r(0.5)]), x2 = tan(|r(0.5)]), and

consider o _
, cmns _(lq)[+C D™ ()N,

Hi(t, q(t),©ID3q(t)) = 010 , i=1,2,...,5,

(Iq(t)[ -+ DO2[r(t)))*
50 + t2 !

K+ (t,£(t),¢ IDSe(t)) =
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Also,
pu 150y AVIEOI+ ()] 15 IRV IOIE A (6]
F1(t,x(t), £77r(t) = TPRE , Ftqt), 77qt) = 100+ .
Furthermore,
i c In15(q; : c IN1.5(a;
"—1(t,q(t)’c|D0.5q(t)):S1n|q(t)|+ ID [s1n|q(t)|], IL2(t/r(t)/cho,%(t)):sm|r(t)|+ ID15[sin [r(t)]]

100 + t3 100 + t3

Now it is easy to derive the results of Theorems 3.5, 3.6, 4.2, respectively. Because (IH;)-(IH3) hold and
A1+ Az = 0.675 < 1, thus the given example has at least one solution. Also, on calculation, we see

K+ Ko (A3R+Ay) + (11 + T2 + &) ~ 0.0345 < 1.

Hence the uniqueness condition holds. Finally, we see that K ~ 0.0345 < 1, which grantees the condition
of U-H stability.

6. Conclusion

Some results devoted to existence theory and stability have been constructed for a highly nonlinear
system of S-HFDEs. By using the degree theory with a measure of non-compactness, we have established
the required results. Using usual mathematical analysis tools, we have derived results for U-H stability
which has never been established for such a problem. In the future, the idea will be extended to the
system of S-HFDEs with a nonsingular derivative of fractional order. Also many biological processes
when formulated we get hybrid type mathematical models. For the existence of such problems, our
analysis will provide base to the young researchers.
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