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Abstract

This paper reveals the solutions to several families of fractional integro-differential equations through the application of
a simple fractional calculus method. This approach results in various interesting consequences and also extends the classical
Frobenius method. The provided approach is primarily based on established theorems concerning particular solutions of frac-
tional integro-differential equations using the Laplace transform and the extension coefficients of binomial series. Additionally,
an illustrative example of such fractional integro-differential equations is presented.
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1. Introduction

The historical roots of fractional calculus can be attributed to the dilemma concerning the extension of
the sense of a derivative to a numerical approximation when n is not an integer. This question was first
raised by L'Hopital on September 30th, 1695.

Fractional calculus is used in a wide range of engineering and research fields, including electromag-
netics, viscoelasticity, fluid mechanics, electrochemistry, biological population models, optics, and signal
processing [23] (we also refer the reader to [1, 3, 4, 7, 13-17, 19, 21, 25] for the classical differential equa-
tions and partial differential equations describing these real phenomena). It is employed to simulate
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technical and physical processes that are best represented by fractional differential equations. Fractional
derivative models are particularly useful for precise modeling of systems that require accurate damping
representation. Numerous analytical and numerical techniques have been proposed in recent years for
various disciplines, demonstrating their applicability to new problems. These contributions to science
and engineering are firmly rooted in mathematics.

Several well-established mathematical functions are strongly associated with fractional calculus, in-
cluding the gamma function, beta function, error function, Mittag-Leffler function, and Mellin-Ross func-
tion.

In 2011, Tarig and Salih introduced a novel integral transform known as the Tarig transform. They
established a relationship between the Laplace and Tarig transforms [5]. Additionally, they applied the
Tarig transform to a variable coefficient ordinary differential equation. In 2013, the same authors extended
the Tarig transform to a system of integro-differential equations. In 2017, Hassan Taha et al. solved
telegraph equations by leveraging the dualities between Kamal and Mahgoub integral transforms and
several well-known integral transformations [28].

In 2013, Lin and Lu [18] illuminated the concept of using the extension coefficients of binomial series
and the Laplace transform (LT) of fractional derivatives to generate explicit solutions for homogeneous
fractional differential equations (see, for example, [2, 6, 8, 18, 20, 22, 24]).

In this article, we develop the concept of a fractional integro-differential equation by employing the
Laplace transform (LT) and binomial series extension coefficients. Additionally, we discuss properties
related to our focused topic.

2. Preliminaries

In this section, we are listing some preliminaries that are useful throughout the paper.

1. Casual function on a fractional derivative k(t) is defined by

o k(M (1), ifo=mecN,
d k(t) (m)
dto - 1 ¢ kM) )
dt I'(m—o) J‘O (t—x)o—m+1 dt, ifm—1<o< m,

where the Euler gamma function I'(-) is defined by

I'v) = LOO t'"le~tdt (R >0).

2. The LT of a function k(t), t € (0, 00), is defined by

Lk(t)(w) = J:o e W'k(t)dt (w e Q).

3. The Mittag-Leffler function [11, 18] is defined by

00 WY
EG,T(V):YZ_OW (V,O',TEC,IR(G) > 0).

4. The simplest Wright function [18, 27] is defined by

> 1 vY C
x(o,T;v) —VZ_OW-Y! (v,o,teC).
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5. The general Wright function n Ay, (v) is defined for v € C, bh1p, hogq € C, [12, 18], and real o, Tq € R(p =
1,...,m;q=1,...,m) by the series

_ (blp/ Opl1
nAm (V) =n Am ((th/Tq

1T (b2gq +TqY) 'Y!

I'( hlp+GpY)
) -L ,
5 [Ta=

where v, b1, b2 € C,0p,7q € R,p=1,2,...,m,and q=1,2,...,m

6. The Riemann-Liouville fractional derivatives [9, 29] Dgl Ly and Dgz_y of order 0 € C (R(o) = 0) are
defined by

I dm JX y(t)dt (m = [R(0)] +1;x > by),

(BF V) = 5o (e ) (x— ot

1 d)mrz y(t)dt

m(_dx L t—x)yomiT (m=[R(0)]+1L,x < by),

(Dp,—y)(x) =

respectively. Here, the integral part of %R[o] is [R(o)].
7. The shift factorial [10, 26], since (1), = m! for m € Ng ={0,1,2,...}is given by

(6) = 1, (m=0),
™86 41) - (84+4m—1), (meNy/0).

8. The binomial coefficients are defined by

7

5\ 8 s(E-1)(6—m+1)
() =1

m (6—m)! m!
where & and m are integers. Observe that 0! =1, then

(5) 1, (5) =1 and (v 5 O (X T

N=0 N=0

9. L[X(O',T,t)](W) = %EU,T(%)(O— > —].,T (S C,IR(W) > 0)
10. The generalized Wright function of the LT is given by

L{ nAm ((hlp/ Gp)l,n —t) }(W) — ln+1)\m ((111)/ (blp/ Up)l,n
w (

_1>

2

(th/Tq)l,m th/Tq)l,m

MR>0),p=12,...,nandq=1,2,...,m
11. L[DTk(t) (W) = woLLk(t)](w) — 3Ty wo k1Y) 71(0)[10], where o > 0,

m—1< o< m(meN),k(t) e C™0,00), k™ (t) € L1(0,h2), ¥ b > 0.

12. The inverse LT is defined by

4 [TIm+1]
1 m
L [w 1 ]—t .
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Remark 2.1. Let us demonstrate Preliminary 11 using the integral transform technique, as shown below; it
is not difficult if we take reference Preliminary 2,

00 00 t (m)
L[D"k(t)](w):J e_Wt[D“k(t)]dt:J e Wt L )J ( K™(0) dcdt

0 0 rm-—o)Jo (t—g)o—mtl

B 1 [0O 0O ot k(m)(C)
" Tm—o) ; L ¢ hogem e
_ 1 [ k(m)(C) Joo efw(u+C)um70'71dudC
Mm-—o) Jo 0
(00 00
_ # ewak(m) (C) J efwuumfcrfl dudC
rm-—o) Jo 0
(00 _
“Tm—o) : e ek(m)(¢) =9 g
(m—o0) Jo sm—o

= [ e Qg = w S (]
0

=W M (WM LK()] —w™Tk(0) —w™ K (0) — - — k(™D (0))
= (WOL[k(t)] —wok(0) —w 2K/ (0) — - - - —w kM1 (0))

m
_ Z woYky=1(Q).
v=0
Note: We use Fubini’s theorem to change the order of integration in the preceding derivation.

3. Solutions of the fractional integro-differential equations

In this section, we can strongly suspect that y(t) is sufficient to allow the LT £(y) to proceed for some
value of the parameter w.

Theorem 3.1. Under assumptions 1 < o < 2 and b1, by € R the fractional integro-differential equation

v (1) + b1y O (1) + hay(t) = JS 9(t) dt, 0<7t<1, (3.1)

0 (s—=1)7

with initial conditions y(0) = eg and y’(0) = e; has the unique solution

—h) VY &= T(X 4y +1)(—ht2 )X
v! F (2— o)X + 2y + 1]X!

= Tl2—o)N+2y + 2!

t2y 5 TRy + (=it )™
I(2— o)X +2y — o+ 3]NX!

Z
— (—h2) Yt%’“ — T(NX +vy+1)(—ht2 o)
Zo
+ anZ

(3.2)
N=0

e Z —b2) ytZY B TR +y+1) (bt )X
! (2 — 0)X + 2y — 0 + 4]X!

N=0

sm(*m)i _ yt—1 - (_hZ)Y 2v+1 - F(Y+x+1) (—f)lt(zfo-))n
+ s dsL(S R k(t)dtVZ_O V! e xZ—o X! rMR2—on+2y+2°
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Proof. Utilizing the LT in (3.1) and taking into consideration, we have
W2 L[yl — eow — e1 + hiw  Ly] — aegw® ! —hreiw® 2 + 5o L[y] = L[k(t)], (3.3)
where k(t fo o= t ——=dt. Equation (3.3) generates
Llyl = eow + f)leow“_l + h161w°_2 + L[k(t)]
yi= W2 4+ aw® + by
+ eoZ(—hz)y Z (y < ) (=) Fwlom2im2y
+ elz —h2) ) (y N x) hy)Nw! 02N 2y 2
= R=0
© X (3.4)
+hleOZ(_hz ‘}/Z < > )NW(072JN72Y+073
v=0 N=0
e (—h2)" Y (v X x) T
v=0 N=0
S oo o0
el sin(tm) b)Y Y+ X (0—2)R—2y—2
—i—pLUO(s t) k(t)dt} - D (b)Y ) (- < W ,
v=0 N=0
since
1 B w—°
W24+ hwo +bhy W2 o4 by +how ©
W—U
W2 (1 4 )
oW g haw e v
S owrog hl%(wz_g + b )
5w
= (szo' + bl)‘erl
_ i (—h2)Yw—2r 2
= (1 + hlwc—2)y+1
v 2y—2 Y+ X
—Z( b2) YWY Z —bw?™ <N)
=Y (0" Y (Y+ N) (—by) (0202 2y2
v=0 N=0 X
and
N
g(t)
Llk(t)] =L
(1) “0 = ]

Now, the convolution integral

where

K(B)is the LT of K(&) =w™ T,



T. Gunasekar, et al., J. Math. Computer Sci., 33 (2024), 225-237 230

and

~

) K(P)
GI%) = G GIP) = ey

(*T) S
G — PR IKER) Gon>-““T”pL!J s ﬂThd(qu_

TICOSeCTtT 0

Thus, the inverse LT to equation (3.4) yields the solution (3.2),

ee]

y 0 h38 (2—0)NX+2y
Z 62 Z (v + X)!(=h1) t
M2—o)R+2y+1 X!

Y= N=0

o0 'Y'i‘x h])x t(Z—G)N+2y+1
NZ_OF 2—0)X +2y+2] Ny

’Y:
—bh2)Yy! (v + X)!(—hy)X t(2-0) X+ 2y o2
H’le‘)z Y%, T2—0)R+2y—o0+3] N

(—b2)Yy! (v + X)!(—hy)X {(2—0)X+2y—0+3
+blelz Y %o T2—0)X+2y—0+4] X!

v=0

+Sir‘(m)dr( Fe i) i bz i GASIIEPR (L) 12y 41
T ds = = MN(2—0)X + 2y + 2]

Therefore,

sztZVZ (R +vy+1)(=ht?> ¥
MN(2— o)X + 2y + 1]X!

—bhy) yt2y+l — TN +7y+1)(—ht>~°)K
M2 — o)X + 2y + 2IX!

i

N=0

—b2) Vtzy & T(R+y+1)(=hit> 0¥
+h1eoZ rl(2— o)X +2y — 0+ 3!

N=0

yt2Y B & TN +y+1)(—at* )X
+b161Z (R 4y + 1)
:Or[(Z—o)x+2y—o+4]x!

+s.m(’m‘t)dr(s_

00 2—0)\X
1 (=h2)¥ (2v+1 + bt +1) (bt
) AR L §: > Z

rR2—o)X+2y+2]
which is (3.2). This completes the proof of the theorem. O

Example 3.2. A generalized viscoelastic free damping oscillation’s fractional integro-differential equation
[2, 18]

'+ O sy = | ar 65)

with initial conditions y(0) = ep and y’(0) = e; has the unique solution

o]

hzw” PR 4y +1)(—hyt2)¥
Z Z )N+ 2y + 1]N!

v=0 v N=0 F[(

2
i t2¥+1i (N+y+1 —byt2)¥
= = N+2y+2]2~('
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—by) Vtmz TN 4y +1)(—bht2)¥
+hle°Z NZ_O MR +2y + 3N

- (—hzmzwi o TNy + 1)(—=h1t2)¥
““ely;) V& TN 2y
LI < (h2)Y ayir v T+ R A1) (it
ﬂdsJ( R k(t)dtyz_o v NZO NI ()X +2y+2

with specific, if h; = v/5 and b, = 10, then (3.5) is

(t) + By (t) + 10y(t) = J: (sg_(tt))%dt

with initial conditions y(0) = ep and y’(0) = ej, then the solution is given by

O (L10)42Y & (X 4+ +1)(—+/5t2)¥
Y(t):eoz( ), > (r[lyx ;( m')
7*0 Y X—0 (f) + 2y + X!
~10) VtZV“ X (X +y+1)(—v56t2)
+elz ( 1‘Y )( ')
= TUZ)N+2y +2)N!

—10)Y2Y 2 & TR 4y +1)( ft% X

+ \/geoz 71 NZ

g MR +2y + 3K

—10) y’c2"’+2

+ \@elz

Z x+l+1 — /5t
1d

K—|—2y+ 2IN!
—— —1)”
+7‘[dSJ (s Z

Figure 1 illustrates the solution behavior of the fractional integro-differential equation of Example 3.2
at various values of o with the initial conditions e =1 and e; = 1.

)Y v+ Z My +R+1) (—5t)¥
= ! FI(3)X+2y +2]

Graph of the fractional integro-differential equation

g —— o =12
o =14
g=16

g{— o =19

-50 -45 -40 -35 -30 -25 -20 -15 -10
t

Figure 1: The solution behavior of Example 3.2.

Theorem 3.3. Under assumptions 1 < o < 2 and by, by € R the fractional integro-differential equation

yo + b1y’ (t) + hoy(t) = Jo (Sg_(tt))T dt, O0<7t<1, (3.6)
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with initial conditions y(0) = e and y’(0) = eq has the unique solution

i bZYirx‘i‘Y‘Fl hl)xta 1)X+ovy
v= <=0 )N + oy + 1]X!
i h2 ir N+y+1 —hp) N t(o-DR+oy+
y:O ! —= (00— 1)&—#0}/—1—2]& -
(—h = T x+y+1 hl) (0—1)R+oy+o— 1)Z~I ’
+bhre
g OYZ_O xZ—o [(0—1)X+ oy — o]NX!
sin(trr) d [° > (—by) *‘ry+x+1) tlo—1)R+0oy+o—1
+ N )T(Y) dtZ Z _
. ds = = MN(oc—1)X + oy + 0]

Proof. Utilizing the LT (Preliminary 11) in (3.6), we have
W2LLY] = woy(0) = w2y (0) + brwLlyl — hiy’(0) + haLly] = Llk(t)], (3.8)

where k(t) = [§ & t =dt, that is,
(WO +h1w + h2)Lly] = eow? ™ +erw? 2 + hreg + Lk(t)].
Hence, the equation (3.8) yields

oW L+ ewo 2 4 hrep + Lk(t)]

Llyl =

WO +hiw + by
+eo) (—ha)Y ) (v;&) (—bp)NwioRTov
v=0 N=0
- — (Y+X oN—oy—
+e1;)(—wxz_o( < ) (—byp) ¥R —oR—ov-2 (3.9)

+hreo) (b)) (Y —; N) (—hy)FwToN oY e
v=0 N=0

# S| [ (s v ttar] Y bt Y (o (VLT oo,
v=0

0 N=0
Since
1 B w1
WO+ hw+h  wol4hy 4 hw !
-1
w

1
(wot+b1) (1 + Y-

Sy

wol + by

-1
)Y

3 Lo

(1 + hlwl—cr)y—H
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N=0 N

Z —bhy)YWTTY O Y (—hyw! ) (y—i—t{)

oy v (YR %N (0)N—oy—o
D (=h)Y Y ) (Fh)tw
=0 h2=0

* gt

) (s—t)Tdt]’

Gep) = SN, “S(s — t)le’(t)dt] .

s 0

and

Llk(t)] =L [

so we have

Thus, the inverse LT to equation (3.9) yields

— 2 (—h)Y = T(X 4y +1)(—hp)Xtlo-x+oy
y(t) = eo ;} Y! NZ_O Mo—1)X + oy + 1X!
= (—h2)Y - (X +Y+l)(—a)xt(0—l)x+cy+1
> V! xZo M(o—1)X + oy +2JX!

— (—h2)Y i F(X 4y +1)(—hp )N t(e- DR +oy+o-1)x
M(c—1)X + oy + oIX!

v=0 N=0
+sin(¢7c)dJ5(S k() i Z )Ty + X4+ 1) tlo-DR+oy+o-1 ,
T ds ]y = ! = N! Mo—1)X+ oy + d]

which is (3.7) and this completes the proof of the theorem. Aslo, the Wright function can express this
solution as

— (—h2) Yty (vy+1,1) o—1
eOZO v! 1M (oy+1,0-1) | 0t
Y=

S JyovH 1,1
+ e Z —h2) 1A (( v+ 11 —hito ! )
y=0 v

oy+2,0—1)
+ e, i et QJHJ,’?_ ) _Wl>
+sin£;m)(;isr( (1) dtZ —h2) Vtcw+o 1 . (wy(l—lk;”cl)_l) —blt‘fl).
O
Example 3.4. If we consider o = %,T = %,hl = —3, and hp = —5 in Theorem 3.3, then the fractional

integro-differential equation

dt

NI

_3y'(t) - 5y(t)=j 9t)

y
0 (s—t)%



T. Gunasekar, et al., J. Math. Computer Sci., 33 (2024), 225-237 234

with initial conditions y(0) = ep and y’(0) = e; has the unique solution

= (5) o PR +y+1)(3)Ft(2)x+3
i =ed Tr) MR + 3y + UK
X—0 2 2Y :

+e1i (5) i (R +7y + 1)(3)F R+ G+
e P3N+ 3y + 2]

=0
i (5)Y i P(X 4y +1)(3) ¥t (D)X 3743

1 3 3
1d (* E(5)Y & BTy +X+1) tB)¥+3v;
+J (s—t)_%k(t)dtz( )' > G) (YT 1) .
mds Jo hvr S e X! MN(IX+35y+3)

Figure 2 illustrates the solution behavior of the fractional integro-differential equation of Example 3.4
at various values of o and initial conditions as eg =1 and e; = 1.

Graph of the fractional integro-differential equation

— o =112
o=14
- g =15
— o =17

Figure 2: The solution behavior of Example 3.4.

Proposition 3.5. Under assumptions 0 < 0,7t < 1, and b, € R, the fractional integro-differential equation

(o) (4) _ _[*_9(®)
y °l(t) — hay(t) L = t)Tdt (3.10)

with the initial condition y(0) = ey has the unique solution

—1
h%/t(H—Uy

o+ oy)

o0 .
toY sin(trt) d (®
t) = Y —
y(t) eO;bZF(Gy+1)+ T dsJ

sin(’m)djS
T ds

(s—t)" 'k(t)dt )
0 =0

(3.11)
= eOEG(UZtG) +

(s —t)" Mk(t)dt t" 1E4 o (h2t9).
0

Proof. Utilizing the LT (Preliminary 11) in (3.10), we have

WLyl —woly(0) — haLlyl = L[Kk(t)],

where k(t) = ] 9_(?)T dt,

(s

eow® ! + L[k(t)]

WLl — egw ! = hoLlyl = LIk(t)], LW —ba) = egw” T+ Lk(1)], Ll = = —— by
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Considering

1 B 1 w°

wohy w“(l—%) T 1—hw O

=w (1—hw °)!

v=0
we have
Llyl = eow’™ [W GZ how™ )Y | +w Z(f)zw ¢ )]
v=0 v=0

v=0
Thus, the inverse LT to (3.12) yields

s 00
— e Z []ZL 0'Y+1) SIH’S_[TT[) % JO (S o t)Tilk(t)dt Z []E/Lfl W(0‘+GY))
y—O
Sln(TTlT) d s T . Y totoy—1
= — k(t)dt
eOZhZFGerl T dsL( dZFGJr(w

= eoEq(h2t%) + Sm:ﬂ) % J: (s—t)" 'k(t)dt t°! Z r([::yti) o
v=0

sin(tm) d

— J S (s —t)" 'k(t)dt t° ' Eq,6(h2t?),

= eOEG(thG) —+
T ds Jp

which is (3.11). This completes the proof of the theorem.

Remark 3.6. If b1 = 0 in equation (3.6), then the fractional integro-differential equation

1+l = | 2

t)T_ldt, l<o<2,0<t<],

with initial conditions y(0) = ep and y’(0) = e; has the unique solution

sin(tm) d JS (s—t)" 'k(t)dt t°'E

T ds Jg

y(t) = eobo(—hat?) + ertEoa(—hat?) +
Proposition 3.7. A nearly simple harmonic vibration integro-differential equation ([27])

o t2 . s 9(’()
yo +y(t) = oot t)Tfldt, l<o<2,0<t<],
0 (5—

with initial conditions y(0) = e and y’(0) = eq has the unique solution

y(t) = eoEo_,l(_tZtO') + €1tEg,z(—t2tU) 4 Sln(TT[) d

. ds Jp

Proof. The above proof is accomplished by implanting h, = t? in equation (3.13).

G,G(_thG)-

— Js(s — )" k(1) dt t° T E g o (—t2tO).

(3.12)

(3.13)
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4. Conclusion

In this article, the utilization of the LT for solving fractional integro-differential equations is demon-
strated. The relationships between the LT and other transforms reveal deeper connections, enabling
the discovery of additional interactions unique to the LT. A distinct methodology for solving fractional
integro-differential equations is introduced, involving the application of the LT alongside binomial series
extension coefficients. Furthermore, the study focuses on examining various properties and presenting
illustrative examples.
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