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Abstract

This article focuses on the existence, uniqueness as well as regularity of solution of abstract neutral differential equation con-
taining state-dependent fractional integrable impulses. Furthermore, we also examine Hyers-Ulam stability using the properties
of analytic semigroup, abstract Gronwall lemma and fixed point technique. An example is presented at the end.
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1. Introduction

Inspired by the work done in [11], in this article we deal with the existence and uniqueness of a mild
solution and strict solution as well as Hyers-Ulam stability for the following neutral differential equation
with state-dependent fractional integrable impulses:

d ~
P <‘P(T) +U(T, ¥(t— J(T,W(T)))))

ZD<‘1’(T) +U(T,‘P(T—3(T,W(T))))) +O(t ¥ (t—V(t,¥(1), T€ (wi Tip1, i€ Ny :=0,1,...,n, (1.1)

W(T) = r(lo() JT (T* w)“_lgi(‘l’(‘”ji(‘il(”ti))))dw, TEC (Ti, (,Ui],i S N{l =12,...,n, (1.2)
Yo =B € C([-A,05; ), (1.3)
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where o« € (0,1) and ® : Q(D) C Y — Y represents the family of an analytic semigroup (J(t))r>0
of bounded linear operators on a Banach space (BS) (Y, | - ||), the pre-fixed points are taken such that
0= =w<T <wW <Tr <wWy < - <Tp < Wn < Tt < Wni1 = K. Furthermore, g; : Y — Y,
U:0,klxY—Y0:[0,klxY—Y3 V:[0kl— [-A«k]land J; : Y — [—A, k], 1 € NI, are suitable
mappings.

The philosophy of differential equations containing state-dependent argument is deep area of research
because of the fact that qualitative notion of state-dependent argument is more ambiguous and different
than the simple delay differential equations. In this regard, we mention [21] and the work done by
Hartung et al. [10] and the references in that for related state-dependent argument in ordinary differential
equations. The research on state-dependent argument abstract and partial differential equations is mainly
related to non-neutral problems, see the survey by Yunfei et al. [25, 26], Rezounenko et al. [21], Baliki
and Benchohra [3], Chaudhary and Panday [5], Fu and Huang [8], Ma and Liu [27], Ravichandran et
al. [33] and the work done by Kosovalic et al. [19, 20] as well as the latest articles by Herndndez et al.
[13, 14, 17, 29]. We cite the contributions by Herndndez et al. [15, 16] for the abstract neutral differential
equations. The philosophy of differential equations containing state-dependent argument is deep area
of research because of the fact that qualitative notion of state-dependent argument more ambiguous
and different than the simple delay differential equations. In this regard, we mention the work done by
Hartung et al. [10] and the references in that for related state-dependent argument in ordinary differential
equations, as well as the latest articles by Herndndez et al. [13, 14, 17]. We cite the contributions by
Herndndez et al. [15, 16] for the abstract neutral differential equations.

In 1940, at Wisconsin University, Ulam put forward a question concerning the approximate solution
for the exact homomorphism [38]. Hyers positively replied to the question in case of Banach spaces [18].
This famous theory was extended by Aoki [2] as well as Rassias [32]. In these articles the authors studied
the norm of differences and Cauchy differences, g(s +t) — g(s) — g(t). Answers to Ulam’s question, its
attractions and inductions for various situations is an important area of research and is known as Ulam’s
stability. For detailed information about Ulam’s stability, we recommend [12, 30, 31, 34, 35, 37, 41-44] and
references therein.

The notion of neutral differential equations is the remarkable region in the research area of functional
differential equations, with applications and mathematical contributions [6, 22]. For abstract and partial
neutral differential equations, we mention the work done in [4, 9, 39, 40] and the articles [1, 7, 11, 15]. Also,
we mention contributions made in the article [4], where the authors introduced and examined partial
neutral differential equations with state-dependent argument emanating in populations dynamics, we
also refer the reader to the papers [23, 24], where applications to populations dynamics are premised
faced by studies of partial differential equations.

In this article, we utilized the central concepts of [14, 17] to establish the results examined in [15, 16]
for the type of abstract neutral differential equations containing state-dependent argument with impulsive
effects. Particularly, we examine the central ideas established in Theorem 2.6 by considering IL,,-Lipschitz
mappings ©(-) and V(-). The notion of IL,-Lipschitz mapping (see assertion Hmj) was presented in the
article [15] in order to prove the existence and uniqueness of solutions without taking the assumption that
the nonlinear mappings are locally Lipschitz. Also, note that mappings of the form ¥ — W(B, v(:, ¥(-)))
are not Lipschitz, in general, on spaces of continuous mappings and we remark that

W =VY())) =00 =V(O())leoxy) < (14 Wew, (ki) Vew, (0k1x ;00 1Y = Olle (- k1)

is true, if the mappings ¥(-) and V() are Lipschitz.

The remaining paper is divided into three sections. The second section is devoted to the existence
and uniqueness of solution for system (1.1)-(1.3). We examine our main result in Theorem 2.6 by taking
that ©(-) and V(-) are ILP-Lipschitz and that U(-) and J(-) are Lipschitz. Also, we examine the existence
of a strict solution in a similar section. The third section is concerned with Hyers-Ulam stability for the
proposed model. The final section is devoted to an example for the validity of our main results.
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The norms C([k, pJ;Y) and CLlp([K pl;Y) in the present article are represented as || - ||¢([«,p};y) and || -
lew (1 p] y such that [[&llc,,, (1,019) = |&lle(tx,019) + Eleu, (keny) and [Ele, (1,019) = Supwe kol TF#
wl| el | T wl wl . Similarly, the norm of CLip(led1xy;y) is defined. IPC(Y) represents the space generated

by all bounded mappings ¥ : [0, k] — Y, provided that ¥(-) is continuous at T # i, ¥(1; ) = ¥(71) and
Y(t+1) exists for all i = INJ' such that ||[¥|[pc(y) = maxi—wg [[¥lle((v;,ri.0y)- Furthermore, PCrip(Y)
denotes the space of mappings ¥ € PC(Y), provided ¥/, .., € CrLip((Ti, Ti+1];Y) for all i = Ny with the
norm HWHH’CUP(W = MaXi=Np ”ly\mgiﬂ] HCLip((TithH];‘é)'

BIPC(Y) represents the collection of all the mappings ¥ : [-A, k] — Y, provided \yh—ml] e C([-AmLY)
and ¥ =~ € PC(Y). Furthermore, BPCyip(Y) represents the space of all mappings generated by ¥ :
[—A, k] — Y, provided ¥ € BIPC(Y), Y o € CrLip([=A,01;Y) and ‘PMO,QJ € IPCrip(Y), with the norm ||[¥|| €
BIPCrip(Y) = max{H‘PgiHCLip(Ji;H) :1=IN",}, where J; = [-A,0].

For ¥ € BPC(Y) and i € N™,, we use \T’i for the function ‘I’ € C([ty, Tip1l;
for T € (i, Ti41] and Wi (1) = ¥(t;) for T = 1;. For B € BPC(Y) and i € N™,,
B}.

) given by Wi (1) = ¥({)

Y
E 1stheset§i:{q’i:‘£’6

Lemma 1.1. A collection B C BIPC(Y) is relatively compact in BIPC(Y) if and only if each collection B is relatively
compact in C([ti, Ti41],Y).

As pointed above, let ® : Q(®) C Y — Y be the collection of a Cp-semigroup of bounded linear
operators (T(T))r>0 on Y, also let |J(1)| < Cp, VT € [0, K].

Lemma 1.2 (Gronwall Lemma, [36]). For any T > 0 with

u(r)<qm+j plwn(wdo+ Y yieu(ty),

0 o<tr<T

where u, q,p € PC(RT,R™), q is nondecreasing and -y > 0. Then for T € R™ we have

u(t) < q(1)(1 —H/k)kexp <J{:p(s)ds), where k € M.

Remark 1.3. If we replace v by vk (7), then

u(t) < q(7) H (1 +yk(1’)) exp <JTp(w)dw>, where k € M.

o<tr<T 0

2. Existence and uniqueness results

Definition 2.1. Assume that (W, || - ||w) is a Banach spaces, q is greater than or equal to 1, and IP belongs
to C([0,k] x Y, W). IP is said to be ILq-LipschitZ if [IP](-,-) < ILq([0,«] x [0,«];R") and a non-decreasing
mapping K : RT — R* provided ||P(t,y) — (w,z)||w < [P] (00 Kp (max{||y|l, [|z[| D (T — w|+ ||y — z|]), V
0<w<t<kandy, z €Y. Furthermore, L} represents the family generated by this form of
mappings as below.

Lip ([0,x];W)

Remark 2.2. Concerning the above definition, we note that the function®: [0,k] xY — Y glven by O(t,y) =
v/ty is not locally Lipschitz but © € ]LLlp([O, k[;Y) with q € (1, 176), Ol(t,w) = e 14+ Yw for

T>w >0, [0y = vVw for w >0, [O](t,0) = w1 for T > 0, Bl(0) =0, [Bl(,u) = 0 otherwise and
Ke(w) = (14 w).



B. Pervaiz, A. Zada, I-L. Popa, A. Kallekh, J. Math. Computer Sci., 34 (2024), 99-115 102

From the above assume that O(-) be the map given by O(t,y) = Y ", /(T — pi)Wp, o,,,1yi such that
0< - <pi<piy1- <k 0 €(0)andy; €Y, Vie NT, also Y, 0., : [0,k] — R is given as
léH_H_LLi](T) =0fort< Pi and H[phpm}m =1forte [pi+1, K].

Notation 1. In remaining part of the article, for ¥ € C([—A, pl;Y), v belongs to C([0, k] x Y;[0,A]) and

P € C([0, k] x Y;W). In addition, we utilize ¥V (-) and PY(¥)(-) for WY : [0,p] - Yand PY(¥): [0,p] — W

are the mappings defined as ¥¥(w) = ¥Y(w — v(w,¥(w))) and PY(¥)(w) = P(w,¥Y(w)) and fffi(w —

w)* ldu < fﬁ)i(w +u)* 1du.

Definition 2.3. A mapping ¥ € BPC([—A, p];Y) is known as a mild solution of the problem (1.1)-(1.3)
n [\, p] if W(8) = B(6) V6 € [-A,0] and W(1) = (5 7. (T — w)* g (W(F(W(ti))dw, V T € (T3, wil,

i=NT and

Y(1) = 3(7)(B(0) + U0, ¥7(0))) — UlT, ¥ (1)) + r J(t—0)0(0,¥(0),¥(V(0)))do, VT € [0, 1.

Definition 2.4. A mapping ¥ € BPC([-A,pl;Y) 0 < p < k, is known as a strict solution of the prob-

lem (1.1)-(1.3) on [—A, p] if ¥(0) = B(0), V 6 € [—A,0], (‘1’(-) +U(-,‘P3(-))>| belong to IPC([0, pl; Y1) N
[0,p]

PC'([0, p];Y) and ¥(-) satisfies (1.1)-(1.3) on [0, p].

Let (W, |- |[w) be the Banach spaces continuously embedded in (Y, || - ||y), provided that ©J(-) €
L>([0,x;IL(W,Y)). Furthermore, Cy € R is such that ||J(7)|| < Co, ¥V T € [0,k]. Now, consider the
following assertions.

Hy: V € Cpip([0, kl; [=A, k]), there is a mapping k : NT* + INT, provided that V(J;) C J(4) and k(i) <
i, V1. In addition, we use [V]¢,,, instead of [V ]CLIP([O KJ; [=A, k]).
: There is a mapping q : N{* — IN"';, with q(i) <iand J; € C(Y,J4(1)) for all i € N7'. Also, we use
[ilcy, instead of [Jilc,, (Y Iq(1))-
Hg’%: gi € CLip(Y;W) and Cyw(gi) = lIgillcy;w) < oo, ¥ i € NJ'. Furthermore, Ly w(gi) repre-
sents the Lipschitz constant of the map gi(-), Lww(g) = maxieNy, Lww(gi) and Cww(g) =
maxieny Cw,w(gi)-

Notation 1. We consider p; < Tiy1—Ti, p = maxieNy Pi, ic : W — Y is the inclusion map, Ay =

max{||©3 H]Loo [0,p],L(W,Y))s COHiCH]L(W,‘j)}/ and xylw = Ay/wCylw(g)h.
From [14] we mention the following lemma to establish our main result:

Lemma 2.5. Consider 0 < p < k, ¥, ® € BPC([—A,p];Y),V e LT. ([0,«];[0,A]), and

Lip
p = max{||¥|lgpc(—r,ol:y), | CllBRC (=7, 01:9) -

If¥ == on [0, Y, € CLipll=A05;9) and ¥, = € PCurip([0, p]; ), then
[Viw+h Y(w+h)) —V(w,¥Y(w)) ]|
Y (w +h) =¥V (w]|

W9 (w) — @I (w)]|

< Ky(p)VH(w +h, w)(1+ Wee,, (0,01:4)) R
< WlBpcy, (-2,019) (1 + V(w0 Ky () (T + ¥ lpey, (10,01y)) )Ty
< (1+ [W]IB]I’CUP(F?\,M;%) 3w, Kz () [I¥ = @llpe([0,019)-

foreach w € [0,p) and h >0, w +h € [0, pl.
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Theorem 2.6. Let Hy, Hy,, and Hyy be satisfied, B € Cuip([-2,01;Y), 3()(B(0) + U(0, B(=3(0, B)))) €
]PC“P’“O K;Y), 3 € Cuipll0, 1 10,X]), U € Cuip(10, 6] x Y;Y), © € L (10,6;Y), V € i, (0,110, A]) and
< L If Uy, (10,01 xB, (B (—p(0,8));)y) — 0as ¢ — 0 for all positive values of p and
T
Ai(c) = sup J O (64n,0)(1+ V(o +1h,0))doc —0asc—0,
Thel0,cl,t+h<gc 0
then there exists ¥ € BIPCyip ([—A, pl;Y) a unique mild solution of the problem (1.1)-(1.2) on [=A, p] for 0 < p <

Proof. Assume that %% > 0 such that

R > 1+ [Ble,, (1 aopy) + I (BO) + U0, B(=3(0,B)) ey, (0,019 + ColOC, B=3(0,B)) e 001
2%(t— 1 + )L
R>1 +I[Bleg,(-rmy) + Mt 2) 19T (W@ (YT Lo 10,61 (w,y))
+CO”@(/B(_J(OrB))))HPC([O,M,H)/
and p =1 +2||BH And A; : [0,k] = R™ is the mapping defined as Ay(1) = Cy fo o) (1+[Vl(0,0))do

and ]K@,V, Ko and Ky be the constants Ky, = ]Kh( ) for h(-) = O(-), V(:) and ]K@ v = ]K@(l + IKV)
Obviously Ai(t) — 0 fori=1,2, and set 0 < b < k with pR < 1 such that

1+ [Bley, (-a0y) + TE)(B0) + U0, B(=J(0, B))))]pey, (10,4]:9)
+CollO(, B(=3(0, B))))llpe(10,x1;9)
+(1+m)2 [[u]p,p(1+[ ]CLIP([O K]XY:[0,A] )+COI[<@J(A2( )+/\l(p)):| < 9R,

2%(t—14 +h)“+1
MNa+2)
+Co||O(-, B(—J(0, B)))lIpc(10,014)

1+ [Bley, (-aoy) + 19T Mg (W@ (YT Lo 10,01 (w,y))

(14 902 W p 1+ Bleyy 00 + CRovlAalp) +Aalo))| <3,

where, for simplicity, we use [Ulp, instead of [Ulcy,,(10,01xB,(B(~3(0,3))4)y)- Consider the space S(p)
defined as
S(p) ={¥ € BPC([-A, pl : Y) : Wo = B, Wlpcy, (10,01y) < R}

with the metric norm, d(¥, ®) = ||[¥ — @|lp¢c(j0,01:y) and : 8(p) — BPC([-A, pl;Y) is the mapping defined
as (V)g =B, ¥(0) =B(0), VO € [-A,0] and

Y(1) = F(loc) LTI (T—w)* g (Y(F(W(r1))))dw, for T € (ti, wil, Vi=
wie) = T [ (o o) g (O dw

—U(T, W3 (1)) + JT J(t—0)0(0, ¥V (0))do, V T € (Wi, Tisq], i € NT,

Wi

Y(1) = 3(7) (B (0) + U0, 7 (0))) — UlT, ¥ (1)) + JT J(t—0)0(c, ¥V (0))do, VT € [0, T1.

T

Now, to show that (-) is a contraction mapping on the space 8(p). Next, we consider ¥, ® € 8(p). For
T € [0, p] noting that

W) < [[W(T) = BODI + IBlle(—r0y)
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< Wepcy, (12,059 T+ [1Blle—aoy) < Re + [1Blle—romy) <1+ 1Blle—roy)

we infer that [[W(w)| < 14 Bllc(posy) < p for w € [—p,«]. It is obvious that ¥V | c(0,ery) < 1+
Bllc((—p,01;y)- In addition, we observe that

HWJ(T) —B(—=J(0,B))| < HW3 )+ IB(=3(0,B))]| < p=1+2[|Bllc((—p,osy), ¥ Te€I,pl

Utilizing aforementioned calculations along with Lemma 2.5, for 1, h belongs to [0, p] and T+ h belongs
to [0, p], we get

[©(c+h, ¥ (oc+h))—0(c, ¥ (o)

0] (61,01 Ko (h+ [[¥ (0 + 1) =¥ (o))

(0] (641,01 Ke (h + [Wlppey, (1A p1) (1 + V) (w0 Ky (1 + ¥ (ey, (10,019) 1) 2.1)
O] (4+n,0)Ke(l+ WIBPC,,, (A1) (1+ [V] (o+h,0)Ky)h

(0] (61,0 (1 + R Ko, v (1 + V] (0,00 )1

N

N

NN

Using the similar approach, and noting that ¥3(w) € B, (—B(—J(0,B))), ¥V w € [0, pl; for T, h belongs to
[0, p] and T+ h belongs to [0, p], one can observe

16(c, ¥V (0)) — (0, ¥7 (0))]
[U(o + 1, W (o +h)) —Ulo, ¥ (o))

(1+9R)?Ke,v10](,0)(1+ [V](50))0,

| < (
’ g 1"‘9{ [u]p,p(1+[ ]CLip([O,K]x%;[O,A]))h'

To show [IP]IBH’CLip([—p,p];‘é) <R, for T € (1i,Tit1), 1 € NT' and i > 0 and T+ h € (T4, Ti41], we have

T—Ti+h

Wi+ h) — ¥ < j dw

T—T4

DI(w — wyi) J“’

o) (=)™ g (VI (Y(w:)) du

uq

h
W W) (T + 1) =W (W) (7] + L |13( + R — w)|[|©8” (¥)(0) — B0, ¥V (0)) || do

T

h
+j0 uz(wh—w)ur@(o,w(onudwjo 13(t — W)€ (¥)(0 + h) — 8" (¥)(o) | do

! J J T x—1
< r((x)”’DJ(w—wi)Wgi(‘l’(di(‘l’(wi))))ﬂj Li(w +uw)* Tdudw

T—T4

+ UWpp(1+ R (1+ Ry (0.x1xyi0) )1

B h
+Co(1+R)*Ke 3 L O (s,6)(1+ V] (g,0))0do+ Co|O(, B(—=J(0, B))))lpc(jo,01:y) 1

T

+(1+ u)21f<@yj ©](c+h,0)(1+ [V](44ne))hdo
0

2“(1 Tl—l—h)o‘Jrl N
CESCESY 193 [ (10,611 (w,y)) | (W@E YT |

+ (1+ R W p,p (1 + Wey, (10,0 x g0 R

+Co(1 + R)?Ke,v(A2(p) + A1(p))h+ CollO, B(—I(0,B))))lpe 10,014 T

2%(1T — 1y + h)*H!
= Mo+ 2)

+Co(1+R)%Ke v (Aa(p) + Ar(p))h+ CollO(, B(—=J(0,B))))|lpe (0,011 1

< Ay, wCyw (g + (149 Wo,e (1+ [y, (0,x1x ;001 1

Ay wCyw(g)h+ (1+R)P[Up,p(1+ Qley, (10 xy:0a) T
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+Co(1+R)*Kev(Az(p) + A1(p))h
2%(t—T1;+h) o+l

L, B(—3(0,B)) h
+Coll©(, B(—3(0, B)))lpc(io ol 1, Where Ayp = Mo+ 2)

Ay,w,

which implies that

(T +R) =) < Ry + (1+RPWp,p(1+ [y, (0, xy00) 1
+Co(14R)Ke,v(A2(p) + A1 (p))h+ Col O, B(—I(0,B)))) e 10,p1:3) -
Now, for T € (1i, wi), i € NT', h > 0 and T+ h € (1i, wi], one can see
T—Ti+h

DI(w—wyi) (¢

Wi +h) — W) < j . J (@)™ g (W (Wlwr)))) du deo < Ry o

T—Tq

Using the similar approach, we show that
(W), TP Crip (10,19) < TENB0) + U0, ¥ (0D 10,19y 1+ (1 4+ R WU, p (1 + Wy (10,015,100 R
+Co(14+2)%Ke v (A2(p) + Ar(p))h+ CollO(, B(—I(0,B))))|lpe (10,0141 T

hence, W]I’CLip([O,p];%) < R and [‘P]B]pcup([_y\,p};y) < R because [B]Cup([—?\,o];‘é) < R, implies that is a
§(R)-valued mapping. Letting ¥, ® € §(R), i € N, and T € (713, Ti41], we have

(2w)*

[W(t) — (1) < m

13(t =Tl ow,y) Ly, w (g PGS (Y(Ti))) — @ (F(P (i)
[Wp,o|W3(t) — @7 (1)|| + Co L [©](6,6)Ko|¥¥ (o) — @V (0)|do

Qw)* .
< (mcolllclll(w,y)Ly,w(g)(1+[CD]]B]pcup Bcy, )||‘JJ O|lpc(01:y)

+ [Wp,p (1 + WlBpc,, (-2,019) B, (0, x ;000 1Y — Pllpe 0,71;4)

T

+Co JO (©)(6,0)Ke (14 MBpcy, (1-1,013) V(0,0 Kv) ¥ = @llpc(0,w1y) 4o

(2w)* :
< (fa g ColliclowaLyw(@)1 + @lorc,,, 3 CL‘P)HW Dllpc(opy)

+ (14 R) Wp,p (14 Bley, (0,x1x 9000 Y — Pllpe(0,019)
T

+ (1+R)CKe v Jo Ol (6,01 (1 + Vl(5,0))d0][¥ — @|lpc (10,01,

2w)* . 5
< [(r((ofjl)cormmw,mly,w(gﬂl [ ®Plpeyy ) Wlew,)

+ (14 R)Wp,o (1 + Bley, (0,6 xy;0A1) )+ CoKe v(/\z(b)+/\1(b))} ¥ — ®@|lpc(10,01;9)-

Now, for T € (T, wi], i € INT', we have that

(2w)*

[W(t) — D (7) < m

30t — )l (w,y) Ly, w(g) V(I (Y1) — O(I( D))
2
< <%Co”k“m (w9 Ly, w(8) (1 + @, ) Wcy,) ) 1Y = @llpeqoply)-

Furthermore, for Tt € [0, T1], we note that

[(W))g,0, JPCLp (071 159) < [(1 + R [Wp,p(1+ Bley, (0,x1xy;01)) +Col(l+ R)?Ke,v(A2(p) + A1(p))
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+ C0||@(-,B(—TJ(O,B)))HPC([O,p];%)] ¥ — @llpc((0,01y)-
From the above:

[¥(t) —@(7)| < [/\y,w LLy,w(g) (1 + 9 max Lﬂcup) + (1492 W p,p (1 + [y, ((0,k1x ¥ 0A1))
1

+Co(1+M)*Ke v (Aa(p) + A1(p)) + Col|O(-, B(—3(0, B))) lpc((0,01:y)

’

X ¥ — ®llpe(0,01:)-

where m* = %/\y,w. Hence ¥(-) is clearly a contraction mapping and there exists a unique mild
solution of the problem ¥ € §(R) of (1.1)-(1.3). O

Remark 2.7. Using the assertions in Theorem 2.6 we remark that J3(-)y € PCyip([0,«;y) if, €.g., ¥y € Q(D).
In the Proposition 2.8, we provide assertions so that the mild solution discussed in Theorem 2.6
becomes a strict solution . In the Proposition 2.8, we suppose that (J(1)).>0 is analytic, C;, i = 1,2 are

constants, and ||(—D)'3(1)|| < %, vV te (0]

Proposition 2.8. ¥ € BPC([—A, pl;Y) is mild solution and all the assertions used in Theorem 2.6 are fulfilled. If
sup..¢ 0,61 1O1(T, Il 0,0 V] (0, [, (0,0) < 00, % + % <1, B(0) +U(0,B(—3J(0,B))) € Q(D), and semigroup
is analytic, then Y(-) is a strict solution of the problem (1.1)-(1.2) on [—A, p].

Proof. Consider that, ¥; : [0,p] — Y, i =1, 2, are the mappings defined as

W) = L J (1 — @)™ g (Y(I(¥(r)))dw, for T € (1, wil, ¥i= N,

r(o() T4
and
T(t—1y) [ a1 - N v . n
R J_(T—w) gi(wu(wm)ndwj - o)l WP (1)dr, Vr e (Wi, L€ N,
(1) = J " 3= 0)(@(0, ¥V (0)) —O(x, ¥ (1)))do, ¥ T € (ws,Tisal, i € NI

we note that W(-) +U(-, W3 () =W () +¥a(), VT € (Wi, Tit1), 1 € INT, and

Wi (1) = 3(7) (Bb(0) + U0, W7 (0))) + JT. J(t—0)0(t,¥V(1))dt, VT e [0, 11,

Yy (1) = L J(t—0)(O(o,¥V(0)) —O(t, ¥V (1)))do, V1 €0, 1.

Also, we note that W(-) +U(-

(-, ) J+W(-) V1 € [0, t1]. Furthermore, as B(0) +U(0, B(—J(0,B)) €
Q(D), we get DY1 (1) = I(1)D(B(0) +U(0O

+
B(—=3(0,B))) + (3(t) = 1)O(t, ¥V (1))) for all T € [0, 7], and

DV, (1) = % j () g (WA () dw + D(3(1) DT, ¥¥ (1), V7€ (wi,Tiel, €N,
and ©
OW(T) = o | (1 @) g (YA¥(T))dw, for w € (xy i, V=N,

(
implies ¥; € PC([0, p], Y1)
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Now, we study the mappings ¥(-). Let p = ||¥|lpc(—a,p1,y), Ky, = H~<h(p), and h(-) = O(:), V(-), also

]I~<@,v = Ko(1+ Ky). Let Y(q,r) > 1 such that %—i— % + H(}Lr) =land 0 < o < ﬁ Now, utilizing
Lemma 2.5, for T € [wi, Ti+1] we get
T
J |93(t— 0)(O(0, ¥ (0)) — F(r, ¥V (1)))| do
wi N - N
< CﬂK@J [O](,0) (1 + WBPcy, (1-2,00y) (1 + VI (r,0) K (1 + Wlpe,, (1-2,01y))))do
Wi
~ T
< CKevy(1+ [W]BPCLip([A,p};H))ZJ O] (r,0)(1+ [V](r,5))do < 00,

which implies > (1) € Q(®) and DY,(t fo DI(1—0)(O(5yv (o)) — O(t,¥V(1)))do for T € [wi, Tit1).
Furthermore, via the above mentioned representatlon and using the last estimate, for w; < w <1 < Tiy1,
one can see

||5‘3‘1’2(T)—53‘1’2(w)H<J 193t — 0)(©(0, ¥ () — (1, ¥ (1)) | do

w

+Jw [(®3(t—0) — DI (w — 0))(O(0, ¥V (0)) —O(w, ¥ (w)))||do

wi

+ ||©J 3w~ 0)) (O ¥V (1)) — O, ¥ (w)))dof

< CKev(1+ YlBpcy, ((-A,019) )2J O] (r,5)(1+ [VI(t,0))do

+Jw JT_U 1923(0)(0(0, ¥ (o)) — O(t, ¥" (w)))] dodo

+[1(3(7) = I(t— w)) (O(w, ¥ (w)) —O(t, ¥V (1)),

and the inequality (2.1) remains true (with trivial modifications), and implies

T

DY, (1) — DY2 (w)|| < C,KO, V(1 + [‘P]IBJPCUP([A,p];y))ZJ O] (r,6)(14+ V](1,6))do

w

9 O, (2.2)

- w
+KegvCa(1+ [‘P]]Buvcup([—)\,p};y))z L J o) 1+ V](w,s))d0do

w—0o e

+2C||0(w, ¥V (w)) —O(T, ¥V (1))].

In order to finish the proof that W5 (:) is continuous, we examine the second term at the R.H.S of (2.2).
Utilizing the inequality In(1 + v) < % for all § > 0 and v > 0, we get that

-0 [® @ _
J J [ ](ew'g) (1+[V}(w,a))d90<J In( === +1)(0)(w, 0)(1+ [V){e,0))do
0 Jw—0o 0 woe

< J (T w)cx @ 0)(1+[V](w,0'))d0-
aly (w—o)x 0)“
(T—w)%k a1

< — O] (5, ) 1L g o 1L+ VI (1)) s 0,) -
o[l —oY(q, )] ¥0an

Again, utilizing Lemma 2.5 and the same approach as above for 0 < w < T < 11, ¥ € (0, 71], implies
DY, € PC([0,b];Y). Using the aforementioned remarks and the general theory of regularity of mild
solution s, see, e.g., Pazy [28, Chapter 4], implies that W¥(-) is a strict solution.

We obtain Corollary 2.9 by utilizing Theorem 2.6 along with Proposition 2.8. We skip the proof.
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Corollary 2.9. Let B(0)+U(0, B(—J(0,B))) € Q(D) and B(-), O(-), U(-), Ji(-), and J(-) be Lipschitz mappings.
If CLlp ([0,c] x B (B(—3(0,8));Y);Y) — Qor [U]Cup([()ld xY;Y) —0asc— O, then there exists ¥V € IBIPCLip([—A, p]; %)
a mild solution of the problem (1.1)-(1.2) for 0 < p < k. Furthermore, if the semigroup is analytic, then Y(-) is a
strict solution on [—A, p).

In the next Corollary 2.9 we suppose U(-), O(-), V(-), Ji(-), and J(-) are Lipschitz mappings.

Corollary 2.10. Let B € Crip([=A, 0;9), 3(-)(B(0)+U(0, B(=J(0,B)))) € Crip(10, 1;9); J, Ji, Ve Crip([0, k]x
Y;10,A]) and ©, U € Crip([0, k] x Y;Y). If the mapping P : R — R defined as

P(y) =1+ [Bley, (-aomy) +Xyw +Ayw Lyw(g) (1 + 5% max [@cLip)
1

+ limSIiop[j(-)(B(O) + U0, B(=3(0, B)))Ipcy, (0.cy)

+Co|©(0, B(=3(0, B[ + (1 + y)*Wey,, (10,41xys) (1 + By, (0,61 yi10.A7)) — ¥,
has a positive root, then there exists a unique mild solution on [—A, p] for 0 < p < k

O

Proof. To initiate, in this case we remark, the mappings A;(-) in the proof of Theorem 2.6 are defined as

A1) = [Bley, 10,k y:y) (1 + Wey, (10,6 xy;0a0) )T and Ao () = Col®@ley, (10,1 xy;9) (1 + Ve, (10,41x g 101 T-
Via the assertion, there exists R > 0 such that 0 > IP(9%). Furthermore, using the definition of IP(-), one

can set 0 < p < k with fip < 1 and

1+ [Ble,, (-aopy) + Xyw + Ayw Lyw(g)(1+ %gﬂ%{g [3]cup)
+ [3(-)(B(0) + U0, B(=3(0, B))Npcy,, (10,019) + CollOC, B(=V(0, B))lc(i0,01:9)
+ (1 4+ R Uy (10, x99 (1 + By, (0,1 9;047))
+ (14 R)2Co[@lc,, (10,61xy:9) (1 + Ve, (10, x y:1047))P < R

Utilizing the last inequality instead of inequality (2.1) and utilizing the approach used in Theorem 2.6, it
is obvious that there exists ¥ € BIPCrip([—A, pl;Y) a mild solution of (1.1)-(1.3). O]

Corollary 2.11. Let B € Crip([=A, 01;9), I(-)(B(0)+U(0, B(=3J(0,B)))) € PCLip([0, k];¥); J, J1, V € Crip([0, K]
x Y;[0,Al) and ©, U € Crip ([0, x| x Y; ). If the mapping

P(y) =1+ [Ble,, (—r09) + Ny,w +Ayw Lyw(g) (1 + %pﬁﬁ[ﬁ]cup)
+ [3(-)(B(0) + U0, B(=3(0, B))Nlpcyy, (0,015y) + CollO0, B(=I(0, B)))|
+ (14 ¥ Wey, (10,05 99) (1 + Bl (0,x1xy;041)
+(1+y)?2C0®ley,, (10,x1xu:y) (1 + Viey, (10,61 9:001) )& — ¥,

has a positive root, then there exists ¥ € BIPCyip ([—A, ]; X) a unique mild solution of (1.1)-(1.3).

3. Hyers-Ulam Stability

In order to establish the Hyers-Ulam stability of Eq. (1.1)-(1.3), we introduce the following assump-
tions.
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U.li
[9(t =)l (7 a1 .
(F(oc) Li (t— @) MlicllLow,y)Lyw(g) (1 + [Olerc, .y, By, )do
+ (1 +R)[Up,p (1 + [Bley, (10,c1xy;10A1)) + (1 + R)CoKeo,v L O (¢,6)(1+ [V](g,g))d0> <L
Uz:
1+R o *
6= (J 4! - )[u]p,p(1+ Blew, (10,x1xy;0A1))9 (T)> > 0.
Us:
p = (1+R)CoKe v[0)(g,0) (1 + [V (5,0))-
U.4Z
= [lic/lLow,y Lyw(g) (1 + Blprc,,, y, Fey,)-
Assume the following inequalities
1 (" .
[¥(Tt) — WJ (T—w)* g (WF(W(t:))))dw| < e, VT e (T, wil, i =NF, 3.1)
Jrt—my) (F o N R
i)~ T [ (e ) g (ar))dw + U, ¥ )
—J J(t—0)8(0,¥(0),¥(V(0)))do|| <€, VT € (wi,Tit1], 1 € NT, (3.2)
[W(t) —3(7)(B(0) — U0, ¥¥(0))) + U(T, W3 (1))
— | J(t—0)0(0,¥Y(0),¥(V(o)))do|| <€ VTeE, Tl (3.3)

Before proceeding to our main theorem of Hyers-Ulam stability, we introduce the following definition.

Definition 3.1. Eq. (1.1)-(1.3) is said to be Hyers-Ulam stable if there exists 9 > 0 provided that for every
€ > 0 and for every V¥, the solution of inequalities (3.1)-(3.3), there exists mild solution ® of Eq. (1.1)-(1.3)

such that
[W(T) — O (7)|| < pe, YT €[00l

Remark 3.2. ¥ € BIPC([—A, pJ;Y) satisfies the above inequalities (3.1)-(3.3) if and only if there exists f €

BPPC([—A, pl;Y) and {fx : k € NJ*} depending on ¥ with ||f(T)|| < e and |/fx|| < €, such that

000 = g | (1= @) B (YA -+ i, Y T w0, E= N,
) W) = T [ () g (Hr0) = U W )

+ J'T J(t—0)O(0,¥(0),¥(V(0)))do+f(T1), VT € (wyi, Tip1l, 1 € NT,

wi

(iii) W(T) = 3(7)(B(0) — U0, ¥I(0))) — U(T, ¥¥ (7)) + JT J(t—0)0(0,¥(0), ¥(V(0)))do + (1), VT € [0, 1.

Ty
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Lemma 3.3. If ¥ € BIPC([—A, pJ;Y) satisfies the above inequalities (3.1)-(3.3), then W(0) = B(0) also satisfies the
following inequalities

[W(T) — 1J (T—w)* g (WEIW(r))dw|| <€, VT e (1, wil, i=NT,

—JT J(t—0)B(0,¥(0),¥(V(0)))do| <je, VT € (Wi, Tisal, 1€ NT,
W(t) — 3(T)(B(0) — U0, ¥7(0))) + U(T, ¥ (1))
—J J(t—0)O(0,¥(0),¥Y(V(0o)))do|| <je, VT €0, T1],

for T € (i, Tig1l, where [|I(t—0)[| < Cop, ) = Co(Tiy1 — wi) + mandj = Co(Tit1 — wi).

Proof. If ¥ € BIPC([—A, p]; Y) satisfies the above inequalities (3.1)-(3.3), then using the above Remark 3.2
we have

Wir) = J T ) g (W (W) dw + i, ¥ T € (to, @i, = NI,

Y(t) = 3(1)(B(0) — U0, ¥7(0))) — U(T, ¥¥ (7)) + JOT J(t—0)0(0,¥(0), ¥(V(0)))do+f(T), VT e 0, 7.

For T € (1i, wi], i = INT', we can see
1

1 (" 3
- — & . & . <
[W(T) Mo Li(T w)* g (Y(I(Y(ri))))dw] < e
And, for T € (wi, Ti41], 1 € NT, we have

J (7 — @) * g (W(F(¥(r:)))) dw + U(T, W3 (1) —J 3(t— 6)8(0, ¥(0), ¥(V(0)))do]

T wi

J(t—1i)
()

T
<j 13(t—o)[[f(o Hdo+Z||fk|| (Colt—wi) +m)e < (ColTirs — wi) +m)e < Je.

Wi

[¥(7)

Also, for T € (0, 11], we obtain

T

[W() —3(7)(B(0) — U0, ¥¥(0))) + U(T, WI(T)) —J J(t—0)0(0,¥(0),¥(V(0)))da]

Ty

T

<| - oitolas < e.
wi

Theorem 3.4. If all the assertions of Theorem 2.6 along with U1-Uy are satisfied, then Eq. (1.1)-(1.3) is Hyers-Ulam

stable.

Let ¥(t) be a solution of the inequalities (3.1)-(3.3) and ¥(t) be a unique mild solution of the Egq.
(1.1)-(1.3), which is given by

e j " e )% g (WEW(r))))dw, ¥ T € (1, wil, i = NI,
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wir) = LI [ (o ) g (W) deo — U, ¥ ()
)0(0,¥(0),¥Y(V(0)))do, VT € (wyi, Ti+1], 1 € NT,

J —U(t, (1)) + JT J(t—0)0(0,¥Y(0),¥(V(0)))do, VT €0, T1].
0

Now, for T € (wi, Ti+1], i = INT', we have,

() =] < 1=F

T L
- T (e ) (00 ()] + [, W) ~ U, 0 )
+|J: J(t—0)0(0,¥Y(0) ‘P(V(o‘)))do‘JLiS( —0)0(0, ®(0), ®(V(0)))do]|
< )+ LS [ e ) g eiaeen) — gs 0@ @(w) ) oo
W 93 (1) — @3 (1) + L 13(2 = 0)][|©(c, ¥(0), ¥(V())) — O(o, ®(c), D(V(s)))]|do
\()e)+r‘[(:°)ﬂu @) il owy) ]Lyw(g)(lJr[@hB]Pcup Je,)I¥(o) — 0 (0)l|do
+ W0 (1 + WlBpc,, (1-2,019) e, (0,k1xy;0a0) Y (T ||
= T[@J(G,U)n?@(l T Wlnpey, (1 rply) V) (0,0 K [¥(0) — ©(0) | do
<()e)+rf§)£u ) fie L) Lyo(8) (1 + e, o, Bles, ) [¥(0) — ©(0) | do

+ (1 +R) W, (14 Bey, (10,615 ;1040 [Y(T) — @(T)]

+(1+m)cof<@,vjo (] (6,0) (1 + [V 0,0)) [¥(0) — @ (o) | do.

Next, we prove that = : BIPC([—A, p];Y) — BIPC([—A, p];Y) is an increasing Picard operator

C T
(Z2g(7)) = (he) + Wi) L (T—w)* HlicllLowy) Ly w(g)(1+ Blprc, ,, ) Bley, )g(0)do

(1+R)[Up,p(1+ [Blcy, (10,x1xy;10A1))9(T) + (1 +R)CoKe v L Ol (s,6)(1+ Vl(s,6))g(0)do.

1;9), T € (wi,Tig1l, 1=INT, we get

C T
1(291)(%) — (Eg2) ()| < F(Q’C)L(T ¢

For all g1, g» € BPC([—A
o)lldo

“Hellnow,y) Lyw(g) (1 + [OlBPC, ;) By, )191(0)

+ (1 +R) W, (14 Bey, (10,k1x ;1047191 (T) — g2 (T |
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T

1+ m)coHZ@,vj 0] (0,0)(1+ V](0,0))do
0

Co (T 1. ~
< <r(:() L. (T—w)” 1H1c||1L(W,y)]Ly,W(g)(1+[@]Blpcupm[ I, )do

+ (1T +R)MUp,p (14 By, (10,1 xy;0A7)

T

+ (1+R)CKe v J

. [©](6,0)(1+ W](U,c))d0> 191 — 92llpc(10,01,9)-

Using Uj, the above operator = is clearly strictly contractive on (w;i, Tit1], i = INT', so it is a Picard
operator on BIPC([—A, p];Y). Hence, we conclude that g« € BIPC([—A, p];Y) is the only one fixed point of
=, that is,

C T
(28" (7)) = 1)+ 1y j (t— @0)* e owy) Lyw(g™) (1 + ©lpre,,, , Bley, )g*(0)do

+ (1 +R)Up,p(1+ [ley, (10,x1x 9510197 (T) + (1 + R)CoKe,v JO Ol (6,6)(1+ Vl(s,6))g"(0)do.

A

By simple calculation we can conclude that

C T
=g (1) = ()e) + Tc;)c) L (T—w)* HlicllLowy) Ly w(g") (1 + ©lppe, ,, y, Blcy,) 9" (0)do

+ (1 +R) U0 (1 + [Fley, (10,x1x 95104197 (T) + (1 + R)CoKe,v Jo ©l(s,6)(1+[V](s,6))g"(0)do

A

= (e) + (1 +R)[Up,p (1 + Bley, (10,61xy;1001)) 9" (T)

C T — . k ~ *
b | =@ il Luw (871 + Blare,,, ey, )o"(0)do
+( m)colﬁ@,vj ) (6,01 (1 + V](6,0))g" (0)do

0

(1+R - N
= (1 T 0 1+ Bl i )07 (5] )

C t — . * ~ *
+r(§)J (1= @) fic Ly Lyo(g?) (1 + ©lppes,, y, Bler, )g*(0)do

+(1+9%)CoKe,v L 0] (6.01(1+ [V](0,0))g" (0)do

& * _ ax—1 * *
< be+ o) Li(’t w)* r(o)g (G)dG+JO p(o)g*(o)do,

where 6 > 0, for i € INJ™ we have

Utilizing Gronwall Lemma, we conclude that

g" (1) < e H <1 + m(IE:Foc) J;(T— (U)‘X—lr(o')d0'> exp (JTp(a)dcr),

wi<w<T 0

where q = (1 +R)CoKe v. If we substitute g = |[¥ — ®|[pc(j0,01:y)/

’

C T T
|V — @llpc(0,p1y) < O€ H <1 + mFE)oc) JTi(T_ w)oclr(g)d6> exp <J p(cr)dcr),

wi<w<T 0
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which implies that the proposed equations are Hyers-Ulam stable, which completes the proof. O

4. An example

Let us consider the following abstract neutral differential equations containing state-dependent frac-
tional integrable impulses

0 e — ol o @
— Bt x) + x1 (Rt — )y bamgeir— ) e 0,200 (12,16
' 1+ [¥(D]’ T+ ™" ' T
1 - W)
Y(T1) = ) Li(’r— w)* "h(¥Y(t— m,x))dw,’r e (1.2,1.6], (4.2)
W(0) = B € C(1-1,05;Y), 43

where (1,x) € [0,2] x® c RN, D is compact ® C RN and B is a square matrix. We set Y = C(D;RN),
g, h belongs to CLip(]RN;]RN), and x; € C1([0,2];R) and %, € C([0,2];R). Furthermore, we take x;(0) =
x;(O) = 0, x2(-) is differentiable a.e. on the provided domain, X;(') belongs to L9([0,2];R) for q =1 and
& is defined from [0,2] x [0,2] to R™ provided [x2(T) — x2(w)| < X;(C(T,(U)”T— wland w < X(r,w) < T,V
0<w<t<2and Xl = XZ(C( y) is integrable on U = {(t, w) € [0,2] x [0,2], w < t}. Consider the
associated inequalities

d ¥ (o)l V(]
| at (T, x) +x1(Oh(¥(T— mﬂ(m —B(¥(t,x) +xa(T)h(¥(t— mﬂ()))
5460110
—X2(T)g(¥(T— T+ Y] x| <e1el0,2]\(1.2,1.6],

1 * x—1 HW(T)H
[W¥(t) — o) Li(’r— w)* Th(Y(t— m,x))de <e TeE (12,16,

[¥(0) — B[ < e,B € C([-1,05;4),

substitute e = 1. If ¥ € CLip(]RN ;RN) holds the above inequalities, then there exist h € CLip(]RN ;RN)
and hy € RN such that [h(7)| < 1. The equation becomes

a vl
= B(¥(rx) +xalTg(¥lT - 1Tﬁﬂu X))+ hix) T € 0,20\ (12,16,
Y(T) = r(loc)J’ (T—w)* Th(¥(t— 1 J_ HE;"(’ Tk x))dw +hy, T € (1.2,1.6],
Y(0) =3B e C([-1,0;9).
So the solution of above Eq. (4.1)-(4.3) is
wie) = 2 [ e wp it — S xdw —xaenter— EL )
#] ate=onae (newr— 15 0

YOI

—a(Rg¥iT— T

))||)dcr, vVt e [0,2]\(1.2,1.6].

According to our results, Eq. (4.1)-(4.3) has a unique solution ¥ € CLip(]RN ;RN and is Hyers-Ulam stable
on aforementioned domain.
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5. Conclusion

In this article, we proved the existence, uniqueness and Hyers-Ulam stability of Eq. (1.1)-(1.3), using
the properties of analytic semigroup and fixed point approach. In addition, we developed our main
results by using the abstract Gronwall lemma. Hyers-Ulam stability provides the bound between exact
and approximate solutions. Therefore, our results are important in approximation theory.
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