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1. Introduction

After the idea of fuzzy sets (FSs) was introduced by Zadeh [38], he and others have found applications
in many branches: computer science, automata, control engineering, robotics and theories of (I'-) rings,
(I'-) groups, BCK/BCl-algebras, UP-algebras, (I'-) semigroups, ternary semigroups and other algebras.
In the case that different sources of imprecise and vague information appear simultaneously, there are
limitations for using FSs to deal with them. In order to solve this problem, Zadeh and researchers have
been studied and developed a lot of extended and general concepts of FSs such as hesitant fuzzy sets
(HFSs) (see [33, 34]), Pythagorean fuzzy sets (PFSs) (see [35, 36]), interval-valued fuzzy sets (IVFSs) (see
[30, 39]), bipolar fuzzy sets (see [2, 37]), cubic sets (see [11, 19]), (fuzzy) soft sets (see [7, 9, 23]), and
extentions of fuzzy soft sets (see [8, 10, 12]).
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Ternary semigroup theory has been studied and developed by FSs and generalizations of FSs. Kar
and Sarkar [21] introduced fuzzy (resp., lateral, left, right) ideals of ternary semigroups and character-
ized (intra-) regular ternary semigroups by their FSs. Shabir and Rehman [28] introduced anti-types of
FSs: anti-fuzzy (resp., lateral, left, right) ideals of ternary semigroups and used the anti-types to char-
acterize different classes of ternary semigroups. Chinram and Panityakul [5] studied PFSs on ternary
semigroups and investigated charecterizations of Pythagorean fuzzy (resp., lateral, left, right) ideals of
ternary semigroups. Suebsung and Chinram [30] used the concept of IvFSs to develope ternary semi-
group theory. They studied interval-valued fuzzy (resp., lateral, left, right) ideals of ternary semigroups
and their extensions.

The idea of HFSs introduced Tora [33]. This notion is an abstract of FSs, PFSs, and IvFESs. Studying
HFSs on ternary semigroups, Talee and et al. [32] introduced hesitant fuzzy (resp., lateral, left, right)
ideals of ternary semigroups, and characterize some classes of ternary semigroups in terms of HFSs.
Julatha and Iampan [15] studied HFSs in the meaning of supremum, and introduced sup-types of HFSs:
sup-hesitant fuzzy (resp., lateral, left, right) ideals of ternary semigroups. Further, the sup-types were
characterized in terms of FSs, HFSs, and IvFSs. In the literature, HFSs on ternary semigroups and related
algebras have been considered by many authores (see [1, 6, 13, 16, 24-26, 31]).

In 2022, Jittburus et al. [14] introduced sup; -hesitant and supj -hesitant fuzzy ideals, which are
general types of sup-hesitant fuzzy ideals, of semigroups and investigated their characterizations via
FSs, Lukasiewicz (anti-) fuzzy sets, PFSs, HFSs and IvFSs. Moreover, intra-regular, left (right) regular,
completely regular, left (right) simple and simple semigroups were characterized in terms of the sup
and supj; -types of HFSs.

As previously stated, it motivated us to apply the sup;j - and supj -types of HFSs to ternary semi-
groups. The concepts of sup -hesitant and sup; -hesitant fuzzy (resp., left, right, lateral) ideals of ternary
semigroups are introduced, and their properties are investigated. Characterizations of the concepts are
discussed in terms of FSs, PFSs, HFSs, IvFESs, and Lukasiewicz (anti-) fuzzy sets. Moreover, we consider
the relationships among interval-valued, hesitant, sup-hesitant, sup} -hesitant, and sup; -hesitant fuzzy
ideals of ternary semigroups.

2. Preliminaries

In this section, we recall some important notions in our study. We divide this section into two sub-
sections. The first subsection provides certain information on the mathematical tools dealing with un-
certainties. The concepts of various kinds of fuzzy ideals in ternary semigroups are given in Subsection
22.

2.1. Various kinds of fuzzy sets

We are reminded of fuzzy sets and a few generalizations that will be considered in the following
sections of the current study. The concept of fuzzy sets is the first mathematical object we will recall that
can deal with unstable situations.

Let 8 be a nonempty set. A fuzzy set (FS) A in § is a pair A := (§,94), where 34: 8 — [0,1]. The
mapping 9 4 is called the membership function of A (see [38]). We can see that the membership function 9 4
determines the FS A := (8,9 4) in 8. Therefore, we usually denote any FS A := (8,9 4) by its membership
function ¥ 4. Furthermore, if it is clear from the context, the FS ¥4 may be written by 9.

Any element a of [0,1] can be regarded as an FS in § assigned by a(s) := a for all s € 8. For any subset
A of 8, we define an FS x4 in 8 by x4(s) =1if s € A and x4(s) = 0if s ¢ A. This FS x4 is called the
characteristic function of A in 8. Let ¥ and o be FSs of 8. We define a binary relation C on the set of all FSs
of by ¥ C o if 8(s) < o(s) forall s € 8.

Remark 2.1. One can see that the set § can be regarded as the characteristic function xs. This reason
illustrates that the notion of FSs is a generalization of sets.
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By an interval number t, we mean an interval [tL, tY] and 0 < tL < tY < 1. We denote the set of all
interval numbers by D([0, 1]) and define a binary relation < on D([0, 1]) by

=<t if and only if st <thand sY < t4Y

for all 3§ = [sb, sY],t = [t5, tY4] € D([0,1]). The notation t = 3 stands for s < t. If § < t and t < §, then
§ = t. Moreover, we say that 5§ < tif § < tand § # t.

Ten years later, after introducing FSs, Zadeh defined an interval-valued fuzzy set (IVFS) in 1975 as
follows. An IvFS A on § is a pair A = (S, ®4), where @ 4: A — D([0,1]). If it is evident from the context,
the subscript of the mapping @ 4 will be omitted. Given an IVFS A := (8, @). We observe that the function
@ is determined by FSs oL and @Y in such a way that @(s) == [@(s),@"(s)] € D([0,1]) for all s € 8.
Any interval number [t', t"] can be regarded as an IvFS defined by [t'(s), t"(s)] for all s € 8 (see [39]).
Remark 2.2. We observe that any FS 9§ in § can be considered as an IVFS defined by [0(s), 9(s)] for all s € 8.
By this explanation, we can think about IvFSs as a generalization of FSs.

Another generalization of FSs is the idea of Pythagorean fuzzy sets (PFSs). Yager and Abbasov [35]
presented the concept of PFSs in 2013. A PFS A in § is A := (8,94,0.4), where 94 and o4 are FSs in 8
such that

0< (Dals)?+(oals)? <1

for all s € 8. From now on, we omit the subscript of any PFS A := (8,94, 04) if the context is clear. Since
any PFS A := (8,9, 0) is considered by the mappings ¥ and o, we usually denote A := (§,9, o) by (9, o)
(see [36]).

Remark 2.3. We observe that any FS ¥ in 8 can be regarded as a PFS (9, 0).

We will now revisit the idea of hesitant fuzzy sets (HFSs). This notion is an abstract of FSs and IvFSs.
Tora [33] introduced it. A HFS A on § is a pair A = (S,E ), where the notation P([0,1]) is the set of all
subsets of [0,1] and &, a: S — P([0,1]) (see [34]). We see that the HFS A := (S,E 4) is determined by z A
Thus, for simplicity, we denote the HFS A := (S,E 4) by 3 4. The subscript of 3 4 can be omitted if the
context is clear. Let A be any subset of 8. The characteristic hesitant fuzzy set (CHFS) X 4 of A on 8 is given

by:
< (s) = 0,1, ifsecA,
XAls) = 0, otherwise,
for all s € 8.

Remark 2.4. Extending FSs by HFSs is possible because the image of FSs can be viewed as a singleton set
of the element in [0, 1]. Moreover, every IVFS is an HFS, which is evident given that the image of IvFSs is
a set.

In this work, HFSs are the main focus. Let us provide some of the notions and properties discussed
later in the paper to the readers. We refer the readers to [13, 15, 26] for the literature in the developing of
HFSs. We define sup*: P([0,1]) — [0,1] by

v, ifv ,
sup* V¥ = Sup iy @
0, otherwise,

forall ¥ C [0,1]. For each HFS E on §, the operation sup* induces an FS & £ins given by F E(s) = sup” E(s)
forall s € 8. Let £ be an HFS on 8, @ a subset of [0,1] and s € S. We define the sets

8[E; @] := (s € S : sup™ &(s) = sup* @},
and

TH(E’(D)(S) ={o € ®:sup” E(s) > ol

sup*
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2.2. Various kinds of fuzzy ideals in ternary semigroups

Now, we recall the concept of ternary semigroups. In addition, we used the FSs developed in the
preceding subsection to the ideals in ternary semigroups. By a ternary semigroup (%, [-]) we mean a structure
consisting of a nonempty set Tand a ternary operation [-]: Tx Tx T— Tsatisfying the identity

([t1tats]tats] = [t1[tatstalts] = [titaltatats]]. (associativity)

The motivation in defining ternary semigroups, we refer the readers to [22]. It was known that any
semigroup induces a ternary semigroup, but not conversely. This reason motivates us to study various
kinds of fuzzy ideals in ternary semigroups. For any nonempty subsets X, Y, and Z of a ternary semigroup
(L []), we let

[(XYZ] :={[t1tatz] : t1 € X, tp € Y and t3 € Z}.

A ternary semigroup (% [-]) is usually denoted by its universe set T, and the notation [t;tyt3] is always
written by tjtot3. This means that we always use the notation XYZ instead of [XYZ]. Moreover, by the
associativity of the ternary operation defined on T, we have that tit; - - - ton1 is meaningful for all natural
number n.

The conceptions of various types of ideals play crucial roles in understanding the structural charac-
teristics of ternary semigroups. Following is a list of ideals (Ids), left ideals (L1ds), lateral ideals (Ltlds), and
right ideals (RIds) of ternary semigroups. A nonempty subset A of Tis called:

(1) an Ltld (resp., LId, RId) of Tif TATC A (resp., TEA C A, ATFC A);
(2) an Id of Tif A is an Ltld, LId, and RId of L.

The notion of Ids of Twas studied in detail in [20, 29]. Moreover, in terms of these Ids, the characteri-
zations of Twere provided in [27].

The idea of Ids is among the most widely utilized concepts in the study of ternary semigroup theory.
We also present the notions of Ltlds, LIds, RIds, and Ids of Trelated to various FSs, as we have already
mentioned several kinds of FSs: a fuzzy ideal (FId), a fuzzy lateral ideal (FLtId), a fuzzy left ideal (FLId), and
a fuzzy right ideal (FRId). An FS 9 in Tis said to be:

(1) an FLtId (resp., FLId, FRId) of Tif d(svz) > d(v) (resp., ¥(svz) = d(z), ¥(svz) > V(s)) forall s,v,z € L
(2) an FId of Tif ¥ is an FLtId, FLId, and FRId of .

In 2012, Kar and Sarkar [21] conducted ground-breaking research on FIds in ternary semigroup theory.
They defined the above FIds and applied them to characterize particular classes of ternary semigroups.
Similarly, in ternary semigroups, Shabir and Rehman [28] defined related concepts, so-called anti-fuzzy
ideals (AFlds), anti-fuzzy lateral ideals (AFLtlds), anti-fuzzy left ideals (AFLIds), and anti-fuzzy right ideals
(AFRIds), as follows. An FS ¥ in Tis said to be:

(1) an AFLtId (resp., AFLId, AFRId) of Tif d(svz) < d(v) (resp., ¥(svz) < B(z), ¥(svz) < d(s)) for all
s,v,ze€ T
(2) an AFId of Tif ¥ is an AFLtld, AFLId, and AFRId of T.

Some regularities of ternary semigroups were described using these AFIds in [28].

In ternary semigroups, Suebsung and Chinram [30] studied the ideas of interval-valued fuzzy ideals
(IvF1ds), interval-valued fuzzy lateral ideals (IVFLtlds), interval-valued fuzzy left ideals (IvFLIds) and interval-
valued fuzzy right ideals (IvFRIds) defined as follows. An IvFS @ on Tis said to be:

(1) an IvFLtld (resp., IVFLId, IvFRId) of Tif ®(svz) = @ (v) (resp., ®(svz) = @(z), @(svz) = @(s)) for all
s,v,z€ L.
(2) an IvFId of Tif @ is an IvFLtId, IvFLId, and IvFRId of T.
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Suebsung and Chinram research a variety of IvFIds’ properties. The primitive of such notions were
also investigated. Moreover, the extensions of IvFSs were introduced and investigated (see [30]).

Remark 2.5. By Remark 2.2, we have that any FLtld (resp., FLId, FRId, FId) can be considered as an IvFLtld
(resp., IVFLId, IVFRId, IvFId).

In 2020, Chinram and Panityakul [5] presented ideas and properties of Pythagorean fuzzy ideals
(PFIds), Pythagorean fuzzy lateral ideals (PFLtlds), Pythagorean fuzzy left ideals (PFLIds) and Pythag-
orean fuzzy right ideals (PFRIds) of ternary semigroups. In order to characterize these PFSs they estab-
lished, they defined a product of PFSs in ternary semigroups (see [5]). The following are the definitions
of a PFLtld, a PFLId, a PFRId, and a PFId of T. A PFS (9, o) in Tis said to be:

(1) a PFLtId (resp., PFLId, PFRId) of Tif ¥ is an FLtId (resp., FLId, FRId) of Tand o is an AFLtld (resp.,
AFLId, AFRId) of %

(2) a PFId of Tif (9, 0) is a PFLtld, PFLId and PFRId of T.

Remark 2.6. We can produce PFLtlds (resp., PFLIds, PFRIds, PFIds) in ternary semigroups by using FLtIds
(resp., FLIds, FRIds, Flds) as indicated in Remark 2.3.

Talee et al. [32] established the concepts of hesitant fuzzy ideals (HFIds), hesitant fuzzy lateral ideals
(HFLtIds), hesitant fuzzy left ideals (HFLIds), and hesitant fuzzy right ideals (HFRIds), which were then
used to apply the concept of HFSs to ternary semigroups. The following are formal definitions of these
concepts. An HFS £ on Tis said to be:

(1) an HFLtld (resp., HFLId, HFRId) of T if :{(svz) D E(v) (resp., E(svz) D /E:(z), E(svz) D /5:(5)) for all
s,v,z€';
(2) an HFId of Tif & is an HFLtlId, HFLId, and HFRId of .

Remark 2.7. We can see, by Remark 2.4, that the notion of HFLtlds (resp., HFLIds, HFRIds, HFIds) is an
abstraction of FLtIds (resp., FLIds, FRIds, FIds).

Remark 2.8 ([15]). In general, an IvFId of Tis not an HFId of Tand a HFId of Tis not an IvFId of T.

We will now discuss the general notion of HFIds and IvFlds in ternary semigroup theory. In 2021,
Julatha and Iampan [15] introduced sup-hesitant fuzzy ideals (SHFIds), sup-hesitant fuzzy lateral ideals
(SHFLtlds), sup-hesitant fuzzy left ideals (SHFLIds), and sup-hesitant fuzzy right ideals (SHFRIds) of
ternary semigroups seen in Definition 2.9, and showed that the notion of SHFIds is a general type of
HFIds and IvFIds.

Definition 2.9 ([15]). An HFS ¢ on Tis said to be:

~

(1) a SHFLtId of Tif 8[¢; @] is either an empty set or an Ltld of Tfor all ® C [0, 1];

~

(2) a SHFLId of Tif S[&; @] is either an empty set or an LId of Tfor all ® C [0,1];

~

)
(3) a SHFRIA of Tif §[&; @] is either an empty set or an RId of Tfor all ® C [0,1];
)

~

(4) a SHFId of Tif §[&; @] is a SHFLtld, SHFLId, and SHFRId of T.

Many concepts of FSs were used to describe SHFIds in 2021 by Julatha and Iampan (see [15]). They
also identified a connection between Ids and SHFIds. Additionally, the following relationships between
SHFIds and other Flds were demonstrated.

Lemma 2.10 ([15]). The following are true for a ternary semigroup T.
(1) Every HFLtId (resp., HFLId, HFRId, HFId) of Tis a SHFLtId (resp., SHFLId, SHFRId, SHFId).
(2) Every IvFLtId (resp., IvFLId, IvFRId, IvFId) of Tis a SHFLtId (resp., SHFLId, SHFRId, SHFId).

The following result demonstrates that in some contexts, the concepts of Ltlds, LIds, RIds and Ids by
FSs, IvFSs and HFSs share some closed connections.
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Theorem 2.11 ([15]). The following statements are equivalent for an HFS EonT.

(1 £ is a SHFLtId (resp., SHFLId, SHFRId, SHFId) of T.
2 FE is an FLtId (resp., FLId, FRId, FId) of T

)
)
3) H Sup V'is an HFLtId (resp., HFLId, HFRId, HFId) of Tfor all ® C [0, 1].
4) ¥ sup ) is an IoFLtId (resp., IvFLId, IvFRId, IvFId) of T.
5) K Sup Vis an HFLHd (resp., HFLId, HFRId, HFId) of T.
(6) H sup V'is a SHFLtId ( resp., SHFLId, SHFRId, SHFId) of T.

Using the function sup* and the equivalence (1) < (2) of Theorem 2.11 above, we can determine the
criteria for obtaining SHFLtlds, SHFLIds, SHFRIds and SHFIds.

Theorem 2.12. Let K be an HES on £ Then we obtain the following statements.

(1) K is a SHFLtId (resp., SHFLId, SHFRIA) of Tif and only if sup™ K(svz) > sup™ K(v) (resp., sup* K(svz) >
sup*K(z), sup* K(svz) > sup*K(s)) forall s,v,z € L.
(2) Kis a SHFId of Tif and only if max{sup* K(s), sup* K(v), sup* kK(z)} < sup* K(svz) forall s,v,z € T.

We note here that the concept of SHFIds is not only present in ternary semigroups, but also in semi-
groups and I-semigroups (see [13]). The so-called sup - and sup; -hesitant fuzzy ideals, which are new
varieties of SHFIds in ternary semigroups, are defined in the following section. We use an example to
demonstrate how these new ideas about HFIds are an extension of the one introduced in [15].

3. Main results

Now, we come to the central part of the paper. In the following section, we present two types of HFSs
in ternary semigroups, which are generalizations of SHFIds. This section is divided into four subsections.
In what follows, let v,d € [0,1], unless otherwise specified. In Subsection 3.1, the concepts of sup;r-
hesitant fuzzy ideals (S} HFIds), sup -hesitant fuzzy lateral ideals (Sy HFLtIds), supy -hesitant fuzzy left
ideals (S HFLIds), supj/ -hesitant fuzzy right ideals (S; HFRIds) are presented. In ternary semigroups, we
demonstrate that each SHFId (resp., SHFLId, SHFLtId, SHFRId) is a Sj, HFId (resp., S;r HFLId, S;j HFLtId,
SyHEFRId). We give an example to illustrate that SHFIds and SJ HFIds are different. It is examined how
the notion of S HFIds and the other recalled from the preceding section compare.

The second subsection introduces the ideas of supj -hesitant fuzzy ideals (S5 HFIds), supy -hesitant
fuzzy lateral ideals (Sy HFLtIds), sup; -hesitant fuzzy left ideals (S5 HFLIds) and supj -hesitant fuzzy
right ideals (S5 HFRIds) in ternary semigroups. We demonstrate that each SHFId (resp., SHFLId, SHFLtId,
SHFRId) is a Sy HFId (resp., Sy HFLId, Sy HFLtld, S; HFRI). The same approaches used for S;L HFIds
(resp., STHFLIds, SYHFLtlds, STHFRIds) are employed to analyze Sg HFIds (resp., Sy HFLIds, Sy HFLtlds,
Sy HFRIds).

Subsections 3.3 and 3.4 provide characterizations of S HFIds and Sy HFIds by means of Lukasiewicz
(anti-) fuzzy sets and PFSs, HFSs and IvFSs, respectively.

3.1. sup -hesitant fuzzy ideals
We define the function sup;j on P([0,1]) by

sup;; ® := min{sup* ® +v, 1}
for all ® C [0, 1]. By the definition of sup;f, we define a relation ﬁ;ﬁ on P([0,1]) by

V<) @ ifand only if sup) W <sup) @



A. Tampan, N. Lekkoksung, S. Lekkoksung, P. Julatha, J. Math. Computer Sci., 33 (2024), 108-123 114

for all ®,¥ C [0,1]. We may denote ® <f Wby ¥ >F ®@. We say that ® =7 V¥ if ® If W and ¥ < ©.
Moreover, ® < WV if sup$ D < supwf Y. If y = 0, then we denote < (resp., <) by < (resp., <). We
observe here that:

(1) supy = sup*;
(2) if5,t € D([0,1]) and § < t, then § <. t for all & € [0, 1].

For more results of function sup;j and relation < _y , the readers are referred to [14].

The relation < is used to define new kinds of HFSs: sup] -hesitant fuzzy ideals (S} HFIds), sup -
hesitant fuzzy left ideals (S; HFLIds), sup] -hesitant fuzzy lateral ideals (S HFLtIds) and sup -hesitant
fuzzy right ideals (5] HFRIds) of ternary semigroups as follows.

Definition 3.1. An HFS /F: on Tis said to be:

(1) a STHFLtId (resp., ST HFLId, STHFRId) of Tif £(v) a5 &(svz) (resp., £(2) < £(svz), &(s) < £(svz))
forall s,v,zc L
(2) a SYHFId of Tif £ is a S{HFL{Id, 53 HFLId and S HFRId of T

We provide the following examples to help the readers better grasp the above definition.
Example 3.1. Let us consider a ternary semigroup T=1{(t,s), (s, s), (t, 1), (s, 1)} defined by
[(s1,t1)(s2, t2) (83, t3)] := (51, t3)

for all (sq1,t1), (s2,t2), (s3,1t3) € T We define HFSs K and £ on Tas follows:

[0.2,0.8] if z=(s,s), 0 ifz=(s,s),
22) = [0,0.3) %f z = (t,1), and E(Z) - [0.3,0.6] ?f z = (t,1),
{0.3} if z=(s,t), {0} if z = (s,t),
{0.1,0.3,0.5,0.7} ifz=(t,s), {0.3,0.5,0.6,0.8} ifz=(t,s),

for all z € T Then we can carefully calculate that fisa ng HFRId of T for all v € [0.4,1], and K is a

Sj,HFLId of Tfor all y € [0.3,1]. On the contrary, £ is not a SHERId of Tsince E([(t, s)(t, s)(t,t)]) <1€((t, s)).
Moreover, since K([(t,1)(t,s)(s,s)]) <K((s, s)), we have that K is not a SHFLId of T.

Example 3.2. We consider the ternary semigroup T = {—1,—2,—3,—4,...} under the usual ternary multi-
plication. Define an HFS & on Tby

[0,0.8], ifve2T\{-2,—4,-6},
E(V) = (0/ 1]/ 1f Ve {_2/ _4/ _6}/
0, if v g2t

for allv € T Then E is a S;; HFId of Tfor all v € [0.2,1] but not a SHFId of T. Indeed, we see that

&(-2) forall p,q € T\ {~1};
(—4) for all p, q € T\ {—1}; and
(—6) for all p, q € T\ {—1}.

(1) E is not a SHFLtId of Tbecause E( (—2)q) <
(2) & is not a SHFLId of Tbecause E(pq( —4)) <« 3
3) £ is not a SHFRId of Tbecause &(( 6)pq) < 3

The above examples demonstrate how ternary semigroups” conceptions of S;f HFIds differ from those
of SHFIds. We note that the definition of SHFIds in ternary semigroups in Definition 2.9 is specified in
terms of Ids. The following consequence allows us to formulate Definition 2.9 in terms of HFSs and the
relation < after applying Theorem 2.12.
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Proposition 3.2. Let & be an HFS on . Then we obtain the following.
(1) & is a SHFLHA of Tif and only if &(v) < &(svz) forall s,v,z € .
(2) € isa SHFLId of Tif and only z'fz(z) < E(svz) forall s,v,ze L.
(3) & isa SHFRIA of Tif and only ifz(s) < E(svz) foralls,v,ze T

The following result demonstrates how the ideas behind our new HFIds are extended versions of
SHFIds in ternary semigroups.

Proposition 3.3. Every SHFId (resp., SHFLId, SHFLtld, SHFRId) of Tis a Sj, HFId (resp., S;r HFLId, S;r HFLtId,
S;;HFRId)for all vy € [0,1].

Proof. We demonstrate that every SHFLtId of Tis a S; HFLtId of Tfor all y € [0,1]. Let & be a SHFLtId of

T, given vy € [0,1], let s,v,z € T Then, by our assumption, we have sup* E(V) < sup* E(svz). This implies
that

supf/ E(svz) = min{sup” E(svz) +7v,1} > min{sup* E(v) +v,1} = supjyr E(v).

Therefore, /E:(svz) E;ﬁ E(v). As a consequence, fisa S;j HFLtId of T. Other kinds of idealities can be done
similarly. O

From Examples 3.1 and 3.2, it is clear that the converse of Proposition 3.3 may not be valid. We can

summarize the relationships between SHFIds and S HFIds by Figure 1.

sup-hesitant fuzzy ideal

sup-hesitant fuzzy ideal
Figure 1: Relationships between sup- and sup;j -hesitant fuzzy ideals.

However, we might ask under which conditions a S HFId is a SHFId. The following result can answer
our argument.

Proposition 3.4. Let K be a HFS on Tand 0 < o« < 1. We have that if K is a S5 HFId (resp., S} HFLId, ST HFLtId,
SjHFRId) of Tforall y € (0, «l, then K is a SHFId (resp., SHFLId, SHFLtId, SHFRId) of T.

Proof. Let K be a S;HFLtId of Tfor all v € (0, «]. We will show that K is a SHFLtId of T. We suppose that
sup* K(svz) < sup* K(v) for some s,v,z € T We put

sup™ K(v) —sup* K(svz)
> L0 P

Y := min {
This implies that y € (0, «l. Since sup* K(v) —sup* K(svz) >y, we get 1 > sup* K(v) > sup* K(svz) +y and
sup” K(v) +v > sup™ K(v) > sup* K(svz) + .
Hence,
supj/ K(svz) = min{sup” K(svz) +7v, 1} < sup® K(svz) +vy < min{sup* k(v) +v,1} = sup;j K(v).

This means that K(svz) <) K(v). By our presumption, we see that K(svz) < K(v) < K(svz). Thus,

sup* K(svz) < sup* K(svz), which is a contradiction. Therefore, sup* K(svz) > sup* K(v) for all s,v,z € T.
As a consequence, K is a SHFLtId of T. Similar procedures can be used for the other types ideals. O
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The last result of this subsection is to provide an interconnection of SYHFIds in ternary semigroups.

Proposition 3.5. Let £ bea HFS on T, and v, o« € [0,1] such that v < o < 1. We have that sz isa S;jHFId (resp.,
SYHFLIA, S$HFLtd, S HFRIA) of T, then & is also a SSHFId (resp., S4HFLIA, S§HFLHA, SEHFRIA) of T.

Proof. Let Ebea S;r HFLtId of Tand s, v,z € T. By the assumption, we get that E(svz) E;j E(v). That is,
min{sup” /E\,(V) +7v,1} < min{sup® E(svz) +v,1} (3.1)
If min{sup* E(svz) +v,1} =1, then

sup; &(v) <1 < sup® E(svz) +7v < sup” E(svz) + .

This means that sup, E( ) < supy, E(svz) We suppose that mm{sup E(svz) +v,1} # 1. Then we obtain

that sup E,(svz) Ty < 1. By (3.1), we have that sup 5( )+ sup E,(svz) +v. This 1mp11es that
sup* E( ) < sup E,(svz). Thus, sup/, E,( ) < supl E,(svz). Hence, E,( ) <% &(svz). Altogether, fisa
SLHFLtId of T Similar procedures can be used for the other types ideals. O

3.2. supy -hesitant fuzzy ideals

We introduce different varieties of SHFIds in this subsection, similar to those provided in Subsection
3.1. The structure of this subsection is the same as that of the previous one. Define the function sup; and
a binary relation <5 on P([0,1]) by

sup; @ := max{sup* ® — 9,0}
for all ® C [0,1], and
O Jy ¥ ifand only if supgy @ <supg ¥

forall¥,® C [0,1]. By ¥ 5 ® wemean @ J V. We write @ = Vif ® J; Vand ¥ <5 ®@. Furthermore,
we denote by ® <5 ¥ if supy ® < supy V. If 5 = 0, then we denote <y (resp., <) by J (resp., <), that
is, 31;5 =<=<; whenever y = 0 = 0. The related results of the function supy and the relation < can be
found in [14].

The relation Jy is used to define new types of HFSs: supj; -hesitant fuzzy ideals (S5 HFIds), supj -
hesitant fuzzy left ideals (S5 HFLIds), supj -hesitant fuzzy lateral ideals (S5 HFLtlds) and supj -hesitant
fuzzy right ideals (S5 HFRIds) of ternary semigroups as follows.

Definition 3.6. An HFS E on Tis said to be:

(1) a Sy HFLtId (resp., Sy HFLId, Sy HFRId) of T if £(v) <y &(svz) (resp., &(z) <5 &(svz), &(s) 5 &(svz))
forall s,v,ze T,
(2) a S; HFId of Tif & is a Sy HFLId, Sy HFLtId and S5 HFRId of T

Let us give an example to guarantee the existence of the concepts that we established before proceed-
ing.
Example 3.3. We consider the ternary semigroup T:= {—i, 1,0} under the usual multiplication over com-
plex numbers. Next, we define an HFS ¢ on Tas follows:

0.5,0.6], ifz=—i,
&(z) =40, ifz=1,
{0,051}, ifz=0,

for all z € T We can carefully calculate that Eisa Sy HFId of Tfor all 6 € [0.6,1].
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Proposition 3.7. Every SHFId (resp., SHFLId, SHFLtId, SHFRId) of Tis a Sy HFId (resp., Sy HFLId, Sy HFLtId,
S HFRIA) of Tfor all § € [0,1].

Proof. Let E be a SHFLtld of T given & € [0,1], then, by our assumption, we have that sup* E(svz) >
sup* &(v) for each s, v,z € T. This implies that

supy E(svz) = max{sup” E(svz) — 5,0} > max{sup” E(v) — 5,0} = supy E(v)

for each s,v,z € T. Therefore, E is a Sy HFLtId of T. Other kinds of idealities can be done similarly. O

The above proposition illustrates the generality of Sy HFIds in ternary semigroups. Example 3.4 (1)
examines that the converse of Proposition 3.7 does not hold.

Example 3.4. By Example 3.3, we can carefully calculate that € is neither a SHFId nor a SYHFI (y € [0,1))
of T. In fact, we see that:

~

(1) & is not a SHFLtId (resp, SHFLId, SHFRId) of T since &(i(—i)i) < &(—i) (resp., &(i2(—i)) < &(—i),
E((—1)i2) < E(—1)); . A
(2) &isnota STHFLtId (resp, SHFLId, STHFRId) (v € [0,1)) of Fsince &((—i)%) < £(—1).

Example 3.5. By Example 3.2, we can carefully calculate that £ isnota Sy HFId of Twhen 6 € [0,1). In
fact, we see that & is not a Sy HFLtId (resp, Sy HFLId, S; HFRId) of Tbecause &((—4)%) <1y &(—4).

By Examples 3.2, 3.3, 3.4, 3.5 and Propositions 3.3 and 3.7, we have that the relationships of SHFIds,
Sy HFIds and Sg HFIds in ternary semigroups are obtained by Figure 2.

sup;-hesitant fuzzy ideal == suphesitant fuzzy ideal

N\

sup-hesitant fuzzy ideal
Figure 2: Relationships between sup-, sup¢ - and supj -hesitant fuzzy ideals.

We now ask the criterion that converts each Sy HFId into a SHFId.

Proposition 3.8. Let K be an HFS on Tand 0 < « < 1. We have that if K is a Sy HFId (resp., Sy HFLId, Sy HFLtId,
Sy HERIA) of Tfor all & € (0, o, then K is a SHFId (resp., SHFLId, SHFLtld, SHFRId) of T.

Proof. Let K be a Sy HFLtId of T for all & € (0,«]. We prove that K is a SHFLtld of T Suppose that
sup* K(szv) < sup* K(z) for some s, v,z € T We put

sup™ K(z) —sup* K(szv)

5 , &}

d := min{

This implies that 4 € (0, o. Since sup™* K(z) —sup* K(szv) > 6, we get sup™ K(z) — b > sup* K(szv) > 0 and
sup® K(z) — & > sup® K(szv) > sup™ K(szv) — .
Therefore,
sup; K(z) = max{sup* K(z) — §,0} > sup™ K(z) — & > max{sup* K(szv) — 5,0} = sup, K(szv).
This means that K(szv) <5 K(z). By our assumption, we obtain K(z) Jy K(szv) <y K(z). That is,

sup* K(z) > sup* K(z) which is a contradiction. Hence, sup*K(szv) > sup*k(z) for all s,v,z € T As a
consequence, K is a SHFLtId of T. The other types can be proven similarly. O
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A common setting connects Sy HFIds with S, HFIds, as shown by the following result.

Proposition 3.9. Let K be an HFS on T, and b, o« € [0,1] such that & < oo < 1. We have that if < is a Sy HFId
(resp., Sy HFLId, Sy HFLtId, Sy HFRId) of , then R is also a Sy HFId (resp., Sy HFLId, S HFLtId, Sy HFRIA) of
T

Proof. Let K be a Sy HFLtId of Tand s, v,z € T. We have that K(svz) >3 K(v). That is,

max{sup” K(svz) — 5,0} > max{sup* k(v) —§,0}. (3.2)
If max{sup* k(v) — 5,0} = 0, then

sup,, K(svz) > 0 > sup™K(v) — & > sup™ K(v) — «.

This means that sup_, K(svz) > sup_ K(v). We suppose that max{sup* k(v) — 5,0} # 0. Then, max{sup™* K(v)
—5,0} = sup*K(v) —& > 0. Using (3.2), we get sup* K(svz) —& > sup*K(v) — 6. Thus, sup*K(svz) >
sup* K(v). Hence, sup_, K(svz) > sup, K(v), which is that K(svz) > K(v). Therefore, K is a S, HFLtId of T.
Similarly procedures can be used for the other types. O

By Propositions 3.3, 3.4, 3.7, and 3.8, we obtain the equivalence of SHFIds, ST, HFIds, and Sy HFIds in
ternary semigroups.

Corollary 3.10. Let & be an HFS on T. The following statements are equivalent.

(1) E is a SHFId (resp., SHFLId, SHFLtId, SHFRId) of T.
() E isa S;FHFId (resp., STHFLId, ST,HFLtId, Sj,HFRId) of Tforall y € [0,1].
(3) &isa Sy HFI (resp., Sg HFLId, Sy HFLtld, Sy HFRIdA) of Tfor all & € [0,1].

3.3. Characterizations by Lukasiewicz (anti-) and Pythagorean fuzzy sets

In this part, we characterize many kinds of S{HFIds and SjHFIds in ternary semigroups via
Lukasiewicz (anti-) fuzzy sets and PFSs. Since the concept of PFSs is defined in preliminaries section.
Let us recall the notion of Lukasiewicz (anti) fuzzy sets. Let ¥ be an FS in 8. Then FSs 95 and S;F in §,
defined by

95 (s) :==max{d(s) — 5,0} and B (s) :=min{d(s) +v,1}

for all s € 8, are called an x-fukasiewicz fuzzy set [17] when « := 1 — 8 and a y-Lukasiewicz anti fuzzy set
[18] of ¥ in §, respectively. We recall that for any HFS E on 8, the FS F¢ in 8 is defined by

FE(s) = sup” E(s)

for all s € 8. The properties of F £ were given by Lukasiewicz (anti-) fuzzy sets as follows.

Lemma 3.11 ([14]). Let & be an HFS on 8. Then we obtain the following statements.

)

1 &
(2) (F8);5 is a 1 — d-Eukasiewicz fuzzy set of F& in 8.
(3) Forany s € 8, we have (?z);r(s) = supwf E(s) and (?a)g(s) = supy E(s).

)y m

)y is a y-Lukasiewicz anti-fuzzy set of FEin 8.

We obtain the characterizations of Sj, HFIds, S;r HFLIds, Sj, HFLtlds and Sj, HFRIds via the Lukasiewicz
anti-fuzzy set using Lemma 3.11 and the results in the preceding subsections.

Theorem 3.12. The following statements are equivalent for an HFS EonT
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(1) &isa S$HFId (resp., S} HFLI, S HFLtd, S HFRId) of .
(2) (&"5)§ is an FId (resp., FLId, FLtId, FRId) of Tfor all x € [y, 1].
(3) (&"5);5 is an FId (resp., FLId, FLtld, FRId) of T.

Proof. Only the Ltlds procedure is taken into account in this proof. A similar proof can be made for the
others.

(1) = (2). Let fbea ST, HFLtld of Tand « € [y, 1]. By Proposition 3.5, we have that s also a St HFLtld
of T. By Lemma 3.11, we have that

(FE)E(v) = sup £(v) < supl E(svz) = (FE) & (svz)

for all s,v,z € T. This means that (?z)fg is an FLtId of T.
(2) = (3). This implication is clear.
(3) = (1). Let (ff“g)¢ be an FLtld of T. By using Lemma 3.11, we get

~ ~ ~

sup) £(z) = (F)3 (2) < (%) (s2v) = sup; &(szv)

for all s,v,z € T. This means that Z(z) 5 £(szv) forall s,v,z € T Thus, & is a Sy HFLtld of T O
Similarly, we obtain the following characterization.

Theorem 3.13. Let & be an HFS on F. The following statements are equivalent.
(1) Tisa Sy HFId (resp., Sy HFLId, Sy HFLtld, Sy HFRIA) of T.

(2) (F)5 is an FId (resp., FLId, FLHd, FRIA) of Ffor all « € [5,1].

3) (F%); is an FId (resp., FLId, FLtd, FRId) of T.

The properties of Lukasiewicz fuzzy sets being AFIds provide another way to describe SHFIds. To do
that the following information is necessary. Let € be an HFS on a set 8. An HFS ® on § is said to be a
supremum complement of € if sup*K(s) = 1—sup* E(s) for all s € 8. The notation SC(Z) stands for the set of
all supremum complement of &, For any HFS £ on 8, we define an HFS €* on § by Ex(s):={1— sup* &(s)}
forall s € 8.

Lemma 3.14 ([14]). Let & be an HFS on a set 8 and o € [0, 1]. Then:

~

(1) supf K(s) =1—sup, &(s);
(2) supy R(s) =1 —sup] &(s),

~

forall s € 8 and K € SC(§).

Theorem 3.15. Let & be an HFS on F. The following statements are equivalent.

(1) Tisa S;rHFId (resp., SYHFLId, SYHFLtld, STHFRIA) of T.
(2) (F%)5 is an AFId (resp., AFLId, AFLtd, AFRId) of Ffor all « € [y,1] and & € SC(E).

@) (F& )y is an AFId (resp., AFLId, AFLtld, AFRId) of T.

Proof. Only the Ltlds procedure is taken into account in this proof. A similar proof can be made for the
others.

(1) = (2). Let fbea S;rHFLtId of T xely,1]and K € SC(/E:). By Proposition 3.5, we have that Zisalso a
SLHFLtId of T Using Lemmas 3.11 and 3.14, we get that

(F)x(v) =sup, K(v) =1—sup} Ev)>1— sup; E(svz) = supy, K(svz) = (F%) 4 (svz)

for all s,v,z € T. This means that (F ’5); is an AFLtld of T.
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(2) = (3). This implication is clear.

(3) = (1). Assume that (F & )y is an AFLtId of T By using Lemmas 3.11 and 3.14, we have that
supf/ E(v) =1— sup,, z*(v) =1— (3"2*) v)<1-— (3"‘E ) (svz) =1— sup,, E,*(svz) = sup,, ci(svz)

for all s,v,z € T This means that E(v) ﬂj E(svz) for all s, v,z € T. Therefore, & is a S$ HFLtld of T O
Similarly, we obtain the following theorem.

Theorem 3.16. Let & be an HFS on F. The following statements are equivalent.

1) & isa Sy HFId (resp., Sy HFLId, Sy HFLtId, Sy HFRIA) of T.
2 (T )+ is an AFId (resp., AFLId, AFLtld, AFRId) of Tfor all « € [5,1] and K € SC(&).
(3) (F¢ )5 is an AFId (resp., AFLId, AFLtld, AFRId) of T.

As two results, we obtain the characterizations of ST HFIds and Sy HFIds by PFIds in ternary semi-
groups.

Corollary 3.17. Let & be an HFS on . The following statements are equivalent.
1) Eisa SYHFId (resp., ST HFLId, S HFLtld, SYHFRId) of T.

) (F E) (3"8) ) is a PFId (resp., PFLId, PFLtld, PFRId) of L.
3) (F E) ,(F )(X) is a PFId (resp., PFLId, PFLtld, PFRId) of Tfor all « € [y,1] and K € SC(E).
Proof. 1t follows from Theorems 3.12 and 3.15. O

Corollary 3.18. Let & be an HES on T. The following statements are equivalent.

(1) & is a Sy HFId (resp., Sy HFLId, Sy HFLHd, Sy HFRId) of T.
@) ( Z)5 , (3"5*) ) is a PFId (resp., PFLId, PFLtld, PFRId) of T.
(3) ((F%)5, (FX)L) is a PFId (resp., PFLId, PFLtId, PFRIA) of Tfor all « € [5,1] and K € SC(Z).

Proof. 1t follows from Theorems 3.13 and 3.16. O

(F
(F

3.4. Characterizations by hesitant and interval-valued fuzzy sets
)

sup* ’

Ss HFIds in ternary semigroups by HFSs and IvFSs. Recall that for any HFS gon8and ® C [0,1], we
define the HFS JH (&) on 8 by

sup*

In our final main subsection, using the set & we characterize the concepts of SYHFIds and

3{(2’?)(5) ={o e ®:sup” E(s) > of

sup

forall s € 8.
Below is a characterization of S HFIds in ternary semigroups.

Theorem 3.19. The following statements are equivalent for an HFS K on L.
(1) ¥ isAa S;FHFId (resp., STHFLIA, S$HFLtId, S;ZHFRId) of T
@) H' =PV is an HFIA (resp., HELId, HELHd, HFRIA) of Ffor all ® C [0,1 — .

sup

Proof. Only the Ltlds procedure is taken into account in this proof. A similar proof can be made for the
others.
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1) = (2) Let K be a SyHFLtId of T, ® C [0,1 —v] and s,v,z € T Suppose that g¢(* ( ) # 0. Given
o e KK ( ). Then o < min{sup*K(z),1—vy} = supy K(z) —7. By our assumption, we obtain that

sup

sup

sup™ K(szv) = (sup* K(szv) +vy) —vy = sup:j K(szv) —y > supT, K(z) —vy > .
That is, o € stu .
forall ® C [0,1—v].

2) = (1) Let :H:sup ) be an HFLtId of Tfor all ¥ C[0,1—v]and s,v,z € T Choose @ := [0,1—], we have
that ﬂ-fsup )is a HFLtId of T Then, we get that

(szv). This means that IHS(EP? (z) C (K (szv) Therefore, stup ) is an HFLtId of T

sup

sup;r K(z) —y = min{sup* K(z),1 —vy} € 9—(5(51’)?) (z) C g (&) (szv)
and
sup;f K(szv) —y = min{sup* K(szv), 1 — vy} > sup;f K(z) —v.

Hence, sup;; K(szv) > sup;j K(z) which implies that K(szv) EWT K(z). Therefore, we our claim as desire. [
Similarly, we obtain a characterization of Sy HFIds in ternary semigroups by the following theorem.

Theorem 3.20. The following statements are equivalent for an HES K on L.

(1) Kisa Sy HFId (resp., Sy HFLId, Sy HFLtld, Sy HFRIA) of T.
(2) Supq) is an HFId (resp., HFLId, HFLtld, HFRId) of Tfor all ® C (5, 1].

Remark 3.21 ([14]). Let 9 and o be FSs in 8 such that & C 0. Then we obtain the following statements.

(1) Ify > 5, then [(9);, (0)5 ] is an IVFS in 8.
(2) If y < 5, then [()F, (0){] is an IVFS in 8.

Being S;C HFIds (resp., S;f HFLIds, S;f HFLtlIds, ng HFRIds) is inconvenient for determining an HFS,
according to Theorem 3.19. The following theorem provides a more practical approach to this viewpoint.

Theorem 3.22. The following statements are equivalent for an HES K on L.

(1) Kis a S HFId (resp., SYHFLIA, S HFLtId, S HFRIA) of T.

2 (F ) (CT”() | is an IvFId (resp., IvFLId, IvFLtld, I[vFRId) of T for all o € [y, 1].

3) ( )vv (3"‘) L) is an IoFId (resp., [oFLId, [vFLtld, [oFRId) of Tfor all y1,7v2 € [y, 1] with y1 < v2.
4) H <011 45 an TFId (resp., IvFLId, IvFLtld, [vFRId) of T

sup

Proof. The equivalence (1) < (2) < (3) is followed by Theorem 3.12 and Remark 3.21. Let us examine the
equivalence (1) < (4). Only the Ltlds procedure is taken into account in this proof. A similar proof can
be made for the others.

(1) = (4). Let K be a STHFLtId of Tand s,v,z € T Consider

sup sup*

Hence, H X011 g an IvFLtd of T

sup

(4) = (1). Assume that Hsupo Y1) is an IvFLtId of T Let s,v,z € T Then

3l (2) = [0, supy) R(z) —v] < [0, sup:} R(szv) —v) = ST (sz).

sup sup*

This means that sup;j K(szv) > supi; K(z). Therefore, K is a S HFLtId of T. O
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Unfortunately, until now, we have been unable to characterize Sy HFIds (resp., Sy HFLIds, Sy HFLtlds,
Ss HFRIds) using IvFIds (resp., IvFLIds, IvFLtlds, IvFRIds) in the HFS 3 EP) form. However, it is worth

sup*

stating the following result regarding IvFlds (resp., IvFLIds, IvFLtIds, IvFRIds) in ternary semigroups.

Corollary 3.23. Let K be an HFS on T. The following statements are equivalent.

(1) Kisa Sy HFId (resp., Sy HFLId, Sy HFLtld, Sy HFRIA) of T.
(2) [(F®)g, (F%)5] is an IvFId (resp., IFLId, IvFLtId, IoFRIA) of T for all « € [5, 1.
(3) [(FX);,, (FX)3,) is an IoFld (resp., IoFLId, IoFLtId, IoFRId) of Tfor all 81,8, € [5,1] with 5, < 8.

Proof. We complete the proof by applying Theorem 3.13 and Remark 3.21. O

4. Conclusions and future work

In present paper, we have introduced SJ HFIds (resp., SJ HFLtlds, S HFLIds, SYHFRIds) and Sy HFIds
(resp., Sg HFLtlds, Sy HFLIds, Sy HFRIds) which are general types of SHFIds (resp., SHFLtlds, SHFLIds,
SHEFRIds) of ternary semigroups, and discussed their interesting properties. We can summarize the
relationships between IvFIds, HFIds, SHFIds, Sy HFIds and S; HFIds by Figure 4. Further, the general
types of SHFIds have been characterized by HFSs, FSs, PFSs, IvFSs and Lukasiewicz (anti-) fuzzy sets.

sup -hesitant fuzzy ideal ~#~ suphesitant fuzzy ideal

N2

sup-hesitant fuzzy ideal

2N\

Hesitant fuzzy ideal =/~ Interval-valued fuzzy ideal

Figure 3: Relationships of IvFIds, HFIds, SHFIds, S HFIds and Sg HFIds.

The following are objectives for study and research in ternary semigroups and other algebras:

1. to study sup;j - and supj -types of HFSs based on bi-ideals of ternary semigroups;
2. to study sup - and sup; -types of HFSs in I'-semigroups and LA-semigroups;

3. to extend sup - and sup; -types of HFSs to BRK-algebras and G-algebras introduced by Bandaru
[3, 4].
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