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Abstract

In this paper, the local fractional Sumudu variational iteration method is being used to investigate
the solutions of partial differential equations containing the local fractional derivatives. The present
technique is the combination of the local fractional Sumudu transform and fractional variational
iteration method. Three illustrative examples are given to demonstrate the efficiency of the method.
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1. Introduction

Fractional calculus and local fractional calculus are very popular in the fields of physics and
engineering (2} 11 13} 17, 23]). Most of the phenomena are represented in terms of partial fractional
differential equations. The solutions of these equations are very tempting due to process of finding and
level of reliability they holds. Another attracting thing is that the number of techniques is presented
in literature for solving such equations (|1, BH5, [7, [10] 12] T4 [15]). The variational iteration method
(I8, [9]) is the most popular method that enriched the solutions of partial differential equations due
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to its easy handling and flexibility ([16, 19, 20, 25, 26]). Nowadays the combination of variational
iteration method and other analytical methods is attracting the researchers and earthen out more
and more interesting ways to solve these types of equations ([0, 24]). The local fractional Sumudu
variational iteration method is very new and fresh technique for these equations. The local fractional
variational iteration method is derived by the combination of the local fractional Sumudu transform
[18] and the fractional variational iteration method. This technique is being popular day by day due
to its freshness and easy implementation with high level of efficiency.

In this article, our aim is to use the fractional variational iteration method and the local fractional
Sumudu transform to develop an iteration formula to solve the linear and nonlinear local fractional
partial differential equations with the local fractional derivatives.

2. Definitions and mathematical preliminaries

Definition 2.1 ([21) 22]). The partition of interval [a,b] is denoted as (t;,%j4+1),7 =0,...., N — 1,1y =
aand ty = bwith At; =t;1, —t; and At = max{Aty, At;...}. Local fractional mtegral of f(z) in
the interval [a,b] is given by

(ct)
A1 @) = e [ roa e AHOZf ALy,

Definition 2.2 (|21} 22]). The local fractional derivative of f(x) € C,(a,b) of order o at z= z( is
defined as

79 0) = g £ (@], = i S-S0

dm“ T (x — x0)”

where A% (f (x) = f(20)) =T (a+1) f (x) = f (o)
Definition 2.3. The local fractional Sumudu transform of f(t) of order « is defined as [1§]

I

S lf (8)] = Gl (u) = ﬁfow o (—ut®) % (d)*, 0<a<l,

where z € C' and E, (z) is Mittage Leffler function ) ;7 , ( ) And the inverse Sumudu transform
is defined as
S {fW=7f®), 0<a<l
Using the above definition of the local fractional Sumudu transform the following result can easily
be obtained [18§]

Sa {f* (1)} =
Sa {0} = —2

n—1
. Z uk:ozf(ka) (O)] '
k=0

3. The local fractional Sumudu variational iteration method

This section introduces the idea of fractional Sumudu variational method for the following frac-
tional partial differential equation

Dy (x,t) = Lo(v(z,t)) + No(v(z, 1) + f (2,1), (3.1)

where 0 < a <1, x,t >0, L, is a linear operator, N is nonlinear operator, and f is a source term.
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Taking local fractional Sumudu transform of (3.1)) both the sides w.r.t. ¢,

m—1

uF o) (2,0)| = Sy [Lal(v(z, ) + Na(v(z,t)) + f (z,1)].

1

umoz

For an algebraic equation the iterative formula can be constructed as

Tpt1 = T + A" f (25). (3.2)
The optimality condition for the extreme 65;;—:1 = 0, leads to

1

)\oz — _f/ (l’n)’

where ¢ is the classical variational operator.
By the formula (3.2]), we get the iterative formula for equation (3.1]) as follows,

-1

3

1
GaVnir (T,u) = Gavy (2, u) + AN {—— | Gav, (T,u) —
u

(]

v O)] 53)

>
Il

0

— So[La(vn(7,1)) + No(va(z, 1)) + f (2, )]}

—~

Put A* = —u™*, the Lagrange multiplier in ({3.3])

m—1

Z ukav(ka) (i[), 0)

k=0

Gavn+1 (l’, U) =+ {

+ u"*Sy [La(vn(x, 1)) + No(vp (2, 1)) + f (x, t)]}

Taking the inverse fractional Sumudu transform, we arrived at

V41 (T, { Z uF (ka)

This is the iterative formula for equation (3.1)).

+ u"Sy [La(vn(x, 1)) + No(vp (2, 1)) + f (:E,t)]} (3.4)

Example 3.1. The generalized linear fractional partial differential equation for 0 < 2 < 1,0 <t <
1, 0<a<1,0< 8 <1is as follows

0~ v (z,t)  0%v(z,t)
B ) ’
dza " (z.8) + @ 0P * Ox2P

=2(t*+2% +1), (3.5)

with initial condition

v (z,0) =

Proof. By using the iterative formula (3.4 derived above, we get the following iterative formula for

equation (3.5 as

|
—

n &) 28
Upy (z,t) = S [ 0™ (z,0)] +u*S, (2 (t* +2* +1) — :L"Ba o _ 9 U")} (3.6)

a
0

e
Il
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Let us start from the initial iteration, which is given as

n—1
Vo Z ha ka (, O +u*S, (2 (ta + 2% + 1))} .
k=0
Solving the second term of above equation by taking the local fractional Sumudu transform and
using the initial condition,

vo (z,t) = 2* + S [u® (2u°T (1 + a) + 2* +1)]. (3.7)
After taking the local fractional Sumudu transform in (3.7), we get the initial iteration vy(z,t) as
22 2t t

vy (x,t) = 2% + I'(1+a)+az?

T (1+20) T(i+ta) T(ta)
Now for v (z,t), we have the iterative formula by using (3.6) with n=0 as follows

m—1
vy 0%Pv
ka ka « 1o 28 B 0 0
;0 (2,0)] +u Sa( (t* +2* +1) - o 8x2ﬂ)1' (3.8)
Or we can write equation (3.8)) as
_ o 8’87}0 6261}0
vy (2,t) = vo (z,1) + S ! {u Se (—gyﬁ I )] . (3.9)

Putting the value of vy(z,t) in (3.9) and solving the derivative terms we get
217 a2 _ A
T(1+2a) T(l+ta) T(l+a)

+ 51 {uaS& (—xﬁ (QB:vﬁ + 4ﬁxﬁ—r (1t+ a)> — (252 + 4B2—F (1t:_ a)))} .

Applying the local fractional Sumudu transform, we have
2% 2t n 2t
I'(1+2a) Frl4+a) T'(l+a)
+ 51 [ua (—xﬁ (ZBxﬁ + 4Bx6ua) — (252 + 45%”‘))} )
Now taking the inverse local fractional Sumudu transform we get v;(z,t) as follows:
217 a2 A
I'(1+4 2a) 'l+a) T'(l+4+aw

| O e 9 )~ (PR P ra )|

Similarly we can find

vy (z,t) = 2% + I'(1+a)+a2?

vy (x,t) = 2% + I'(1+a)+2?

vy (z,t) = 2% + I'(1+a)+a2?

2 2t N 2t
[ (1+ 2a) Fl+a) T(1+a)

| e o v~ (o o))

522(1 2 28 3a 5 2 3 t3a
Y e Sy}, LA Y; N —
o YT A e T Y a2 T T s

vy (x,t) = 2% + L'(1+a)+z%
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Then general term of successive approximation is given by

2t2o¢ tka
Un(x’t):xQﬂ—i_F(l—i—QOé 1+« —|—Z m(lzﬁ‘i‘ﬁ)
+ Zn: (—1)" 2kt gk t(kﬂ)a (z** + B)
po 1+ (k+1) )

Example 3.2. Consider the following local fractional nonlinear transport equation

o o b(z,t)v (z,t) O°

5! (x,t) — a(z,t) 520 ¥ (x,t) — 5 e

v(z,t)=0,t>0, l<a<2 xzeR, (3.10)

with initial condition

th

’U(ZL’,O) = m,

where a (z,t) = 1 and b (x,t) = 2.

Proof. By using the iterative formula derived from (3.4]) above, we get the following iterative formula

for equation (3.10]).

n—1
0%, (x,t) 0%y, (,1)
uke Ica o n A\ LR I 1
Un+1 x, t S kgo $ 0 ‘|‘U Sa( Ox2a + U (SC,t) O ):| (3 1)

The initial iteration vy(z,t) is given as follows

n—1
vy (x,t) = St [uh v (z, 0)}] .
k=0
Using initial values we get
xa
=S l=———|. 3.12
’Uo(l‘) a |:F(1+O_/):| ( )
Taking the inverse local fractional Sumudu transform in (3.12)), we get
xa
e —
Vo (l’, ) r (1 + Oé)

Now, for v (z,t) we can find the iterative formula as follows by putting n = 0 in (3.11])

x® Sl . 0% vy (w,t 0%vy, (x,t
v (z,t) = erSal u®Sa <$+Uo($ﬁ %)} :

v (1) = ﬁ 5 “5 (r(fﬁ a>'r<11+oz))1 ’

(1) = =2 gt e !

YT 0 T " \Tre T +a)/ ]
z“ t® z“

vy (z,t) =

F(1+a)+F(1+a)F(1+a)’
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Similiarly, we can find other iterations vq(z,t) as

x® o 0%vy (x,t) 0%y (z,t)
t)= ——— + S UGy | —— 2 ) ————= 1,
va (2,1) I'(l+a«) * 2 _u ( Ox2e o (@,1) Ox®
x® [ x® t* t
==+ 5 S (o (1t = ) [ 1+ = ;
v ) = gy A | <F(1+a) ( " F(1+a)) ( " F(l—i—oz)))]
x® [ ® x® u?°T (1 + 2a) x®
t)= — + 5 |u* [ = + 2u”
v () = gy % | <F(1+a)+ u r(1+a)+r(1+a)r(1+a)r(1+a))}’
( t) P N to P P t2a P
v (z,t) =
YT T 4a) TA+a)T(1+a) TA+20)T(1+a)
N {3 ['(1+2a) -~
F1+30)T1+a) I (14+a)I(1+a)
[
Example 3.3. Consider the following local fractional nonlinear Fokker- Plank equation
aQa o~
0%t (x,t) = a(x,v)Wv (x,t) — b(x, U)aa: v(z,t), t>0,1<a<2 xzeR (3.13)

with initial condition
v (z,0) = E, (z%), where a (z,v) = v (z,t) and b(x,v) = v (x,t).

Proof. By using the iterative formula derived from (3.4]) above, we get the following iterative formula

for (3.13)) as

n—1
0*,, (z,1) 0%vy, (z,t)
ka ka a nA _ AT
Upt1 ( kgo (2,0)] +u*Sq (vn (z,t) D2a Uy (z,1) e ) :

The initial iteration is given as

—_

n—

Vo (l’, t) = Sil

«

[ukavko‘ (z, 0)}] ,

vo (1,t) = S, [E, (2%)] = B, (2) .

(07

i

By applying same calculation process used in previous examples we get the following iteration vy (z,t):

2 o
o1 (2.1) = Ea (%) + 551 [uasa (UO (. D) g T x(gat))] |

vy (z,t) = E, (29).
In the same manner as above, the rest of the approximative solutions are presented as follows
Vo (x,t) = vg(x,t) = - = v, (x,1) = By ().
The closed form solution can be written as follows

v(z,t) = lim v, (x,t) = E, (z%).

n—oo
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