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Dynamic behaviors of a commensal symbiosis model with
ratio-dependent functional response and one party can not
survive independently
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Abstract

We propose a two-species commensal symbiosis model with ratio-dependent functional response

d
—x:x(—al—blaﬂ— oy ),
r+y

y

i y(ags — bay).

For autonomous case, we show that the unique positive equilibrium is globally stable if a; < ¢; holds,
and the boundary equilibrium (0, ‘;—j) is globally stable if a; > ¢; holds. For nonautonomous case,
some sufficient conditions which ensure the permanence and global attractivity of the system are
obtained. Numeric simulations are carried out to show the feasibility of the main results. (©2016 All

rights reserved.
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1. Introduction

During the last decades, many scholars investigated the dynamic behaviors of the mutualism
model or commensalism model, see [T], 2], 4] B, 812, T4H17, 1T9-21], 23-29] and the references cited
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therein. However, only recently did scholars paid attention to the commensal symbiosis model with
one party can not survive independently (see [4] 5], 25]).

Based on the traditional two-species Lotka-Volterra model, Zhu et al. [29] proposed the following
model:

T = :c(al + bz + cly),
Y= y(CLQ + be),

(1.1)

where a; < 0,a2 > 0,b; < 0,by < 0,c; > 0. Here, a; < 0 means that the first species can not survive
independently. Some qualitative analysis of the above system are carried out.

Yang et al. [25] argued that the non-autonomous case is more suitable, since the environment are
change continuously, they investigated the dynamic behaviors of the following two-species commen-
salism model.

i =xz(—a(t) = bi(t)z + ar(t)y), (1.2)
Y= y(ag(t) - bQ(t)y)a

where a;(t), as(t), bi(t), c1(t), ba(t) are all continuous functions bounded above and below by positive
constants. Such topic as persistent, extinction and stability were investigated in [16].
Corresponding to system ([1.2]), Chen et al. [4] [5] proposed a discrete commensal symbiosis model

z1(k+1) = 21(k) exp { —ay(k) — by (k)x (k) + cl(kj)xQ(k)},
zo(k + 1) = x2(k) exp {as(k) — ba(k)za(k)}.

They investigated the existence of positive w-periodic solution, the permanence, extinction and global
attractivity of the system.

It brings to our attention that all of the above system made the assumption that the influence of
the second species to the first one is linearized. Already, during the past two decades, in the study of
predator-prey system, many scholars argued that in many conditions, especially when the predators
have to search for food (consequently, have to share or compete for food), ratio-dependent functional
response is more plausible, see [3, 6, [7, 13 18, 22] and the references cited therein. Stimulated
by the works of [3] 6 [7, 13| 1], in this paper, we study the following commensalism model with
ratio-dependent functional response and one party can not survive independently:

dr 1y

E—m<—a1—b1m+x+y), (1.3)
d

d_?z = y(az — bay).

Throughout this paper, we assume that (H;) or (Hs) holds, here:

(Hy) a;,b;,1 = 1,2, ¢; are all positive constants;
(Hs) a;(t),b;(t),i = 1,2, ¢1(¢) are all continuous functions bounded above and below by some positive
constants.

We arrange the paper as follows: In the next section, we investigate the existence and local
stability property of the equilibria of system . In Section , we will investigate the global
stability property of positive equilibrium of the system. In Section [ for the nonautonomous case,
we obtain some sufficient conditions which ensure the permanence and global stability property of
the system. In Section 5] two examples together with their numeric simulations are presented to
show the feasibility of our main results. We end this paper by a brief discussion.
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2. The existence and local stability of the equilibria

The equilibria of system ([1.3)) is determined by the system

x(—al—blx—i— Ciy ):0,
rTy

y(a2 - bzy) =0.

a2z

System ([1.3)) always admits the boundary equilibrium A (O, E)’ also, if a; < ¢p, then system
(1.3) admits a unique positive equilibrium As (:zc*, y*), where

= —(agbl + &1[)2) + \/(CLle + a1b2)2 — 4(@1@2 — CLQCl)blbg y* _ %

2b1bo by’
Obviously, A (x*, y*) satisfies the equation
1y’
—a; — bix* =0 2.1
ar = b+ s =0, (2.1)

Qa9 — bgy* =0.
Concerned with the local stability property of the above three equilibria, we have

Theorem 2.1. A; (O, ‘;—;) is unstable if a1 < ¢1 and locally stable if ay > ¢;. Besides, if Ay (:E*,y*)
exists, then it is locally stable.

Proof. The Jacobian matrix of the system (|1.3]) is calculated as

2

oy oy YTy _ar®
J(z,y) = r+y (x+y)? (1{;—1— Y)?
0 —2byy + as

Then the Jacobian matrix of the system (|1.3)) about the equilibrium A;(0, %) is given by

b
—a1 + ¢ 0
0 —as '

The corresponding eigenvalues are \; = —a; + ¢, Ay = —ay < 0. Obviously, if a; > ¢, then
A1 < 0, in this case, Ay(0, a’”—;z) is locally stable, and A;(0, a’”—;z) is unstable if a; < ¢;.
By using (2.1)), the Jacobian matrix about the positive equilibrium A, is given by

. Cll'*y* Cl(l’*)Q
-t — ——— —
(z* +y*)? (z* +y*)?
0 —as
. . B . arty” B
The eigenvalues of the above matrix are \; = —bjz* — m <0, Ay =—ay <0.
T y*
Hence, As(x*,y*) is locally stable. This ends the proof of Theorem . ]

3. Global stability of the equilibria

Since both boundary equilibrium and positive equilibrium are all possible locally stable, it is
natural to find out suitable conditions which ensure the global stability property of the equilibria.
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Lemma 3.1 ([7]). System

dy
_— = — b
= y(a — by)

has a unique globally attractive positive equilibrium y* = ¢.

Lemma 3.2. Assume that 5 > a, then system

dy

— = (—a—b 4+ )
a Y YT+ d

admits a unique positive equilibrium y* which is globally attractive, where a,b, c are all positive con-
stants.

Proof. Set F(y) = —a—by+ % By simple computation, F(y) = 0 has a unique positive solution
Yy

*

y _ 1-bd —a+ VV?d* — 2abd + a® + dbc

2 b

_ bd® +2bdy + by® + ¢
(y +d)

Since F(0) = —a+ < >0, and F'(y) = <0, F(y*) = 0, it follows that

F(y) >0 for all y e (0,y"),

and
F(y) <0 for all y e (y*, +0).

Then it follows from Theorem 2.1 in [7] that y* is globally stable, i.e., tliin y(t) = y*. This ends the
—400
proof of Lemma [3.2] O

Theorem 3.3. Assume that a; > ¢; holds, then A; (O, Z—;) 15 globally stable.

Proof. Noting that the second equation of (|1.3)) takes the form

dy
— =y(ay — byy). 3.1
o = Ylaz —bay) (3.1)
By applying Lemmal3.1]to system (3.1, we know that system (3.1]) has a unique globally attractive
positive equilibrium y* = ‘;—; ie., tliin y(t) = y*.
— 00

From the first equation of system ([L.3]), it immediately follows that

dx < o +a)
at = x a1 C1),
hence,
x(t) < x(0)exp{(—a1 + 1)t} — 0 as t — +oo.
This ends the proof of Theorem [3.3] O

Theorem 3.4. Assume that ay < ¢y holds, then A (m*, y*) 1s globally stable.
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Proof. In the proof of Theorem [3.3, we had showed that lim y(t) = §2. That is, for any € > 0 small

t—+00

enough, there exists a T' > 0 such that for all ¢ > T
Yy —e<y(t) <y +e for all t>T. (3.2)

For t > T, it follows from the first equation of system ([1.3)) and (3.2 that

dx c(y*+e)
— < —a1—b — . )
dt _m( “ 1m+x—|—(y*+£)) (3.3)

Now let us consider the differential equation
d *
—u:u<—a1—b1u+—cl(y ) ); (3.4)
u+(y* +e)
since
4

Yy t+e

it follows from Lemma that system ({3.4]) admits a unique global stable positive equilibrium

o Loy ) —an+ Ry T2~ 2abily + o) T + Bbrealy )

c 2 by
By applying differential inequality theory to (3.3)), it follows that
limsup z(t) < ul +e. (3.5)
t—+o0
For t > T, from the first equation of system (|1.3]) and (3.2)), we also have
dx a(y* —e)
—>a( —a;—b —) 3.6
dt_x< “ 1x+x+(y*—5) (3.6)
Now let us consider the differential equation
dv a(y*—e)
— =v(—a;—b —>, 3.7
dt v( “ 1v+v+(y*—5) (3.7)
since i}
—al—l—cl(?i—_g):—alecl >0,

it follows from Lemma that system ({3.7) admits a unique global stable positive equilibrium
o — 1=bi(y* —¢) —ai + VO y* — )2 — 2a1b1 (y* — €) + a2 + 4bycy (y* — €)

° 2 by
By applying differential inequality theory to (3.6)), it follows that
im i > v — .
lgljgofm(t) >l —e. (3.8)

Setting ¢ — 0 in (3.5 and (3.8)) leads to

i (o) ="

where

o l—bw* —a + \/b%(y*)2 — 2a1b1y* + a3 + 4bycry*
S 2 by '
This completes the proof. O
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4. Nonautonomous case

Now let us consider the system

‘fl—f:x(—al(t)—bl(t)ﬁi?s), (4.1)
Y Yaslt) = balt)y),

where a;(t), b;(t),c1(t),7 = 1,2 are all continuous functions bounded above and below by positive
constants. For the rest of the paper, for a bounded continuous function g defined on R, let g” and
gM be defined as
L _ . M
g = infg(t). g fg}gg( )

Theorem 4.1. Assume that ¢k > aM holds, then system (4.1)) is permanent.
1 1

Proof. Let (x(t),y(t)) be any solution of system (4.1)) with the initial conditions z(0) > 0,y(0) > 0.
From the first equation of system (4.1)) it follows that

i(t) < z(—al + ) — bEx). (4.2)
Thus
L M
limsup z(t) < al—jcl ©
t—4o00 bl
From the second equation of system (4.1]), we have
i) < y(ad' — by).
thus,
M
limsup y(t) < aiL 0.
t—+00 bg
From the second equation of system (4.1]), we have
y(t) = y(ay = by'y),
thus,
lim inf y(¢) > a5 o (4.3)
minfy(t) > i % m |

For any € > 0 small enough, it follows from (4.3)) that there exists a T' > 0 such that
y(t) > mg —e, for all ¢t >T.

From the first equation of system (4.1), it follows that

x(t) 2x<—a{w—bi\4x+%>.
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Now let us consider the equation

ck(my — )
1) = —alt s =y »
w( ) w al 1 U)+ (m2 —E) ( )
Since
—aiMﬂLcl(mQ—g) =—a) +cF >0,
mo — &€

1
€ 2 bj][u 3
where
Ae) = (bM)2(mg — €)? — 2a) b (my — ) + (a)? 4 4bY M (my — €),

which is globally stable. Thus

o S W e
ligﬁgofx(t)_wa €

Setting ¢ — 0, it immediately follows that

liminf z(¢) > m;.

t—+o0
where
1 —bMmy — a + /(6M)2m3 — 2aMbMmy + (a))2 + 4bM M m,
mi = — .
2 b
This ends the proof of Theorem [4.1] O

Before we state the stability property of this section, we introduce some notations. Set

M) = he) -

Theorem 4.2. Assume that ¢ > aM | assume further that
lim inf {Al(t),Ag(t)} >0, (4.5)
t—+o00

then for any positive solutions (z(t),y(t)) and (x1(t),y1(t)) of system (4.1]), one has

lim (Ja(t) — o1()] + ly(t) — a(8)]) = 0.

t——+o0

Proof. Condition (4.5)) implies that there exists a positive constant € small enough (without loss of
generality, we may assume that & < 1{mq,mo} ) and large enough T} > 0 such that
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_ Cl<t)(M2 + 8)
(my + mgy — 2¢)?

def Cl(t)(Ml + 5)

(my +mg —2)2 —

(4.6)

- bl

For two arbitrary positive solutions (z(t),y(t))? and (z1(t),y.(t))T of system (4.1)). For above
e > 0, it follows from Theorem that there exists a T' > Ty, such that for all t > T,

x(t),z1(t) < Mi+e, y(t),n(t) < Ma+e,
x(t),z1(t) >my —e, y(t),y1(t) > mg —e.

Now we let
V(t) =|Inz(t) — Inzy(t)] + |Iny(t) — Iny(¢)].

Then for t > T, we have

DYV (t) <sgn(x(t) — xl(t))< —bi(t)z(t) + % + by (t)xq(t) xf&(fﬁ/ly(f?ﬂ)
+sgn(y(t) — 11 (8) (= ba(y(t) + ba(On (1))
< ~bOlelt) ~ (0] + 0] A - B bl -l @D
< (b0 - ZOEEEE Y afe) — 1 (0)

) T
)
c1(t) (M +e¢)
= (0) = G 2 ) — w0

From (4.7)), by using (4.6]), similar to the analysis of (3.6)-(3.8]) in [22], one can conclude that

lim () = 2 (O] + ly(®) = pu)]] = 0.

t—+o00

This ends the proof of the Theorem [4.2] O

5. Numeric simulations
Now let us consider the following example.

Example 5.1. Consider the following system

dx

a:x(—al—az:—i-x_i_y), (5.1)
dy

Yoy —y).

o = y(1-v)

In this system, corresponding to system ([1.3)), we take by = ¢; = ay = by = 1.
(1) Now take a; = 2, then a; > ¢, it follows from Theorem that (0,1) is globally stable.
Numeric simulation (Fig. [1) support this assertion.
(2) Now take a; = %, then a; < ¢y, it follow from Theorem [3.4|that the unique positive equilibrium
(0.281,1) is globally stable. Numeric simulation (Fig. [2)) support this assertion.
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Dynamic behaviors of system (5.1), al=2
2’[[:5////////////////

Lo
Lo
nay
s
YA
Yoo ——
o] e —
'\ N T TEE————— T T ———— —— —— ——————
\ NN T ——————
l N T ——— _—
o 072 - 0.‘4 0.6 0.8 1
Figure 1: Numeric simulations of system (5.1]) with a; = 2 and the initial conditions
(z(0),y(0)) = (0.4,2),(1,0.3),(1,0.02), (1,0.3) and (1,1.2), respectively.
Dynamic behaviors of system (5.1), al=1/2
24 | bbbl L/
b bbbl /L7
| Vol /L /
b VoLl v
b VoLl s
L Vyob ol Vs
VWY VoL =
BRA AT = —
VNN YL — = —
v NS L ————
P < ™ -
177 1T N\~ ~————————— ——
77 701 A NN\ O~~~ ——————
AVIET PR SNEN SN —
Pl AN NS N S———————
77 1A
AN N —————— ———
1 AN ™ ~——————
o) Oj.2 O.‘4 016 0.8 1
Figure 2: Numeric simulations of system (5.1)) with a; = % and the initial conditions
(2(0), y(0)) = (0.4,2), (1,0.3), (1,0.02), (1,0.3),(1, 1.2) and (0.1, 2), respectively.
Example 5.2.
B3+ ()
da(t) 241"
=x(t)[ —2+cos(t) —z(t) + ; 5.2
" e () = alt) + — B (5.2
dy(t 1.
dy(t) =y(t) (5 +cos(t) — (3+ = sm(t))y(t)).
dt 2
Corresponding to system (4.1)), one has
1

ai(t) =2 —cos(t), ci(t) =3+
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as(t) = 5 + cos(t), ba(t) = 3+ %sin(t).

Obviously, ¢l > a, hence, the conditions of Theorem hold, it follows from Theorem that
system ((5.2)) is permanent. Numeric simulations (Figs. [3| and {]) also support this assertion.

Figure 3: Dynamics behavior of the first species in system (5.2) with the initial
conditions (z(0),y(0)) = (0.1,1),(2,2), (3, 3),(2.5,2.5), and (0.5,0.5), respectively.

»(t)

Figure 4: Dynamics behavior of the second species in system (5.2)) with the initial
conditions (z(0),y(0)) = (0.1,1),(2,2),(3,3),(2.5,2.5), and (0.5,0.5), respectively.

6. Conclusion

We propose a two-species commensal symbiosis model with ratio-dependent functional response
and one party can not survive independently. We show that for the autonomous case, if a; > ¢y,
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that is, the intrinsic death rate of the first species is larger than the commensalism effect between
the species, then the first species will be driven to extinction, and if a; < ¢y, that is, the cooperative
effect between two species is large than the intrinsic death rate of the first species, then two species
could be coexist in a stable state.

For the nonautonomous case, we show that under the condition a? < cl, two species can be
persistent. However, we are not able to show that this condition enough to guarantee the global
stability of the system, indeed, we need some extra conditions (condition (4.5))) to ensure the global
stability property of the system.

We mention here that a suitable system should incorporate some past state of the species, and
this leads to a system with time delay, we will leave this for future investigation.
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