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Abstract

The concept of spherical fuzzy set was introduced by Gun et al. in 2018. It is generalization of Pythagorean fuzzy set. Our
main paper, we give the concepts of spherical interval valued fuzzy ideals in semigroups, and properties of a spherical fuzzy
ideal in semigroups with prove. Moreover, we investigate necessary and sufficient conditions of coincidences spherical interval
valued fuzzy ideals in semigroups.
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1. Introduction

There are numerous uncertain, imprecise, and incomplete problems in the real world. Zadeh’s fuzzy
set theory is a successful and effective tool to solve many above (similar) problems. The concept of fuzzy
sets was published by Zadeh in 1965 [13]. In 1979, Kuroki [8] studied fuzzy subsemigroups and various
kinds of fuzzy ideals in semigroups. Later in 1975 Zadeh [14] studied theory interval valued fuzzy set
have been successfully applied to pattern recognition medical diagnosis[3], fuzzy logic, decision-making
image processing [1] and decision making method [15] and so on. Biswas [2] used the ideal of interval
valued fuzzy sets to interval valued subgroups in 1994. In 2006, Narayanan and Manikantan [10] were
developed theory of an interval valued fuzzy set to interval valued fuzzy subsemigroups and types
interval valued fuzzy ideals in semigroups. In 2012, Kim et al. [7] gave the concepts of interval valued
fuzzy quasi-ideals on semigroups and they studied of its properties. As another extension of fuzzy set
theory, Yager [12] proposed another class of nonstandard fuzzy sets, called Pythagorean fuzzy sets. The
sets are represented by pairs of two values (n(x),9(x)), which satisfies 0 < (n(x))? + (9(x))?> < 1. Gun
et al. [6] gave the concept of spherical fuzzy set and studied properties it. The spherical fuzzy set is a
generalization of the picture fuzzy sets and Pythagorean fuzzy sets. In 2020 Veerappan and Venkatesan
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[11] studied propeties of spherical interval valued fuzzy bi-ideals of I near-rings. In 2022 Krailoet et al.
[9] studued spherical fuzzy sets and rough sets in ternaray semigroups. Recently, Chinnaducal et al. [4]
introduced spherical fuzzy ideals and discussed properties spherical fuzzy ideals in semigroups.

The rest of this paper is organized as follows. In Section 2, we review some basic concepts and
results of semigroup, fuzzy sets, interval valued fuzzy sets, Pythagorean fuzzy sets and spherical fuzzy
sets. Section 3, proposes the definition of types spherical interval valued fuzzy ideals and we investigate
necessary and sufficient conditions of coincidences spherical interval valued fuzzy ideals in semigroups.
In Section 4, we discuss some basic properties of spherical interval valued fuzzy ideals of a spherical
fuzzy ideal in semigroups.

2. Preliminaries

To assemble this work self sufficient, we briefly introduce a few definitions engaged in the remaining
work.

A subsemigroup of a semigroup ® is a non-empty set & of & such that 82 C 8. A left (right) ideal of a
semigroup & is a non-empty set & of & such that 88 C & (A& C &). By an ideal of a semigroup &, we
mean a non-empty set of & which is both a left and a right ideal of &. A generalized bi-ideal of a semigroup
& is a non-empty set R of & such that RBER C K. A gausi-ideal of a semigroup & is a non-empty set £ of &
such that R& N GR C K. A subsemigroup £ of a semigroup & is called a bi-ideal (interior ideal, (1,2)-ideal)
of G if ABR C & (BRAG C K, ABR? C K). A semigroup & is said to be regular if for each element u € &,
there exists an element x € & such that u = uxu. A semigroup & is called intra-regular if for every u € ®
there exist x,y € & such that u = xu?y. A semigroup & is said to be left (right) regular if for each element
u € &, there exists an element x € & such that u = xu?(u = u?x). A semigroup & is called semisimple if
for every u € &, there exist x,y,z € & such that u = xuyuz. A semigroup & is called weakly reqular if for
every u € & there exist x,y € & such that u = uxuy. A semigroup & is a left (right) quasi-regular if for
every u € &, there exist x,y € ® such that u = xuyu (u = uxuy).

For any n; € [0,1], where i € J, define

V= i d Ani=inf{ni}
YoM ?‘QE{”‘} and  Amni %23{”1}

We see that for any 1ny,12 € [0, 1], we have

M VM2 = max{ny, 2} and n1 Anp = min{ng, n2}.

Definition 2.1 ([13]). A fuzzy subset (fuzzy set) n of a non-empty set ¥ is a function from ¥ into the closed
interval [0,1], i.e.,,n: T — [0, 1].

The set of all closed subintervals of [0,1] is denoted by €, that is,
C==Mh"n"10<n <n"<1}L

We note that n,n] = {n} for alln € [0,1]. For n = 0 or 1 we shall denote [0,0] by 0 and [1,1] by 1. Let
A=M",n"]and ¥ = ®,9"] in C. Define the operations “=”, “=",“ A" “Y"” as follows:

(1) 7 <difand only if n~ < ¥ andn™ <97;

(2) n=difand only ifn~ =9~ andn* =9F;

@) A =[" A7), (nT AT

@Aavyd=[m VI ), M VI,iff =, we write d < 7.

Proposition 2.2 ([5]). For any 7,9, @ € C, the following properties are true:

M AN =nandnyY =7
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2 QA= ANandnYd=9 Y7

B MANAD =A@ AD®) and AYI)YwW=nY DY ®);

4 MADN YD =YD AR YD) and AYIN Aw=HRAD) Y D AL®);
5G) fn =Y, thenfA D VA Dandn Y ® <9 Y w.

Definition 2.3 ([14]). An interval valued fuzzy subset (shortly, IVF subset) of a non-empty set T is a
functionn: ¥ — C.

Definition 2.4 ([10]). Let & be a subset of a non-empty set . An interval valued characteristic function
X of 8 is defined to be a function Xz : 8 — C by

_ 1, ifues
0, ifuésg,

for all u € A.

For two IVF subsets 7 and 9 of a non-empty set T, define
(1) ACdenu) <du)forallucT;
2 n=d<nCdanddCT;
(3) MM (w) =xq(u) Ad(u) forallu e F.

For two IVF subsets ] and 9 of a semigroup &, define the product fj o 9 as follows: for all u € &,

_ Y {A(x) Ad(y)), if Fu #0,
o fF, =0,

where Fy, :={(x,y) € & x & | u = xy}.
Definition 2.5 ([10]). An IVF subset 1 of a semigroup & is said to be

(1) an IVF subsemigroup of & if n(uv) > n(u) An(v) for all u,v € &;
(2) an IVF left (right) ideal of & if j(uv) > N(v) (M(uv) = n(u)) for allu,v € &;
(3) an IVF ideal of & if it is both an IVF left ideal and an IVF right ideal of &.

Definition 2.6 ([10]). An IVF subsemigroup 1 of a semigroup & is said to be

(1) an IVF bi-ideal of & if m(uvw) = (u) Aq(w) for all u,v,w € &;
(2) an IVF interior ideal of & if (uvw) = 1(v) for all w,v,w € &.

Definition 2.7 ([7]). An IVF subset 1 of a semigroup & is said to be an IVF quasi-ideal of & if fj(u) >
(BGomn)(u) A (Mo®)(u) forall u € &.

Definition 2.8 ([12]). Let T be a non-empty set. A Pythagorean fuzzy set (PFS) P := {u,n(u),d(u) [ u € &},
wheren : € — [0,1] and ¥ : T — [0,1] represent the degree of membership and non-membership of the
object z € T to the set P subset to the condition 0 < (M(u))?+ (9(u))? < 1 for all u € T. For the sake of
simplicity a PFS is denoted as P = (n(u); d(u)).

Definition 2.9 ([6]). Let T be a non-empty set. A spherical fuzzy set (SES) SP := {u,n(u),d(u), w(u) [u € &},
wheren : € — [0,1], ¥ : € — [0,1] and w : T — [0,1] represent the degree of membership, non-
membership and hesitancy of the object u € T to the set SP subset to the condition 0 < (m(uw)? +
(®(w)? + (w(w))? < 1 for all u € %. For the sake of simplicity a PFS is denoted as SP = (n(u);9(w), w(u)).
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3. Spherical interval valued fuzzy ideal in semigroups

In this section, we will study concepts of spherical interval valued fuzzy set in a semigroup and we
study properties of those.

Definition 3.1. Let T be a non-empty set. A spherical interval valued fuzzy set (SIVE-set) SP := {u, fj(u), 9(u),
wu) |u € &), wheren: T =€ d:T wCandw:%T — C represent the degree of membership, non-
membership and hesitancy of the object 1 € T to the set SP subset to the condition 0 < (1(w))? + (9(w))? +
(@(u))? < 1 for all u € T. For the sake of simplicity a PFS is denoted as SP := (7,9, @).

Definition 3.2. Let £ be a subset of a non-empty set T. A spherical interval valued characteristic function
X of 8 is defined to be a function Xz : 8 — C by

_ 1, uch, - 1, uc sk, _ 0, ue sk,
M (W) ::{ 0 ugsr, M4 ‘:{ 0 ugs 4 Oxu] ‘:{ T, ué¢8

forallu € A&

Remark 3.3. To simplify matters, we will employ the symbol Xz = (M, 9y Dx,) for the IF set Xz :=

{(w, My (W), Oy (), @y (w), ) [w € T

Definition 3.4. Let SP; = (17,9, @) and SP; = (T, ¥, &) be two SIVF-set of a semigroup &. Then the product
SP15SP; is defined by
P15SP; := {u,noT(u),dov(u),wox(u) : u € &},

where
L Y ) ATly)), if Fu #0,
(o) (u) = { vk
0, lf Fu - @/
_ Y O0) AV(y)), if Fy #0,
(F5V)(w) = { (wler
} if Fy =0,
A Aol y(y)), if Py #0,
(@ow)(u) = q (x)efu
1, if Fy =0,
for all u € &.

Definition 3.5. A SIVF-set SP of a semigroup & is called

(1) a spherical interval valued fuzzy subsemigroup (SIVFS) if f(uv) = 7(w) A 7(v), 9(uwv) = d(u) A 9(v), and
w(uv) 2 w(u) Y w(v) for all u,v € &;

(2) a spherical interval valued fuzzy left (SIVFL) if 7(uwv) = f(v), 9(uwv) = 4(v), and @(uv) < @(v) for all
u,v e B;

(3) a spherical interval valued fuzzy right (SIVFR) if 7j(uv) =#(u), 9(uv) = 9(u), and @w(uwv) < @(u) for all
u,v e ®;

(4) a spherical interval valued fuzzy ideal (SIVFI) if it is both a SIVFL and SIVER of &;

(5) aspherical interval valued fuzzy quasi-ideal (SIVFQ) if 7j(u) = (o) (u) A (Mo®)(u),d(u) = (59)(u) A
(¥56)(u), and w(u) < (Gow)(u) Y (o B)(u) for all u € &.

It is claerly every SIVFI of a semigroup & is SIVFS of &.
Definition 3.6. A SIVFS SP of a semigroup & is called
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(1) a spherical interval valued fuzzy bi-ideal (SIVFB) if H(uvw) = f(u) A f(w), dwvw) = H(u) A d(w), and
w(uvw) < w(u) Y w(w) for all u,v,w € &;
(2) a spherical interval valued fuzzy interior ideal (SIVFII) if M(uvw) = 7(v), (uwww) = ¥(v), and w(uvw) <
w(v) for all w,v,w € &;
(3) a spherical interval valued fuzzy (1,2)-ideal (SIVF (1,2)-ideal) if fj(uv(wy) =1 (uw) A7 (w) A7(y), 9(uv(wy)
= d(w) Ad(w) AD(y), and W(uv(wy) < @(u) Y @(w) Y @(y) for all u,v,w,y € &.

Example 3.7. Let & ={¥, Q, Y, [T} be semigroup with the following Cayley table:

vy orom
viv o rm
ala v oy
Yy maowv
minm Yy owv
Define SIVF-set 7 : & — € by fi(¥) = [0.2,03], §(Q) = [0.3,0.5], fi(Y) = [0.7,0.8], F(T) = [0.5,0.8]; T :

~—

& — C by d(¥) = [0.2,04], 9(Q) = [05,0.6], (Y) = [0.6,0.7], 8(TT) = [0.7,09]; and @ : & — C by
@(¥) =1[0.1,0.3], W(Q) = [0.4,0.5], @(Y) = [0.5,0.7], @(IT) = [0.5,0.7]. Then SP is a SIVFB of &.

Example 3.8. Let & ={¥, Q, Y, IT} be semigroup with the following Cayley table:

Y Qv o
vivy vy
Qv v v v
YV VY Qv
Ty v v 0
Define SIVF-set fj : & — € by {(¥) = [0.5,0.6], 7(Q) = [0.3,0.4], 7(Y) = [0.2,0.3], 7(1T) = [0.3,0.4]; 9 :

® — C by 9(¥) = [04,0.5], 9(Q) = [0.2,0.3], 9(Y) = [0.1,0.2], 9(TT) = [0.2,0.3]; and @ : & — C by
(V) =1[0.3,0.4], @(Q) = [0.4,0.5], @(Y) = [0.3,0.4], @(TT) = [0.6,0.7]. Then SP is a SIVFI of &.

—

The following lemma shows that every SIVFI is a SIVFB of a semigroups.
Lemma 3.9. Every SIVFI of a semigroup & is a SIVFB of &.

Proof. Suppose that SP is a SIVFI of & and let u,v € &. Since SP is a SIVFI of &, we have that SP is a
SIVER of &. Thus,
fw) = A(uw), d(w) =d(u), and w(w) =< w(u),

and so f(uwv) = A(u) = A{(uw) AAWV), d(uv) = Hu) = H(u) A H(v) and w(w) < wu) = wlu) Y wv).
Hence, SP is a SIVFS of &. Let u,v,w € &. Since SP is a SIVFI of &, we have that SP is a SIVFL of &.

Thus, fluvw) = A((w)w) = [A(w), duww) = H((uw)w) = H(w), and T(uvw) = @((uv)w) < T(w) and
so i(uvw) = A(w) = f{(u) A q(w), duvw) = dw) = J(u) A }w), and w(uvw) < ww) < wu) ¥ w(w).
Hence SP is a SIVFB of &. O

In order to consider the converse of Lemma 3.9, we need to strengthen the condition of a semigroup.
Theorem 3.10. In a regular semigroup &, the SIVFBs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFB of & and let u,v € &. Since & is regular, we have uv € (UBU)& C ud,

which implies that uv = uku for some k € &. Thus, (uv) = fluku) = fAu) A QW) = ), d(w) =
d(uku) > d(u) A d(u) = d(u) and @W(uv) = w(uku) < @w(u) Yy w(u) = w(u). Hence SP is a SIVFR of &.
Similarly, we can show that SP is a SIVFL of &. Thus, SP is a SIVFI of &. O

The following lemma shows that every SIVFB is a SIVF (1, 2)-ideal on a semigroup.
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Lemma 3.11. Every SIVFB of a semigroup & is a SIVF (1,2)-ideal of &.

Proof. Suppose that SP is a SIVFB of & and let a,u,v,w € &. Then
N(ua(vw)) =n((uav)w) = M(uav) An(w)) = (M) A7(V)) A7W)) =1(w) A7(V) AT(W),
Y(ua(vw)) = d((uav)w) = B(uav) A3 (w)) = (B(u) A3 (V) LIW)) =d(u) L D(V) A ¥ (W),
w(ua(vw)) = w((wav)w) < (W(uav) Yw(w)) < ((W(u) Yw(v)) Y w(w)) = w(u) Yy @(v) Y w(w)
Hence, SP is a SIVF (1,2)-ideal of &. O

In order to consider the converse of Lemma 3.11, we need to strengthen the condition of a semigroup.
Theorem 3.12. In a regular semigroup &, the SIVF (1,2)-ideals and the SIVFBs coincide.

Proof. Assume that SP is a SIVF (1,2)-ideal of & and let u,v,w € &. Since & is regular, we have uv €
(uBU)® C ubu, which implies that uv = usu for some s € . Thus,

u) An(u) A
u) A d(u) L d(w

Hence, SP is a SIVFB of &. O
The following theorem shows that every SIVFI is a SIVF (1,2)-ideal on a semigroup.
Theorem 3.13. Every SIVFI of a semigroup & is a SIVF (1, 2)-ideal of &.

Proof. Suppose that SP is a SIVFI of & and let u,v € &. Since SP is a SIVFI of &, we have that SP is a
SIVER of &. Thus,
)

fw) = fw), d(w) =d(u), and wwv) = w(u
- (W) A D(v) and w(uwv) < w(u) < w(u) ¥ w(v).

and so (uwv) = A(w) = fu) ARMH), d(uv)
Hence, SP is a SIVFS of &.
Let a,u,v,w € &. Since SP is a SIVFI of &, we have that SP

|
£
>
<l

is a SIVFL of &. Thus,

SP
flww) =7((w)w) = [(w), dwww) =d((w)w) = d(w), and @(ww)=w((w)w) < @(W),

and so
N(ua(vw)) = n(w) = n(u) An(v) A7(w),
Y(ua(vw)) = dw) = d(u) L d(v) L dw),
w(ualvw)) K @W(w) K @(u) Y @(v) Y ©(w).
Hence, SP is a SIVF (1,2)-ideal of &. O

The following lemma shows that every SIVFI is a SIVFII on a semigroup.
Lemma 3.14. Every SIVFI of a semigroup & is a SIVFII of &.

Proof. Suppose that SP is a SIVFI of & and let u,v € &. Since SP is a SIVFI of &, we have that SP is a
SIVER of &. Thus,
nuw) = A, d(uwv) =dHuw), and w(uv)

<
and so f(uv) = f(u) = qu) AQHV), F(uv) = d(u) = d(u) Ad¥W), and w(uw) < wu) C wu) Y w(v).
Hence, SP is a SIVFS of &. Let a,u,v € &. Then, fj(uav) = f(u(av)) = f(av) =
d(av) = 9(a), and W(uav) = @(u(av)) < il
w(uav) < @(a). Hence, SP is a SIVFII of &. O
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In order to consider the converse of Lemma 3.14, we need to strengthen the condition of a semigroup
&.

Lemma 3.15. In a regular semigroup &, the SIVFIIs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFII of & and let u,v € &. Since & is regular, there exists x € & such that
u = uxu. Thus,

N(w) =n((uxw)v) =n((ux)uwv) = n(u),
d(uv) = ¥ (uxu)v) = 9((ux)uv) = d(u),
w(uv) = 0((uxu)v) = 0((ux)uv) < w(u)

Hence, SP is a SIVFR of &. Similarly, we can show that SP is a SIVFL of &. Thus, SP is a SIVFl of &. [J

Lemma 3.16. In a left (right) reqular semigroup &, the SIVFIIs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFII of & and let u,v € ®. Since & is left regular, there exists k € & such
that u = ku?. Thus,

M(uwv) =7A((ku?)v) = Alkuwv) = [((ku)uw) = [u),
Fuv) = ¥((ku?)v) = Jkuuv) = ¥((ku)uv) = d(u),
@ (w) = @((ku?)v) = @(kuuv) = @((ku)uv) < @(u)

Hence SP is a SIVFR of ®. Similarly, we can show that SP is a SIVFL of &. Thus, SP isa SIVFl of &. [

Lemma 3.17. In an intra-regular semigroup &, the SIVFIIs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFII of & and let u,v € &. Since & is intra-regular, there exist x,y € ® such
that u = xu?y. Thus,

M(w) =A((xu’y)v) =7 (uuy)v) =[((xuw)uwv) = [(w),
() = d((xuy)v) = ¥ (xuuy)v) = ((xuw)uv) = H(u),
W(w) = o((xu?)v) = W((xuuy)v) = w((xu)uv) 2 w(u).

— €

Hence, SP is a SIVFR of &. Similarly, we can show that SP is a SIVFL of &. Thus, SP is a SIVFl of &. [J

Lemma 3.18. In a semisiple semigroup &, the SIVFIIs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFII of & and let u,v € &. Since & is semisimple, there exist x,y,z € & such
that u = xuyuz. Thus,

n(w) =n((xuyuz)v) =7((xuy)u(zv)) = n(u),
d(uv) = d((xuyuz)v) = H((xuy)u(zv)) = H(u),
w(uv) = w((xuyuz)v) = w((xuy)u(zv)) < w(u)

Hence, SP is a SIVFR of &. Similarly, we can show that SP is a SIVFL of &. Thus, SP is a SIVFl of &. [

Lemma 3.19. In a let (right) quasi-regular semigroup &, the SIVFIIs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFII of & and let u,v € &. Since & is left quasi-regular, there exist x,y € &
such that v = xvyv. Thus,

n(uw) =Alulxvyv)) =n((ux)v(yv)) = av),
d(uv) = d(ulxvyv)) = d((ux)vlyv)) = H(v),
@(uv) = w(u(xvyv)) = @((ux)v(yv)) = @w(v).

Hence, SP is a SIVFR of &. Similarly, we can show that SP is a SIVFL of &. Thus, SP is a SIVFl of &. [J
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Lemma 3.20. In a weakly reqular semigroup &, the SIVFIIs and the SIVFIs coincide.

Proof. Suppose that SP is a SIVFII of & and let u,v € &. Since & is weakly regular, there exist p,q € &
such that u = upugq. Thus,

M(uv) =A((upuq)v) =n((up)ulgv)) = A(w),
B(wv) = d((upuq)v) = d((up)u(qv)) = d(u),
@(w) = @((upuq)v) = @((uplu(qv)) = @(u)

Hence, SP is a SIVER of &. Similarly, we can show that SPis a SIVFL of &. Thus, SPisa SIVFIof &. O
By Lemmas 3.15, 3.16, 3.17, 3.18, 3.19, and 3.20, we have Theorem 3.21.

Theorem 3.21. Let & be a semigroup. If & is reqular, left (right) regular, intra-reqular, semisimple, left (right)
quasi-regular or weakly regular, then SIVFIIs and SIVFIs coincide.

The following theorem shows that every SIVFI is a SIVFQ of a semigroup.
Theorem 3.22. Every SIVFL (SIVFR) ideal of a semigroup & is a SIVFQ of &.

Proof. Suppose that SP is a SIVFL of & and let u € &. If F, = {), then it is easy to verify that fj(u) =
(Gom(w) A [Mod)(u), H(u) = (God)(u) L (Bod)(u) and ©(u) = (Sow)(u) Y (WoB)(u). If Fy # 0
then
@M= ¥ @OAAG)= ¥ A= v @) Y 6) =),
@)= v @OABEI= v A v @)= v P =),
Esw)w) = & BOYDE)= & OVBEI= A @) k(w0 )

Thus, fi(u) = (&o7)(u), du) = (659)(u) and (5w)(u) < W(u) and so {(u) = (G57)(u) A ([56)(u),
du) = (B3359)(u) A Fo6)(u) and W(u) < (Bow)(u) Y (wsB)(u). Hence, SP is a SIVFQ of &. Similarly,
if SP is a SIVFR of &, then SP is a SIVFQ of &. O

The following theorem shows that every SIVFQ is a SIVES on a semigroup.
Theorem 3.23. Every SIVFQ of a semigroup & is a SIVFES of &.
Proof. Assume that SP is a SIVFQ of & and let u,v € &. Then

P a,

= @) ABW) A (B(w) ATv) = @) A1) A (TATMV) = A(u) AT(V),
d(uv) = (35 (uv) A (B359)(uv)

= q)Yer{ﬁ(P) AG(q)} A " b)Yer{@(a) Ad(b)}

= ) ABW) A (B(u) Ad(V) = (H(w) A1) A (TABW)) = du) ADd(V),
w(uv) < (WsB)(uv) ¥ (o w)(

Y (0YB(v)) = d(u) Y d(v).

Thus, f(uv) = q(u) AR(V), (uv) = d(u) L d(v), and w(uv) < ¥(u) Y ¥(v). Hence, SP is a SIVES of &. [
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The following theorem shows that every SIVFQ is a SIVFB on a semigroup.
Theorem 3.24. Every SIVFQ of a semigroup & is a SIVFB of &.

Proof. Assume that SP is a SIVFQ of & and let u,v € . Then by Theorem 3.23, SP is a SIVFS of &. Let
u,v,w. Then

AP)AS(QIA Y {&(a) AT(b)}

(p.4)EFuwww (a,b)€Fuvw
= @) A S(vw)) A (B(uvw)) AT(w) = [(u) A1) A (TATV)) = Alu) LT(W),
d(uvw) = o) (uvw) A (B59)(uvw)
= (p/q)‘éFuvw{ﬁ(P) AB(q)} A (a,b)\éFwW{@(a) AB(b)}
= (D) A B(vw)) A (B(uv)) AdW) = B(u) A1) A (T AIW)) = F(u) Ad(w),
w(uww) < (Ws &) (uvw) ¥ (o) (uvw)

N ( ,q)éFuvw{s(p) relny (a,b)éFuvw{Qj(a) Y 9(b)}
)

P
< B Y &(ww)) Y (B(uwv)) Y d¥(w) = B(u) Y 0) ¥ (0 Y d(w)) < 3(u) Y ¥(w).

v
Thus, f(uvw) = 7q(u) AR(w), d(uvw) = d(u) A ¥(w) and @(uvw) < 9(u) Y 9(w). Hence, SP is a SIVFB of
&. O

The following result is an immediate consequence of Theorem 3.24 and Lemma 3.11.

Corollary 3.25. Every SIVFQ of a semigroup & is a SIVF (1,2)-ideal of &.

4. Some basic properties of spherical interval valued fuzzy ideals in semigroups

In this section, we prove properties of spherical interval valued fuzzy ideals in semigroups.

Theorem 4.1. Let {SP; | i € J} be a family of SIVFSs of a semigroup &. Then _AgST’i is a SIVFS of &.
1€

Proof. Let u,v € &. Then,

py

Lmilw) = A @) Am(v)) = Ami(w) Ami(v) = (A w) L (Univ)) = A mi(w) A A mi(v),

iegd ied
AB(uw) = A Bi(u) ADi(v)) = A@i(u) ADi(v)) = (ADi(u) A (ADi(v)) = A Bi(u) & A Di(v),
ied iegd ied ied
Y wi(w) 2 Y (wi(u) Y wi(v)) = v(@i(uw) Y wi(v)) = (Ywi(w) ¥ (Ywi(v)) = ¥ @i(u) Y Y wi(v).
ied ied ied ied
Thus, 'égﬁi is a SIVFS of &. 0

Theorem 4.2. Let {SP; | i € J} be a family of SIVFLs (SIVFRs) of a semigroup &. Then .)\387191 is a SIVFI (SIVFR)
ic

of &.

Proof. Let u,v € &. Then,

€J ied ied
ADi(w) = A B (v) = A(ADi(v)) = A Bi(v),
ied ied ied
Y wi(w) 2 Y wi(v) = A(Awi(v)) = Y @i(v)
ied ied ied

Thus, _*3ﬁi is a SIVFL of &. O
1€
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Theorem 4.3. Let {SP; | i € J} be a family of SIVFBs (SIVFIIs, SIVF (1,2)-ideals) of a semigroup &. Then .AHSPi
i€
is a SIVFB (SIVFII, SIVF (1,2)-ideal) of &.

Proof. Let u,v € &. Since {SP; | i € J} is a family of SIVFBs of &, then, {SP; | i € J} is a family of SIVFBS
of &. Thus, by Theorem 4.1,_A3ﬁi is a SIVF of &. Let u,v,w € &. Then,
1€

Thus, _Agﬁi is a SIVFB of &. Similarly, we can show that _Agﬁi is a SIVFII (SIVF (1,2)-ideal) of &. O
i€ 1€
Theorem 4.4. Let {SP; | i € J} be a family of SIVFQs of a semigroup &. Then .AgsiPi is a SIVFQ of &.
1€

Proof. Let u € &. Then,

iegd . iegd ied ied
Adi(w) = A ((639)(u) A (B56)) (1) = (A(GTD)(u)) A (ADTB))(u)) = A (BTH) (WA A (B56))(u),
ied ied ied ied
Y @i(u) X Y ((Bow)(u) Y (@o6))(u)
ied ied
= (Y(Gow)(w) Y (YA 6))(u) = iga(@Gw)(u)Yiga(wS@))(u)
Thus, 'égﬁi is a SIVFQ of &. O

The follows theorems are study the spherical interval valued characteristic function of types of sub-
semigroups on semigroups.

Theorem 4.5. Let R is a nonempty subset of a semigroup &. Then R is a subsemigroup of & if and only if the
spherical interval valued characteristic function X g is a SIVFS of ®.

Proof. Suppose that £ is a subsemigroup & and let u, v®. Then we have the following cases.

Case 1. If u,v € & then uv € & Thus, T, (u) =1 =7, (v) =T, (W), Iy, (u) =1 = Iy (v) = Dy (uv)
and w, (u)ﬁz 0 = Wy, (V) = Wy, (uv). Hence My (wv) =1, (u) AT, (V), Oy (uv) = Oy (1) A Dy (v) and
Wy, (uv) <Dy (u) Y @y, (v).

Case 2. If u,v ¢ &, then uv € R Thus, T, (uw) = T, (W) AT, (V), Dy (uv) = 9y, (u) A Dy, (v) and
Wy, (uv) < By (1) Y @y, (v). Therefore, X is a SIVFS of &.

Conversely suppose that X is a SIVFS of & and u,v € R If uv ¢ &, then 1, (w) <7, (u) A7, (V),
Dy (uv) 2By (1) A Dy (v) and Wy (uv) = Dy () Y Wy, (V). Since X is a SIVFS of & we have 11, _(uv) =
My (W) AT (V) Dy (uv) = Dy (1) A Dy (v) and Wy, (uv) =X By (1) Y Wy, (v), which is a contradiction.
Thus, uv € 8. Hence, 8 is a subsemigroup of &. O

Theorem 4.6. Let R is a nonempty subset of a semigroup . Then R is a left (vight) ideal of & if and only if the
spherical interval valued characteristic function X g is a SIVFL (SIVFR) of &.
Proof. Suppose that £ is a left ideal ® and let u, v&. Then we have the following cases.

Case 1. If v € &, then uwv € R Thus, T, (v) = 1 = A, (w), Dy, (v) =T = 9y, (uw), and Wy, (v) =0 =
Wy (wv). Hence 1y (uwv) =7, . (v), Oy (uv) = X0y (v), and Wy, (uwv) X YOy, (V).
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Case2. If v ¢ R, then w € & Thus, 7, (w) = 7, (v), Oy (w) = Vo (v), and @y (uv) < @y, (v).
Therefore, Xz is a SIVFL of &.

Conversely suppose that X4 is a SIVFL of  and v € &. If uv ¢ &, then 1, (uwv) <7, (v), Dy (wv) <
Oy (v), and @y, (uv) = Wy (v). Since Xg is a SIVFL of & we have T, _(uv) = T, (v), 9y, (uv) = 9y, (v),
and Wy . (uv) < Wy, (v), which is a contradiction. Thus, uv € K. Hence, 8 is a left ideal of &. O

Corollary 4.7. Let 8 is a nonempty subset of a semigroup &. Then R is an ideal of & if and only if the spherical
interval valued characteristic function X g is a SIVFI of &.

Theorem 4.8. Let 8 is a nonempty subset of a semigroup &. Then 8 is a bi-ideal (interior ideal, (1,2)-ideal) of & if
and only if the spherical interval valued characteristic function X g is a SIVFB (SIVFII, SIVF(1, 2)-ideal) of &.

Proof. Suppose that R is a bi-ideal &. Then R is a subsemigroup &. Thus, by Theorem 4.5, X 5 is a SIVFS
of &. Let u,v,w € &. Then we have the following cases.

Case 1. If u,w € &, then uwww € K. Thus, 7, (u) = 1= My (W) = 1y (www)
o (uwww), and @y, (1) = 0 = Wy, (W) = Wy, (uww). Hence My (W) = 7,
Uy (W) A Dy (W), and W, (uvw) < By (u) Y Wy (w).

, O w) =1
u) A )

Ty (W),

Case 2. If u,w ¢ &, then uvw € K. Thus, [,  (ww) = T, (1) AT (W), Dy, (uwvw) = By (u) A Dy (W),
and Wy, (ww) <y, (u) Y @y, (w). Therefore X is a SIVFB of &. Similarly, we can show that X is a
SIVFII (SIVE(1, 2)-ideal) of &.

Conversely suppose that Xz is a SIVFS of &. Then, X is a SIVFS of &. Thus, by Theorem 4.5, R is a
subsemigroup of &. Let u,w € & If uvw ¢ &, then 7, (www) <7, () AT, (W), Dy (wvw) <Dy (u) A
Dy (W), and Wy, (uvw) = Dy, (u) Y Wy, (w). Since X is a SIVFB of & we have 7, (uwww) = f,  (u) A
Ty (W), Dy (wvw) = Dy (u) A Dy (W), and Wy, (uwvw) =< By, (u) Y @y, (w), which is a contradiction.
Thus, uvw € K. Hence, £ is a bi-ideal of &. O

Theorem 4.9. Let R is a nonempty subset of a semigroup &. Then R is a quasi-ideal of & if and only if the spherical
interval valued characteristic function X g is a SIVFQ of &.

Proof. Suppose that £ is a quasi-ideal ® and let u € &. Then we have the following cases.

Case 1. If u € &, then 7, (u) = (@Oﬁxﬁ)(u) A( 0B)(u), Iy, (u) = (B oDy, )(u) A Dy, 0 B)(u), and
Wy, (1) = (B oWy, ) (1) Y (Wy, 0 B)(u).

Mxa

Case 2. If u ¢ R, then u is expressible u = yz or not. Suppose u is expressible as u = yz. Since
u ¢ Reitherye Rorz ¢ & Ify € K and z ¢ K, then there cannot be another exprssion of the
form x = ab, where a € S and b € R Then x € 8ANAKG C K. Thus u € K. Thus, uv € K. Thus,
(Gom, )(u) =0or (f,06)(u) =0, (Body,)(u) =0 or Dy, oB)(u) =0 and (6owy,)(u) =1 or
(@Wy, 0B)(w) = 1. Hence, 9y, (1) = (B 0Dy ) (W) A Dy, 0 B) (1), Dy, (1) = (B 0Dy, )(w) A Dy, 0B)(u), and
Wy (W) X (B oWy, )(u) Y (@Wy, o &)(u). Therefore, X is a SIVFQ of &.

Conversely suppose that X is a SIVFQ of & and u € RENGK. [f u ¢ K, thenm,  (u) = 3 oMy ) (1) A
(Myq © B)(u), Dy (wv) < (B 0Dy )(u) A Dy, 0 B)(u) and Wy, (uv) = (G oWy )(u) ¥ (@y, o &)(u). Since
X is a SIVFS of &. Then, 9y, (1) = (B 09y ) (1) A Dy, 0 B)(u), Iy, (1) = (Body,)(u) A Dy, 0 &)(u) and
Wy, (W) < (Bowy,)(u) Y (Wy, oB)(u), which is a contradiction. Thus, u € & Hence, £ is a quasi-ideal
of &. O

Next, we give the definition of a fj-level 3-cut, d-level 3-cut, and w-level 3-cut. And we prove the set
n-level 3-cut, 9-level 3-cut, and w-level (3-cut are subsemigoups of semigroups.

Definition 4.10. Let SP be a SIVF-set of a semigroup & and 8 € €. Then the set iz = {u € & : 7j(u) > B},
53 ={ue&:du) > B}, and Wy ={ue o = B} are called a f-level B-cut, d-level B-cut, and
w-level B-cut of &, respectively.
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Theorem 4.11. Let SP be a SIVFS of a semigroup &. Then the T-level B-cut, d-level B-cut, and w-level B-cut of
SP are subsemigroups of &, for every B € Im(n) N Im(d) N Im(w) C €.

Proof. Let B € Im(M) NIm(®) NIm(w) C € and w,v € SP. If u,v € g, then f(u) > B and 7{(v) = B.

Thus, f(uv) = f(u) A7f(v) = B. Hence, uv € g fuve 53, then 9(u) = B and 9(v) = B. Thus
d(uv) > d(u) A 9(v) = B. Hence, uv € 19[5 If uv € @y, then W(u) < B and w(v) < B. Thus
w(uv) < w(u) Yy w(v) < B. Hence, uv € Wp- Therefore, Ory 53, and Wy are subsemigroups of &. O

Theorem 4.12. Let SP be a SIVFL (SIVFR) of a semigroup ®. Then the n-level B-cut, 9-level B-cut, and w-level
B-cut of SP are left (right) ideals of &, for every B € Im(@) N Im(d) N Im(w) C €.

Proof. Let B € Im(7) NIm(®) NIm(w) C €Cand u,v € SP. If v € Mg then 7(v) > B. Thus, 7(uwv) = 7(v) > B.
Hence, uv € ng. Ifve @E, then 9(v) > B. Thus, 9(uwv) > 9(v) = B. Hence, uv € 196. Ifve g, then
w(v) < B. Thus, W(uv) < @W(v) < B. Hence, uv € @j. Therefore, g, 53, and W are left ideals of &. [

Corollary 4.13. Let SP be a SIVFI of a semigroup &. Then the f-level B-cut, 9-level B-cut, and w-level B-cut of
SP are ideals of &, for every B € Im() N Im(d) NIm(w) C €.

Theorem 4.14. Let SP be a SIVFB (SIVFII, SIVFE(1, 2)-ideal) of a semigroup &. Then the 7i-level B-cut, 9-level B-
cut, and w-level B-cut of SP are bi-ideals (interior ideals, (1,2)-ideals) of &, for every B € Im(R) N Im(d) N Im(w) C
C.

Proof. Let p € Im(7) NIm(d) NIm(w) C € and u,v,w € SP. Since SP is a SIVFB we have SP is a SIVFS.
Thus, by Theorem 4.11, Ory 8[3, and Wy are subsemigroups of &. Letv € &. If u,w € s, then (u) = B

and f(w) > B. Thus, H(uvw) = {(u) A7(w) = B. Hence, uvw € g fuwe 53, then 9(u) > B and

d(w) = B. Thus, d(uvw) = d(u) L 9(w) = B. Hence, uvw € 53. Ifuwe g, then w(u) < B and
w(w) = B. Thus, @(uvw) < @(u) Yy w(w) < B. Hence, uvw € @g. Therefore, g, Eg, and @ are
bi-ideals of &. O

Theorem 4.15. Let SP be a SIVFQ of a semigroup &. Then the f-level 3-cut, 9-level B-cut, and w-level B-cut of
SP are quasi-ideals of ®, for every B € Im(f) NIm(d) N Im(w) C C.

Proof. Let B € Im(
f(u) = (Gom) A (
d(u) = (God)

w(u) < (G ow)

)NIm@) NIm(w) € Cand u € SP. If u € fig, then (o) A Mo®B)(u) = B
o®)(u) = B. Hence, u € 5 Ifue 1‘} then (& od) L Do ®)(u) = B. Thus,
o®)(u) > B. Hence, u € 19 Ifue wﬁ, then (Bow) Y (WoB)(u) < B
o® . Hence, u € Wp- Therefore, g, 19(5, and @ W are quasi-ideals of &. O

=) 3

A
A
Y

IA
e‘ 8\
I A IY \

—
—
—

u)

Definition 4.16. Let SP; = (71,9, @) and SP;, = (T, ¥, @) be two SIVF-set of a non-empty set T. Then
),

(1) SPy C SPyif f(u) < 7T(u), d(u)
(2) SP1 ISP, if f(u) A T(u) d(u) A

Q.
€l
£
Y
2l
£

V(u), an

2 IJK
gl
£
<
2
e

(u), and

forallu € .
Theorem 4.17. Let SP be SIVF-set of a semigroup &. Then SP is a SIVFS of & if and on ly if SPoSP C SP.

Proof. Assume that SP is a SIVFS of ® and let u € &. If F, = (). Then (fo1)(u) =0 < A(u), (59)(u) =
0=9(u),and (wow)(u) =1 = @(u). If F, # 0. Then

(Mom(u) = ;fe Al An() = ;f n(ij) =n(u),
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(@ow)(uw) = A _@i)yw()= A _ @(j)=o(u.
(ij)€Fu (Lj)€Fu

Hence, SP5SP C SP. Conversely, assume that SP5SP C SP and u,v € &. Then

Thus, SP is a SIVFS of &. O
C

Theorem 4.18. Let SP be SIVF-set of a semigroup &. Then SP is a SIVFL (SIVFR) of & if and on ly if &5 SP
SP(SP5 & C SP).

Proof. Assume that SP is a SIVFL of & and let u € &. If F,, = (), then (657)(u) =0 < f(u), (659)(u) =
0=<9(u),and (ow)(u) =1 > w(u). If F, # 0. Then

(Bom)(u) = Y _ &{1)An() = Y _7A(G) =),
(ij)eFy (i,j)EFy

(B3d)(w) = Y B1)AIG = ¥ I(§) =dw),
(IIJ)EFLL (IIJ)EFLL

(Bow)(w)= A SA)YD() = A @[ =w(u).
(ij)eFy (i,j)EFu

Hence, &5 SP C SP. Conversely, assume that 85 SP C SP and u,v € &. Then

Alw) = (Boq)(w) = Y &(1) A7) = Av),
(ij)€Fuv
dwv) = (Bsd)(uwv) = Y B{) AD(G) =d(v),
(ij)€Fuy
ow) = (Bow)(w)= A &) yw(j) 2 wo(v)
(1,j)€Fuv
Thus, SP is a SIVFL of &. O
Corollary 4.19. Let SP be SIVF-set of a semigroup &. Then SP is a SIVFI of & if and on ly if 5 SP C SP and

SP5& C SP.
Theorem 4.20. Let SP be SIVF-set of a semigroup &. Then SP is a SIVFB of & if and on ly if SP5SP C SP and
SP5®&aSP C SP.

Proof. Assume that SP is a SIVFB of & let u € &. Since SP is a SIVFB of & we have SP is a SIVFS of .
Thus by Theorem 4.17, SP5SP C SP. If F,, = (), then (Mo &om)(u) =0 < A(u), (F5659)(u) =0 < d(u),
and (WoBosw)(u) =1 > @(u). If F, # (. Then
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Hence, SPc®aSP C SP. Conversely, assume that SP5SP C SP and SP5®&oSP C SP and w,v,w € &.
Since SP5 SP C SP we have SP is a SIVFS of & by Theorem 4.17,
f(uww) =735 (657) (uvw)
= x AmaemG) = ¥y AR A( Y  S(k) AT(r) = TAlu) ATw),
(1r))€Fuvw (1))€Fuvw (k T)EFj
d(uvw) = 335 (B39 (uvw)
= Y d)AGsG = Y ) A B(k) A (1)) = d(u) A dw),
(1j)E€Fuvw (1j)E€Fuvw (kT)GFj

= A o) Y (Bow)§j)= A @A) Y( A Bk Yyo(r)) o) Y oWw).
(irj)eFuvw (i/j]eFuvw (krT)GFj
Thus, SP is a SIVFB of &. O

Theorem 4.21. Let SP be SIVF-set of a semigroup &. Then SP is a SIVFII of & if and on ly if SP5SP C SP and
®5SP5® L SP.
Proof. 1t follows Theorem 4.20. O

Theorem 4.22. Let SP be SIVF-set of a semigroup &. Then SP is a SIVF (1,2)-ideal of & if and on ly if SPGSP C S

and SPo®5SPsSP C SP.
Proof. It follows Theorem 4.20. O
p

Theorem 4.23. Let SP be SIVF-set of a semigroup &. Then SP is a SIVFQ of & ifand on ly if 5 SPMSPo & C

Proof. Assume that SP is a SIVFQ of & and let u € &. It follows from Theorem 4.18, &5 SP T SP and
SP5® C SP. Thus, 85SP1SP5® C SP.

Conversely, assume that 85SPSP5® C SP. Then 5SP C SP and SP5® L SP. It follows from
Theorem 4.18, SP is a SIVFL and SP is a SIVER of &. Thus, by Theorem 3.22, SP is a SIVFQ of &. O

5. Conclusion

Spherical interval valued fuzzy sets is one of the successful extensions of spherical fuzzy set for han-
dling the uncertainties in the data. In this paper, we introduce the notion of spherical interval valued fuzzy
ideals in semigroups. We desirable properties spherical interval valued fuzzy ideals and types spherical
interval valued fuzzy ideals. We characterized necessary and sufficient conditions of coincidences spher-
ical interval valued fuzzy ideals in semigroups. In continuity of this paper we will investigate about the
spherical interval valued fuzzy of a ternary semigroup and their algebraic properties.
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