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Abstract  

In this paper we define complete fuzzy metric space and proved that a fuzzy topologically complete 

subset of a fuzzy metric space is a G set and prove that a converse of Sierpinsky theorem by 

showing that any G  set in a complete metric space is a topologically complete fuzzy 

metrizable space (Alexandroff Theorem). 
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1. Introduction 

The theory of fuzzy sets was introduced by L.Zadeh in 1965 [12]. After the pioneering work 

of Zadeh, there has been a great effort to obtain fuzzy analogues of classical theories. 

Among other fields , a progressive developments is made in the field of fuzzy topology. One 
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of the most important problems in fuzzy topology is to obtain an appropriate concept of 

fuzzy metric space. This problem has been investigated by many authors from different 

points of view. In particular, George and Veeramani [2] have introduced and studied a 

notion of fuzzy metric space. Furthermore, the class of topological spaces that are fuzzy 

metrizable agrees with the class of metrizable- topological spaces (see[2] and [4]). This 

result permits Gregori and Romaguera to restate some classical theorems on metric 

completeness and metric (pre) compactness in the realm of fuzzy metric spaces [4] , [5] 

and [6]. 

In this paper we consider modified fuzzy metric space introduced by George and Veeramani [2], [3]. 

In [1], we proved that a fuzzy topologically complete subset of a fuzzy metric space is a G set 

(Sierpinsky Theorem). In this paper we prove a converse of Sierpinsky theorem by showing that 

any G  set in a complete metric space is a topologically complete fuzzy metrizable space 

(Alexandroff Theorem). 

 

    Definition 1.1.  A binary operation * : [0 , 1]   [0, 1]   [0,1] is a continuous t-norm if it 

satisfies the      

 following conditions. 

(1) * is associative and commutative, 

(2) * is continuous, 

(3) a * 1 = a for all a [0,1], 

(4) a * b  c*d whenever a  c and bd , for each 

 a, b, c, d [0,1]. 

Two typical examples of continuous  

t-norm are a*b =ab and a*b=min (a,b). 

The concept of fuzzy metric space is defined by George and Veeramani as follows [2]. 

           

  Definition 1.2.  A 3-tuple (X, M, *) is called a fuzzy metric space if X is an  

 arbitary (non –empty) set , * is a continuous t-norm , and M is a fuzzy set on  

),0(2 X , satisfying the following conditions for each x,y,z X and   t ,s >0,  

(1) M (x, y, t) >0, 

(2) M (x, y,t) =1 if and only if x=y, 

(3) M (x,y,t) = M (y,x,t), 

(4) (x,y,t) * M (y,z,s)   M (x,z,t+s), 

(5) M (x,y,.): (0,  ) [0,1] is continuous. 

 

Let (X, M, *) be a fuzzy metric space. For t>0 , the open ball B(x,r, t) with center Xx and 

radius  
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0<r <1 is defined by  

B(x,r,t) = }.1),,(:{ rtyxMXy   

Let (X, M,*) be a fuzzy metric space. Let   be the set of all XA  with Ax if and only if 

there exist t>0 and 0<r<1 such that B(x,r,t) A. Then   is a topology on X (induced by the 

fuzzy metric M). This topology is Hausdorff and first countable. A sequence {xn} in X 

converges to x if and only if 

 M(xn, x, t) 1 as n  , for each t>0. It is called a Cauchy sequence if for each 10    

and t>0 , there exits 0n  such that  

M (xn , xm , t)>1-  for each n,m .0n The fuzzy  

metric space (X,M,*) is said to be complete if every Cauchy sequence is convergent. A subset 

A of X is said to be F-bounded if there exists t>0 and 0<r<1 such that M(x,y,t)>1 –r  

for all x, yA. 

 

Theorem 1.3. In a fuzzy metric space every compact set is closed and F-bounded. 

 

Theorem 1.4. In a fuzzy metric space every compact set is complete. 

 

Corollary 1.5. Every closed subset of a complete fuzzy metric space is complete. 

 

 

2. Main Result 

Lemma 2.1. Let (X,M,*) be a fuzzy metric space and let  
)1,0[

then there exists a fuzzy metric m 

on X such that m(x,y,t)  , for each x,y X and t>0 and m and M induce the same topology on X. 

Proof. We define m(x,y,t)=max ,{  M (x, y,t)}. We claim that m is fuzzy metric on X. The properties 

of (1), (2) , (3) and (5) are immediate from the definition. For triangle inequality, suppose that x,y,z 

X and t,s>0. Then 

 m(x,z,t+ s)  and so m(x,z,t+s)   m(x,y,t) * m(y.z.s) when either m(x,y,t)=   or m(y,z,s)=  . The 

only remaining case is when m(x,y,t)= M(x,y,t)>   and m(y,z,s) =M(y,z,s)>  . But M(x,z,t+s)   

M(x,y,t) * M(y,z,s) and m(x,z,t+s)  M(x,z,t+s) and so  

m(x,z,t +s)   M(x,z,t+s) and so  

m(x,z,t+s) m(x,y,t) * m(y,z,s). Thus m is a fuzzy metric on X. It only remains to show that the 

topology induced by  m is the same as that induced by M. But we have  

m(xn, x,t)  1 if and only if 1)},,(,{ txxM n if and only if M(xn,x,t) 1 , for each t>0, and we are 

done. 

The fuzzy metric m in above lemma is said to be bounded by  . 

Definition 2.2. Let (X,M,*) be a fuzzy metric space, xX and .XA  
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We define 

D(x,A, t) = sup {M(x,y,t):yA}(t>0). 

Note that D(x,A,t) is a degree of closeness of x to A at t. 

Definition 2.3. A topological space is called a (topologically complete) fuzzy metrizable space if 

there exists a (topologically complete) fuzzy metric inducing the given topology on it.  

Example . Let X=(0,1]. The fuzzy metric space (X,M,.) where M(x,y,t)= 
|| yxt

t


 (standard fuzzy 

metric, see[2]) is not complete because the Cauchy sequence {1/n} in this space is not convergent. 

Now, if we consider triple (X,m,.) where .

|
11

|||

),,(

yx
yxt

t
tyxm



  It is straightforward to 

show that (X,m,.) is a fuzzy metric space, and that is complete. Since, xn tend to x with respect to 

fuzzy metric if and only if  xxn 0 if and only if xn tend to x with respect to fuzzy metric m, 

then M and m are equivalent fuzzy metrics. Hence the fuzzy metric space  

(X, M,.) is topologically complete fuzzy metrizable. 

Lemma 2.4. Fuzzy metrizability is preserved under countable Cartesian product. 

 

Proof. Without loss of generality we may assume that the index set is N  

Let }:,*),{( NnmX nn  be a collection of fuzzy metrizable spaces. Let n be the topology induced 

by mn on Xn for nN and let (X,  ) be the Cartesian product of }:),{( NnX nn   with product 

topology. We have to prove that there is a fuzzy metric m on X which induces the topology  . By the 

above lemma, we may suppose that mn is bounded by  )()( (,1 nn   i.e. 

 mn (xn,yn,t)= max{1- )}.,,(,)( tyxM nn

n   

Ponints of nNn XX  are denoted as  

sequences }{ nxx   with nn Xx  for Nn . Define m(x,y,t)= 

 1n mn(xn,yn,t) , for each x,y X and 

t>0 , )...**( 211 mn

m

n aaaa   . 

First note that m is well defined since )1( )(

1

ni

nia  
is decreasing and bounded then converges 

to )1,0( . Also m is a fuzzy metric on X because each mn is a fuzzy metric. Let u be the topology 

induced by fuzzy metric m.We claim that u coincides with  . If G u and x = {xn}   G, then there 

exists 0< r< 1 and t>0 such that  

B(x,r,t) G. For each 0<r<1 , we can find a sequence }{ n  in (0,1) and a positive integer N0 such 

that. 

 







0

01 1

)( .1)1(*)1(
N

n Nn

n

n r  
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For each n=1, 2, … , N0, let ),,( txBV nnn   , where the ball is with respect to fuzzy metric mn. Let 

Vn=Xn for  

n> N0. Put  


Nn nVV , then Vx and V is an open set in the product topology  on X. 

Furthermore ),,( trxBV  , since for each Vy  








1n

)t,ny,nx(nm)t,y,x(m

 







11 0

0

),,(*),,(
Nn

nnn

N

n

nnn tyxmtyxm  







1

)(

1 0

0

)1(*)1(
Nn

n
N

n

n   

        .1 r  

Hence GtrxBV  ),,( . Therefore G is open in the product topology. Conversely suppose G is 

open in the product topology and let Gxx n  }{ . choose a standard basic open set V such that 

Vx and GV  . Let  


Nn nVV ,  where each Vn is open in Xn and Vn=Xn for all n>N0. For n=1, 2, 

… , N0,  

let rn= Dn (xn, Xn- Vn,t), if nn VX  , and  

)(n

nr  ,otherwise. Let }.,...,,min{
021 Nrrrr  We claim that  

VtrxB ),,( .  If ),,(}{ trxByy n  , then  







1
),,(),,(

n nnn tyxmtyxm >1- r and 

 so nnnn rrtyxm  11),,( for each n=1, 2, … , N0. Then ,nn Vy  for n=1,2,…, N0. Also for n>N0 , 

.nnn XVy  Hence Vy and so .),,( GVtrxB   Therefore G is open with respect to the fuzzy 

metric topology and .ur  Hence r and u coincide. 

Theorem 2.5.  An open subspace of a complete fuzzy metrizable space is a complete fuzzy 

metrizable space. 

 

Proof. Let (X, M, *) be a complete fuzzy metric space and G an open subspace of X. If the restiction 

of M to G is not complere we can replace M on G by othere metric as follows. Define 
 RGf ),0(: by  

f(x,t) = 
),,(1

1

tGXxD 
 

 (f is undefined if X- G is empty, but then there is nothing to prove.) Fix an arbitary s>0 and for 

yx, G define. 

),),,(),,((*),,(),,( tsyfsxfMtyxMtyxm   
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for each t>0. We claim that m is fuzzy metric on G. The properties (1), (2), (3) and (5) are 

immediate from the definition. For triangle inequality, suppose that x , y, z G and  t , s , u >0, then. 

m( x, y, t) * m (y ,z, u) = 

                                     = (M(x,y,t)* M(f(x,s), f(y,s),t))*  

          (M(y,z,u)* M(f(y,s), f(z,s),u)) 

= (M(x,y,t)* M(y,z,u))* (M(f(x,s) , f(y,s) ,t)* 

 M(f(y,s) , f(z,s),u)) 

  M(x,z,t+u) * M (f(x,s), f(z,s), t+u)=m(x,z,t+u). 

We show that m and M are equivalent fuzzy metrics on G. We do this by showing that m(xn,x,t) 1 

if and only if M(xn,x,t) 1. Since m(x,y,t)   M(x,y,t) for all x,y G and t>0 , M(xn,x,t) 1whenwver 

m(xn,x,t) 1 . To prove the convers, let M(xn,x,t) 1, we know from [7] Proposition 1 M is 

continuous function on X X  ),0(  , then since. 

}):),,((sup{),,( limlim GysyxMsGXxD n
n

n
n




 ),,(lim syxM n

 = M (x, y, s) 

 

Therefore limn D(xn , X-G , s)> D(x, X-G,s). On the other hand, there exists a GXy 0  and 0n

such that for every 0nn  we have. 

).,,()
1

1(*),,( 0 syxM
n

sGXxD nn   

Then 

 limn D(xn, X-G,s)  }:),,({),,( 0 GXysyxMSupsyxM D(x,X-G,s).  

Therefore  

).,,(),,(lim sGXxDsGXxnn   

 This implies  

M(f(xn , s), f(x,s),t)  1. 

 Hence 1),,( txxm n . Therefore m and M are equivalent. Next we show that m is a complete fuzzy 

metric. Suppose that {xn} is a Cauchy sequence in G with respect to m.  Since for each m,n  and 

t>0 ),,(),,( txxMtxxm nmnm  , therefore {xn} is also a Cauchy sequence with respect to M. By 

completeness of 

 (X, M,*) , {xn} converges to point p in X. We claim that Gp . Assume otherwise , then for each 

n , if GXp  and ),,(),,( tGXxDtpxM nn  , then  

 

 

,0),,(1),,(1  tGXxDtpxM nn  
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Therefore 

),,(1

1

),,(1

1

tpxMtGXxD nn 



 

That is  

),,(1

1
),(

tpxM
txf

n

n


  

 

for each t>0 . Therefore as n , for every t>0 we get ),( txf n . In particular , ),( sxf n

.On the other hand,  

),,()),,(),,(( txxmtsxfsxfM nmmn   ,for every  

nm, , that is )},({ sxf n is an F-bounded sequence. This contradiction shows that Gp . Hence 

{xn} converges to p with respect to m and (G,m,*) is a complete fuzzy metrizable space. 

Theorem 2.6. (Alexandroff) A G set in a complete fuzzy metric space is a topologically complete 

fuzzy metrizable space. 

Proof. Let (X,M, *) be a complete fuzzy metric space and G be a G  set in X, that is nn GG 

 1 , 

where each nG is open  in X. By the above theorem, there exists a complete fuzzy metric mn on nG

and we may assume that mn is bounded by )(1 n . Let H be the Cartesian product 


1n nG with 

the product topology. Then H is a complete fuzzy metrizable space. Now, for each n let 

nn GGf : be the inclusion map. So the evaluation map HGe : is an embedding . Image of e  is 

the diagonal G which is a closed subset of H and by Corollary 1.6, G is complete. Thus G  is a 

complete fuzzy metrizable space and so is G which is homeomorphic to it.  
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