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Abstract

In this study, we introduce sine and cosine Bell-based Frobenius-type Genocchi polynomials, and by presenting several
relations and applications, we analyze certain properties. Our first step is to obtain diverse relations and formulas that cover
summation formulas, addition formulas, relations with earlier polynomials in the literature, and differentiation rules. Finally,
after determining the first few zero values of the Frobenius-type Genocchi polynomials, we draw graphical representations of
these zero values.
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1. Introduction

Recently, many authors [11, 12, 23, 25] have introduced and constructed generating functions for new
families of special polynomials including two parametric kinds of polynomials as Bernoulli, Euler, Genoc-
chi, etc. They have given fundamental properties of these polynomials. Also, they have established more
identities, and relations among trigonometric functions, two parametric kinds of special polynomials by
using generating functions. Applying the partial derivative operator to these generating functions, some
derivative formulae, and finite combinatorial sums involving the aforementioned polynomials and num-
bers are obtained. In addition, these special polynomials allow the derivation of different useful identities
in a fairly straightforward way and help in introducing new families of special polynomials. The Apostol-
type Frobenius-Genocchi polynomials appear in combinatorial mathematics and play an important role
in the theory and applications of mathematics, thus many number theory and combinatorics experts have
extensively studied their properties and obtained series of interesting results (see [1-8, 16, 17, 20]).
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The Apostol-type Frobenius-Euler polynomials ]I—I].(“)(é; w;A) of order « € C are defined by (see [14,
15, 18]):

1—u \* ad b2
&z _ () g A2
<7\ez_u> e = Y H¥(GuA, (1.1)

j=0

where u € C\ {1}, £ € R and |z| < llog( )| At the point £ =0, IH (u;?\) = H].(“)(O;u;)\) are called the
Apostol-type Frobenius-Euler numbers of order . From (1.1), we fmd

i,
Vgwn =) ( g >H(v°‘)(u;?\)ij_v,
v=0

and
H™ (& —10) = B[ (&),

where IE).((X) (&;A) are the jth Apostol-Euler polynomial of order o.

Recently, Yasar and Ozarslan [27] introduced the Apostol-type Frobenius-Genocchi polynomials de-
fined by means of the following generating relation:

U—wz e ZG E,u7\ (1.2)

)\el—u

where u € C\{1}, { € R and Iz| < |log (2)]. Note that
GI(&—1;A) = Gj(&A),

where Gj;(&;A) are called the Apostol-Genocchi polynomials. For j > 0, the Stirling numbers of the first
kind are defined by (see [21, 22]):

j
= Si(3,p)EP, (1.3)
p=0

where (£)g =1, and (£); = &E(E—1)---(§E—j+1),(j = 1). From (1.3), we get

[e¢]

Sllog(1+2)" = Y Si(i,m)%, (r>0)

j=

For j > 0, the Stirling numbers of the second kind are defined by

j
=Y S0, q)(E)q. (1.4)
q=0

From (1.4), we see that
1 j
e — ]. Z 52 ]/ Z .
For any nonnegative integer r, the r-Stirling numbers S.(j, k) of the second kind are defined by (see [6])

i 2
(e*—1*=) Si(j+rk+r)5 (1.5)

(€
k! = it
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. : () (g. :
The Apostol-type Bernoulli polynomials B;™ (&;A) of order «, the Apostol-type Euler polynomials

(o) ¢, : . (o) (z. .
E;""(&A) of order « and the Apostol-type Genocchi polynomials G;™(&;A) of order o are defined by
(see [10, 16, 24, 26]):

(04 o0 .

z fz _ () 7.4\ 2

<7\€Z—1> € Z_.ZOIBj (‘EI?\)]T (|Z—|—log?\|)<27'[,
):

2 & (e ¢] Z]-

£z _ (@) 5.2

(}\ez+1> ez_;)lEj (5,7\)],! (lz+logA|) <m,
j=

2Z & iz © (o) Zj
<7\e~"~+1) e =) G (52A)j7,(|1+10g7\\< ),
=0

respectively. Clearly, we have

B (\) = B{* (0;A), ;) (\) = E}*) (0;A), G * (A) = G;* (0;A).

The Bell polynomials Bel; (&) are defined by the generating function (see [5, 12])
. = )
et = 3 Belj(8) . (1.6)
=0 .
When & =1, Bel; = Bel;j(1), (j > 0) are called the Bell numbers. From (1.4) and (1.6), we note that
)
Belj(£) = ) Sy(j,K)EX (= 0).
k=0

Recently, Duran et al. [8] introduced the generalized Bell-based Bernoulli polynomials of two variables
B{* (£;1) defined b
BetlB; " (&;1) defined by

& S :
z z_ )
< > ebzimle=1) — ZBelB)g(x)(é;ﬂ)*j!, (1.7)

so that ,
j .
w8} (55m) = 3 (1) B() (€l ().
r=0

Jamei et al. [9] and Kim and Ryoo [13, 19] introduced the Bernoulli and Euler polynomials of complex
variable defined by

(9]

Bj(&+in)+Bj(E—in)d & ey, 2

£ _ j j Z c “

el_le ZCOST‘]Z—Z 2 ]' _ZIBJ (aln)]'/
j=0 j=0

. o Bj(e+in) —Bj(e—in)d ¢ 2

ez_le‘izsmnz:z ) 7 J i :ZB§S)(6,n)7,

and

! j K

ez 11 = 2 j = j!

2 = Eij(&+in) —E;(£—in)d b2,
iz _ j j _ (s)

sz q¢  sinnz= E n b E E; (Elﬂ)*j!,
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respectively. Also they have prove that

coan—ZC (&,n)—,

=0
and
0 T
etZsinnz = Z Se(&m)—,
r=0
where
(7] .
C?‘(Ev/ ): (_1) ( 2 >£T2)n211
— )
j=0
and

Sy(&m) = < ;j 1 > (—1)gr—2 -T2+,
=0

)=

Motivated and inspired by the definitions (1.2), (1.6), and (1.7), we first consider the Bell-based
Frobenius-type Genocchi polynomials of complex variable. Here, we introduce the cosine and sine Bell-
based Frobenius-type Genocchi numbers and polynomials, and then we derive several properties and
identities for the above polynomials. Also, we find zero values of the Bell-based Frobenius-type Genocchi

polynomials.

2. Bell-based Apostol-type Frobenius-Genocchi polynomials of complex variable

In this section, we consider the Bell-based Apostol-type Frobenius-Genocchi polynomials of complex
variable and deduce some identities of these polynomials. First, we begin with the following definition

P2

(1—11)2 * (E,+1nz G(e*—1)
ZBelG £+m,Cu?\)]

Aer —u
On the other hand, we suppose that
el&tin)z — p&zeinz — 082(c0gnz +isinnz).

Thus, by (2.1) and (2.2), we have

J =Wz \* (erimz c(es—1)
ZBelG 5+1T1,Cu?\)J = elctinize

(1—-wz\* iz . C(e*—1)
= e“*(cosnz +isinnz)e ,

and

1— « z
(1—-wz et%(cosnz —isinnz)e®e™ 1,

2.1)

(2.2)

(2.3)

(2.4)
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From (2.3) and (2.4), we get

(1—wz\* ,, (1) w BelG (& +1in, GwA) +BelG &~ GwA) 2
( i —u ) © cosnze® ]Z 5 K (2.5)
and
00 () . .
(1 —U)Z x ((_' BelG E—i_u‘]/ C/u A) BelGj (E_ln/ C/u/}\) 2z
< N7 _ u) sinnze®! ]Z o i (2.6)

Definition 2.1. Let j > 0. We define two parametric kinds of cosine Bell-based Apostol-type Frobenius-
Genocchi polynomials BelG]F“’C) (&,m, G w;A) and sine Bell-based Apostol-type Frobenius-Genocchi poly-

nomials BelGj(“’s) (&,m, G w;A), for non negative integer j are defined by

(1—wz\* ,, Cle c)
(Aez _u> e~ cosmze E BelG (&n Gw 7\)] (2.7)
and
(1—u)z o‘eg sinnze® G (a,8) (&, Cu7\) 2.8)
AeZ —u n ]E - Bel M, ]' ’ .

respectively. Note that BelGj(“’c)(&, 0,0;u;A) = G}“)(é;u;?\),gelG)g“’s)(O, 0,0,u;A) =0,(j = 0). From (2.5)-
(2.8), we have

8eiGy ™ (£ 41, G A) + Gy ™ (£ — in, Gu;A)
5 /
5 Gy ™ (E+1n, GwA) —pet ™ (E— 0, G )
2i '
Remark 2.2. For & = ( = 01in (2.7) and (2.8), we get new type of cosine Apostol-type Frobenius-Genocchi

8iG; < (£, GwA) =

8iG < (£, GUsA) =

polynomials G].(“’C) (n; w;A) and sine Apostol-type Frobenius-Genocchi polynomials G§“’3) (n;w;A) as

(1 —u)z _ a,c) )
()\el —u) cosnz = ]ZO G 7\) K (2.9)
and
(1—u)z z)
<?\e7~—u> sinnz = ZG (UANEY (210)

respectively. It is clear that
G{*(0;1A) = G (wA), G, ** (0;1;3) = 0, (j > 0).

Remark 2.3. Letting ¢ = 0 in (2.7) and (2.8), we obtain two parametric kinds of cosine Apostol-type
Frobenius-Genocchi polynomials G ]( %) (£,m;u;A) and sine Apostol-type Frobenius-Genocchi polynomials

)(E,m;wA) as

(1—U)Z (XeE,Z . iG((x,C)(a .u.)\)ij
cosnz = ; W i

Aez —u
j=0



A. Al édamat, W. A. Khan, C. S. Ryoo, J. Math. Computer Sci., 33 (2024), 326-338 331

and

(1—uw)z\~ ) > ) b2,
( e‘izsmnz:ZGg“s)(ﬁ,ﬂ}u;)\)]ﬁ!,

j=0
respectively.

Remark 2.4. On setting & = 0 in (2.7) and (2.8), we get new type of cosine Bell-based Apostol-type
Frobenius-Genocchi polynomials BelG§ oe) (n, ¢ w; A) and sine Bell-based Apostol-type Frobenius-Genocchi

polynomials as BelG].(“’s) (M, GwA),

(1 — u)z x C(e? (e,c) )
( Ner ) cosmze ]ZO BelG; (N, Gw; 7\) K
and .
(1 — u)z x . C(e? (e,s)
F—u sinnze Z Be1G m, Gw 7\) K
j=0
respectively.

Theorem 2.5. Let j > 0. Then

[1]

paGy ™, N = 3 ( . > (—1)"1?5aG} %, (G Ui A, (2.11)
v=0
and
(54
BelGJ'( (TI/C WwA) = Z < 2v+1 ) (_1)vn2v+1BelG§i€;V,1(C}u;}\)~ (2.12)

Proof. By (2.9) and (2.10), we have

j _ x .
ZBelG ', G ?\)Z <(1 u)z) cosnzete
j! AeZ —u
S Z’. - v 2v
=25y (G 5 Z (2.13)
j=0 v=0
an j g
_ 2
=2 <2v)( DGy %, (G | 5
j=0 \v=0
and
ZBelG)as)(ﬂ; GuN) = = <( u)z) sinnzet(e*1
= j! Aez —u
(i1 (214)
0 5 .
_ ) 2v+1
Z(Z<2v+1>( )"0 M pelG; (C,u)\)) '
j=0 \ v=0

Therefore, by (2.13) and (2.14), we get (2.11). Similarly, we can easily obtain (2.12). O
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Theorem 2.6. Let j > 0. Then

j J

B Gy ™ (E+10, GwA) = ) (l) (&+in) "G (GwA) = Y (i) (i) ~* G (£, G,

s=0 s=0

and
i
BelG]F“)(a_iTl, GwA) = Z <l>(£—in)3SBeng“)(c;u,-)\)

s=0
j .

—Z@( 175 (i) "5 G (8, s A,
s=0

Proof. By using (2.3) and (2.4), we obtain (2.15) and (2.16). So we omit the proof.

Theorem 2.7. Let j > 0. Then

j .
5G; (1, G A) = Z< ) Gy (GwA)Cs(Em),

s=0
and
(ek) j
BelG]’ & (Ev/n/ Cru/ )\) = Z

k=0

(
(£48) (54 £ (0 )2

1—u)z\© .
ZBelG “(gn, G, 7\) <( “)Z) et2 cosnzet(€"—1)

3 ) 8eiG L (G NSk (&),

Proof. Consider

Now

AeZ —u
j=0
°° j > j
= [ Y G Gun | (X cen?
j=0 ): v=0
o0 ) ] Z]
-y Z<V>Be1@ (GwAC (&) ) 2,
j=0 \v=0

which proves (2.17). The proof of (2.18) is similar.
Theorem 2.8. Let j > 0. Then
(ecc) j (e,c)
B G; (&M, GuA) = ) G (€, m;w M) Belj i (),
k=0

)
BaG Y (6, GwA) = Y G (8,mw;A)Bel i (0),
k=0

)
Bt (6, GwA) = 3 paGL (n, GuNE T,
k=0

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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and

5eiG, ) (£, G A) ZBdG ", Gua)E

Proof. Using (2.7) and (2.8), we obtain (2.19)-(2.22). Here, we omit the proof of the theorem.

Theorem 2.9. Let j > 0. Then
Zj j ( j
Bl Gy (E45,m, GuA) = < k ) B G (6,1, G )T,

k=0

and

peiG; " (E+5,M, GWwA) = Y < . )Bele(“’s)(E,n,C;u;Msjk-

k=0

Proof. By changing & with & + s in (2.7), we have

% (1_u)z * &z sz ((e*—1)
ZBelG E+sm,Gu 7\)] e cosnze*“e

Aez —u

= P Sk
= (Z BelGj(oc’C)(Ev/nr C/u,)\)]'> (Z Skk!)
j=0

k=0

00 j . .
=3 (X (L) meiwnuns ) i

which completes the proof (2.23). The result (2.24) can be similarly proved.
Theorem 2.10. Let j > 1. Then

0

aaBelG %e) (Evn/ Gw; A) - ]BelG) 1 (Ern/ C,LL 7\)

0 . )

aselGj(“'C) (£, GWA) = —jpaGy ™ (£,m, G ),
and

0 (es) . (a8)

aiaBelGj (E,/TL C/ u; }\) - ]BelGj71 (Ev/n/ C/ uw, )\)/

0

aBeng(x’S) (&1, GWA) =jBaG) ) (&1, GWwA).

Proof. Equation (2.7) yields

00 j 1— o ]
Z aaEBelG (&M, G 7\)] = <( u)z) zet# cosmzetle™ 1)

j=1
ZJ+1
BelG ) (E,m, GwA) 1

2
3Gy (81, Gu) =,
j=1 =

proving (2.25). (2.26), (2.27), and (2.28) can be similarly derived.

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

B 0o . G(oc,c) A 7;]
_ZJBel j—1 (E/n/C/u/ )j'/
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Theorem 2.11. Let j > 0. Then

j k
peiG ™ (£, Gy ) ) 5G L , G AN () mSalk, m), (2.29)
j ; k i—
k=0 m=
and
j
5aGl (e m, GuN) = Y Y ( )06 0, G N (E)mSali ). (230)
k=0 m=0
Proof. Using (1.4) and (2.7), we find
(1 — U)Z x ( 1) z
f—-1+1
ZBelG &, G ?\)] <)\elu cosmze (e*—1+41)
o x 0 z_1)m
— <(1Z u)z> cosnzeS(e*—1 Z(E)m(e ,)
er—u = m!
(1—wz\* 1) e — zk
= < ——. ) cosnzet< Zo(a)mkg Sak,m)iy (231)
00 (oc) Zj 00 k Zk
=Y BaG; GuiN)5 22 (EmSalkm) g
=0 k=0 m=0
[ele} ) j Z)
-y Y Y <k>Be1<G] ), G EmSalle m) .
j=0 k=0 m=0
In view of (2.7) and (2.31), we get (2.29). Similarly, we can easily obtain (2.30). O
Theorem 2.12. Let j > 0. Then
j k .
G et Gunl = 5 (D6l GunEnsak b nmen, @3
k=0 m=0
and
5alG, " (T, G =Y Y (k)gelc,?i‘i)(n, GWA)(E)mSa(k+1,m+7). (2.33)
k=0 m=0
Proof. Replacing & by &+ 1 in (2.7) and using (1.5), we find
)Z * (e —1) z &
ZBelG E+mm GuA ).! <)\e7~ u) cosmze® Ze*—141)
u)z * (e*—1) jrz - (e*—1)
= < — ) cosnze® Je Z_O(E,)m -
u)z & oz ad > ZK
= Y COST]ZG zo ; (2'34)
=D BaG;” n,CuA ZZ JmSalk+7,m+1) 7
j=0 " k=0m=0
=ZZ Z ( )Belc) &, GWA) E)mSa (k1 m 1) 5
j=0 k=0 m=0 ):

In view of (2.7) and (2.34), we get (2.32). Similarly, we can easily obtain (2.33). O
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3. Some values with graphical representations and zeros of Bell-based Apostol-type Frobenius-Genoc-
chi polynomials of complex variable

In this section, computational values and graphical representations of cosine Bell-based Apostol-type
Frobenius-Genocchi polynomials BelGj(“’C) (&,m, ¢;w; A\) are shown. A few of them are

BelGéz’c) (&M, GwA) =0,

581Gy (E,m, GwA) =0,
2(—1+u)?
(u—2)2 "’
6(—1+u)?(—A(—2+C+E)+u(C+E))
(u—2)?3 ’
12(—1 +u)?(—m2(u —A)2 4+ 2A (w4 27A) —4A(—u +A) (C+ &)
(u—A)*
L 12(-1 +u)?(u—A)2(C+ (C+E)?)
(u—A)* ’
40(—1 +u)?A (U2 4 7ul + 47?)
(—u+A)P°
n 20(—1 4+ u)?(6(w—A)A(u+2A)(C+ &) —3n?(u—A)2(2A+ (w—A) (G + E)))
(—u—+A)°
120(—1 +w?(u—A)?A(C+ (C+€)?)
+
(—u+A)°
L 201 F w2 (—u+ A3+ 20(C+E) + (C+ &)L+ (T+E)D))
(—u—+A)°

Gy (E,m, G A) =

2,
BiGY ) (E,m, G A) =

Bele’c) (&n, GwA) =

G (E,m, G A) =

We plot the zeros of the cosine Bell-based Apostol-type Frobenius-Genocchi polynomials BEIG§“’C) (&n, G
w;A) =0 for j = 20 in Figure 1.

¢® ©®
00 © o
@
o
[
) — ) o —©
°
%
°
%0 o o4
L ]
o © 0 o P
() (8)
¢ °
°
e® °
° °
0 °
®
° °
) [ ]
) L 2 L 4 me 0@ L 4
L °
o °
°
° °
O. L]
o o °
o
o o
%

-100 50 o 50 100 -100 -50

Figure 1: Zeros of BelG]@w) (&,m, Gw;A) =0.
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In Figure 1 (top-left), we choose 1 = 4, = 3,u = 4, and A = 3. In Figure 1 (top-right), we choose
n=5,=5u=5,and A = 4. In Figure 1 (bottom-left), we choosen =6, =7,u = 6, and A = 5. In Figure
1 (bottom-right), we choosen =7, =9,u=7,and A = 6.

Stacks of zeros of the cosine Bell-based Apostol-type Frobenius-Genocchi polynomials G )g‘x’c) (&, ¢
w;A) =0 for 3 <j < 20, forming a 3D structure, are presented in Figure 2.

Figure 2: Zeros of BelG]goc’c) (&,n,Gw,A) =0.

In Figure 2 (top-left), we choose 1 = 4, = 3,u = 4, and A = 3. In Figure 2 (top-right), we choose
n=5,=5u=5,and A = 4. In Figure 2 (bottom-left), we choosen =6, =7,u = 6, and A = 5. In Figure
2 (bottom-right), we choosen =7, =9,u=7,and A =6,.

Next, we calculated an approximate solution satisfying the cosine Bell-based Apostol-type Frobenius-
Genocchi polynomials BelGj(z’C) (£,7,9;7;6) =0 . The results are given in Table 1.

Table 1: Approximate solutions of Bel@]fz/c) (§,7,9;7;6) =0.

degreej &
3 —21.000
4 —21.000 — 6.6331, —21.000 + 6.6331
5 —27.377, —17.812 —12.7471, —17.812 + 12.7471
6 —27.704 — 3.5671, —27.704 + 3.5671,

—14.296 — 18.4711, —14.296 + 18.471i

7 —34.538, —24.745 —10.0441, —24.745 + 10.044,
—10.485 — 23.5661, —10.485 + 23.566

8 —37.686, —30.059, —22.718 —16.1691,,
—22.718 +-16.1691, —6.409 —28.1901, —6.409 + 28.1901

9 —42.796, —29.582 — 8.3281, —29.582 + 8.3281, —20.402 — 21.66441,
—20.402 4-21.6641, —2.118 —32.4561, —2.118 + 32.4561,

10 —47.050, —33.043, —28.536 — 14.6261,

—28.536 4 14.6261, —17.763 — 26.7251, —17.763 + 26.7251,
2.345 —36.4411, 2.345 + 36.4411

11 —51.590, —33.721 —7.3091, —33.721 + 7.3091,
—27.088 —20.2771, —27.088 +20.2771, —14.845 — 31.4561,
—14.845 4 31.4561, 6.949 —40.1961, 6.949 +40.1961
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4. Concluding remarks

Our paper introduced sine and cosine Bell-based Apostol-type Frobenius-Genocchi polynomials and
analyzed their properties by providing several relations and applications. Also, various formulas and
properties including differentiation rules, addition formulas, relations, and summation formulas have
been investigated. Moreover, after determining the first few zero values of the Apostol-type Frobenius-
Genocchi polynomials, we have drawn graphical representations of these zero values. It is possible that
this papers idea can be applied to polynomials that are similar and these polynomials have potential
applications in other fields of science in addition to the applications at the end of the article. We will
continue to explore this opinion in various directions in our next scientific works to advance the purpose
of this article.
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