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Abstract

This article focuses on the existence, uniqueness as well as regularity of solution of abstract neutral differential equation con-
taining state-dependent fractional integrable impulses. Furthermore, we also examine Hyers-Ulam stability using the properties
of analytic semigroup, abstract Grönwall lemma and fixed point technique. An example is presented at the end.
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1. Introduction

Inspired by the work done in [11], in this article we deal with the existence and uniqueness of a mild
solution and strict solution as well as Hyers-Ulam stability for the following neutral differential equation
with state-dependent fractional integrable impulses:

d

dτ

(
Ψ(τ) +U

(
τ,Ψ(τ−J(τ,Ψ(τ)))
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= D

(
Ψ(τ) +U

(
τ,Ψ(τ−J(τ,Ψ(τ)))
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τ,Ψ(τ−V(τ,Ψ(τ)))
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, τ ∈ (ωi, τi+1], i ∈Nn

0 := 0, 1, . . . ,n, (1.1)

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1gi
(
Ψ(Ji(Ψ(τi)))

)
dω, τ ∈ (τi,ωi], i ∈Nn

1 := 1, 2, . . . ,n, (1.2)

Ψ0 = B ∈ C([−λ, 0];Y), (1.3)
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where α ∈ (0, 1) and D : Ω(D) ⊂ Y 7→ Y represents the family of an analytic semigroup (=(τ))τ>0
of bounded linear operators on a Banach space (BS) (Y, ‖ · ‖), the pre-fixed points are taken such that
0 = τ0 = ω0 < τ1 < ω1 < τ2 < ω2 < · · · < τn < ωn < τn+1 < ωn+1 = κ. Furthermore, gi : Y 7→ Y,
U : [0, κ]× Y 7→ Y, Θ : [0, κ]× Y 7→ Y, J, V : [0, κ] 7→ [−λ, κ] and Ji : Y 7→ [−λ, κ], i ∈ Nn

1 , are suitable
mappings.

The philosophy of differential equations containing state-dependent argument is deep area of research
because of the fact that qualitative notion of state-dependent argument is more ambiguous and different
than the simple delay differential equations. In this regard, we mention [21] and the work done by
Hartung et al. [10] and the references in that for related state-dependent argument in ordinary differential
equations. The research on state-dependent argument abstract and partial differential equations is mainly
related to non-neutral problems, see the survey by Yunfei et al. [25, 26], Rezounenko et al. [21], Baliki
and Benchohra [3], Chaudhary and Panday [5], Fu and Huang [8], Ma and Liu [27], Ravichandran et
al. [33] and the work done by Kosovalic et al. [19, 20] as well as the latest articles by Hernández et al.
[13, 14, 17, 29]. We cite the contributions by Hernández et al. [15, 16] for the abstract neutral differential
equations. The philosophy of differential equations containing state-dependent argument is deep area
of research because of the fact that qualitative notion of state-dependent argument more ambiguous
and different than the simple delay differential equations. In this regard, we mention the work done by
Hartung et al. [10] and the references in that for related state-dependent argument in ordinary differential
equations, as well as the latest articles by Hernández et al. [13, 14, 17]. We cite the contributions by
Hernández et al. [15, 16] for the abstract neutral differential equations.

In 1940, at Wisconsin University, Ulam put forward a question concerning the approximate solution
for the exact homomorphism [38]. Hyers positively replied to the question in case of Banach spaces [18].
This famous theory was extended by Aoki [2] as well as Rassias [32]. In these articles the authors studied
the norm of differences and Cauchy differences, g(s+ t) − g(s) − g(t). Answers to Ulam’s question, its
attractions and inductions for various situations is an important area of research and is known as Ulam’s
stability. For detailed information about Ulam’s stability, we recommend [12, 30, 31, 34, 35, 37, 41–44] and
references therein.

The notion of neutral differential equations is the remarkable region in the research area of functional
differential equations, with applications and mathematical contributions [6, 22]. For abstract and partial
neutral differential equations, we mention the work done in [4, 9, 39, 40] and the articles [1, 7, 11, 15]. Also,
we mention contributions made in the article [4], where the authors introduced and examined partial
neutral differential equations with state-dependent argument emanating in populations dynamics, we
also refer the reader to the papers [23, 24], where applications to populations dynamics are premised
faced by studies of partial differential equations.

In this article, we utilized the central concepts of [14, 17] to establish the results examined in [15, 16]
for the type of abstract neutral differential equations containing state-dependent argument with impulsive
effects. Particularly, we examine the central ideas established in Theorem 2.6 by considering Lp-Lipschitz
mappings Θ(·) and V(·). The notion of Lp-Lipschitz mapping (see assertion HW

q,P) was presented in the
article [15] in order to prove the existence and uniqueness of solutions without taking the assumption that
the nonlinear mappings are locally Lipschitz. Also, note that mappings of the form Ψ → Ψ(B,ν(·,Ψ(·)))
are not Lipschitz, in general, on spaces of continuous mappings and we remark that

‖Ψ(·−V(Ψ(·))) −Θ(·−V(Θ(·)))‖C([0,κ];Y) 6 (1 + [Ψ]CLip([−λ,κ];Y)[V]CLip([0,κ]×Y;[0,λ]))‖Ψ−Θ‖C([−λ,κ];Y),

is true, if the mappings Ψ(·) and V(·) are Lipschitz.
The remaining paper is divided into three sections. The second section is devoted to the existence

and uniqueness of solution for system (1.1)-(1.3). We examine our main result in Theorem 2.6 by taking
that Θ(·) and V(·) are Lp-Lipschitz and that U(·) and J(·) are Lipschitz. Also, we examine the existence
of a strict solution in a similar section. The third section is concerned with Hyers-Ulam stability for the
proposed model. The final section is devoted to an example for the validity of our main results.
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The norms C([κ, ρ];Y) and CLip([κ, ρ];Y) in the present article are represented as ‖ · ‖C([κ,ρ];Y) and ‖ ·
‖CLip([κ,ρ];Y), such that ‖ξ‖CLip([κ,ρ];Y) = ‖ξ‖C([κ,ρ];Y) + [ξ]CLip([κ,ρ];Y) and [ξ]CLip([κ,ρ];Y) = supτ,ω∈[κ,ρ], τ 6=
ω‖‖ξ(τ)−ξ(ω)‖

|τ−ω|
. Similarly, the norm of CLip([c,d]×Y;Y) is defined. PC(Y) represents the space generated

by all bounded mappings Ψ : [0, κ] 7→ Y, provided that Ψ(·) is continuous at τ 6= τi, Ψ(τ−i ) = Ψ(τi) and
Ψ(τ + i) exists for all i = Nn

1 such that ‖Ψ‖PC(Y) = maxi=Nn
0
‖Ψ‖C((τi,τi+1];Y). Furthermore, PCLip(Y)

denotes the space of mappings Ψ ∈ PC(Y), provided Ψ|(τi,τi+1] ∈ CLip((τi, τi+1];Y) for all i = Nn
0 with the

norm ‖Ψ‖PCLip(Y) = maxi=Nn
0
‖Ψ|(τi ,τi+1]

‖CLip((τi,τi+1];Y).
BPC(Y) represents the collection of all the mappings Ψ : [−λ, κ] 7→ Y, provided Ψ|[−λ,τ1]

∈ C([−λ, τ1];Y)
and Ψ|[0,κ]

∈ PC(Y). Furthermore, BPCLip(Y) represents the space of all mappings generated by Ψ :

[−λ, κ] 7→ Y, provided Ψ ∈ BPC(Y), Ψ|[−λ,0]
∈ CLip([−λ, 0];Y) and Ψ|[0,a]

∈ PCLip(Y), with the norm ‖Ψ‖ ∈
BPCLip(Y) = max{‖ΨIi‖CLip(Ii;Y) : i = Nn

−1}, where I1 = [−λ, 0].

For Ψ ∈ BPC(Y) and i ∈Nn
−1, we use Ψ̃i for the function Ψ̃i ∈ C([τi, τi+1];Y) given by Ψ̃i(τ) = Ψ(τ+i )

for τ ∈ (τi, τi+1] and Ψi(τ) = Ψ(τ+i ) for τ = τi. For B ∈ BPC(Y) and i ∈Nn
−1, B̃i is the set B̃i = {Ψ̃i : Ψ ∈

B}.

Lemma 1.1. A collection B ⊂ BPC(Y) is relatively compact in BPC(Y) if and only if each collection B̃i is relatively
compact in C([τi, τi+1],Y).

As pointed above, let D : Ω(D) ⊂ Y → Y be the collection of a C0-semigroup of bounded linear
operators (T(τ))τ>0 on Y, also let ‖=(τ)‖ 6 C0, ∀ τ ∈ [0, κ].

Lemma 1.2 (Grönwall Lemma, [36]). For any τ > 0 with

u(τ) 6 q(τ) +
∫t

0
p(ω)u(ω)dω+

∑
0<τk<τ

γku(τ
−
k ),

where u,q,p ∈ PC(R+,R+), q is nondecreasing and γ > 0. Then for τ ∈ R+ we have

u(τ) 6 q(τ)(1 + γk)
k exp

( ∫τ
0
p(s)ds

)
, where k ∈M.

Remark 1.3. If we replace γk by γk(τ), then

u(τ) 6 q(τ)
∏

0<τk<τ

(
1 + γk(τ)

)
exp

( ∫τ
0
p(ω)dω

)
, where k ∈M.

2. Existence and uniqueness results

Definition 2.1. Assume that (W, ‖ · ‖W) is a Banach spaces, q is greater than or equal to 1, and P belongs
to C([0, κ]× Y;W). P is said to be Lq-Lipschitz if [P](·, ·) 6 Lq([0, κ]× [0, κ]; R+) and a non-decreasing
mapping K : R+ 7→ R+ provided ‖P(τ, y) − P(ω, z)‖W 6 [P](τ,ω)KP(max{‖y‖, ‖z‖})(|τ−ω|+ ‖y − z‖), ∀
0 6 ω < τ 6 κ and y, z ∈ Y. Furthermore, L

q
Lip([0,κ];W) represents the family generated by this form of

mappings as below.

Remark 2.2. Concerning the above definition, we note that the function Θ : [0, κ]×Y→ Y given by Θ(τ, y) =
θ
√
τy is not locally Lipschitz but Θ ∈ L

q
Lip([0, κ];Y) with q ∈ (1, θ

1−θ), [Θ](τ,ω) = 1
θω

1
θ−1 + θ

√
ω for

τ > ω > 0, [Θ](ω,ω) =
θ
√
ω for ω > 0, [Θ](τ, 0) = τ

1
θ−1 for τ > 0, [Θ](0,0) = 0, [Θ](τ,ω) = 0 otherwise and

KΘ(ω) = (1 +ω).
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From the above assume that Θ(·) be the map given by Θ(τ, y) =
∑n
i=1

θi

√
(τ− ρi)W[ρi,ρi+1]yi such that

0 < · · · < ρi < ρi+1 · · · < κ, θi ∈ (0, 1) and yi ∈ Y, ∀ i ∈ Nn
1 , also Y[ρi,ρi+1] : [0, κ] → R is given as

Y[bi+1,bi](τ) = 0 for τ < ρi and Y[ρi,ρi+1](τ) = 1 for τ ∈ [ρi+1, κ].

Notation 1. In remaining part of the article, for Ψ ∈ C([−λ, ρ];Y), ν belongs to C([0, κ]× Y; [0, λ]) and
P ∈ C([0, κ]× Y;W). In addition, we utilize Ψν(·) and Pν(Ψ)(·) for Ψν : [0, ρ]→ Y and Pν(Ψ) : [0, ρ] 7→W

are the mappings defined as Ψν(ω) = Ψ(ω− ν(ω,Ψ(ω))) and Pν(Ψ)(ω) = P(ω,Ψν(ω)) and
∫ω
ui
(ω−

u)α−1du 6
∫ω
ui
(ω+ u)α−1du.

Definition 2.3. A mapping Ψ ∈ BPC([−λ, ρ];Y) is known as a mild solution of the problem (1.1)-(1.3)
on [−λ, ρ] if Ψ(θ) = B(θ) ∀ θ ∈ [−λ, 0] and Ψ(τ) = 1

Γ(α)

∫τ
τi
(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω, ∀ τ ∈ (τi,ωi],

i = Nn
1 and

Ψ(τ) =
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω

−U(τ,ΨJ(τ)) +

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

Ψ(τ) = =(τ)
(
B(0) +U(0,ΨJ(0))

)
−U(τ,ΨJ(τ)) +

∫τ
τi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ, ∀ τ ∈ [0, τ1].

Definition 2.4. A mapping Ψ ∈ BPC([−λ, ρ];Y) 0 < ρ 6 κ, is known as a strict solution of the prob-
lem (1.1)-(1.3) on [−λ, ρ] if Ψ(θ) = B(θ), ∀ θ ∈ [−λ, 0],

(
Ψ(·) + U(·,ΨJ(·))

)
|[0,ρ]

belong to PC([0, ρ];Y1) ∩

PC1([0, ρ];Y) and Ψ(·) satisfies (1.1)-(1.3) on [0, ρ].

Let (W, ‖ · ‖W) be the Banach spaces continuously embedded in (Y, ‖ · ‖Y), provided that D=(·) ∈
L∞([0, κ]; L(W,Y)). Furthermore, C0 ∈ R is such that ‖=(τ)‖ 6 C0, ∀ τ ∈ [0, κ]. Now, consider the
following assertions.

HV: V ∈ CLip([0, κ]; [−λ, κ]), there is a mapping k : Nn
1 7→ Nn

−1, provided that V(Ii) ⊂ Ik(i) and k(i) 6
i, ∀ i. In addition, we use [V]CLip instead of [V]CLip([0, κ]; [−λ, κ]).

HJ1 : There is a mapping q : Nn
1 7→ Nn

−1, with q(i) 6 i and Ji ∈ C(Y, Iq(i)) for all i ∈ Nn
1 . Also, we use

[Ji]CLip instead of [Ji]CLip(Y; Iq(i)).
HW

g,Y: gi ∈ CLip(Y;W) and CY,W(gi) = ‖gi‖C(Y;W) < ∞, ∀ i ∈ Nn
1 . Furthermore, LW,W(gi) repre-

sents the Lipschitz constant of the map gi(·), LW,W(g) = maxi∈Nn
1

, LW,W(gi) and CW,W(g) =
maxi∈Nn

1
CW,W(gi).

Notation 1. We consider ρi 6 τi+1 − τi, ρ = maxi∈Nn
1
ρi, ic : W 7→ Y is the inclusion map, ΛY,W =

max{‖D=(·)‖L∞([0,ρ],L(W,Y)), C0‖ic‖L(W,Y)}, and ℵY,W = Λ̃Y,WCY,W(g) h.
From [14] we mention the following lemma to establish our main result:

Lemma 2.5. Consider 0 < ρ 6 κ, Ψ, Φ ∈ BPC([−λ, ρ];Y), V ∈ LrLip([0, κ]; [0, λ]), and

ρ = max{‖Ψ‖BPC([−λ,ρ];Y), ‖Φ‖BPC([−λ,ρ];Y)}.

If Ψ = Φ on [−λ, 0], Ψ|[−λ,0]
∈ CLip([−λ, 0];Y) and Ψ|[0,ρ]

∈ PCLip([0, ρ];Y), then

| V(ω+  h,Ψ(ω+  h)) −V(ω,Ψ(ω)) | 6 KV(ρ)[V](ω+  h,ω)(1 + [Ψ]PCLip([0,ρ];Y)) h,

‖ΨV(ω+  h) −ΨV(ω‖ 6 [Ψ]BPCLip([−λ,ρ];Y)(1 + [V](ω+ h,ω)KV(ρ)(1 + [Ψ(·)]PCLip([0,ρ];Y))) h,

‖ΨJ(ω) −ΦJ(ω)‖ 6 (1 + [Ψ]BPCLip([−λ,ρ];Y)[J](ω,ω)KJ(ρ))‖Ψ−Φ‖PC([0,ρ];Y),

for each ω ∈ [0, ρ) and  h > 0, ω+  h ∈ [0, ρ].
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Theorem 2.6. Let HV, HJ1 , and HW
g,Y be satisfied, B ∈ CLip([−λ, 0];Y), =(·)(B(0) + U(0,B(−J(0,B)))) ∈

PCLip([0, κ];Y), J ∈ CLip([0, κ]; [0, λ]), U ∈ CLip([0, κ]× Y;Y), Θ ∈ L
q
Lip([0,κ];Y), V ∈ Lr

Lip([0, κ]; [0, λ]) and
1
λ + 1

r 6 1. If [U]CLip([0,c]×Bρ(B(−ρ(0,B));Y);Y) → 0 as c→ 0 for all positive values of ρ and

Λ1(c) := sup
τ, h∈[0,c],τ+ h6c

∫τ
0
[Θ](σ+ h,σ)(1 + [V](σ+  h,σ))dσ→ 0 as c→ 0,

then there exists Ψ ∈ BPCLip([−λ, ρ];Y) a unique mild solution of the problem (1.1)-(1.2) on [−λ, ρ] for 0 < ρ 6 κ.

Proof. Assume that R > 0 such that

R > 1 + [B]CLip([−λ,0];Y) + [=(·)(B(0) +U(0,B(−J(0,B))))]PCLip([0,κ];Y) + C0‖Θ(·,B(−J(0,B))))‖PC([0,κ];Y),

R > 1 + [B]CLip([−λ,0];Y) +
2α(τ− τi +  h)α+1

Γ(α+ 2)
‖D=(·)‖‖gi

(
Ψ(Ji(Ψ(τ

+
i )))

)
‖L∞([0,b];L(W,Y))

+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y),

and ρ = 1 + 2‖B‖. And Λ2 : [0, κ]→ R+ is the mapping defined as Λ2(τ) = C0
∫τ

0 [Θ](σ,σ)(1 + [V](σ, 0))dσ
and K̃Θ,V, K̃Θ and K̃V be the constants K̃ h = K̃ h(ρ) for  h(·) = Θ(·), V(·) and K̃Θ,V = K̃Θ(1 + K̃V).

Obviously Λi(τ)→ 0 for i = 1, 2, and set 0 < b 6 κ with ρR < 1 such that

1 + [B]CLip([−λ,0];Y) + [=(·)(B(0) +U(0,B(−J(0,B))))]PCLip([0,κ];Y)

+ C0‖Θ(·,B(−J(0,B))))‖PC([0,κ];Y)

+ (1 +R)2
[
[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) + C0K̃Θ,J(Λ2(ρ) +Λ1(ρ))

]
< R,

1 + [B]CLip([−λ,0];Y) +
2α(τ− τi +  h)α+1

Γ(α+ 2)
‖D=(·)‖‖gi

(
Ψ(Ji(Ψ(τ

+
i )))

)
‖L∞([0,b];L(W,Y))

+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y)

+ (1 +R)2
[
[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) + C0K̃Θ,V(Λ2(ρ) +Λ1(ρ))

]
< R,

where, for simplicity, we use [U]ρ,ρ instead of [U]CLip([0,ρ]×Bρ(B(−J(0,B));Y);Y). Consider the space S(ρ)
defined as

S(ρ) = {Ψ ∈ BPC([−λ, ρ] : Y) : Ψ0 = B, [Ψ]PCLip([0,b];Y) 6 R},

with the metric norm, d(Ψ,Φ) = ‖Ψ−Φ‖PC([0,ρ]:Y) and : S(ρ) 7→ BPC([−λ, ρ];Y) is the mapping defined
as (Ψ)0 = B, Ψ(θ) = B(θ), ∀ θ ∈ [−λ, 0] and

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω, for τ ∈ (τi,ωi], ∀ i = Nn
1 ,

Ψ(τ) =
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω

−U(τ,ΨJ(τ)) +

∫τ
ωi

=(τ− σ)Θ(σ,ΨV(σ))dσ, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

Ψ(τ) = =(τ)
(
Bφ(0) +U(0,ΨJ(0))

)
−U(τ,ΨJ(τ)) +

∫τ
τi

=(τ− σ)Θ(σ,ΨV(σ))dσ, ∀ τ ∈ [0, τ1].

Now, to show that (·) is a contraction mapping on the space S(ρ). Next, we consider Ψ, Φ ∈ S(ρ). For
τ ∈ [0, ρ] noting that

‖Ψ(τ)‖ 6 ‖Ψ(τ) −B(0))‖+ ‖B‖C([−λ,0];Y)
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6 [Ψ]BPCLip([−λ,ρ];Y)τ+ ‖B‖C([−λ,0];Y) 6 Rρ+ ‖B‖C([−λ,0];Y) 6 1 + ‖B‖C([−λ,0];Y),

we infer that ‖Ψ(ω)‖ 6 1 + ‖B‖C([−p,0];Y) 6 ρ for ω ∈ [−p, κ]. It is obvious that ‖ΨV‖C([0,ρ];Y) 6 1 +
‖B‖C([−p,0];Y). In addition, we observe that

‖ΨJ(τ) −B(−J(0,B))‖ 6 ‖ΨJ(τ)‖+ ‖B(−J(0,B))‖ 6 ρ = 1 + 2‖B‖C([−p,0];Y), ∀ τ ∈ [0, ρ].

Utilizing aforementioned calculations along with Lemma 2.5, for τ,  h belongs to [0, ρ] and τ+  h belongs
to [0, ρ], we get

‖Θ(σ+  h,ΨV(σ+  h)) −Θ(σ,ΨV(σ))‖

6 [Θ](σ+ h,σ)K̃Θ( h+ ‖ΨV(σ+  h) −ΨV(σ)‖)

6 [Θ](σ+ h,σ)K̃Θ( h+ [Ψ]BPCLip([−λ,ρ];Y)(1 + [V](ω+ h,ω)K̃V(1 + [Ψ(·)]CLip([0,ρ];Y)) h)

6 [Θ](σ+ h,σ)K̃Θ(1 + [Ψ]BPCLip([−λ,ρ];Y))
2(1 + [V](σ+ h,σ)K̃V) h

6 [Θ](σ+ h,σ)(1 +R)2K̃Θ,V(1 + [V](σ+ h,σ)) h.

(2.1)

Using the similar approach, and noting that ΨJ(ω) ∈ Bρ(−B(−J(0,B))), ∀ ω ∈ [0, ρ]; for τ,  h belongs to
[0, ρ] and τ+  h belongs to [0, ρ], one can observe

‖Θ(σ,ΨV(σ)) −Θ(σ,ΨV(0))‖ 6 (1 +R)2K̃Θ,V[Θ](σ,σ)(1 + [V](σ,0))σ,

‖U(σ+  h,ΨJ(σ+  h)) −U(σ,ΨJ(σ))‖ 6 (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) h.

To show [Ψ]BPCLip([−p,ρ];Y) 6 R, for τ ∈ (τi, τi+1), i ∈Nn
1 and  h > 0 and τ+  h ∈ (τi, τi+1], we have

‖Ψ(τ+  h) −Ψ(τ)‖ 6
∫τ−τi+ h

τ−τi

∥∥∥∥D=(ω−ωi)

Γ(α)

∫ω
ui

(ω− u)α−1gi
(
Ψ(Ji(Ψ(ωi)))

)
du

∥∥∥∥∥dω
+ ‖UJ(Ψ)(τ+  h)) −UJ(Ψ)(τ)‖+

∫  h

0
‖=(τ+  h−ω)‖‖ΘV(Ψ)(σ) −Θ(σ,ΨV(0))‖dσ

+

∫  h

0
‖=(τ+  h−ω)‖‖Θ(σ,ΨV(0))‖dσ+

∫τ
0
‖=(τ−ω)‖‖ΘV(Ψ)(σ+  h) −ΘV(Ψ)(σ)‖dσ

6
1
Γ(α)

‖D=(ω−ωi)‖‖gi
(
Ψ(Ji(Ψ(ωi)))

)
‖
∫τ−τi+ h

τ−τi

∫ω
ui

(ω+ u)α−1dudω

+ [U]ρ,ρ(1 +R)2(1 + [J]CLip([0,κ]×Y;[0,λ])) h

+ C0(1 +R)2K̃Θ,J

∫  h

0
[Θ](σ,σ)(1 + [V](σ,0))σdσ+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y) h

+ (1 +U)2K̃Θ,V

∫τ
0
[Θ](σ+ h,σ)(1 + [V](σ+h,σ)) hdσ

6
2α(τ− τi +  h)α+1

(α+ 1)Γ(α+ 1)
‖D=(·)‖L∞([0,b];L(W,Y))‖gi

(
Ψ(Ji(Ψ(τ

+
i )))

)
‖

+ (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) h

+ C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ)) h+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y) h,

6
2α(τ− τi +  h)α+1

Γ(α+ 2)
ΛY,WCY,W(g) h+ (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) h

+ C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ)) h+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y) h

6 Λ̃Y,WCY,W(g) h+ (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) h
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+ C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ)) h

+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y) h, where Λ̃Y,W =
2α(τ− τi +  h)α+1

Γ(α+ 2)
ΛY,W,

which implies that

‖Ψ(τ+  h) −Ψ(τ)‖ 6 ℵY,W + (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) h

+ C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ)) h+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y) h.

Now, for τ ∈ (τi,ωi), i ∈Nn
1 ,  h > 0 and τ+  h ∈ (τi,ωi], one can see

‖Ψ(τ+  h) −Ψ(τ)‖ 6
∫τ−τi+ h

τ−τi

∥∥∥∥D=(ω−ωi)

Γ(α)

∫ω
ui

(ω− u)α−1gi
(
Ψ(Ji(Ψ(ωi)))

)
du

∥∥∥∥∥dω 6 ℵY,W h.

Using the similar approach, we show that

[(Ψ)|[0,τ1]
]PCLip([0,τ1];Y) 6 [=(·)(B(0) +U(0,ΨJ(0))]PCLip([0,κ];Y)h+ (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) h

+ C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ)) h+ C0‖Θ(·,B(−J(0,B))))‖PC([0,ρ];Y) h,

hence, [Ψ]PCLip([0,ρ];Y) 6 R and [Ψ]BPCLip([−λ,ρ];Y) 6 R because [B]CLip([−λ,0];Y) 6 R, implies that is a
S(R)-valued mapping. Letting Ψ, Φ ∈ S(R), i ∈Nn

1 , and τ ∈ (τi, τi+1], we have

‖Ψ(τ) −Φ(τ)‖ 6 (2ω)α

Γ(α+ 1)
‖=(τ− τi)‖L(W,Y)LY,W(g)‖Ψ(J(Ψ(τi))) −Φ(J(Φ(τi)))‖

+ [U]ρ,ρ‖ΨJ(τ) −ΦJ(τ)‖+ C0

∫τ
0
[Θ](σ,σ)K̃Θ‖ΨV(σ) −ΦV(σ)‖dσ

6
( (2ω)α

Γ(α+ 1)
C0‖ic‖L(W,Y)LY,W(g)(1 + [Φ]BPCLip(Y)

[J]CLip)
)
‖Ψ−Φ‖PC([0,τ];Y)

+ [U]ρ,ρ(1 + [Ψ]BPCLip([−λ,ρ];Y)[J]CLip([0,κ]×Y;[0,λ]))‖Ψ−Φ‖PC([0,τ];Y)

+ C0

∫τ
0
[Θ](σ,σ)K̃Θ(1 + [Ψ]BPCLip([−λ,ρ];Y)[V](σ,σ)K̃V)‖Ψ−Φ‖PC([0,ω];Y)dσ

6
( (2ω)α

Γ(α+ 1)
C0‖ic‖L(W,Y)LY,W(g)(1 + [Φ]BPCLip(Y)

[J]CLip)
)
‖Ψ−Φ‖PC([0,ρ];Y)

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))‖Ψ−Φ‖PC([0,ρ];Y)

+ (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))dσ‖Ψ−Φ‖PC([0,ρ];Y)

6

[( (2ω)α

Γ(α+ 1)
C0‖ic‖L(W,Y)LY,W(g)(1 + [Φ]BPCLip(Y)

[J]CLip)

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) + C0K̃Θ,V(Λ2(b) +Λ1(b))

]
‖Ψ−Φ‖PC([0,ρ];Y).

Now, for τ ∈ (τi,ωi], i ∈Nn
1 , we have that

‖Ψ(τ) −Φ(τ)‖ 6 (2ω)α

Γ(α+ 1)
‖=(τ− τi)‖L(W,Y)LY,W(g)‖Ψ(J(Ψ(τi))) −Φ(J(Φ(τi)))‖

6
( (2ω)α

Γ(α+ 1)
C0‖ic‖L(W,Y)LY,W(g)(1 + [Φ]BPCLip(Y)

[J]CLip)
)
‖Ψ−Φ‖PC([0,ρ];Y).

Furthermore, for τ ∈ [0, τ1], we note that

[(Ψ)|[0,τ1]
]PCLip([0,τ1];Y) 6

[
(1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) + C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ))
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+ C0‖Θ(·,B(−J(0,B)))‖PC([0,ρ];Y)

]
‖Ψ−Φ‖PC([0,ρ];Y).

From the above:

‖Ψ(τ) −Φ(τ)‖ 6
[
Λ̃Y,W

∗
LY,W(g)

(
1 +R max

i∈Nn
1

[J]CLip

)
+ (1 +R)2[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))

+ C0(1 +R)2K̃Θ,V(Λ2(ρ) +Λ1(ρ)) + C0‖Θ(·,B(−J(0,B)))‖PC([0,ρ];Y)

]
× ‖Ψ−Φ‖PC([0,ρ];Y).

where Λ̃Y,W
∗
=

(2ω)α

Γ(α+1)ΛY,W. Hence Ψ(·) is clearly a contraction mapping and there exists a unique mild
solution of the problem Ψ ∈ S(R) of (1.1)-(1.3).

Remark 2.7. Using the assertions in Theorem 2.6 we remark that =(·)y ∈ PCLip([0,κ];Y) if, e.g., y ∈ Ω(D).
In the Proposition 2.8, we provide assertions so that the mild solution discussed in Theorem 2.6

becomes a strict solution . In the Proposition 2.8, we suppose that (=(τ))τ>0 is analytic, Ci, i = 1, 2 are
constants, and ‖(−D)i=(τ)‖ 6 Ci

τi
, ∀ τ ∈ (0, κ].

Proposition 2.8. Ψ ∈ BPC([−λ, ρ];Y) is mild solution and all the assertions used in Theorem 2.6 are fulfilled. If
supτ∈[0,κ] ‖[Θ](τ, ·)‖Lq(0,τ)‖[V](τ,·)‖Lr(0,τ) <∞, 1

q + 1
r < 1, B(0) +U(0,B(−J(0,B))) ∈ Ω(D), and semigroup

is analytic, then Ψ(·) is a strict solution of the problem (1.1)-(1.2) on [−λ, ρ].

Proof. Consider that, Ψi : [0, ρ]→ Y, i = 1, 2, are the mappings defined as

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω, for τ ∈ (τi,ωi], ∀ i = Nn
1 ,

and

Ψ1(τ) =
T(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+

∫τ
ωi

=(τ− σ)Θ(τ,ΨV(τ))dτ, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

Ψ2(τ) =

∫τ
ωi

=(τ− σ)(Θ(σ,ΨV(σ)) −Θ(τ,ΨV(τ)))dσ, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 .

we note that Ψ(·) +U(·,ΨJ(·)) = Ψ1(·) +Ψ2(·), ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 , and

Ψ1(τ) = =(τ)
(
Bφ(0) +U(0,ΨJ(0))

)
+

∫τ
τi

=(τ− σ)Θ(τ,ΨV(τ))dτ, ∀ τ ∈ [0, τ1],

Ψ2(τ) =

∫τ
0
=(τ− σ)(Θ(σ,ΨV(σ)) −Θ(τ,ΨV(τ)))dσ, ∀ τ ∈ [0, τ1].

Also, we note that Ψ(·)+U(·,ΨJ(·)) = Ψ1(·)+Ψ2(·) ∀ τ ∈ [0, τ1]. Furthermore, as B(0)+U(0,B(−J(0,B)) ∈
Ω(D), we get DΨ1(τ) = =(τ)D(B(0) +U(0,B(−J(0,B))) + (=(τ) − I)Θ(τ,ΨV(τ))) for all τ ∈ [0, τ1], and

DΨ1(τ) =
DT(τ− τi)

Γ(α)

∫τ
ωi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+D(=(τ) − I)Θ(τ,ΨV(τ))), ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

and

DΨ(τ) =
D

Γ(α)

∫ω
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω, for ω ∈ (τi,ωi], ∀ i = Nn
1 ,

implies Ψ1 ∈ PC([0, ρ],Y1).
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Now, we study the mappings Ψ2(·). Let ρ = ‖Ψ‖PC([−λ,ρ];Y), K̃ h = K̃ h(ρ), and  h(·) = Θ(·), V(·), also
K̃Θ,V = K̃Θ(1 + K̃V). Let Y(q, r) > 1 such that 1

q + 1
r +

1
Y(q,r) = 1 and 0 < α < 1

Y(q,r) . Now, utilizing
Lemma 2.5, for τ ∈ [ωi, τi+1] we get∫τ

ωi

‖D=(τ− σ)(Θ(σ,ΨV(σ)) − F(τ,ΨV(τ)))‖dσ

6 C1K̃Θ

∫τ
ωi

[Θ](τ,σ)(1 + [Ψ]BPCLip([−λ,ρ];Y)(1 + [V](τ,σ)K̃V(1 + [Ψ]BPCLip([−λ,ρ];Y))))dσ

6 C1K̃Θ,V(1 + [Ψ]BPCLip([−λ,ρ];Y))
2
∫τ
ωi

[Θ](τ,σ)(1 + [V](τ,σ))dσ <∞,

which implies Ψ2(τ) ∈ Ω(D) and DΨ2(τ) =
∫τ

0 D=(τ− σ)(Θ(σ,ΨV(σ))) −Θ(τ,ΨV(τ)))dσ for τ ∈ [ωi, τi+1].
Furthermore, via the above mentioned representation and using the last estimate, for ωi 6 ω 6 τ 6 τi+1,
one can see

‖DΨ2(τ) −DΨ2(ω)‖ 6
∫τ
ω

‖D=(τ− σ)(Θ(σ,ΨV(σ)) −Θ(τ,ΨV(τ)))‖dσ

+

∫ω
ωi

‖(D=(τ− σ) −D=(ω− σ))(Θ(σ,ΨV(σ)) −Θ(ω,ΨV(ω)))‖dσ

+ ‖D
∫ω
ωi

=(ω− σ))(Θ(τ,ΨV(τ)) −Θ(ω,ΨV(ω)))dσ‖

6 C1K̃Θ,V(1 + [Ψ]BPCLip([−λ,ρ];Y))
2
∫τ
ω

[Θ](τ,σ)(1 + [V](τ,σ))dσ

+

∫ω
ωi

∫τ−σ
ω−σ

‖D2=(θ)(Θ(σ,Ψσ(σ)) −Θ(τ,ΨV(ω)))‖dθdσ

+ ‖(=(τ) − =(τ−ω))(Θ(ω,ΨV(ω)) −Θ(τ,ΨV(τ)))‖,

and the inequality (2.1) remains true (with trivial modifications), and implies

‖DΨ2(τ) −DΨ2(ω)‖ 6 C1K̃Θ,V(1 + [Ψ]BPCLip([−λ,ρ];Y))
2
∫τ
ω

[Θ](τ,σ)(1 + [V](τ,σ))dσ

+ K̃Θ,VC2(1 + [Ψ]BPCLip([−λ,ρ];Y))
2
∫ω

0

∫τ−σ
ω−σ

[Θ](ω,σ)

θ
(1 + [V](ω,σ))dθdσ

+ 2C0‖Θ(ω,ΨV(ω)) −Θ(τ,ΨV(τ))‖.

(2.2)

In order to finish the proof that Ψ2(·) is continuous, we examine the second term at the R.H.S of (2.2).
Utilizing the inequality ln(1 + ν) 6 νβ

β for all β > 0 and ν > 0, we get that∫ω
0

∫τ−σ
ω−σ

[Θ](ω,σ)

θ
(1 + [V](ω,σ))dθσ 6

∫ω
0

ln(
τ−ω

ω− σ
+ 1)[Θ](ω,σ)(1 + [V](ω,σ))dσ

6
1
α

∫ω
0

(τ−ω)α

(ω− σ)α
[Θ](ω,σ)(1 + [V](ω,σ))dσ

6
(τ−ω)ακ

1
Y(q,r)−1

α[1 −αY(q, r)]
1

Y(q,r)
‖[Θ](r,·)‖Lq(0,r)‖(1 + [V](r,·))‖Lr(0,r).

Again, utilizing Lemma 2.5 and the same approach as above for 0 6 ω 6 τ 6 τ1, Ψ2 ∈ (0, τ1], implies
DΨ2 ∈ PC([0,b];Y). Using the aforementioned remarks and the general theory of regularity of mild
solution s, see, e.g., Pazy [28, Chapter 4], implies that Ψ(·) is a strict solution.

We obtain Corollary 2.9 by utilizing Theorem 2.6 along with Proposition 2.8. We skip the proof.
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Corollary 2.9. Let B(0)+U(0,B(−J(0,B))) ∈ Ω(D) and B(·), Θ(·), U(·), Ji(·), and J(·) be Lipschitz mappings.
If [U]CLip([0,c]×Br(B(−J(0,B));Y);Y) → 0 or [U]CLip([0,c]×Y;Y) → 0 as c→ 0, then there exists Ψ ∈ BPCLip([−λ, ρ];Y)
a mild solution of the problem (1.1)-(1.2) for 0 < ρ 6 κ. Furthermore, if the semigroup is analytic, then Ψ(·) is a
strict solution on [−λ, ρ].

In the next Corollary 2.9 we suppose U(·), Θ(·), V(·), Ji(·), and J(·) are Lipschitz mappings.

Corollary 2.10. Let B ∈ CLip([−λ, 0];Y), =(·)(B(0)+U(0,B(−J(0,B)))) ∈ CLip([0, κ];Y); J, Ji,V∈CLip([0, κ]×
Y; [0, λ]) and Θ, U ∈ CLip([0, κ]× Y;Y). If the mapping P : R→ R defined as

P(y) = 1 + [B]CLip([−λ,0];Y) +ℵY,W + Λ̃Y,W
∗
LY,W(g)

(
1 +R max

i∈Nn
1

[J]CLip

)
+ lim sup

c↓0
[=(·)(B(0) +U(0,B(−J(0,B))))]PCLip([0,c];Y)

+ C0‖Θ(0,B(−J(0,B)))‖+ (1 + y)2[U]CLip([0,κ]×Y;Y)(1 + [J]CLip([0,κ]×Y;[0,λ])) − y,

has a positive root, then there exists a unique mild solution on [−λ, ρ] for 0 < ρ 6 κ.

Proof. To initiate, in this case we remark, the mappings Λi(·) in the proof of Theorem 2.6 are defined as
Λ1(τ) = [Θ]CLip([0,κ]×Y;Y)(1 + [V]CLip([0,κ]×Y;[0,λ]))τ and Λ2(τ) = C0[Θ]CLip([0,κ]×Y;Y)(1 + [V]CLip([0,κ]×Y;[0,λ]))τ.
Via the assertion, there exists R > 0 such that 0 > P(R). Furthermore, using the definition of P(·), one
can set 0 < ρ 6 κ with Rρ < 1 and

1 + [B]CLip([−λ,0];Y) +ℵY,W + Λ̃Y,W
∗
LY,W(g)

(
1 +R max

i∈Nn
1

[J]CLip

)
+ [=(·)(B(0) +U(0,B(−J(0,B))))]PCLip([0,ρ];Y) + C0‖Θ(·,B(−V(0,B)))‖C([0,ρ];Y)

+ (1 +R)2[U]CLip([0,κ]×Y;Y)(1 + [J]CLip([0,κ]×Y;[0,λ]))

+ (1 +R)22C0[Θ]CLip([0,κ]×Y;Y)(1 + [V]CLip([0,κ]×Y;[0,λ]))ρ < R.

Utilizing the last inequality instead of inequality (2.1) and utilizing the approach used in Theorem 2.6, it
is obvious that there exists Ψ ∈ BPCLip([−λ, ρ];Y) a mild solution of (1.1)-(1.3).

Corollary 2.11. Let B∈CLip([−λ, 0];Y), =(·)(B(0)+U(0,B(−J(0,B)))) ∈ PCLip([0, κ];Y); J, Ji,V ∈ CLip([0, κ]
× Y; [0, λ]) and Θ, U ∈ CLip([0, κ]× Y;Y). If the mapping

P(y) = 1 + [B]CLip([−λ,0];Y) +ℵY,W + Λ̃Y,W
∗
LY,W(g)

(
1 +R max

i∈Nn
1

[J]CLip

)
+ [=(·)(B(0) +U(0,B(−J(0,B))))]PCLip([0,c];Y) + C0‖Θ(0,B(−J(0,B)))‖

+ (1 + y)2[U]CLip([0,κ]×Y;Y)(1 + [J]CLip([0,κ]×Y;[0,λ]))

+ (1 + y)22C0[Θ]CLip([0,κ]×Y;Y)(1 + [V]CLip([0,κ]×Y;[0,λ]))κ− y,

has a positive root, then there exists Ψ ∈ BPCLip([−λ, κ]; X) a unique mild solution of (1.1)-(1.3).

3. Hyers-Ulam Stability

In order to establish the Hyers-Ulam stability of Eq. (1.1)-(1.3), we introduce the following assump-
tions.
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U1: (
‖=(τ− τi)‖
Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g)(1 + [Θ]BPCLip(Y)
[J]CLip)dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ])) + (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))dσ

)
< 1.

U2:

δ =

(
+

(1 +R)

ε
[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))g

∗(τ)

)
> 0.

U3:

p = (1 +R)C0K̃Θ,V[Θ](σ,σ)(1 + [V](σ,σ)).

U4:

r = ‖ic‖L(W,Y)LY,W(g∗)(1 + [Θ]BPCLip(Y)
[J]CLip).

Assume the following inequalities

‖Ψ(τ) − 1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω‖ 6 ε, ∀ τ ∈ (τi,ωi], i = Nn
1 , (3.1)

‖Ψ(τ) − =(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+U(τ,ΨJ(τ))

−

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖ 6 ε, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 , (3.2)

‖Ψ(τ) − =(τ)
(
B(0) −U(0,ΨJ(0))

)
+U(τ,ΨJ(τ))

−

∫τ
τi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖ 6 ε, ∀ τ ∈ [0, τ1]. (3.3)

Before proceeding to our main theorem of Hyers-Ulam stability, we introduce the following definition.

Definition 3.1. Eq. (1.1)-(1.3) is said to be Hyers-Ulam stable if there exists ℘ > 0 provided that for every
ε > 0 and for every Ψ, the solution of inequalities (3.1)-(3.3), there exists mild solution Φ of Eq. (1.1)-(1.3)
such that

‖Ψ(τ) −Φ(τ)‖ 6 ℘ε, ∀ τ ∈ [0, ρ].

Remark 3.2. Ψ ∈ BPC([−λ, ρ];Y) satisfies the above inequalities (3.1)-(3.3) if and only if there exists f ∈
BPC([−λ, ρ];Y) and {fk : k ∈Nm

1 } depending on Ψ with ‖f(τ)‖ 6 ε and ‖fk‖ 6 ε, such that

(i) Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+ fk, ∀ τ ∈ (τi,ωi], i = Nn
1 ,

(ii) Ψ(τ) =
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω−U(τ,ΨJ(τ))

+

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ+ f(τ), ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

(iii) Ψ(τ) = =(τ)
(
B(0) −U(0,ΨJ(0))

)
−U(τ,ΨJ(τ)) +

∫τ
τi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ+ f(τ), ∀ τ ∈ [0, τ1].
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Lemma 3.3. If Ψ ∈ BPC([−λ, ρ];Y) satisfies the above inequalities (3.1)-(3.3), then Ψ(0) = B(0) also satisfies the
following inequalities

‖Ψ(τ) − 1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω‖ 6 ε, ∀ τ ∈ (τi,ωi], i = Nn
1 ,

‖Ψ(τ) − =(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+U(τ,ΨJ(τ))

−

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖ 6 ε, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

‖Ψ(τ) − =(τ)
(
B(0) −U(0,ΨJ(0))

)
+U(τ,ΨJ(τ))

−

∫τ
τi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖ 6 ̃ε, ∀ τ ∈ [0, τ1],

for τ ∈ (τi, τi+1], where ‖=(τ− σ)‖ 6 C0,  = C0(τi+1 −ωi) +m and ̃ = C0(τi+1 −ωi).

Proof. If Ψ ∈ BPC([−λ, ρ];Y) satisfies the above inequalities (3.1)-(3.3), then using the above Remark 3.2
we have

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+ fk, ∀ τ ∈ (τi,ωi], i = Nn
1 ,

Ψ(τ) =
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω−U(τ,ΨJ(τ))

+

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ+ f(τ), ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

Ψ(τ) = =(τ)
(
B(0) −U(0,ΨJ(0))

)
−U(τ,ΨJ(τ)) +

∫τ
0
=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ+ f(τ), ∀ τ ∈ [0, τ1].

For τ ∈ (τi,ωi], i = Nn
1 , we can see

‖Ψ(τ) − 1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω‖ 6 ε.

And, for τ ∈ (ωi, τi+1], i ∈Nn
1 , we have

‖Ψ(τ) − =(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω+U(τ,ΨJ(τ)) −

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖

6
∫τ
ωi

‖=(τ− σ)‖‖f(σ)‖dσ+
m∑
k=1

‖fk‖ 6 (C0(τ−ωi) +m)ε 6 (C0(τi+1 −ωi) +m)ε 6 ε.

Also, for τ ∈ (0, τ1], we obtain

‖Ψ(τ) − =(τ)
(
B(0) −U(0,ΨJ(0))

)
+U(τ,ΨJ(τ)) −

∫τ
τi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖

6
∫τ
ωi

‖=(τ− σ)‖‖f(σ)‖dσ 6 ̃ε.

Theorem 3.4. If all the assertions of Theorem 2.6 along with U1-U4 are satisfied, then Eq. (1.1)-(1.3) is Hyers-Ulam
stable.

Let Ψ(τ) be a solution of the inequalities (3.1)-(3.3) and Ψ(τ) be a unique mild solution of the Eq.
(1.1)-(1.3), which is given by

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω, ∀ τ ∈ (τi,ωi], i = Nn
1 ,
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Ψ(τ) =
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω−U(τ,ΨJ(τ))

+

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ, ∀ τ ∈ (ωi, τi+1], i ∈Nn
1 ,

Ψ(τ) = =(τ)
(
B(0) −U(0,ΨJ(0))

)
−U(τ,ΨJ(τ)) +

∫τ
0
=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ, ∀ τ ∈ [0, τ1].

Now, for τ ∈ (ωi, τi+1], i = Nn
1 , we have,

‖Ψ(τ) −Φ(τ)‖ 6 ‖=(τ− τi)
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω

+U(τ,ΨJ(τ)) −

∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ‖

+ ‖=(τ− τi)
Γ(α)

∫τ
τi

(τ−ω)α−1gi(Ψ(J(Ψ(τi))))dω

−
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1gi(Φ(J(Φ(τi))))dω‖+ ‖U(τ,ΨJ(τ)) −U(τ,ΦJ(τ))‖

+ ‖
∫τ
ωi

=(τ− σ)Θ(σ,Ψ(σ),Ψ(V(σ)))dσ−
∫τ
ωi

=(τ− σ)Θ(σ,Φ(σ),Φ(V(σ)))dσ‖

6 (ε) +
‖=(τ− τi)‖
Γ(α)

∫τ
τi

(τ−ω)α−1‖gi(Ψ(J(Ψ(τi)))) − gi(Φ(J(Φ(τi))))‖dω

+ [U]ρ,ρ‖ΨJ(τ) −ΦJ(τ)‖+
∫τ
ωi

‖=(τ− σ)‖‖Θ(σ,Ψ(σ),Ψ(V(σ))) −Θ(σ,Φ(σ),Φ(V(σ)))‖dσ

6 (ε) +
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g)(1 + [Θ]BPCLip(Y)
[J]CLip)‖Ψ(σ) −Φ(σ)‖dσ

+ [U]ρ,ρ(1 + [Ψ]BPCLip([−λ,ρ];Y)[J]CLip([0,κ]×Y;[0,λ]))‖Ψ(τ) −Φ(τ)‖

+ C0

∫τ
0
[Θ](σ,σ)K̃Θ(1 + [Ψ]BPCLip([−λ,ρ];Y)[V](σ,σ)K̃V)‖Ψ(σ) −Φ(σ)‖dσ

6 (ε) +
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g)(1 + [Θ]BPCLip(Y)
[J]CLip)‖Ψ(σ) −Φ(σ)‖dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))‖Ψ(τ) −Φ(τ)‖

+ (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))‖Ψ(σ) −Φ(σ)‖dσ.

Next, we prove that Ξ : BPC([−λ, ρ];Y)→ BPC([−λ, ρ];Y) is an increasing Picard operator:

(Ξg(τ)) = (ε) +
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g)(1 + [Θ]BPCLip(Y)
[J]CLip)g(σ)dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))g(τ) + (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))g(σ)dσ.

For all g1,g2 ∈ BPC([−λ, ρ];Y), τ ∈ (ωi, τi+1], i = Nn
1 , we get

‖(Ξg1)(τ) − (Ξg2)(τ)‖ 6
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g)(1 + [Θ]BPCLip(Y)
[J]CLip)‖g1(σ) − g2(σ)‖dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))‖g1(τ) − g2(τ)‖
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+ (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))dσ

6

(
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g)(1 + [Θ]BPCLip(Y)
[J]CLip)dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))

+ (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))dσ

)
‖g1 − g2‖PC([0,ρ];Y).

Using U1, the above operator Ξ is clearly strictly contractive on (ωi, τi+1], i = Nn
1 , so it is a Picard

operator on BPC([−λ, ρ];Y). Hence, we conclude that g∗ ∈ BPC([−λ, ρ];Y) is the only one fixed point of
Ξ, that is,

(Ξg∗(τ)) = (ε) +
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g∗)(1 + [Θ]BPCLip(Y)
[J]CLip)g

∗(σ)dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))g
∗(τ) + (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))g

∗(σ)dσ.

By simple calculation we can conclude that

Ξg∗(τ) = (ε) +
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g∗)(1 + [Θ]BPCLip(Y)
[J]CLip)g

∗(σ)dσ

+ (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))g
∗(τ) + (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))g

∗(σ)dσ

= (ε) + (1 +R)[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))g
∗(τ)

+
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g∗)(1 + [Θ]BPCLip(Y)
[J]CLip)g

∗(σ)dσ

+ (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))g

∗(σ)dσ

=

(
+

(1 +R)

ε
[U]ρ,ρ(1 + [J]CLip([0,κ]×Y;[0,λ]))g

∗(τ)

)
ε

+
C0

Γ(α)

∫τ
τi

(τ−ω)α−1‖ic‖L(W,Y)LY,W(g∗)(1 + [Θ]BPCLip(Y)
[J]CLip)g

∗(σ)dσ

+ (1 +R)C0K̃Θ,V

∫τ
0
[Θ](σ,σ)(1 + [V](σ,σ))g

∗(σ)dσ

6 δε+
C0

Γ(α)

∫τ
τi

(τ−ω)α−1r(σ)g∗(σ)dσ+

∫τ
0
p(σ)g∗(σ)dσ,

where δ > 0, for i ∈Nm
1 we have

g∗(τ) 6 δε+
∑

0<ωi<τ

C0

mΓ(α)

∫τ
τi

(τ−ω)α−1r(σ)g∗(σ)dσ+

∫τ
0
p(σ)g∗(σ)dσ.

Utilizing Grönwall Lemma, we conclude that

g∗(τ) 6 δε
∏

ωi<ω<τ

(
1 +

C0

mΓ(α)

∫τ
τi

(τ−ω)α−1r(σ)dσ

)
exp

( ∫τ
0
p(σ)dσ

)
,

where q = (1 +R)C0K̃Θ,V. If we substitute g = ‖Ψ−Φ‖PC([0,ρ];Y),

‖Ψ−Φ‖PC([0,ρ];Y) 6 δε
∏

ωi<ω<τ

(
1 +

C0

mΓ(α)

∫τ
τi

(τ−ω)α−1r(σ)dσ

)
exp

( ∫τ
0
p(σ)dσ

)
,
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which implies that the proposed equations are Hyers-Ulam stable, which completes the proof.

4. An example

Let us consider the following abstract neutral differential equations containing state-dependent frac-
tional integrable impulses

d

dτ
[Ψ(τ,χ) + χ1(τ)h(Ψ(τ−

‖Ψ(τ)‖
1 + ‖Ψ(τ)‖

,χ))] (4.1)

= B(Ψ(τ,χ) + χ1(τ)h(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(τ)‖
,χ))) + χ2(τ)g(Ψ(τ−

‖Ψ(τ)‖
1 + ‖Ψ(t)‖

,χ)), τ ∈ [0, 2] \ (1.2, 1.6],

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1h(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(τ)‖
,χ))dω, τ ∈ (1.2, 1.6], (4.2)

Ψ(0) = B ∈ C([−1, 0];Y), (4.3)

where (τ,χ) ∈ [0, 2]×D ⊂ RN, D is compact D ⊂ RN and B is a square matrix. We set Y = C(D; RN),
g,h belongs to CLip(R

N; RN), and χ1 ∈ C1([0, 2]; R) and χ2 ∈ C([0, 2]; R). Furthermore, we take χ1(0) =
χ
′
1(0) = 0, χ2(·) is differentiable a.e. on the provided domain, χ

′
2(·) belongs to Lq([0, 2]; R) for q = 1 and

ξ is defined from [0, 2]× [0, 2] to R+ provided |χ2(τ) − χ2(ω)| 6 χ
′
2(ζ(τ,ω))|τ−ω| and ω 6 χ(τ,ω) 6 τ, ∀

0 < ω < τ < 2, and [χ2](·,·) = χ
′
2(ζ(·,·)) is integrable on U = {(τ,ω) ∈ [0, 2]× [0, 2],ω 6 τ}. Consider the

associated inequalities

‖ d
dτ

[Ψ(τ,χ) + χ1(τ)h(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(τ)‖
,χ))] −B(Ψ(τ,χ) + χ1(τ)h(Ψ(τ−

‖Ψ(τ)‖
1 + ‖Ψ(τ)‖

,χ)))

− χ2(τ)g(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(t)‖
,χ))‖ 6 ε, τ ∈ [0, 2] \ (1.2, 1.6],

‖Ψ(τ) − 1
Γ(α)

∫τ
τi

(τ−ω)α−1h(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(τ)‖
,χ))dω‖ 6 ε, τ ∈ (1.2, 1.6],

‖Ψ(0) −B‖ 6 ε,B ∈ C([−1, 0];Y),

substitute ε = 1. If Ψ ∈ CLip(R
N; RN) holds the above inequalities, then there exist h ∈ CLip(R

N; RN)
and h0 ∈ RN such that |h(τ)| 6 1. The equation becomes

d

dτ
[Ψ(τ,χ) + χ1(τ)h(Ψ(τ−

‖Ψ(τ)‖
1 + ‖Ψ(τ)‖

,χ))]

= B(Ψ(τ,χ)) + χ2(τ)g(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(t)‖
,χ)) + h(τ), τ ∈ [0, 2] \ (1.2, 1.6],

Ψ(τ) =
1
Γ(α)

∫τ
τi

(τ−ω)α−1h(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(τ)‖
,χ))dω+ h0, τ ∈ (1.2, 1.6],

Ψ(0) = B ∈ C([−1, 0];Y).

So the solution of above Eq. (4.1)-(4.3) is

Ψ(τ) =
=(τ− τi)

Γ(α)

∫τ
τi

(τ−ω)α−1h(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(τ)‖
,χ))dω− χ1(τ)h(Ψ(τ−

‖Ψ(τ)‖
1 + ‖Ψ(τ)‖

,χ))

+

∫τ
ωi

=(τ− σ)χ1(τ)

(
h(Ψ(τ−

‖Ψ(τ)‖
1 + ‖Ψ(τ)‖

,χ))

− χ2(τ)g(Ψ(τ−
‖Ψ(τ)‖

1 + ‖Ψ(t)‖
,χ))‖

)
dσ, ∀τ ∈ [0, 2] \ (1.2, 1.6].

According to our results, Eq. (4.1)-(4.3) has a unique solution Ψ ∈ CLip(R
N; RN) and is Hyers-Ulam stable

on aforementioned domain.



B. Pervaiz, A. Zada, I-L. Popa, A. Kallekh, J. Math. Computer Sci., 34 (2024), 99–115 114

5. Conclusion

In this article, we proved the existence, uniqueness and Hyers-Ulam stability of Eq. (1.1)-(1.3), using
the properties of analytic semigroup and fixed point approach. In addition, we developed our main
results by using the abstract Grönwall lemma. Hyers-Ulam stability provides the bound between exact
and approximate solutions. Therefore, our results are important in approximation theory.
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