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Abstract

In this manuscript, we discusses the Kamal transform for homogeneous and non-homogeneous linear differential equations.
Using this unique integral transform, we resolve higher-order linear differential equations. Alternatively, it can produce the
conditions required for Hyers-Ulam stability by using the Kamal transform. This is the first attempt to use the Kamal transform
to show that a linear differential equation is stable. The Kamal transform method is more useful for investigating the stability
problem for differential equations with constant coefficients, as this study also shows. The discussion of applications follows to
illustrate our approach. In other words, we establish sufficient with a constant coefficient by using the Kamal transform method.
Moreover, this paper provides a new method to investigate the stability of differential equations. Further, this paper shows
that the Kamal transform method is more convenient for investigating stability problems for linear differential equations with a
constant coefficient.

Keywords: Linear differential equation (LDE), Hyers-Ulam stability (HUS), Kamal transform.
2020 MSC: 26D10, 44A10, 39B82, 34A40, 39A30, 34K20.
©2024 All rights reserved.

1. Introduction

The Kamal transform is gotten from the traditional Fourier integral. In light of the numerical effort-
lessness of the Kamal transform and its essential properties, Kamal transform was acquainted by Adelilah
Kamal [7] with work with the most common way of tackling normal and incomplete differential equa-
tions in the dime area. Normally, Fourier, Laplace, Samudu, Elzaki, Aboodh and Mahgoub transform
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are helpful numerical tools for settling DEs. Additionally, Kamal transform and a portion of its crucial
properties are utilized to tackle DEs. Define a set A by

13l .
A= {h(g) I M, Ky, Ky, ..., Ky >0,h(3)] < Me"i, if 3 € (—1)) x [0,00)},

where Ky, Ky, ..., K, may be finite or infinite and the constant M must be finite number. The Kamal
transform of a function h(3) of exponential order is defined by the integral equation

K(h(3)) = H(p) = L hsle®ds, 320, Ki < < Ko, (L1)

where v is used to factor the variable 3 in the argument of the function with the Laplace, Elzaki, Aboodh,
and Mahgoub transforms and K(-) is the Kamal transform operator. An essential component of the
qualitative theory of LDEs is the theory of stability. When may we claim that the answers of an inequality
are almost identical to one of the exact solutions of the associated equation? Ulam [12] raised this issue.
Since then, numerous researchers have become interested in this issue. Take note that [6] provided the
initial response to this puzzle. Following that, some scholars [2, 3, 10] enhanced the finding from [6].
Obloza [8, 9] was among the first contributions dealing with HUS of differential equations. Alsina [1]
proved HUS of differential equation h’(x) = h(x) and Takahasi [11] extended the results of [1] to the
Banach space. For more details of the HUS, see [4, 5, 13].
Our main goal is to prove the HUS of the ¢ order homogeneous and non-homogeneous LDEs

h®) () +ve 1hPV(3) 4+ -+ 00" (3) + V1M (3) + voh(3) = 0 (1.2)

and
h® () +ve 1h(PV(;3) + -+ 00" (3) + v1h (3) + voh(3) = m(3) (1.3)

by using the Kamal integral transform method, where v,_1,...,V2,V1, Vg are scalars and h(3) is a contin-
uously differential function of exponential order.

2. Kamal transform

In this section, for any function h(3), we assume that the integral equation (1.1) exists. The sufficient
conditions for the existence of Kamal transform are that h(3) (3 > 0) is piecewise continuous and of
exponential order, otherwise, Kamal transform may or may not exist.

The Kamal transform of simple functions ae as follows.

1. Let h(3) = 1. By (1.1), we get

K(h(3)) = H() = L h(s)e ds =L e¥dy=v.

2. Let h(3) = 3. Then
K(h(3) = M) = | “hisle¥ds = | ~ e ds = w2
Let h(3) = 3® for any nonnegative integer ¢. Then

K(h(z))ZH(lb)zL h(z)e‘ﬁdzzjo 5“’6‘5d5=1b2<p(<p—1)J0 eV ;P 2dy = =Pl
3. Let h(3) = et. Then
o ] o0 =3 —v VP
KhG) =HW) = | hGlevd;=| etevd;= _ .
(3)) =) = | “hpleTds = | “evteda = 5 — 0
This result will be useful to find Kamal transform of
) a? U ) a? U
=——r = h =———— K h =
K(sin at) Tr a2y K(cos at) Tr g K(sinh at) T a2y (cosh at) 1= a2y?
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2.1. Properties of Kamal transforms

In this section, we discuss some basic properties of Kamal transform by using derivative methods of
various substitutions.

Theorem 2.1. Let H(ll)) be the Kamal transform of h(3). Then
'(3)) = yH) —h(0);

(i) K(h

(i) K(h"(5)) = éﬁmm $1(0) —h'(0);

(iii) K(h"(3)) = gsH(W) — gzh(0) — Fyh/(0) —h"(0);
(iv) K(h(®)(3)) = goHW) = X5 gterh¥(0)
Proof.

(i) By the definition, we have

(ii) By (i), we have

, © L, R DT | 1 1.
thn—L}IMewm—4wm+wgmm G0 = (W) — Fh(0) —R'(0)
(iif) By (ii), we have
KW (31) = | 1" 6)e dy =~ (0)+ 5HOb) = 50) = T0(0) =~ (0) + 7 H(Y) — h0)
0 T ¥ ¥ P2 ¥
1 1 1., ’
= @H(ll)) - @h(O) - Eh (0) —h (0).
(iv) By mathematical induction, we have
1 | .
mewnzw@mm—g%wkwﬂwwm.
This completes the proof. O

3. Preliminaries
We offer some common notations and concepts in this part that will help to support our key findings.

Definition 3.1. The Kamal integral transform of function h : [0, c0) — R is defined by

mhm)szﬂzjwhme?@,

where K is the Kamal integral transform operator.

Definition 3.2. The convolution of the functions h(3) and j(3) is defined by

3 3

MwﬂMSﬁthmm—ﬂM

}ﬂﬁ*ja)z(h*ﬂw)zj

0

Theorem 3.3. Assume that h(3) and j(3) are given functions defined on [0, o). If K(h =H() and K(j(3)) =
J(b), then K(h*j)(3) = H(W)J ().
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Proof. The convolution of the functions h and j of Kamal transform is given by

(o.¢] (o.¢] (o¢]

h(s)ds L i(3— s)e% d;.

K(h+j)(3) = J:o(h*j)?’eﬁd?’ B EOJ

h(s)j(3 —s)e ™ dsdy :J
0

0
Letting 3 — s =y, we have

(o¢]

K(hj)(s) = |

0

h(s)ds Jooj(t)e(f»“) dt = ro h(s)e ¥ ds ij(t)eiﬂ dt = H(W)J ().

0 0
This completes the proof. O

Definition 3.4. If K(h(3)) = H(), then h(3) is called the inverse Kamal transform of H({) and mathemat-
ically is defined as h(3) = K~1(H(W)).

Definition 3.5. The Mittag-Leffler function of one parameter is defined by
iy k
3
=) ,
= T(Bk+1)
where R(f3) > 0 is the real part of 3 and 3,3 € C. If 3 =1, then

E1(3) = Z Z% et.

k= 0 k=0

Throughout the following sections, we consider
H ={h:[0,00) = Klh is a continuously differentiable function of exponential order}.

Also, let o : [0,00) — (0,00) is an increasing function and m : [0,00) — oo is a continuous function of
exponential order.

Definition 3.6.
1. The LDE (1.2) has HUS (for class H) if there exists a function h € H and a constant K > 0 such that

RU2)(3) +vp1h(® D (3) + -+ v2h"(3) + v1R/(5) +voh(3)l < e, (3.1)
for any € > 0, for all 3 > 0. There exists a solution £ : [0, 00) — K of DE (1.2) such that

for all 3 > 0.
2. Let 0:[0,00) — (0,00). We say that (1.2) is said to have the cHUS, if

Ih(®)(3) + v 1h PV (3) 4+ - 420" (3) + V10 (3) + Voh(3)] < o(3)e, (3.2)

and |h(3) —£(3)| < Ko(3)e, £ € H, for any € > 0, for all 3 > 0.
3. Let Eg(3) be the Mittag-Leffler function. The LDE (1.2) is said to have the Mittag-Leffler-HUS, if

Ih(®)(3) + v RV (E) 4+ +0h" (3) +vih/(3) + voh(3)] < Ep(3)e, (3.3)

and [h(3) —£(3)] < KEg(3)e, for any € >0, for all 3 > 0.
4. The LDE (1.2) is said to have the Mittag-Leffler cHUS, if

R (3) + v 1h( @ (3) + - +v2h" (5) + V1R (5) + voh(5)l < 0(3)Ep (5)e, (3.4)
and [h(3) —£(3)] < Ko(3)Ep(3)e, forany e >0, for all 3 > 0

Similarly, we can define various stabilities of (1.3).
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4. Stability results of (1.2)

In this section, we prove several types of HUS of homogeneous LDE (1.2) of order ¢ by using the
Kamal transform.

Theorem 4.1. Let R(Lyp—1+ - +v2+v1 +vg) >0, where v, 1 + - + V2 +V1 + Vg is a constant. Then (1.2)
has HUS in the class H.

Proof. Assume that h € H satisfies (3.1). Define a function i: [0, 00) — K by
i(3) =h(®(3) +vp 1h® D (E) 4+ +vh" (3) +v1h/(5) + voh(3), V3 >0.
By (3.1) =, the inequality [i(3)| < €, 3 > 0 holds. Kamal transform of i(3) gives the result:

() = K(i(3)) = KL (3) + v 1h( @7V (3) + -+ 00" (3) + 011/ (3) + voh(3)]
= KR (3)] + 01 KM@ D (3)] + - - - + KM (3)] + v1KIR (3)] + voKIh(3)].

Since h(\) = K[h(3)] and

K(h'(3)) = ih(w) ~hO),
p 1 1 ,
K(h'(3)) = g7h() = S 1(0) —h/(0),
" 1 1 1 / "
K(h (5)) = @h(ll)) @h(o) - Eh (O) —h (O)/
1 °2 1
K VG = porh) - 2 e (0,
1 el 1
K(h®3) = ) = kZ_O e (0
Also,
I(WP) = 1 h 5 o h(%) (0 1 h - o h®) (0
() = Ghh) = X g0 +vo  gamhi) = 3 gm0
et (quh(w) — o) h/(0)> fur (jzh(w) — S0 h’(0)> T uoh(b), (4.1)
b W) + X5 greahM(0) +vp1 TP grmarm ™ (0) + - - + v h(0)v2R(0) + vih(0)

ﬁ +U(P—1# + - +U2$ +U1$ + Vo
If we put 3 = 0 in £(3) = e~ (Vo1++V2+014V0)31(0) € H, then £(0) = h(0). Takeing Kamal transform of
€(3), we obtain

S0 et 0 + o1 TG grmerar ) (0) 4+ 025 0)v2t(0) +11£(0) .

ﬁ—kv@,lﬁ—km—kvzﬁ +U1% + Vg

KIE@) (3) v 1PV (5) + -+ 020" (3) + 010 (3) +vol(3)]

~
=
o~
~
[SS
Nt
=
Il
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1 = » 1 1 »
= 3o X =) oot O Fve | gaX ) = ) sy ™0

k=0 k=0
1 1 1 1
- (wzxm)) — E(@(0) —8’(0)) +v1 <1b2X(1|)) — E(&(0) —(%’(0)) +vol(W).
So
oo 1 1 g 1 1
=% N’)_;_Ow—(k—@ﬂ) (0) 4+ Vg1 | GorX(W) kz_oﬂ) o0
1 1 1 1
+- 4 <¢2X(¢) — 52(0) —f’(0)> +u1 <¢2X(tb) — 56(0) —1 (0)> + Vol (V)
Hence
1 1 1 1
WX(‘-I))JFU@AWP TX() + +U2@X(¢)+U1$X(¢)+UOX(¢)
et 1 °2 1 1
k=0 k=0
Therefore,
1
X(Il)) |:1b(p +Ve 11,[’(3 1+ "+U2$2 +U1£L+U0:|
ot 1 1
=2 et O+ ve- 1Z et 0+ 2 L0l (0) +ur(0),
X() S0 g™ )(0)+v<p 1Zk 0 g € 0) + -+ 2 L0}V (0) + v1£(0)

w—q, —i—v(p_lw,,l + - -—i—vzé —|—v1$ + Vo
By (4.2), we have
K (3) + 01070 (3) + -+ 02t (3) + 018’ (3) + voll3)] = 0.
Since K is an injective operator, then
0O (3) + 0101 (3) - 02l (3) + 1 (5) + vok(5) =O.

So {(3) is a solution of (1.2). By (4.1) and (4.2), we obtain

I
K(h(3)) — K(£(3)) = i) — X() = — MW i) = K(iG) +16)),
W+U@*1W+”'+U2W+U1E+UO
where
1 1
W+U@7lw+"'+v2w+v]$+vo W+v@,1W+-~-+v2W+v1$+vo
Thus

1
) =K' {5 i o
W+U@_1W+"’+U2W+U1$+UO
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- - }
(1+vp 1+ + 02?2+ v1h @1+ ?)

_ g1 L
=K {1+(vq,1+m+v2+v1 +vo)(ll)+-~+1b“’_2+ll)"’_1+1I)‘P)}'

using inverse Kamal transform method. We know that

aty __ w at _ —1 4’
Kle )_1+av' ¢ K (1+av>'
So
1) = e—(v@71+-~~+vz+v1+vo)(3)_
Consequently,
K(h(3)) — K(€(3)) = K(i(3) * L(3))
and thus

Taking modulus on each sides, we have

3
hGs) — €3)] = [i3) #1(3)] = UO i(s)1 — s)ds

3 3

< | s -l < e | s - sl
0 0

Slnce 1(5) — ef(v(p71+"'+v2+vl+v0)(5) or 1(3) = eiR(U(pfl+"'+U2+Ul+v0)(3), we have

hG) -t <e r e R(ve btz a9)gg
0

N

€ J e*R(D(p,1+'"+D2+D1+U0)t+R(U(p,1+"'+U2+U1+D0)Sds
0

R(v(p,1+---+vz+v1+v0)sds

< €ee

3
7R(U¢,1+"'+U2+U1+D0]5 J e

0

< €ee

R 4.
LR (v 1 vat 01003 [ eR(Wep1+-+vatvi+vo)s _q ]
R(vq,,1—|—~-—i—v2 +v1 +vg)

|:eR(vq,1+---+v2+v1+vo]5eR(v@1+---+vz+v1+vo)3 efR(v(p,1+---+v2+v1+vg)5

R(v(p_1+---+v2+v1+v0) _R(U¢_1+"'+U2+U1+U0)
€
Rg—1+---+Vv2+V1+V9

N

) (1 o eR(U<p71+"'+U2+U1+v0)5> < K€,

where K = ¢ £ 7- Hence, (1.2) has HUS for the class H. O

Vp—1+-+V2+V1+V0—X%

Note: If R(vy—1 + - +V2+V1 +vg) <0, then

€
R(U(p71 + - +vy+v1+V0)

(1 o eR(U(p,1+"'+v2+U1+UO)3)

diverges to infinity as 3 — oo. In this case, we cannot prove the HUS by applying the Kamal transform
method.

Theorem 4.2. Let vy_1 + -+ V2 + V1 + Vg is a constant with R(Ly_1 + -+ V2 +V1 +v9) > 0 and o :
[0, 00) — (0, 00). Then (1.2) has cHUS for the class H.



S. Ponnurangan, et al., J. Math. Computer Sci., 33 (2024), 189-203 196

Proof. Leth € Hand o: [0, 00) — (0, c0) satisfying (3.4). Define i: [0,00) — K by
i(3) = (5) +ve-th®7V () + -+ 020" () +vih'(3) + voh(3)
such that [i(3)| < o(3)e, V 3 > 0. By Theorem 4.1, we can get
03) = e~ (Vo1 FUtvIE)ip(0) € H

is a solution of (1.2). On the other hand,

L(a) = e
- {(1 + Vg 1b+ A 0ab 2+ u T g ®) }

which gives

_ k1 Ve — o~ (Ve1t+tv2tVI+V0)3
l3) =K e -
(IT+veab+- - +v2p® 2 +v1p® T +vgh @)

Moreover, it follows from (4.1) and (4.2) that
()
ﬁ +U@71ﬁ + - +l)2& +U1$ + Vo

1)
(T+vp 1+ + 0P 2 +v1h @1 + 0 ?)
= T(WIL() = KIi(3) * U3)l,

Kh(z)] = K[t(3)] = h(b) = X() =

which yields that
Klh(3) — €(3)] = Ki(3) = 1(3)].

Therefore, h(3) —£(3) = i(3) * L(3) = i(3) x e~ (Vo1 FV2+v1+v0)3 By Theorem 4.1, we can get

h(3) — €(3)] = [i(g) » e~ (Do ruzrvrivy

3
J i(s)e—(v<p,1+-~~+v2+v1+vo) (3—s) ds
0

3
< 0_(3)eefk(v(p,1+-v-+v2+v1+vo) J eR(vq),1+--~+v2+v1+vo)sds < K0'(5)€,
0

for all 3 > 0, where K = g ——5 7707 -

Theorem 4.3. Let vy_1 + - +Vy +V1 +vg and B > 0 are constants with R(vy_1 + -+ + V2 +v1 +vg) > 0.
Then (1.2) has Mittag-Leffler-HUS for the class H.

Proof. Let h € H satisfies (3.3) and define i: [0,00) — K by
i(3) = h(®)(5) + v 1h!® 7D (3) + - +v2h" (3) + V1R (5) + Voh(s), V3> 0.
By (3.3), we have |i(3)| < €, V 3 > 0. Kamal transform of i(3) gives the result:

K[h(®)(3) +v¢,f1h("’*1) (3)+--- +vh” (3) +v1h/(3) +voh(3)]

—
—
<
[
Il
-~
—
=
—
(s
-
-
Il

1 =1 » 1 1 »
= o= 2 e MO Fven (qwlh(lp) Tl e “”)

S, <1§2h(¢) - fbh(O) - h’(0)> o (quh(“’) - 1})h(m - h’(O)) + ugh(1).
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Thus we get

+ Zk 0 mh( )(O) +U(P 1 Zk 0 mh(k) (O) + - +U2%h(0)v2h/(0) +U1h(0)

h(y) = I — T T
ll)(p +U(p711b¢,,1 + - +U2"~|)2 +U11|) + Vo

4.3)
If we put £(3) = e~ (Vo1 HV24V1+V0)5 K () € H, then €(0) = h(0). Kamal transform of {(3) gives that

() Y820 gt (0) +vp1 P55 gt (0) 4 -+ v2g € (0)v2(0) +v1€(0) wa
W+v@*1W+ '—1—1)2&4—1)1%%-1)0 . '

Thus it follows from (4.4) that

K(2(3)) = K@) (3) + 0o 1027V (3) 4 -+ 020" (3) + 018" (3) + VoL (3)]

1 el 1 » 1 °=2 1 »
= X0 X it M0 v e X it 0)
]_ 1 / ]- 1 /
I (Mxm)) LU (0)> o <¢2><(w) - Lo ¢ (0)> T uoll).

Since K is a injective operator, we have

0@ (3) + v 18PV (GE) + 0ol (3) + 1 (3) + vol(3) = 0.

If we set
L) = { we }
= 1+(v(p_1_|_,__+vz+v1+v0)(¢+...+11)(9—2+1b<p—1+¢(p) ’
then we get
1(3) = Kt { L } — e~ (Vo 1t-FVvatv1+V0) (3)
(1+vp_1h+- - +v2p@ 2+ vp@—T +vgp®)

By (4.3) and (4.4), we have

I()

1
Pe

+v
PP
{ 1+v(p W+ @2 v pe— 1+u01|)¢>)}
PIL[) = K(i(3) * 1(3)).

This gives h(3) —£(3) =1(3) * L(3) = 1(3) * e~ (o1t Fv24t01+00)(3) | Since |i(3)] < €Ep(3), 3> 0and Eg(3) is
increasing, then

h(3) — €(3)| = [i(3) x e (Vomrrrvarvieoy

3
J i(s)ef(v(p,1+~--+v2+v1+vo)(375)ds
0

3
< [[tsyemto oo s
0
R( ) ’ R( )
<Eﬁ(3)€e_ Vep—1++V2+V1+V0 J e V14 +v2+v1+v0 Sds
0



S. Ponnurangan, et al., J. Math. Computer Sci., 33 (2024), 189-203 198

< Eg(s)e (1_e—R(vm,1+~~-+vz+U1+Uo(5))3)
R(v(p,1 + -+ 41y +V1 + V)

< KEg(zle, V320,

. €
where K = R(vp_1+-+V2+V1+V0) " ]

Theorem 4.4. Let vy 1+ -+ +V2+v1 +vg and B > 0 are constants which R(vy—1 + -+ +V2+v1 +vg) >0
and o : [0,00) — (0,00). Then (1.2) has the Mittag-Leffler cHUS for the class H.

Proof. Let 0:[0,00) = (0,00) and h(3),£(3) € H satisfies (3.1). To prove: There exist a solution ¢ : [0, c0) —
K of (1.2) and K > 0 € Z (independent of €) such that

Ih(3) —€(3)] < Ko(3)eEp(3), V3=0.
Define i: [0, 00) — K by
i(3) = hl®)(3) +v(pflh((p_1)(3) 4+ voh (3) + 1R/ (3) + voh(3), V3 = 0.

Then [i(3)| < o(3)eEp(3), V 3 = 0. By the proof of Theorem 4.3, we can get

Ih(3) —L(3) = ‘i(g) * e*(“<ﬂ*1+"'+vz+v1+vo)3’

3
J i(s)e*(U(p71+"'+D2+U1+UU) (3—s) ds
0

< Jﬁ |i(s)||e—(v(p_1+~~+v2+v1+v0)(5—5)|ds
0
R(U@71+"'+U2+U1+Uo) Jz’ e*R(U@71+"'+U2+U1+v0)Sds
0
< 0(3)E5(5)€ (1 _e—R(v@,1+-~~+v2+v1+vo);,>
R(U(pfl + - 4+ vy +V1 + V)
< Ko(3)Ep(3)e, V3 >0,

< o(3)Ep(zlee

_ €
Whel‘e K= R(U(P71+.A.+U2—|—U1+UO] . ]

5. Stability results of (1.3)

In this section, we prove several types of HUS of non-homogeneous LDE (1.3) of order ¢ by using the
Kamal transform.

Theorem 5.1. Assume that m : [0,00) — oo is a continuous function and v y_1 + - - - +V2 +V1 + Vg is a constant
with R(uy—1 + - +v2 +v1 +vg) > 0. Then the LDE (1.3) has the HUS for the class H.

Proof. Let h € H satisfies HUS, for all 3 > 0. Define i : [0, 00) — K by
i(3) = K (3) +vp_1h !V (3) + - + 020" (3) + V1R (3) +voh(3) — m(3), V3> 0.

Then [i(3)| < €, V3 > 0 holds. Kamal transform of i(3) gives that

—
—
—
Il
~
—
Ll
—
(133
ki
-
Il

K[h(®)(3) —i—vq,flh(‘p’l)(g) +-- —i—vzh”(g) +v1h/(3) +voh(3) — m(3)].
This implies that

1) + X0 gm0 +vp1 T gmamn h ) (0) 4+ v2gh(0)v2h/(0) +v1h(0) + M(1h)

() = 1 1 1 1
To +U(p,11b(p,1 +"‘+U2w2 +U1¢ + v

(5.1)
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If we put 3 = 0in £(3) = e~ (Vo1 FU2tVIFVs () 4 (m(3) * e*(”w%*'"*vz*”l*”m), then £(0) = h(0)
and ¢ € H. Kamal transform of £(3) gives that

3050 et (0) + Vo1 TG ey ) (0) - 4 w2 0(0)u2¢ (0) + 11 £(0) + M(1h)

K((3)) = X() = d : —
W‘Fv(pflm +- "+U2W +U1$ + Vg

(5.2)
On the other hand,

K(e(3)) = KL (3) +vp 107D (3) 4+ -+ 020" (5) + 018 (3) + VoL (3)]

1 <~ 5 1 e | 5
= 3o X =) oot 0 Fuen (wa) —) et )(0)>

k=0 k=0
1 1 , 1 1 ,
et (qum - 0 (0)) +u; (wzxw) S LOR (0)> - opl().

By (5.2), we have

K@) (3) + v 1€V (3) + - + 020" (3) + 010 (3) + vol(3)] = M(1) = K[m(3)]
and thus
U9 (3) 4017 (5) - F 02k (3) + 018 (3) +vok(3) = m(3).
Hence {(3) is a solution of (1.3). By (5.1) and (5.2), we obtain
1
L4 Attt vt v
Pe (p—llbqpq 21])2 13y 0

K(h(3)) = K(L(3)) = h(p) = X() = I(P)

=1 L
= (11’){(1 _'_vq)11|)+...+U21p(9_2+1)11|)(p_1+v01|)(p)}
= I(W)L(WP) = K(i(3) * (3)),

_ P R
where L(a) = { (TR ———T—T e —r } This implies

_ k-1 ve _ o= (Vo1 FUatu+00)5
1(3) =K — — e .
(1+ve 1P +---+02p* 2 +v1 @1 +voPp®)

Therefore, we have
KIh(3) — €(3)] = K[A(3) * 1(3)] = K[i(3) * e~ Vo1t Fvatoitvols)

which yields
h(3) —£(3) = i(3) * e~ Vo1t F+Vvatv1+v0)5

Furthermore,
Ih(3) —L(3)l = ’i(g) * e*(”@71+"'+vz+v1+vo)z‘
3
i(s)e*(”«v*1+"'+vz+vl+vo)(3*5)ds
0

< J'z |i.(S)||€_(U‘P’1+M+U2+v1+v0)(3_5)|dS

3
< ee—R(vm_1+"'+Uz+U1+U0)J eR(v@_1+“'+Uz+l)1+Uo)SdS

0
< € (1 o e—R(v¢71+...+v2+v1+v0)3) < K€, vé > O,
R(U(pfl + - 4+ +V1 + V)

1 O
v¢,1+---+v2+v1+v0J :

where K = R
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Theorem 5.2. Let m : [0,00) — (0,00) is a continuous function, o : [0,00) — (0,00), and Vo1 + - +V2 +
V1 + Vg is a constant with R(Vy—1 + -+ -+ V2 + V1 +vg) > 0. Then (1.3) has cHUS for the class H.

Proof. Let h € H that satisfies cHUS. Define i: [0, 00) — K by
3) =h(®(3) Vo 1h!® I (E) 4+ +v2h" (3) + V10 (3) + voh(3) — m(3),
for all each 3 > 0. Then [i(3)| < o(3)e, V 3 > 0. It is not difficult to show that

)
=h() (5.3)
1) + Z¥50 grremrh (0 + 01 T P55 gorbaran (0] + -+ 4+ 02 h(0)u2h/(0) + 1R (0) + M(W)

ﬁ+v$,1ﬁ+-'-+vzﬁ +U1% + v

If we set
U(3) = e~ Worttvatvitvolsn o) 4 (m(a) * e’(”w**'"“ﬁ”ﬁ”(’)"’) ,

then ¢ € H. Further, applying the Kamal transform on both sides, we get

X() = i Wf ((0) +vp1 Y ¥ Wf“‘)(o) +~-+vz$€(0)vz€’(0) +v14(0) + M)
N W+U@—1W+"'+U2$+U1$+UO '
(5.4)
On the other hand,
K(2(3)) = K@) (3) + 0o 107D (3) 4 -+ 20" (3) + 018" (3) + VoL (3)]
! 5 Ly LY 5 Ly
1|)<PXN’) ];)W ( )+U<p—1 W (w)—];)w (0)
+ -4V <1§2X(11)) — 1})(’,(O) ) + v ( X(p) — —¢(0) —(’/(O)) +vol(W),
1 ¢l 1 1 ‘2 1
1 1
+---+1v <¢2X(11)) — $€(0) ) V1 (lsz — —(’, (0) — (8’(0)) + vl (V).

The relation (5.4) implies that
KIEP) (3) 4o 1097V (3) 4 - 02l (3) + 010/ (3) + vol(3)] = M() = K[m(3)]

and thus
0P (5) + 0o 1L PG 0l (3) 1l (3) +ol(3) = m(3).

That is, {(3) is a solution of (1.3). Using (5.3) and (5.4), we obtain

lﬁ—w+v¢_1ﬁ+---+v2$ +U1% +vo

P L
where L{a) = {(1+v(p 1B+ +0h P24 v1p P v @) } This gives

_r-1 pe — o (V1 +V2+V1+V0)3
1(3) =K e .
(T4+ve_1P+--- + 20?2 v~ v @)
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Therefore, we have
KIh(3) —£(3)] = K[L(3) * 1(3)] = K[i(3) % e~ Vo1t Fvatvitvols)

which yields
h(3) —(3) = i(3) e~ Vo1t Fvatvitvols,

Furthermore,

Ih(z) —€(3)| = ‘i(g) * e_(vw—1+"'+v2+v1+vo)5‘

3
J i(s)e—(vq,_1+~~+vz+v1+vo)(3—3)ds
0

3
< J |i(s)||ef(v(p,1+--~+vz+v1+vo)(375)|ds

< o(3)e (1 _ e—R(vq,,1+~~-+vz+v1+voJ5) < Ko(3)e,
Ry -1+ +v2+v1+ o)

_ 1
for all 3 > 0, where K = R(og 1T oo o0 O]

Theorem 5.3. Let m : [0,00) — (0, 00) is a continuous function and vy_—1+---+vV2 +v1 +vg and B > 0 are
constants with R(vy—1 + - - -+ V2 + V1 +vg) > 0. Then (1.3) has Mittag-Leffler-HUS for the class H.

Proof. Suppose that h € H satisfies the Mittag-Leffler-HUS and a function i : [0, 00) — K is defined by
i) = h'(3) + v () 4 +v2h" () +v10/(3) +voh(3) —m3),

for all 3 > 0. It follows from the Mittag-Leffler-HUS that [i(3)| < Eg(3)e, ¥ 3 > 0. Kamal transform of i(3)
yields that

—
—
<
—
I
~
—
=
—
LS8
-
—
Il

KIh(®) (3) +vp 1h PV (3) +- - +v2h" (3) +v1R'(3) +voh(3z) — m(3)].

If we set
0;) = e_(v(p71+"‘+v2+vl+v0)5h(0) + (m(é) % e—(v<p71+..4+vz+v1+vo)3) €H,

then £(0) = h(0). Kamal transform of £(3) gives that

800 et (0) + o1 TP e € (0) 4+ va g (0)uat!(0) +v1£(0) + M(W)
ll)%-i—v(p,]ﬁ—i—---—f—vzﬁ—i—vl%-i-vo .

(5.5)
On the other hand,

K(€(3)) = KIE'P) (3) + 0o 10P7D(3) + - 020" (3) + 01" (3) +v0l(3)]

1 el 1 ) 1 °=2 1 )
= o Xl - kZ_O et O+ ven | oXb) - kZ_O p et O
PRSI (lﬁzxw) - ie(m - 2’(0)) . (lﬁzxw - fpe(m —e’(0)> +upl().

By (5.2), we have

KL (3) v 10V (5) 4+ 402" (3) 010 (3) +v0l(3)] = M() = K[m(3)]
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and thus
0P (5) + 0o 18PV (G) 4 0l (5) 1l (3) +vol(3) = m(3).

Hence {(3) is a solution of (1.3). By (5.5), we get

1
1 _1 1 1
9o T Vo101 +"'+U2w2 +U11|, + Vo

K(h(3)) —=K(€(3)) = h(p) = X() = ()

iI ll)(p
- ("’){mv@1¢+---+vzw@—2+v1¢‘f"l+v01|)“’)}
= I(P)L(WP) = K(i(3) * L(3)),

_ P o
where L(a) = { (TR ——————T —r } This gives
13) =K ! { e } = =Vt uo;,
(I+vp 1+ + 0P 2 +01h @1 + 09 )

Therefore, we have
K[h(3) — ()] = K[i(3) * 1(3)] = K[i(3) x e~ (VomrTvatorivols),

which yields
h(3) —£(3) = i(3) * e~ Vo1t FVaFv1+V0)5

Furthermore,
h(z) —0(3)| = ‘i(g) o oot burt ool

3
J i(s)e—(vq,,1+'“+1)2+v1+1)0)(3—5)ds
0

3
< J |:L(S)||e—(v<p,1+~~~+v2+v1+vo)(3—5)|ds

0
o Eg(s)e
T R(vp_1+-+v2+v1 + Vo)

(1 _ e_R(U(p71+~~+v2+U1+UO)5) < KEB (3)€

1
Vp-1t+-+V2+V1+Vg

for all 3 > 0, where K = R 7- This completes the proof. O

Theorem 5.4. Let m : [0,00) — (0, 00) is an continuous function, o : [0,00) — (0,00), and vy_—1+ -+ +V2 +
V1 +vg and B > 0 are constant with R(vy_1 + -~ +v2 +v1 +vg) > 0. Then (1.3) has the Mittag-Liffler cHUS
for the class H.

Proof. Let h € H and satisfy the cHUS. It is to be proved that there exist a solution ¢ : [0, c0) — K of (1.3)
and a constant K > 0 (independent of €) such that

Ih(3) —€(3)| < Ko(3)eEp(3), V3 =0.
Define i: [0, 00) — K by
i(3) =h®(3) +ve 1h® V() + -+ 20" (3) +v1h'(3) + voh(3) —m(3), V3>0,

then [i(3)| < o(3)eEp(3), ¥ 3 = 0. By the proof of Theorem 5.3, there exists a solution £ : [0, co) — K of (1.3)
such that

h(3) — £(3)| = |i(3) x e Vot trtvatvitos
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3
J i(s)ef(v(p,1+--~+v2+v1+vo) (3—s) ds
0

< Jz |i(s)||e_(v<pfl+“'+v2+‘)1+v0)(5_S)|ds
0

< G(ﬁ)eEB (3) (1 - e*R(U(p71+"'+U2+U1+UO)3>
R(Lp—1+ - +Vv24+v1+v0)

< Ko(z)ekp(3), V3520,

1
R(vp_1+--+v2+v1+vg

where K = 7- This completes the proof. O

6. Conclusion

This manuscript discussed the Kamal transform for non-homogeneous and homogeneous linear dif-
ferential equations. Using this unique integral transform, we resolve higher-order linear differential equa-
tions. Alternatively, it produced the conditions required for HUS by using the Kamal transform to show
that a linear differential equation is stable. The Kamal transform method is more useful for investigating
the stability problem for LDEs with constant coefficients, as this study also showed. The discussion of ap-
plications follows to illustrate our approach. Moreover, this paper provided a new method to investigate
the HUS of linear differential equations.
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