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Abstract. In this paper, we consider the boundary value problem with eigenvalue in
the boundary condition. We obtain an asymptotic formula for nodal points. In
addition, we give the uniquess theorem from nodes of its eigenfunctions.
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1 Introduction

Inverse nodal problems consist in recovering operators from given nodes(zeros) of
their eigenfunctions. Mclaughlin seems to have been the first to consider this sort of
inverse problem for the one-dimensional Schrodinger equations on an interval with
Dirichlet boundary conditions.(see[3]). We consider boundary value problem
with”aftereffect” on a finite interval and with eigenvalue in the boundary condition:
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ly(x) = =y"(x) +q() y(x) + f M(x-1)y(t)dt=2°y(x), o <x<z, @

With the boundary conditions

y'(o, l) - ﬂy(o, ﬂ“) =9 (2)

y'(m, A)+ Hy(7, A) =o. 3)

Here A is the spectral parameter; q(X) € L,(e,7) and H are real parameter. The

presence of an aftereffect in a mathematical model produces qualitative changes in
the study of the inverse problem. The uniqueness theorem for boundary value
problem with aftereffect by the transformation operator method was studied in [1].
It says that the function M (X)is uniquely determined from the given ¢(x) and the

spectrum {4 }..;.

Such, we denote that in [2] inverse nodal problem for the Sturm-Liouville problem
y" +[A% + 1 —q(x)]y = o was studied with boundary conditions (2)-(3). In thispaper,
using of the nodal points we show uniqueness of M(X),H. In other word, the
function M(x) and H are uniquely determined from a dense set of nodal points
and given ((X). The paper is organized as follows. In section 2, we obtain an

asymptotic of the nodal points and will give a uniqueness theorem. In section 3, we
prove the uniqueness theorem for the solution of this inverse problem.

2 Asymptotic of the nodal points

Let y(x,4) be solution of (1) under the initial conditions y(e, 4) =1, y'(e,A) = A. For
|4| = oo, the following asymptotic formula hold

Y(X, A) = cosAX+Sin AX+0(1), 4
uniformly with to X e€[o,7]. The funcyion y(x,4) is the solution of the integral

equation
y(X, ) = COSAX +sin AX

. Iw (@)Yt + [ME-s)y(s, ds)dt.  (5)

Further
y'(X,A) = —Asin AX + 1 coS AX

+ 'X[cos/l(x -t)(qt)y(t,A) = +j M (t —s)y(s, A)ds)dt. (6)

Substituting the asymptotic for y(X,4) from (4) into the right-hand sides of (5), we
calculate

sin AX — COSAX I

y(X,A) = COSAX +Sin AX + q(t)dt

o

‘ %J?sin/i(x —t):[ M (t — 5)[c0s As + sin As]dsdt + 0(%) 7
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And
. . Sin AX 4+ COSAX ¢
Y'(%,2) = A(cosAx —sin Ax) + —————"= [q(t)dt
X t
+ fcosﬁ(x - t)J‘ M (t — s)[cosAs + sin As]dsdt+ o(2). (8)
Denote
A(4,) = Y'(z, A) + Hy(z, 2). 9)
Further

t)dt+x(4), (10)

A(A,) = (H + A)cosAz + (H — A)sin Az + sm;t”JrCOS}WJ‘q

Where
V4 t
x(4) = jcos/l(ﬂ — t)f M (t — s)[cosAs + sin As]dsdt + o(1).
By the well-known method (see, for example [1]) using (10) and Rouche’s theorem
one can prove that L has infinitely many eigenvalues 4,,n € Z —{c}, of the form
Kn

dy=nesr e L Tgmdt+ S, el @
T NnNx 2N« n

o

The eigenfunctions of the boundary value problem have the form vy, (x) = y(x,4,).
Substituting (11) into (7) we obtain the following asymptotic formulae for n-—»>o
uniformly in x:

Y, (%) = 14 = =sin(n + )x+ (- + = [ q(t)dt)x
2n /4 nr 2nrz°

— ij'sin(n + l)tj' M (t—-s)[L+sin(n+ i)s]dsdt + 0(3). @2
n< T T n

For the boundary value problem an analog of Sturm’s oscillation theorem is true.
More precisely, the eigenfunction y,(x) has exactly n zeros inside the interval

(e, 7). Namely:

o<xt <x?<..<x <7, j=12,..,n-1.

The set X ={X,f}n21,j:1,n is called the set of nodal points of the boundary value
problem. It is shown that the set of all nodal points {x'} is dense in [0, z]. By (12)

we obtain the following asymptotic formulae for nodal points as n — oo uniformly in
IE

. J”‘11+L1[—i—i(H +1jq(t)dt)x
n+> npr 20 nz 2°
T T
1% . 1. . 1 1
+= j sin(n + =)t j M (t - S)[L+ sin(n +=)s]dsdt] + o(—). (13)
n’ 7Y Vs n
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Now, we will give a uniqueness theorem. It says that the function M(x),H are
uniquely determined by a dense subset of the nodes and the function q(x).

3 Uniqueness theorem by using nodal points

Theorem1 Fix X [0, 7]. Let {X/} € X be chosen such that

limx) = x.
Then there exists a finite limit
g(x) ::Iimn[(n+£)xnj —jz+1] (14)
n—oo 72'
So that
1 1 1%
X)=—=—-—(H+=|q(t)dt)x 15
900 =3~ (H +3 15)
That H can be constructed vie the formulae :
1 T
H =—g(ﬁ)—5(1+jq(t)dt). (16)

Theorem 2 Let g(x)=q(X) on [o,z] then the function M and H are uniquely
determined by any dense subset of the nodes in [¢, 7].
Proof. Consider the following equation

() =="(0)+q)F() + [M(x-)JO)dt = 1°y(x), ~ o<x<z, (17)

Where M have the same properties of M. Let er = Ynj. If we multiply (1) by y and
(17) by y, and then subtract, we obtain

[Y)Y'(x) =¥ ()l + I[M (x-)Y()F() - M(x-)yO) Ot = (12 - 2)yy  (@18)
Integrating (18) from x! to 7, we obtain
[Y, (7)Ya () = i () Y, ()] + j I[M (x=1)y(x)y(t) - M (x =) y(t)y (x)]dtdx

Xn

= T(iﬁ — 22)yydx. (19)
(H=H)7, (0¥, (0) = [ [IM(x-1)y®F(x)~M (x-1)y()7 () Htdx

+ [ (22 - 22)yydx (20)

From the asymptotic forms of y and Y, we can obtain that |y(7z,/1n)§7(7r,ﬂ,n)| is

bounded away from zero. Finally, if we take a sequence x) accumulating at 7, the
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right-hand side tends to zero. Then H = H. Integrating (18) from o to x), we
obtain

Jﬂ I [M (x—t)y(X) ¥ (t) — M (x—t) y(t) § (x)]dtdx = o. 21)
Pfurlher
Xf I[l\ﬁ (x—t) =M (x —t)]Jcos A(x —t)dtdx

n X

+j j[l\ﬁ(x—t)—M(x—t)]sinﬂ(x +t)dtdx=o (22)
We take a sequence x) accumulating at an arbitrary b € [o, z]. Hence,

i X[M (x=1t) =M (x—t)Jcos A(x —t)dtdx

+i i[l\?l'(x—t)—M(x—t)]sinl(x+t)dtdx=o. (23)

On the other hand, from the completeness of the functions sin and cos we can
conclude that M is uniquely determined on [o, 7].
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