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Abstract
In this paper, a two species amensalism model with a cover for the first species takes the form
dz 9
pri a1x(t) — bz(t) — c1 (1 — k)x(t)y(t),
dy

- = axy(t) - by (1),

is investigated, where a;,b;,2 = 1,2 and ¢; are all positive constants, k£ is a cover provided for the
b
species z, and 0 < k < 1. Our study shows that if 0 <k < 1— E, then Es5(0, ‘;—;) is globally stable,
Q21
ab
and if 1 > k > 1 — —2=, then Es(z*,y*) is the unique globally stable positive equilibrium. More
a2C1

precisely, the conditions which ensure the local stability of Fs(0, Z—;) is enough to ensure its global
stability, and once the positive equilibrium exists, it is globally stable. Some numerical simulations

are carried out to illustrate the feasibility of our findings. (©)2016 All rights reserved.
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1. Introduction

During the last two decades, the study of dynamic behaviors of population system incorporating
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a refuge for some species become one of the most important research topic, (see [5-7, 9] 10, 13, 15+
21], 24H28] and the references cited therein). Also, there are several papers on the dynamic behaviors
of amensalism model, see [1H4], 8, 12, [14] 22], 23], 29, 30]. However, only [22] considered the influence
of refuge on the amensalism model.

Sita Rambabu, Narayan and Bathul[22] considered a two species amensalism model with a partial
cover for the first species to protect it from the second species, the model is as follows:

Z_‘: = ay(t) — ba®(t) — ey (1 — k) (t)y(t),
(1.1)
% — agy(t) — bay?(t),

where a;,b;,7 = 1,2 and ¢; are all positive constants, k is a cover provided for the species x, and
0 < k < 1. The series solution of above system was approximated by the Homotopy analysis method
(HAM). However, the author did not give any analysis about the cover parameter k, to show how
the cover influence the dynamic behaviors of the system ((1.1). To find out the influence of refuge
(which is represent by k), one should give a thoroughly analysis of the global dynamic behaviors of
system (|1.1)).

The aim of this paper is to investigate the local and global stability property of the possible
equilibria of system and to find out the influence of refuge. We arrange the paper as follows:
In the next section, we will investigate the existence and local stability property of the equilibria of
system . In Section , by constructing a suitable Lyapunov function and applying the Dulac
Theorem, we will investigate the global stability property of the system; In Section [, an example
together with its numeric simulations is presented to show the feasibility of our main results.

2. The existence and stability of the equilibria
The equilibria of system ([1.1)) is determined by the system

arx — bia® — ¢y (1 — k)ay = 0,
asy — boy? = 0.

Hence, system (|1.1]) admits four possible equilibria, Fy(0,0), El(%, O), E, (O, Z—j) and E3 (:U*, y*),

by — 1—k
where z* = 2 22;1( ),y* = %. Obviously, Fs5 is a positive equilibrium if and only if
102 2
b
k>1- 222
516

Concerned with the local stability property of the above four equilibria, we have,

b
Theorem 2.1. Ey(0,0) and E\($*,0) are unstable; If k < 1 — E, then E5(0,32) is stable and if
1 e 2
b b by — 1—k
kE>1-— E, then E5(0, $2) is unstable; If k > 1 — 902 holds, E;;(al 2~ azta( ), %> is stable.
asC1 2 a2Cq b1by by

Proof. The Jacobian matrix of the system (1.1]) is calculated as

B a; —2bjx — (1 —k)y —c(1 —k)z
J('I, y) - ( 0 —ngy + a9 '
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Hence the Jacobian matrix of the system (1.1)) about the equilibrium F;(0,0) is given by

aq 0
0 a9 ’
Clearly Ey(0,0) is unstable.
),

For El(%, 0), its Jacobian matrix is given by

|)—‘

Clearly F;(#,0) is unstable.

1 Y
For E5(0, ‘;—j , its Jacobian matrix is given by

1—
( ap — —Cla?(b k) 0 >
2 .
0 —a2

~—

1—k 1—k
Hence, if a; > M holds, F»(0, Z—;) is unstable, and if a; < Cla?(b—) holds, Es(0, Z—;) is
2 2
b
stable. That is to say, if k <1 — 02 (in this case, system (|1.1)) has no positive equilibrium), then
a9Cq
b
E5(0, §2) is stable and if k > 1 — o2 (in this case, system (1.1]) has positive equilibrium Ej), then
a9C1
E5(0, Z—;) is unstable. The Jacobian matrix about the equilibrium FEj is given by
a201(1~— k)‘—-&lbg C1(k —-1)(@261(k —-1)-+-a1b2)
by b1by )
0 —Qa2
b
ifk>1-— E, then agcq (1 — k) — a1bs < 0, hence, the eigenvalues of the above matrix are negative
a2Cq
and Fj is stable. This ends the proof of Theorem O

Remark 2.2. Theorem shows that if the positive equilibrium is exist, then it is locally stable.
a1b

Theorem [2.1| also shows that if the cover for the species is large enough, such that £ > 1 — ﬂ, then
a92C1

two species could be coexisted in a stable state.

3. Global stability of the equilibria

Following we will further investigate the global stability of the boundary equilibrium F5 and the
positive equilibrium Fj3. As a direct corollary of Lemma 1.1.4 of [I1], we have,

Lemma 3.1. System

Y aa(t) — b (1), (3.

has a unique globally attractive positive equilibrium y* = Z—j
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b
Theorem 3.2. [fk < 1 — 2 then Ey(0, %) is globally stable.
a92Cy

b
Proof. k <1— M2 is equivalent to a; —¢q (1 — l{:)‘g—j < 0, hence, one could choose small enough € > 0

a9C1
such that
a; —c (1 —k)(——¢) <0 (3.2)

holds. For this ¢, it follows from Lemma that there exists a T" > 0, such that every positive
solution y(t) of (3.1]) satisfies

——5<y(t)<%+5. (3.3)
2

Now let’s consider the Lyapunov function

Vi(z,y) =x+y—y*—y*ln%,
where y* = 2. Calculating the derivative of V' along the solution of the system (|1.1), by usin
Y b g g y Y g

equalities 1 and (3.2)), we have

Vi = a1z — bia? — (1 — k)ay + (asy — bay?) (1 — %)

= —bz® + (a1 — (1 = k)y)x + (ag — bay)(y — y*)

1
< —biz* + (a1 — er(1 — k)(% — &)z — —(as — bay)*.
by by

dvhn

Obviously, % < 0 strictly for all x,y > 0 except the positive equilibrium F5(0, Z—j), where <7t =

0. Thus, Vi(z,y) satisfies Lyapunov’s asymptotic stability theorem, and the boundary equilibrium
E5(0, ‘;—;) of system ([1.1]) is globally stable. This ends the proof of Theorem . ]

Remark 3.3. Theorem shows that if the boundary equilibrium FEs is locally stable, then it is
globally stable.

b
Theorem 3.4. If k> 1— 02 holds, then Ej (m*,y*) 15 globally stable.
a92Cy

Proof. Firstly we proof that every solution of system (I.I)) that starts in R? is uniformly bounded.
From the first equation of (|1.1)) one has

dx
dt

By using the differential inequality, we obtain

< ayx — by

limsup z(t) < a (3.4)
t—-+o0 bl

From (3.3) and (3.4)), there exists a ¢ > 0 such that for all t > T

o(t) < Lte, ylt) < 2 4e.
by bo

Let B = {(z,y)] € R% : 2z < i +e, y < 32+ e} Then every solution of system (L.1)) starts

in R% is uniformly bounded on B. Also, from Theorem there is a unique local stable positive
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equilibrium Fj3(x*,y*). To ensure E3(x*,y*) is globally stable in above area, we consider the Dulac
function u(z,y) = =y, then

O(uP) IO(uQ)
ox * dy

= —bly_l — bgl’_l < O,

where P(z,y) = a1x — bjz? — cyzvy, Q(x,y) = agy — boy?. By Dulac Theorem, there is no closed orbit
in area B. So FEs(x*,y*) is globally asymptotically stable. This completes the proof of Theorem
B4 O

Remark 3.5. Theorem shows that if the positive equilibrium Fj exists, then it is globally stable.
a92C1

by — 1—-k .
Remark 3.6. Noting that z*(k) = o2 2221( ), and dzdlgk =10 > 0, which means that the
102 102

cover can increase the densities of the first species and thus can reduce the chance of the extinction
of the first species.

4. Numeric simulations

Now let us consider the following example.
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Figure 1: Numeric simulations of system with k£ = 7, t
2), respectively.

(2(0),5(0)) = (1.2,1.2),(0.2,2),(1.2,3),(1.2 0. 2) and (0.2 dz

Example 4.1. Consider the following system

(4.1)
V= 2y(t) - (1)

In this system, corresponding to system (1.1)), we take a; = by = ¢; = 1,a5 = 2,b; = 1. First, let
us consider the case k = i, obviously, in this case k£ < 1 — %, and so, from Theorem the prey



X. D. Xie, F. D. Chen, M. X. He, J. Math. Computer Sci. 16 (2016), 395401 400

species go extinct while predator species reaches its maximum environment carrying capacity. Figure

shows the dynamics behavior of species x and y, where k = }1. It follows from Theorem that

for all £ > %, system (4.1) admits a unique positive equilibrium, which is globally asymptotically

stable. Figure [2| shows the dynamics behavior of species x and y, where k = %. The figures confirm
the effect of refuge for the first species.

Dynamic behaviors of system (4.1)(k=3/4)
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Figure 2: Numeric simulations of system (4.1) with & = %, the initial conditions
(z(0),y(0)) = (0.3,3), (0.2,0.2), (3,2.5), (0.8, 3), (3,0.2) and (2,0.1), respectively.

Acknowledgment

The research was supported by the Natural Science Foundation of Fujian Province (2015J01012,
2015J01019, 2015J05006) and the Scientific Research Foundation of Fuzhou University (XRC-1438).

References

[1] K.V.L.N. Acharyulu, N. C. Pattabhi Ramacharyulu, On the stability of an ammensal- enemy harvested
species pair with limited resources, Int. J. Open Problems Compt. Math., 3 (2010), 241-266

[2] K. V. L. N. Acharyulu, N. C. Pattabhi Ramacharyulu, An immigrated ecological ammensalism with
limited resources, Int. J. Sci. Adv. Technol., 27 (2011), 78-84.

[3] K. V. L. N. Acharyulu, N. C. Pattabhi Ramacharyulu, On the carrying capacity of enemy species,
inhibition coefficient of ammensal species and dominance reversal time in an ecological ammensalism
—a special case study with numerical approach, Intern. J. Adv. Sci. Tech., 43 (2012), 49-58.

[4] K. V. L. N. Acharyulu, P. Rama Mohan, N. C. Pattabhi Ramacharyulu, An Ecological Mathematical
Model of an Immigrated Ammensal and a Migrated Enemy Model with Mortality Rate for Ammensal
Species-An Analytical Investigation, Int. J. Pure Appl. Sci. Technol., 4 (2011), 71-84.

[5] L. J. Chen, F. D. Chen, L. J. Chen, Qualitative analysis of a predator-prey model with Holling type IT
functional response incorporating a constant prey refuge, Nonlinear Anal. Real World Appl., 11 (2010),
246-252. [

[6] L. J. Chen, F. D. Chen, Y. Q. Wang, Influence of predator mutual interference and prey refuge on
Lotka-Volterra predator-prey dynamics, Commun. Nonlinear Sci. Numer. Simul., 18 (2013), 3174-3180.

[7] F.D. Chen, L. J. Chen, X. D. Xie, On a Leslie-Gower predator-prey model incorporating a prey refuge,
Nonlinear Anal. Real World Appl., 10 (2009), 2905-2908.



X. D. Xie, F. D. Chen, M. X. He, J. Math. Computer Sci. 16 (2016), 395401 401

8]

[9]

[10]

F. D. Chen, W. X. He, R. Y. Han, On discrete amensalism model of Lotka-Volterra, J. Beihua Univ.
(Natural Science), 16 (2015), 141-144.

F. Chen, Z. Ma, H. Zhang, Global asymptotical stability of the positive equilibrium of the Lotka-Volterra
prey-predator model incorporating a constant number of prey refuges, Nonlinear Anal. Real World Appl.,
13 (2012), 2790-2793.

F. Chen, Y. Wu, Z. Ma, Stability property for the predator-free equilibrium point of predator-prey systems
with a class of functional response and prey refuges, Discrete Dyn. Nat. Soc., 2012 (2012), 5 pages.
F. D. Chen, X. D. Xie, Study on the dynamic behaviors of cooperation population modeling, Science
Press, Beijing, (2014).

F. D. Chen, M. S. Zhang, R. Y. Han, Existence of positive periodic solution of a discrete Lotka-Volterra
amensalism model, J. Shengyang Univ. (Natural Science), 27 (2015), 251-254.

E. Gongzez-Olivares, R. Ramos-Jiliberto, Dynamic consequences of prey refuges in a simple model system:
more prey, fewer predators and enhanced stability, Ecol. Model., 166 (2003), 135-146.

R. Y. Han, Y. L. Xue, L. Y. Yang, F. Chen, On the existence of positive periodic solution of a Lotka-
Volterra amensalism model, J. Longyang Univ., 33 (2015), 22-26.

Y. J. Huang, F. D. Chen, L. Zhong, Stability analysis of a prey-predator model with Holling type III
response function incorporating a prey refuge, Appl. Math. Comput., 182 (2006), 672—-683.

L. L. Ji, C. Q. Wu, Qualitative analysis of a predator-prey model with constant-rate prey harvesting
incorporating a constant prey refuge, Nonlinear Anal. Real World Appl., 11 (2010), 2285-2295.

T. K. Kar, Stability analysis of a prey-predator model incorporating a prey refuge, Commun. Nonlinear
Sci. Numer. Simul., 10 (2005), 681-691.

W. Ko, K. Ryu, Qualitative analysis of a predator-prey model with Holling type II functional response
incorporating a prey refuge, J. Differential Equations, 231 (2006), 534-550.

V. Krivan, On the Gause predator-prey model with a refuge: A fresh look at the history, J. Theoret.
Biol., 274 (2011), 67-73.

Z. 7Z. Ma, F. D. Chen, C. Q. Wu, W. Chen, Dynamic behaviors of a Lotka-Volterra predator-prey
model incorporating a prey refuge and predator mutual interference, Appl. Math. Comput., 219 (2013),
7945-7953.

Z.H.Ma, W. D. Li, S. F. Wang, The effect of prey refuge in a simple predator-prey model, Ecol. Model.,
222 (2011), 3453-3454.

B. Sita Rambabu, K. L. Narayan, S. Bathul, A mathematical study of two species amensalism model with
a cover for the first species by homotopy analysis method, Adv. Appl. Sci. Res., 3 (2012), 1821-1826.
G. C. Sun, Qualitative analysis on two populations ammenslism model, J. Jiamusi Univ. (Nature Science
Edition), 21 (2003), 283-286.

Y. D. Tao, X. Wang, X. Y. Song, Effect of prey refuge on a harvested predator-prey model with generalized
functional response, Commun. Nonlinear Sci. Numer. Simul., 16 (2011), 1052-1059.

Y. M. Wu, F. D. Chen, W. L. Chen, Y. H. Lin, Dynamic behaviors of a nonautonomous discrete
predator-prey system incorporating a prey refuge and Holling type i functional response, Discrete Dyn.
Nat. Soc., 2012 (2012), 14 pages.

Y. M. Wu, F. D. Chen, Z. Z. Ma, Y. H. Lin, Permanence and extinction of a nonautonomous predator-
prey system incorporating prey refuge and Rosenzweig functional response, J. Biomath., 29 (2014),
727-731.

R. Z. Yang, C. R. Zhang, Dynamics in a diffusive predator-prey system with a constant prey refuge and
delay, Nonlinear Anal. Real World Appl., 31 (2016), 1-22.

Q. Yue, Dynamics of a modified Leslie-Gower predator-prey model with Holling-type II schemes and a
prey refuge, SpringerPlus, 5 (2016), 1-12.

Z. P. Zhang, Stability and bifurcation analysis for a amensalism system with delays, Math. Numer. Sin.,
30 (2008), 213-224.

Z. F. Zhu, Q. L. Chen, Mathematical analysis on commensalism Lotka-Volterra model of populations,
J. Jixi University, 8 (2008), 100-101.



	1 Introduction
	2  The existence and stability of the equilibria 
	3 Global stability of the equilibria
	4 Numeric simulations

