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Abstract
The fractional integro-differential equations are presented here, together with the novel definitions of the Caputo and

Fabrizio differential operators and the q-Riemann-Liouville integral operator. In order to determine whether or not a solution
does in fact exist, we employ the Schauder fixed point theorem. We discuss how the solution is unique and how it constantly
depends on the constant in the nonlocal condition. In addition to this, a numerical solution to the problem will be found by
employing a hybrid approach that combines the forward finite difference and trapezoidal approaches. In conclusion, in order to
confirm the primary findings, three examples will be provided as illustrations.
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1. Introduction

There is a long history of fractional and quantum calculus (q-calculus). Jackson was the first to de-
velop the q-calculus [13]. The properties of q-calculus and its basic definitions can be found in books
[5, 15]. The q-calculus is a new branch of mathematics in which the derivative of a real function has no
limits. The q-calculus and fractional calculus are generalisations of ordinary calculus. The q-calculus and
fractional calculus can be used to describe a wide range of phenomena in real life [19]. Many researchers
have recently dedicated themselves to the study of q-fractional differential equations. Ahmad et al. in
[1, 8] used the fixed point theory to investigate the existence and uniqueness of some differential equa-
tions, including the fractional q derivative of the Caputo type with the nonlcal integral condition and the
fractional q integral and fractional q derivative of the Riemann-Liouville type with the q integral condi-
tion. On the other hand, there are many definitions for fractional calculus, but the derivatives of Caputo
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and Riemann-Liouville are the most commonly used. In [22] Shivaniana and Dinmohammadi studied
the existence and uniqueness of a particular class of high-order nonlinear fractional integrodifferential
equations involving Rieman-Liouville fractional derivatives. Gameel in [14] investigated the existence of
a fractional Caputo-integro differential equation containing the Voltera and Fredholm integrals using the
fixed point technique. Recently, Fabrizio and Caputo proposed a new definition for fractional deriva-
tion with an exponentially decaying kernel [7]. Several researchers attempted to use it in studying the
existence and uniqueness of some fractional differential equations [6, 23]. Many researchers have been
interested in the numerical and analytical solutions for various types of integro-differential equations. In
[9], the authors examined the possibility of finding a unique solution to the Fredholm integro-differential
equation with an initial condition. They used the method of direct computation to find the exact solution
and the method of Simpson’s finite difference to solve it numerically. The authors of [20] studied the
second-order Volterra-Fredholm integro-differential equation with initial and nonlocal conditions, and
they used the finite-trapezoidal method to obtain the solution to it numerically. The authors of [10]
discussed the solution’s existence and uniqueness, as well as the continuous dependence of α0 for the
fractional q-integro differential equation:

z ′′(σ) = κ

(
σ, z(σ), Iσqµ(σ, z ′(σ))

)
, σ ∈ (0, 1], (1 − q)ρ

ζ∑
i=0

qiz(qiρ) = α0, z ′(0) = β0, ρ ∈ (0, 1].

In addition, they solved it numerically using the cubic B-spline-trapezoidal and finite-trapezoidal meth-
ods. The authors of [11] discussed the following equation:

z ′′(σ) = κ

(
σ, z(σ),CFDαz(σ), Iσqµ(σ, z ′(σ))

)
, σ ∈ (0, 1],

(1 − q)ρ

ζ∑
i=0

qiz(qiρ) = α0, z ′(0) = β0, ρ ∈ (0, 1].

They discussed its existence and uniqueness, as well as how they obtained its approximate solution using
finite-trapezoidal and cubic-trapezoidal methods. In [4] the author studied the following equation, which
contains the fractional derivative and integral of Caputo-Fabrizio in addition to the fractional q integral
of the Riemann-Liouville type:

z ′′(σ) = κ

(
σ, z ′(σ),CFIα0z ′(σ), z(σ),CFDβ0z(σ), Iγ0

q µ(σ, z ′(σ))
)

, σ ∈ (0, 1],

(1 − q)ρ

ζ∑
i=0

qiz(qiρ) = α0, z ′(0) = β0, ρ ∈ (0, 1].

Furthermore, they discussed some different coupled systems of fractional q integro-differential equations
numerically and analytically [2, 3, 12].

This paper will discuss the following nonlocal fractional q-integro-differential equation:

CFDαz(σ) = f

(
τ, z(σ),CFDβz(σ), Iγqz(σ)

)
, σ ∈ (0, 1], (1.1)

(1 − q)ρ

ζ∑
i=0

qiz(qiρ) = C0, ρ ∈ (0, 1], (1.2)

where CFDαz(σ),CFDβz(σ) are the Caputo-Fabrizio fractional derivative of the unkwon function z(σ), Iγq
is the fractional q-integral of the Riemann Liouville of order γ > 0, and q,α,β ∈ (0, 1).

The following is how this manuscript is organized. In Section 2, we review some important definitions
and lemmas. The existence of the solution will be investigated in Section 3. The uniqueness of the solution
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will be introduced in Section 4. Also, the continuous dependence on the constant C0 will be studied in
Section 5. We give a summary of the finite-trapezoidal method that will be used in our paper in Section
6. In addition, Section 7 introduces three examples. Section 8 provides the conclusion.

2. Preliminaries

First, we go over some key definitions and lemmas that will be useful throughout this paper.

Definition 2.1 ([15]). For each q ∈ (0, 1), we can define the real number σ as

[σ]q =
1 − qσ

1 − q
.

Definition 2.2 ([15]). We can define the q-derivative of any function z(σ) as:

(Dqz)(σ) =
z(σ) − z(qσ)

σ− qσ
, lim

q→1
Dqz(σ) =

dz(σ)

dσ
.

Definition 2.3 ([1]). The q-integral of the Riemann-Liouville fractional for any function z(σ) is given by

(Iγqz)(σ) =

{
z(σ), γ = 0,

1
Γq(γ)

∫σ
0 (σ− qs)

(γ−1)z(s)dqs, γ > 0, (2.1)

where Γq(γ) =
(1−q)(γ−1)

(1−q)γ−1 and satisfies Γq(γ+ 1) = [γ]qΓq(γ),

(σ− σ)(0) = 1, (σ− σ)(υ) =

υ−1∏
j=0

(σ− qjσ),υ ∈N, (σ− σ)(ρ) = σρ
∞∏
j=0

(σ− qjσ)

(σ− qj+ρσ)
, ρ ∈ R.

Lemma 2.4 ([1]). Using q-integration by parts, for any γ > 0, we obtain

(Iγq1)(σ) =
σ(γ)

Γq(γ+ 1)
.

Definition 2.5 ([7]). Let 0 < β < 1, z(σ) ∈ H1(c,d). Then, we can define the fractional derivative of
Caputo-Fabrizio of order β of a function z(σ) as

CFDβz(σ) =
N(β)

1 −β

∫σ
0
e−

β
1−β (σ−s)z ′(s)ds,

where N(β) is a normalisation function with the property that N(0) = N(1) = 1.
Both Losada and Nieto are modified from the above definition later as follows ([17]):

CFDβz(σ) =
(2 −β)N(β)

2(1 −β)

∫σ
0
e−

β
1−β (σ−s)z ′(s)ds.

They showed that N(β) = 2
2−β , ∀β ∈ (0, 1). Therefore,

CFDβz(σ) =
1

(1 −β)

∫σ
0
e−

β
1−β (σ−s)z ′(s)ds. (2.2)

Lemma 2.6 ([17]). The unique solution for the following problem CFDβz(σ) = η(σ), β ∈ (0, 1), is provided by
z(σ) = z(0) + (1 −β)(η(σ) − η(0)) +β

∫σ
0 η(s)ds.

Theorem 2.7 ([18]). Let z(σ) ∈ C1[c,d]. Then, CFDβz(σ) ∈ C1[c,d].
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Lemma 2.8. Suppose that z(σ),ω(σ) ∈ C[0, 1]. Therefor, |CFDβz(σ) − CFDβω(σ)| = 2−β
(1−β)2 ‖z−ω‖.

Proof.

CFDβz(σ) =
1

1 −β

∫σ
0
e−

β
1−β (σ−s)z ′(s)ds

=
1

1 −β
e−

β
1−β (σ−s)z(s)|σ0 −

1
1 −β

∫σ
0

β

1 −β
e−

β
1−β (σ−s)z(s)ds

=
1

1 −β
z(σ) −

1
1 −β

e−
βσ

1−β z(0) −
β

(1 −β)2

∫σ
0
e−

β
1−β (σ−s)z(s)ds,

and so,

|CFDβz(σ) − CFDβω(σ)| 6
1

1 −β
|z(σ) −ω(σ)|+

1
1 −β

e−
βσ

1−β |z(0) −ω(0)|

+
β

(1 −β)2

∫σ
0
e−

β
1−β (σ−s)|z(s) −ω(s)|ds

6
2

1 −β
‖z−ω‖+ β

(1 −β)2 ‖z−ω‖ =
2 −β

(1 −β)2 ‖z−ω‖.

Lemma 2.9. The solution of the nonlocal problem (1.1)-(1.2) can be represented as

z(σ) =Ω

[
C0 − (1 −α)(1 − q)ρ

ζ∑
i=0

qiη(qiρ) −α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
η(s)ds

]
+ (1 −α)η(σ) +α

∫σ
0
η(s)ds,

(2.3)

where Ω = 1
(1−q)ρ

∑ζ
i=0 q

i
and η(σ) = f

(
σ, z(σ),CFDβz(σ), Iγqz(σ)

)
.

Proof. Using Lemma 2.6, we can get the solution of equation (1.1) as

z(σ) = z(0) + (1 −α)(η(σ) − η(0)) +α
∫σ

0
η(s)ds, σ ∈ (0, 1]. (2.4)

To determine z(0), we use the nonlocal condition (1.2). Then,

(1 − q)ρ

ζ∑
i=0

qiz(qiρ) = z(0)(1 − q)ρ

ζ∑
i=0

qi + (1 −α)(1 − q)ρ

ζ∑
i=0

qi(η(qiρ) − η(0))

+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
η(s)ds.

Therefore, we obtain

z(0) = Ω
[
C0 − (1 −α)(1 − q)ρ

ζ∑
i=0

qi(η(qiρ) − η(0)) −α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
η(s)ds

]
. (2.5)

From (2.4) and (2.5), we can get (2.3).
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3. Existence of solution

It is worth noting that the space B = C[0, 1]={z : z(σ) is continuous onD = [0, 1] : ‖z‖ = maxσ∈D |z(σ)|}.
The following assumptions are required for the following analysis:

1. f : D×R3 → R is a Carathéodory function, that is, it possesses the two properties listed below:
(i) for any σ ∈ D, f(σ, .) is continuous;

(ii) for any z ∈ R, f(., z) is measurable;
2. there exist a function G(σ) ∈ B and a positive constants b > 0, such that ∀z, x,y ∈ R, we have

|f(σ, z, x,y)| 6 G(σ) + b|z|+ b|x|+ b|y|.

3. G∗ = supσ∈DG(σ).

Theorem 3.1. If the conditions 1-3 are satisfied and in addition,

2b
(

1 +
(2 −β)

(1 −β)2 +
1

Γq(γ+ 1)
(1 −α+

α

(γ+ 1)
)

)
< 1,

hence, (1.1)-(1.2) posses a solution at least given by z(σ) ∈ B.

Proof. The H operator associated with (2.3) can be defined as

Hz(σ) =
1

(1 − q)ρ
∑ζ
i=0 q

i

[
C0 − (1 −α)(1 − q)ρ

ζ∑
i=0

qif

(
qiρ, z(qiρ),CFDβz(qiρ), Iγqz(q

iρ)

)

−α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
f

(
s, z(s),CFDβz(s), Iγqz(s)

)
ds

]
+ (1 −α)f

(
σ, z(σ),CFDβz(σ), Iγqz(σ)

)
+α

∫σ
0
f

(
s, z(s),CFDβz(s), Iγqz(s)

)
ds.

We will use the Schauder fixed point theorem to investigate that the operator H has a fixed point. Let
Dr = {z(σ) ∈ R : ‖z‖C 6 r}, where

r =

|C0|

(1−q)ρ
∑ζ
i=0 q

i
+ 2G∗

1 −

(
2b(1 +

(2−β)
(1−β)2 +

1
Γq(γ+1)(1 −α+ α

(γ+1))

) .

We show that H : Dr → Dr. Then, for any arbitrary element z(σ) ∈ Dr, using Lemmas 2.4 and 2.8 and
assumptions 1-3, we get

|Hz(σ)| =

∣∣∣∣ 1

(1 − q)ρ
∑ζ
i=0 q

i

[
C0 − (1 −α)(1 − q)ρ

ζ∑
i=0

qif

(
qiρ, z(qiρ),CFDβz(qiρ), Iγqz(q

iρ)

)

−α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
f

(
s, z(s),CFDβz(s), Iγqz(s)

)
ds

]
+ (1 −α)f

(
σ, z(σ),CFDβz(σ), Iγqz(σ)

)
+α

∫σ
0
f

(
s, z(s),CFDβz(s), Iγqz(s)

)
ds

∣∣∣∣
6

1

(1 − q)ρ
∑ζ
i=0 q

i

[
|C0|+ (1 −α)(1 − q)ρ

ζ∑
i=0

qi
∣∣∣∣f(qiρ, z(qiρ),CFDβz(qiρ), Iγqz(q

iρ)

)∣∣∣∣
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+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0

∣∣∣∣f(s, z(s),CFDβz(s), Iγqz(s))∣∣∣∣ds]
+ (1 −α)

∣∣∣∣f(σ, z(σ),CFDβz(σ), Iγqz(σ)
)∣∣∣∣+α ∫σ

0

∣∣∣∣f(s, z(s),CFDβz(s), Iγqz(s))∣∣∣∣ds
6

|C0|

(1 − q)ρ
∑ζ
i=0 q

i
+

1

(1 − q)ρ
∑ζ
i=0 q

i

[
(1 −α)(1 − q)ρ

ζ∑
i=0

qi
(
G∗ + b|z(qiρ)|

+ b|CFDβz(qiρ)|+ bIγq|z(q
iρ)|

)
+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0

(
G∗ + b|z(s)|+ b|CFDβz(s)|

+ bIγq|z(s)|

)
ds

]
+ (1 −α)

(
G∗ + b|z(σ)|+ b|CFDβz(σ)|+ bIγq|z(σ)|

)
+α

∫σ
0

(
G∗ + b|z(s)|+ b|CFDβz(s)|+ bIγq|z(s)|

)
ds

6
|C0|

(1 − q)ρ
∑ζ
i=0 q

i
+ (1 −α)G∗ + (1 −α)b‖z‖+ b(1 −α)(2 −β)

(1 −β)2 ‖z‖+ b(1 −α)

Γq(γ+ 1)
‖z‖

+αG∗ +αb‖z‖+αb 2 −β

(1 −β)2 ‖z‖+
αb‖z‖

(γ+ 1)Γq(γ+ 1)
+ (1 −α)G∗ + (1 −α)b‖z‖

+
b(1 −α)(2 −β)

(1 −β)2 ‖z‖+ b(1 −α)

Γq(γ+ 1)
‖z‖+αG∗ +αb‖z‖+αb 2 −β

(1 −β)2 ‖z‖+
αb‖z‖

(γ+ 1)Γq(γ+ 1)

6
|C0|

(1 − q)ρ
∑ζ
i=0 q

i
+ 2(1 −α)G∗ + 2αG∗ +

(
2b(1 −α) +

2b(1 −α)(2 −β)

(1 −β)2 +
2b(1 −α)

Γq(γ+ 1)

+ 2αb+ 2αb
2 −β

(1 −β)2 +
2αb

(γ+ 1)Γq(γ+ 1)

)
‖z‖

6
|C0|

(1 − q)ρ
∑ζ
i=0 q

i
+ 2G∗ +

(
2b+

2b(2 −β)

(1 −β)2 +
2b

Γq(γ+ 1)
(1 −α+

α

(γ+ 1)
)

)
‖z‖ = r.

Therefore, ‖Hz‖ 6 r for every z(σ) ∈ Dr, which implies that H : Dr → Dr and {Hz(σ)} is uniformly
bounded in Dr. Now, we prove that H operator is equicontinuous. Let σ1,σ2 ∈ (0, 1] such that σ1 < σ2;
thus,

|Hz(σ2) −Hz(σ1)| 6 (1 −α)

∣∣∣∣f(σ2, z(σ2),CFDβz(σ2), Iγqz(σ2)

)
− f

(
σ1, z(σ1),CFDβz(σ1), Iγqz(σ1)

)∣∣∣∣
+α

∣∣∣∣ ∫σ2

0
f

(
s, z(s),CFDβz(s), Iγqz(s)

)
ds−

∫σ1

0
f

(
s, z(s),CFDβz(s), Iγqz(s)

)
ds

∣∣∣∣
6 (1 −α)

∣∣∣∣f(σ2, z(σ2),CFDβz(σ2), Iγqz(σ2)

)
− f

(
σ1, z(σ1),CFDβz(σ1), Iγqz(σ1)

)∣∣∣∣
+α

∫σ2

σ1

∣∣∣∣f(s, z(s),CFDβz(s), Iγqz(s))∣∣∣∣ds.
Clearly, |Hz(σ2) −Hz(σ1)| → 0, as σ1 → σ2. Hence, {Hz(σ)} is equi-continuous in the set Dr. Let zn(σ) ∈
Dr, zn(σ)→ z(σ)(n→∞), therefore the continuity of function f implies that f(σ, zn, xn,yn)→ f(σ, z, x,y)
as n→∞. Also,

lim
n→∞Hzn(σ)

= lim
n→∞

[
1

(1 − q)ρ
∑ζ
i=0 q

i

[
C0 − (1 −α)(1 − q)ρ

ζ∑
i=0

qif

(
qiρ, zn(qiρ),CFDβzn(qiρ), Iγqzn(q

iρ)

)
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−α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
f

(
s, zn(s),CFDβzn(s), Iγqzn(s)

)
ds

]
+ (1 −α) lim

n→∞ f
(
τ, zn(σ),CFDβzn(σ), Iγqzn(σ)

)
+α lim

n→∞
∫σ

0
f

(
s, zn(s),CFDβzn(s), Iγqzn(s)

)
ds

]
.

Using the assumption 1 and the theorem of Lebesgue-dominated convergence [16], then

lim
n→∞Hzn(σ) =

[
1

(1 − q)ρ
∑ζ
i=0 q

i

[
C0 − (1 −α)(1 − q)ρ

ζ∑
i=0

qi lim
n→∞ f

(
qiρ, zn(qiρ),CFDβzn(qiρ),

Iγqzn(q
iρ)

)
−α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0
lim
n→∞ f

(
s, zn(s),CFDβzn(s), Iγqzn(s)

)
ds

]
+ (1 −α) lim

n→∞ f
(
σ, zn(σ),CFDβzn(σ), Iγqzn(σ)

)
+α

∫σ
0

lim
n→∞ f

(
s, zn(s),CFDβzn(s), Iγqzn(s)

)
ds

]
= Hz(σ).

Then, Hzn(σ) → Hz(σ) as n → ∞. Therefore, the operator H is continuous in Dr. As a result, using the
Arzela-Ascoli and Schauder fixed theorems, we conclude that (1.1)-(1.2) has a solution at least given by
z(σ) ∈ B.

4. Uniqueness of the solution

(a) Let f : D×R3 → R is continuouse and measurable ∀z, x,y ∈ R for almost all σ ∈ D and satisfies the
following Lipschitz condition:

|f(σ, z, x,y) − f(σ, z1, x1,y1)| 6 b|z− z1|+ b|x− x1|+ b|y− y1|.

Theorem 4.1. Let the assumption (a) be satisfied, then the problem (1.1)-(1.2), posses one solution.

Proof. Assume that z(σ),ω(σ) be two solutions of (1.1)-(1.2), therefore

|z(σ) −ω(σ)| 6
1

(1 − q)ρ
∑ζ
i=0 q

i

[
(1 −α)(1 − q)ρ

ζ∑
i=0

qi
∣∣∣∣f(qiρ,ω(qiρ),CFDβω(qiρ), Iγqω(qiρ)

)
− f

(
qiρ, z(qiρ),CFDβz(qiρ), Iγqz(q

iρ)

)∣∣∣∣
+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0

∣∣∣∣f(s,ω(s),CFDβω(s), Iγqω(s)

)
− f

(
s, z(s),CFDβz(s), Iγqz(s)

)∣∣∣∣ds]
+ (1 −α)

∣∣∣∣f(σ, z(σ),CFDβz(σ), Iγqz(σ)
)
− f

(
σ,ω(σ),CFDβω(σ), Iγqω(σ)

)∣∣∣∣
+α

∫σ
0

∣∣∣∣f(s, z(s),CFDβz(s), Iγqz(s))− f

(
s,ω(s),CFDβω(s), Iγqω(s)

)∣∣∣∣ds
6

1

(1 − q)ρ
∑ζ
i=0 q

i

[
(1 −α)(1 − q)ρ

ζ∑
i=0

qi
(
b|ω(qiρ) − z(qiρ)|+ b|CFDβω(qiρ)

− CFDβz(qiρ)|+ bIγq|ω(qiρ) − z(qiρ)|

)
+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0

(
b|ω(s) − z(s)|
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+ b|CFDβω(s) − CFDβz(s)|+ bIγq|ω(s) − z(s)|

)
ds

]
+ (1 −α)

(
b|z(σ) −ω(σ)|+ b|CFDβz(σ) − CFDβω(σ)|+ bIγq|z(σ) −ω(σ)|

)
+α

∫σ
0

(
b|z(s) −ω(s)|+ b|CFDβz(s) − CFDβω(s)|+ bIγq|z(s) −ω(s)|

)
ds

6

(
2b+ 2b

(2 −β)

(1 −β)2 +
2b(1 −α)

Γq(γ+ 1)
+

2bα
(γ+ 1)Γq(γ+ 1)

)
‖ω− z‖.

Hence, [
1 − 2b

(
1 +

(2 −β)

(1 −β)2 +
1

Γq(γ+ 1)
((1 −α) +

α

(γ+ 1)
)

)]
‖ω− z‖ 6 0.

Since 2b
(

1 +
(2−β)
(1−β)2 +

1
Γq(γ+1)((1 −α) + α

(γ+1))

)
< 1, then ω(σ) = z(σ). Therefore, the problem (1.1)-(1.2)

possess one solution z(σ) that belongs to B.

5. Continuous reliance

In the following part, we will investigate the continuous dependency of a solution on a constant that
will be designated by C0.

5.1. Continuous reliance on C0.

Definition 5.1. z(σ) ∈ B is a solution of (1.1)-(1.2) and is a continuous dependence on C0, if for all ε > 0,
there exist δ0(ε) such that |C0 −C

∗
0 | < δ0 ⇒ ‖z− z∗‖ < ε, where z∗(σ) is the solution for the following:

Dαz∗(σ) = f

(
σ, z∗(σ),CFDβz∗(σ), Iγqz

∗(σ)

)
, σ ∈ (0, 1], (5.1)

(1 − q)ρ

ζ∑
i=0

qiz∗(qiρ) = C∗0 . (5.2)

Theorem 5.2. If all three of the requirements of the Theorem (4.1) are met, then the solution of (1.1)-(1.2) is
inextricably linked to the variable C0.

Proof. Assume that z(σ) and z∗(σ) are two solutions of (1.1)-(1.2) and (5.1)-(5.2), respectively. Then,

|z(σ) − z∗(σ)| 6
1

(1 − q)ρ
∑ζ
i=0 q

i
|C0 −C

∗
0 |+

1

(1 − q)ρ
∑ζ
i=0 q

i

[
(1 −α)(1 − q)ρ

×
ζ∑
i=0

qi
∣∣∣∣f(qiρ, z∗(qiρ),CFDβz∗(qiρ), Iγqz

∗(qiρ)

)
− f

(
qiρ, z(qiρ),CFDβz(qiρ), Iγqz(q

iρ)

)∣∣∣∣
+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0

∣∣∣∣f(s, z∗(s),CFDβz∗(s), Iγqz∗(s))
− f

(
s, z(s),CFDβz(s), Iγqz(s)

)∣∣∣∣ds]+ (1 −α)

∣∣∣∣f(σ, z(σ),CFDβz(σ), Iγqz(σ)
)

− f

(
σ, z∗(σ),CFDβz∗(σ), Iγqz

∗(σ)

)∣∣∣∣+α ∫σ
0

∣∣∣∣f(s, z(s),CFDβz(s), Iγqz(s))
− f

(
s, z∗(s),CFDβz∗(s), Iγqz

∗(s)

)∣∣∣∣ds
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6
|C0 −C

∗
0 |

(1 − q)ρ
∑ζ
i=0 q

i
+

1

(1 − q)ρ
∑ζ
i=0 q

i

[
(1 −α)(1 − q)ρ

ζ∑
i=0

qi
(
b|z∗(qiρ) − z(qiρ)|

+ b|CFDβz∗(qiρ) − CFDβz(qiρ)|+ bIγq|z
∗(qiρ) − z(qiρ)|

)
+α(1 − q)ρ

ζ∑
i=0

qi
∫qiρ

0

(
b|z∗(s) − z(s)|+ b|CFDβz∗(s) − CFDβz(s)|+ bIγq|z

∗(s) − z(s)|

)
ds

]
+ (1 −α)

(
b|z(σ) − z∗(σ)|+ b|CFDβz(σ) − CFDβz∗(σ)|+ bIγq|z(σ) − z

∗(σ)|

)
+α

∫σ
0

(
b|z(s) − z∗(s)|+ b|CFDβz(s) − CFDβz∗(s)|+ bIγq|z(s) − z

∗(s)|

)
ds

6
δ0

(1 − q)ρ
∑ζ
i=0 q

i
+

(
2b+ 2b

(2 −β)

(1 −β)2 +
2b(1 −α)

Γq(γ+ 1)
+

2bα
(γ+ 1)Γq(γ+ 1)

)
‖z− z∗‖.

Hence,

‖z− z∗‖ 6
δ0

(1−q)ρ
∑ζ
i=0 q

i

1 − 2b
(

1 +
(2−β)
(1−β)2 +

1
Γq(γ+1)(1 −α+ α

(γ+1))

) .

Therefore, the solution of (1.1)-(1.2) is continuously dependent on C0.

6. Methodology of numerical technique

Now, we use the merge of the forward finite difference with the trapezoidal methods to solve the
problem (1.1)-(1.2) numerically. To begin, we can write the problem (1.1)-(1.2) as follows:

CFDαz(σ) − bϕ(z(σ)) − bCFDβz(σ) − bIγqz(σ) = G(σ), (1 − q)ρ

ζ∑
i=0

qiz(qiρ) = C0. (6.1)

Using (2.1) and (2.2), then (6.1) may be written as follows:

1
1 −α

∫σ
0
e

−α(σ−s)
1−α z ′(s)ds− bϕ(z(σ)) −

b

1 −β

∫σ
0
e

−β(σ−s)
1−β z ′(s)ds−

b

Γq(γ)

∫σ
0
(σ− qs)(γ−1)z(s)dqs = G(σ),

(6.2)
where ϕ(z(σ)) is the nonlinear term of the unknown function z(σ). Now, we divide the interval of
integration [0,σ] of equation (6.2) into µ equal subintervals. The width of it is given by h = σi/i, [21].

To simplify, we take zi = z(σi), z ′j = z ′(sj), Gi = G(σi), Kij = 1
1−αe

−α(σi−sj)

1−α , Yij = b
1−βe

−β(σi−sj)

1−β , and
Xij =

b
Γq(γ)

(σi − qsj)
(γ−1). Then, we can write (6.2) as follows:∫σi

0
Kijz

′
jds− bϕ(zi) −

∫σi
0
Yijz

′
jds−

∫σi
0
Xijzjdqs = Gi. (6.3)

To get the numerical solution of (6.3), we approximate the integral part of it by using the trapezoidal
method and the derivative part by using the forward finite difference method as follows:∫σi

0
Kijz

′
jds ≈

h

2

[
Ki0z

′
0 + 2

i−1∑
j=1

Kijz
′
j +Kiiz

′
i

]
,

∫σi
0
Yijz

′
jds ≈

h

2

[
Yi0z

′
0 + 2

i−1∑
j=1

Yijz
′
j + Yiiz

′
i

]
,

∫σi
0
Xijzjds ≈

h

2

[
Xi0z0 + 2

i−1∑
j=1

Xijzj +Xiizi

]
, v ′j ≈

vj+1 − vj
h

, i = 0, 1, 2, 3, . . . ,µ,
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Then, (6.3) can be written as follows:

h

2

[
Ki0(

z1 − z0

h
) + 2

i−1∑
j=1

Kij(
zj+1 − zj

h
) +Kiı(

zi+1 − zi
h

)

]
−bϕ(zi) −

h

2

[
Yi0(

z1 − z0

h
)

+ 2
i−1∑
j=1

Yij(
zj+1 − zj

h
) + Yiı(

zi+1 − zi
h

)

]
−
h

2

[
Xi0z0 + 2

i−1∑
j=1

Xijzj +Xiizi

]
= Gi, i = 0, 1, . . . ,µ.

(6.4)

7. Test problems

Now that we have several instances to work with, we will apply the assumptions of the Theorem (3.1)
to them, and we will solve them numerically by combining the forward finite difference method with the
trapezoidal method. In order to illustrate that the technique being applied yields accurate results, the
outcomes of these cases will be contrasted with the precise answers.

Problem 7.1. In (6.2), we decided to go with G(σ) = (5.0546 × 10−7σ6 − 2.88749 × 10−5σ4 + 8.9632 ×
10−4σ2 −0.0115674)σ8/3 −e−σ+0.0114286e−0.3333σ+0.937143 sin(σ)+0.988571 cos(σ),ϕ(z(σ)) = z(σ),b =
1

35 ,γ = 5
3 ,q = 0.5, ρ = 0.2,α = 0.5,β = 0.25,C0 = 0.026108, ζ = 2. The assumptions 1-3 of Theorem

3.1 are fulfilled and it is clear that 2b
(

1 +
(2−β)
(1−β)2 + 1

Γq(γ+1)(1 − α + α
(γ+1))

)
< 1. Therefore, the test

Problem 7.1 has one solution given by z(σ) = sin(σ). If we take µ = 80, the result of this problem can
be obtained as tabulated in Table 1. Moreover, we discuss the continuous dependence on C0. Taking
|C0 −C

∗
0 | = 10−5 ⇒ |z(0.1) − z∗(0.1)| = 5.71244× 10−5. As a result, z(σ) is continuous dependence on C0.

Table 1: The precise and numerical answers to Problem 7.1 of the examination.

σi Num. sol. of z Exact solution of z Absolute error of z

0.1 0.100417 0.099833 5.83177 ×10−4

0.2 0.198026 0.198669 6.43236 ×10−4

0.3 0.294089 0.295520 1.43096 ×10−3

0.4 0.387528 0.389418 1.88991 ×10−3

0.5 0.477326 0.479426 2.09938 ×10−3

0.6 0.562525 0.564642 2.11701 ×10−3

0.7 0.642233 0.644218 1.98513 ×10−3

0.8 0.715621 0.717356 1.73531 ×10−3

0.9 0.781935 0.783327 1.39155 ×10−3

***
***

***
***

***
***

***
***

***
***

***
***

***
***

***
***

***
***

***
***
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****
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****
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Figure 1: Examining the differences between the numerical and the precise answers to test Problem 7.1.
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Together, Figure 1 and Table 1 provide a comprehensive and robust demonstration of the efficiency of
the approach. They visually depict the positive outcomes and offer quantitative evidence to support the
conclusions. These visuals are valuable tools for effectively communicating the approach’s efficacy to a
wider audience, facilitating a better understanding and appreciation of the research or project.

Problem 7.2. In (6.2), we decided to go with G(σ) = −0.0208668(0.00496301σ4 + 0.0254659σ3 + 0.105795σ2

+0.337215σ+0.754727)σ8/7 +1.42857e−0.428571σ
(
0.7e1.42857σ − 0.7

)
−0.0666667e−2.33333σ

(
0.3e3.33333σ − 0.3

)
− eσ

50 ,b = 1
50 ,γ = 8

7 ,q = 0.4, ρ = 0.5,α = 0.3,β = 0.7,C0 = 0.641185, ζ = 1. The assumptions 1-3 of Theo-

rem 3.1 are fulfilled and it is clear that 2b
(

1 +
(2−β)
(1−β)2 +

1
Γq(γ+1)(1 − α+ α

(γ+1))

)
< 1. Therefore, the test

Problem 7.2 has one solution given by z(σ) = exp(σ). If we take µ = 80, the result of this problem can be
obtained as tabulated in Table 2.

Table 2: The precise and numerical answers to Problem 7.2 of the examination

σi Num. sol. of z Exact solution of z Absolute error of z

0.1 1.11050 1.10517 5.33121 ×10−3

0.2 1.22483 1.22140 3.42772 ×10−3

0.3 1.35158 1.34986 1.72346 ×10−3

0.4 1.49197 1.49182 1.43744 ×10−4

0.5 1.64735 1.64872 1.37109 ×10−3

0.6 1.81925 1.82212 2.86955 ×10−3

0.7 2.00936 2.01375 4.39189 ×10−3

0.8 2.21957 2.22554 5.97236 ×10−3

0.9 2.45196 2.45960 7.64084 ×10−3

*******
*******

******
******

*****
*****

*****
*****

****
****

****
****

****
***

***
***

***
***

∞∞∞∞∞∞∞∞
∞∞∞∞∞∞∞
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ϛ
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Figure 2: Examining the differences between the numerical and the precise answers to test Problem 7.2.

The efficiency of the approach that was used is demonstrated above in both Figure 2 and Table 2.

Problem 7.3. In (6.2), we decided to go with G(σ) = −0.00722342σ11/5 − 2.5e−0.666667σ + 0.1e−0.2σ −
0.0166667 cos(σ) + 2.4,ϕ(z(σ)) = cos(z(σ)),b = 1

60 ,γ = 6
5 ,q = 0.2, ρ = 0.5,α = 0.4,β = 1

6 ,C0 = 0.208, ζ = 1.

The assumptions 1-3 of Theorem 3.1 are fulfilled and it is clear that 2b
(

1 +
(2−β)
(1−β)2 + 1

Γq(γ+1)(1 − α +

α
(γ+1))

)
< 1. Therefore, the test Problem 7.3 has one solution given by z(σ) = σ. If we take µ = 80, the

result of this problem can be obtained as tabulated in Table 3. The efficiency of the approach that was
used is demonstrated above in both Figure 3 and Table 3.



K. K. Ali, K. R. Raslan, A. A. Ibrahim, M. A. Maaty, J. Math. Computer Sci., 33 (2024), 176–188 187

Table 3: The precise and numerical answers to Problem 7.3 of the examination.

σi Num. sol. of z Exact solution of z Absolute error of z

0.2 0.200146 0.2 1.45719 ×10−4

0.3 0.299985 0.3 1.49185 ×10−5

0.4 0.399912 0.4 8.82343 ×10−5

0.5 0.499919 0.5 8.07471 ×10−5

0.6 0.600004 0.6 3.95371 ×10−6

0.7 0.700165 0.7 1.64711 ×10−4

0.8 0.800402 0.8 4.02383 ×10−4

0.9 0.900719 0.9 7.19467 ×10−4
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***

***
***

***
***

***
***

***
***

***
***
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***
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***
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Figure 3: Examining the differences between the numerical and the precise answers to test Problem 7.3.

8. Conclusion

This article included a study of a new equation that had not been studied before, which contains the
fractional q integral of the Riemann-Liouville type and the fractional derivative of Caputo-Fabrizio. The
topic of whether a solution can be found or not is covered in this article. Furthermore, the solution’s
continuous dependence on C0, as well as its uniqueness are investigated. In addition, the numerical
solution to the issue is obtained by employing both the finite-forward approach and the trapezoidal
method. In conclusion, three cases are solved numerically, and then those solutions are compared with
the precise solutions in order to demonstrate how successful the method that was used is. The results
recorded in the previous tables and represented graphically in the previous figures have shown that the
method used is extremely effective.
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