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Abstract

In this paper, we introduce the concept of F-contractions in parametric S-metric space. Further, we prove a unique fixed
point theorem in parametric S-metric space. Another result is also obtained as corollary.
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1. Introduction

The concept of metric space has been extended to various forms viz. b-metric space [2], S-metric space
[21], parametric metric space [7] parametric b-metric space [8], Sp-metric space [19], parametric S-metric
space [18] etc. The main aim is to extend the Banach fixed point theorem. Banach fixed point theorem
is also extended by generalizing the contraction conditions. Some of the research works in this direction
can be seen in [1, 3-6, 9-17, 20, 22-25] and references there in. One of the notable works in this direction
is due to Wardowski [25]. He extended Banach fixed point theorem by introducing F-contraction concept.
Motivated by the works in [15, 18], in this paper we introduce the concept of F-contraction in parametric
S-metric space and proved a unique fixed point theorem. For our study, we will use the notations R, R,
and IN as the set of real numbers, set of positive real numbers, and set of natural numbers, respectively.
Wardowski [25] defined the following.

Definition 1.1 ([25]). A self mapping P in a metric space (X, d) is said to be an F-contraction if for all
x,y € X and d(Px, Py) > 0 implies

T+ F(d(Px, Py)) < F(d(x,y))), (1.1)

where T > 0 and F € F. Here J is the family of all functions F : Rt > R satisfying
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(F1) Fis increasing strictly;

n—oo

(F3) for0 <k <1, lim a*F(e) =0.
a—0+

(F2) LHE an = 0if and only if lim F(ot,) = —oo for each sequence {an} C RT ;
n o0

Wardowski also pointed out that by considering different types of mappings in (1.1) variety of contrac-
tions can be obtained. He also remarked that from (F1) and (1.1), it can be concluded that F-contraction
mappings are contractive and hence continuous. Moreover, if Fi, F, satisfy the properties (F1)-(F3) in
Definition 1.1 and if Fi(«) < Fo(«) for all x > 0 and a mapping G = F, —F; is decreasing, then every
Fi-contraction P is Fp-contraction. The following theorem was proved by Wardowski.

Theorem 1.2 ([25]). In a complete metric space (X, d), let a self mapping P be an F-contraction. Then for every
x € X, the sequence {P™x}, n € IN converges to x* € X, where x* is the unique fixed point of P.

Secelean [20] replaced (F2) of Definition 1.1 by either of the property given as following:
(F2’) inf F = —oo; or

(F2”") a sequence {an}, 1 € IN of positive real numbers exist such that li_r}n Flon) = —o0.
n 0

Secelean [20] also proved the following.

Lemma 1.3 ([20]). Consider a sequence {xn}, n € IN and an increasing mapping F : R™ — R. Then the following
conditions hold true:

(i) lim Flon) = —oo implies lim o, =0;
n—oo n—oo

(ii) infF = —coand lim an =0, imply lim F(o,) = —oo.
n—oo n—oo

Wardowski also pointed out that Banach contractions are F-contractions and converse is not true.
Following definition was given by Cosentino and Verto [3].

Definition 1.4 ([3]). In a complete metric space (X, d), a self mapping P is said to be Hardy-Rogers type
F-contraction if F € J and T > 0 satisfies

T+ F(d(Px, Py)) < F(ai.d(x,y) + az.d(x, Px) + a3.d(y, Py) + as.d(x, Py) + as.d(y, Px))

with d(Px, Py) > 0 for all x,y € X, where ay, ay, a3, ag, and as are non-negative numbers, az # 1 and
a1 +ay+az+2a4 =1.

Theorem 1.5 ([3]). In a complete metric space (X, d), let a self mapping P be a Hardy-Rogers-type contraction and
az # 1. Then P has a fixed point. Further, P has a unique fixed point if a; + ag + a5 < 1.

In Definition 1.1, the condition (F3) was replaced by Piri and Kumam [13] as follows:
(F3’) Fis continuous on (0, +00).

They defined a family of functions J satisfying (F1), (F2’), and (F3’) and proved the following.

Theorem 1.6 ([13]). In a complete metric space (X, d), let P be a self mapping. Let F € J satisfies
vx,y € X, [d(Px, Py) > 0 implies T+ F(d(Px, Py)) < F(d(x,y))],
where T > 0. Then P has a unique fixed point x* € X and the sequence {P™x}neN converges to x* for each x € X.

Piri and Kumam [13] showed the independence of (F3) and (F3’). The next result was proved by
Popescu and Gabrial [15] by generalizing the results in [3, 25].
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Theorem 1.7 ([15]). In a complete metric space (X, d), let P be a self mapping. For T > 0, let x,y € X, d(Px, Py) >
0 implies

T+ F(d(Px, Py)) < F(a;.d(x,y) + az.d(x, Px) + as.d(y, Py) + az.d(x, Py) + as.d(y, Px)),

where the mapping F : R™ — R is increasing, ai, ap, as, as, as are non-negative numbers, ay < 1/2,a3 <
l,aj+ax+az+2as =1, 0 < a;+as+as < 1. Then P has a unique fixed point x* € X, also the sequence
{P™x}neN converges to x* for each x € X.

Sedghi et al. [21] generalized metric space by introducing S-metric space.

Definition 1.8 ([21]). Let X be a non-empty set. An S-metric on X is a function S : X x X x X — [0, +-00)
that satisfies the following conditions.

1. S(x,y,z) > 0 for all x,y,z € X;
2. S(x,y,z) =0if and only if x =y = z for every x,y,z € X;
3. S(x,y,z) < S(x,x,a)+S(y,y,a) + S(z,z, a) for every x,y,z,a € X.

The pair (X, S) is called an S-metric space.
Hussain et al. [7] defined the concept of parametric metric space.

Definition 1.9 ([7]). Let X be a non-empty set and let P : X x X x (0, 00) — [0, 00) be a function. P is called
a parametric metric on X if,

1. (P1) P(a,b,t) =0if and only if a = b;
2. (P2) P(a,b,t) =P(b,q,t);
3. (P3) P(a,b,t) < P(a,x,t) +P(x,b,t),

for each a,b,x € X and all t > 0. The pair (X, P) is called a parametric metric space.

Definition 1.10 ([7]). Let (X, P) be a parametric metric space and let {a, } be a sequence in X.

(i) {an} converges to x if and only if there exists ng € IN such that P(a,,x,t) < ¢, for all n > ng and all
t > 0; that is, li_r>n P(an,x,t) = 0. It is denoted by 1i_r>n an = X.
n o n [ee)

(ii) {an} is called a Cauchy sequence if, for all t > 0, li_r)n P(an, am,t) =0.
n o

(iii) (X, P) is called complete if every Cauchy sequence is convergent.
The concept of parametric S-metric was introduced by Rao et al. [18].

Definition 1.11 ([18, 24]). Let X be a non-empty set and let P5 : X x X x X x (0,00) — [0, 00) be a function.
P is called a parametric S-metric on X if,

(PS1) Ps(a,b,c,t) =0ifand onlyif a=b =¢;
(PSZ) PS (a/ b/ CI t) < Ps(al al X/ t) + PS (b/ b/ X/ t) + PS (CI CI X’I t)/

for each a,b,c,x € X and all t > 0. The pair (X, Ps) is called a parametric S-metric space.
Following examples and properties of parametric S-metric space was given by Tas and Ozgur [24].

Example 1.12 ([24]). Let X = {f|f : (0,00) — R be a function} and let the function Ps : X x X x X x (0, 00) —
[0, 00) be defined by

for each f,g,h € X and all t > 0. Then Py is a parametric S-metric and the pair (X, Ps) is a parametric
S-metric space.
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Example 1.13 ([24]). Let X = R and let the function P : X x X x X x (0,00) — [0, 00) be defined by
Ps(a,b,c,t) = g(t)(la—b[+[b—c|+|a—cl),

for each a,b,c € R and all t > 0, where g : (0,00) — (0,00) is a continuous function. Then P is a
parametric S-metric and the pair (IR, Ps) is a parametric S-metric space.

Lemma 1.14 ([24]). Let (X, Ps) be a parametric S-metric space. Then we have
PS (a/ al b/ t) — PS (bl b/ al t)/
foreach a,b € Xand all t > 0.

Lemma 1.15 ([24]). Let (X, P) be a parametric metric space and let the function PY : X x X x X x (0,00) — [0, o0)
be defined by
PP(a,b,c,t) =Pla,c,t) +P(b,c 1),

for each a,b,c € X and all t > 0. Then PY is a parametric S-metric and the pair (X, PY) is a parametric S-metric
space.

Example 1.16 ([24]). Let X = R and let the function P¥ : X x X x X x (0, 00) — [0, 00) be defined by
Ps(a,b,c,t) =t(la—c|+|a+c—2b)),

for each a,b,c € R and all t > 0. Then P; is a parametric S-metric and the pair (R, Ps) is a parametric
S-metric space. We have P # PY; that is Pg is not generated by any parametric metric P.

Example 1.17 ([24]). Let X = {f|f : (0, 00) — R be a function} and let the function P : X x X x X x (0, c0) —
(0, ) be defined by

Ps(f, g, h, ) = e 1) —e™V| 4 e (V) 4 Mt —2e0 (1)),
for each f,g,h € X and all t > 0. Then Ps is a parametric S-metric and the pair (X, Ps) is a parametric
S-metric space. We have P # PY; that is Ps is not generated by any parametric metric P.

Lemma 1.18 ([24]). Let (X, Ps) be a parametric S- metric space and let the function P : X x X x X x (0, 00) —
[0, 00) be defined by
P(al bl t) - Ps(al al bl t)l

foreach a,b € X and all t > 0. Then P is a parametric b-metric and the pair (X, P) is a parametric b-metric space.

Definition 1.19 ([24]). Let (X, Ps) be a parametric metric space and let {a,,} be a sequence in X.

(1) {an} converges to x if and only if there exists ng € IN such that Ps(an, an,x,t) < €, for all n > ng and
all t > 0; thatis, lim Ps(an,an,x,t) =0.Itis denoted by lim a, = x.
n—oo n—oo

(2) {an}is called a Cauchy sequence if, for all t > 0, lirg Ps(an, an, am,t) =0.
n, m—o00

(3) (X, Ps) is called complete if every Cauchy sequence is convergent.
Lemma 1.20 ([24]). Let (X, Ps) be a parametric S-metric space. If {an} converges to x, then x is unique.
Lemma 1.21 ([24]). Let (X, Ps) be a parametric S-metric space. If {an} converges to x, then {an} is Cauchy.

Corollary 1.22 ([24]). Let (X, P) be a parametric metric space and let (X, PY) be a parametric S-metric space, where
PY is generated by parametric metric P. Then we have the following:

(1) {an} — xin (X, P) if and only if {an} — x in (X, PY).
(2) {an}is Cauchy in (X, P) if and only if {an} is Cauchy in (X, PY).
(3) (X, P) is complete if and only if (X, PY).
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2. Main results
Now we prove the following theorem.

Theorem 2.1. Let f be a self-mapping of a complete parametric S-Metric space X into itself. Suppose that there
exists T > 0 such that for all x,y € X and t > 0, P¢(fx, fx, fy, t) > 0 implies

T+ F(Ps(fxl fxl fy/ t)) g F(alps (X/ X/y/t) + a2PS (X/ XI fX, t) + a3PS (y/y/ fy/ t)
+ a4Ps(x,x, fy, t) + asPs(y,y, fx, 1)),

where F: Ry — R is an increasing mapping, ai, az, as, s, as are non negative numbers, a; + az + az + 3as +
as < 1. Then P has a unique fixed point x* € X and for every x € X, the sequence {f™x}ncN converges to x*.

Proof. Let xg € X be an arbitrary point and we construct a sequence {xn}nen € X by
X1 = X0, Xp = X1 = £2X0, ..., Xn = fxn_1 = ™%, Vn € N.

If there exists n € IN U{0} such that Ps(xn,Xn, fxn,t) = 0, then x,, is a fixed point of f and the proof is
complete. Hence, we assume that

0 < Ps(xn, xn, fxn,t) = Ps(fxn_1, Xn_1, fxn,t), Yn € IN.
Now, let (Ps)n= Ps(xn,Xn,Xn+1,1). By the hypothesis and the monotony of F, we have for all n € N,

T+ F((Ps)n) = T+ F(Ps(xn, Xn, Xns1,t))

=T+ F(Ps(fxn_1, fXn_1,xn,t))

< Fla1Ps(Xn—1,Xn—1,%n, t) + @2Ps(Xxn_1,Xn_1, ™Xn_1,t) + azPs(xn, Xn, fxn, t)
+ agPs(xn_1,Xn_1, fxn, t) + asPs(xn, Xn, fXn_1,t))

=FlaiPs(xn—1,%n—1,%n,t) + @aPs(Xn_1, Xn—_1,Xn, t) + azPs (xn, Xn, Xn41, 1)
+ agPs(Xn—1,Xn—1,Xn+1,t) + a5Ps(xn, Xn, Xn, t))

< Flar1(Ps)n—1+ a2(Ps)n—1+ a3(Ps)n + as2Ps(xn—1,Xn—1,%n, t)
+ agPs(Xn, Xn, Xni1,t) + as.0))

< F((ag + a2 +2a4)(Ps)n—1 + (az + ag)(Ps)n)-

It follows that

F((Ps)n) < F((a; + a2 +2a4)(Ps)n—1+ (a3 + ag)(Ps)n) — 7

2.1
< Fl(as + a2 +2a4) (Po)n_1 + (a5 + ag) (Ps)n). @1

So from the monotony of F, we get
(Ps)n < ((11 +az+ 2(14)(]35)71,1 + (03 + a4)(Ps)n
and hence
(1—a3—ag)(Ps)n < (a1 + a2 +2a4)(Ps)n_1, Yn € N.
Since a1 +ay+az+3as+as <1,

a; +ax+2ay

1 (Ps)nfl < (Ps)nflr S N/
—az— a4

(Ps)n <
and for all t > 0. Thus, we conclude that the sequence {(Ps)n}nen is strictly decreasing, so there exists

lim (Ps)n = Ps. Suppose that Ps > 0. Since F is an increasing mapping, there exists lim F(x) = F(Ps +0),
n—o0 x—=S
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so taking the limit as n — oo in inequality (2.1), we get F(Ps +0) < F(Ps +0) — 7, which is a contradiction.
Therefore,
lim (Ps)n =0. (2.2)

n—oo

Now, we claim that {xn ncN is a Cauchy sequence. Arguing by contradiction, we assume that there exists
¢ > 0 and sequences {p(n)nen and {q(n)}nen of natural numbers such that p(n) > q(n) >n,

Ps (Xp(n)/xp(n)rxq(n)/t) >¢, Ps (xp(n)—lrXp[n)—lrxq(n)/t) <g vnelN.
Then, we have

Ps(%p (n), Xp (n)r Xp (n)—1, 1) + Ps (Xp () =1, Xp (n)—1, Xq(n), t)
s( )/Xp(n)/Xp(n)—lzt)+£'

€ < Ps(Xp(n) Xp(n) Xq(n),t) < 2P
2P

NN

It follows from relation (2.2) and above inequality that

Jim P (xp(n), Xp(n), Xq(n), t) = €.

Since Ps(Xp(n), Xp(n), Xq(n), t) > € > 0, by the hypothesis and monotony of F, we have

T+ F(Ps(Xp(n), Xp(n), Xq(n), 1)
= T+ F(Ps(fXp (n)—1, TXp(n)—=1, FXq(n)=1, 1))

< FlarPs(xp (n)—1, Xp (n) -1, Xq (n)—1, ) + @2Ps (xp (n)—1, Xp ()1, PXp ()1, 1)
+ asPs (Xq =1 Xq(n)—1, Xqm)—1,t) + aaPs (xp ()1, %p (n)—1, X g (n) -1, 1)
+ asPs (g (n)—1,Xq(n)—1, TXp (n)—1, 1))
= FlarPs (X ) =1 Xp(n)—1, Xq(n)—1, V) + @2Ps (Xp () —1, Xp () =1, Xp (n), 1)
+ a3Ps (xq(n)—1,Xq(n)—1/ Xq(n), 1) + @4Ps (Xp () =1, Xp (n) =1, Xq (n), 1) + A5Ps (Xq () -1, Xg(n) =1, Xp(n), 1))
< F(a(2Ps ( Xp(n)—1/ Xp(n)—1 Xp(n)s )+ Ps(Xp (n), Xp (), Xq(n)—1, ) + a2(Ps)p(my—1
+a3(Ps)gm)—1 +a4(2P( p(n)—1,Xp(n)—1, Xp(n), V) + Ps(Xp(m), Xp(n), Xq(n), 1))
+a5(2P (Xq(n)—1,Xq(m)—1,Xq(m), t) + Ps(Xq(n), Xq(n), Xpn), 1))
F(2a1(Ps)p ) 1+01(2P( ,xp(n),xq( ) HP( a(n)rXq(n)rXq(n)—1,t)

+ a2(Ps)pm)—1 + aa(Ps)q(n)—l +2a4(Ps)p(n)—1
+ agPs(Xp (), Xp(x) Xq(n), 1) +2a5(Ps) qn)—1 + a5Ps (Xp (n), Xp(n) Xq(n), 1)
= F((zal +as+ (15)Ps (Xp(n)lxp(n)lxq(n)rt) + (20-1 +a+ 2a4)(Ps)p(n)fl + (2(,11 +as+ ZQS)(PS)q(n)fl)'

Taking the limit as n — oo in the above inequality, we get
T+ F(e+0) < F(e +0),

which is a Cauchy sequence. Since (X, Ps) is a complete parametric S-metric space, we have that {xn Jnen
converges to some point x* in X. If there exists a sequence {p(n)}hen of natural numbers such that
Xp(n)+1 = Xpn) = X, then lim 1 Xp(n)+1 = x*, so fx* = x*. Otherwise, there exists N € IN such that

Xnil = fxn # fx*, vn > N. Assume that fx* # x*. By the hypothesis, we have

T+ F(Ps(fxn/ fxn/ fX*/t)) < F(alpsxnlxnl X*It) + G-ZPS (XT‘L/XTI/ fxn/ t) + a3S(X*,X*,fX*,t)
+ a4PS (XTL/XTL/ PX*/ t) + (15P5 (X*IX*I fX*It))I

SO

T+ F(Ps (anrl/ Xn+1, fx*, t)) < F(al Ps (Xn/ Xn, X", t) + asPs (Xn/ XnsXn+1, t) + azPs (X*, x*, fx*, t)
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+ agPs(Xn, xn, Ix*, t) + asPs (x*, x™, xn 11, 1)).
Since F is increasing, we deduce that

PS (Xn—l—l/ Xn+41, fX*/ t) a1PS (XTL/ X, X*I t) + aZPS (XTL/ X, Xn+1, t) + (13P5 (X*I X*I fX*/ t)

<
< +a4PS (XTL/ Xn, fX*/t) + a5PS (X*IX*IXn+l/t)l

so letting n — oo, we get
Po(x™, x", x*, 1) < agPs(x™, x*, x*, 1) + a4Ps (x™, x*, fx*, 1) = (a3 + aq)S(x*, x*, x*, 1) < Ps(x*, x*, fx*, t).

This is a contradiction. Therefore, fx* = x*. Now, we will show that f has a unique fixed point. Let
X,y € X be two distinct fixed points of f. Thus, fx = x #y = fy. Hence, Ps(fx, fx, fy,t) = Ps(x,x,y, t) > 0.
By the hypothesis, since a; + a; + az +3as + a5 < 1, we have

T+ F(Ps(x,x,y,t)) = T+ F(Ps(fx, fy, fy, t))
< Fla1Ps(x,x,y,t) + a2Ps(x, x, fx, t,) + azPs(y,y, fy, t)
+ asPs(x, %, fy,t) + asPs(y, y, fx, t))
= F(a1Ps(x,x,y,t) + azPs(x, x,y,t) + asPs(y,y, x, t))
= F((a1 + as + as)Ps(x,x,y, 1)) < F(Ps(x,x,y, t)).

This is a contradiction. Therefore, f has a unique fixed point. O

Corollary 2.2. Let (X, Ps) be a complete parametric S-metric space and let f be a self mapping on X. Assume that
there exists an increasing F : RT — R, and t© > 0 such that

T+ F(PS (fX, fX/ fy/t)) < F((llPs (X/X/U,t) + aZPS (XIX’I fX/ t) + a3PS (U;U,fyzt))/ VX;U S X/ fx # ﬁJ/

where a; + ap + az < 1. Then, f has a unique fixed point in X.
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