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Abstract
In this paper we define complete fuzzy metric space and proved that a fuzzy topologically complete
subset of a fuzzy metric space is a G, set and prove that a converse of Sierpinsky theorem by

showing that any G; set in a complete metric space is a topologically complete fuzzy

metrizable space (Alexandroff Theorem).

Keywords: fuzzy metric spaces, complete fuzzy metrizable space, Alexandroff theorem

1. Introduction

The theory of fuzzy sets was introduced by L.Zadeh in 1965 [12]. After the pioneering work
of Zadeh, there has been a great effort to obtain fuzzy analogues of classical theories.
Among other fields , a progressive developments is made in the field of fuzzy topology. One
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of the most important problems in fuzzy topology is to obtain an appropriate concept of
fuzzy metric space. This problem has been investigated by many authors from different
points of view. In particular, George and Veeramani [2] have introduced and studied a
notion of fuzzy metric space. Furthermore, the class of topological spaces that are fuzzy
metrizable agrees with the class of metrizable- topological spaces (see[2] and [4]). This
result permits Gregori and Romaguera to restate some classical theorems on metric
completeness and metric (pre) compactness in the realm of fuzzy metric spaces [4] , [5]
and [6].

In this paper we consider modified fuzzy metric space introduced by George and Veeramani [2], [3].

In [1], we proved that a fuzzy topologically complete subset of a fuzzy metric space is a G;set

(Sierpinsky Theorem). In this paper we prove a converse of Sierpinsky theorem by showing that

any G; set in a complete metric space is a topologically complete fuzzy metrizable space

(Alexandroff Theorem).

Definition 1.1. A binary operation * : [0, 1] x [0, 1] — [0,1] is a continuous t-norm if it
satisfies the
following conditions.
(1) * is associative and commutative,
(2) *is continuous,
(3a*1=aforalla €[0,1],
(4) a*b< c*d whenever a< cand b<d, for each
a,b,cde[01]
Two typical examples of continuous
t-norm are a*b =ab and a*b=min (a,b).
The concept of fuzzy metric space is defined by George and Veeramani as follows [2].

Definition 1.2. A 3-tuple (X, M, *) is called a fuzzy metric space if X is an
arbitary (non -empty) set, * is a continuous t-norm , and M is a fuzzy set on
X ? x (0,00), satisfying the following conditions for each x,y,z e Xand t,s >0,
(UM (xy t)>0,

(2) M (x, y,t) =1 if and only if x=y,

(BIM (xy,t) =M (yx1),

(4) (xy,t) *M (v,2,5) £ M (x,Z,t+s),

(5 M (x,y,): (0, ®)—0,1] is continuous.

Let (X, M, *) be a fuzzy metric space. For t>0, the open ball B(x,r, t) with center x € X and

radius
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O<r <1 is defined by

Bxrt)={ye X:M(x,y,t) >1—-r}.

Let (X, M,*) be a fuzzy metric space. Let 7 be the set of all Ac X with X e Aif and only if
there exist t>0 and O<r<1 such that B(x,r,t) <A. Then 7 is a topology on X (induced by the
fuzzy metric M). This topology is Hausdorff and first countable. A sequence {xn} in X
converges to x if and only if

M(Xn, X, t) & 1 as n— o, for each t>0. It is called a Cauchy sequence if for each O0<e<1
and t>0, there exits n, € N such that

M (Xn, Xm, t)>1-¢ for each n,m2> n,.The fuzzy

metric space (X,M,*) is said to be complete if every Cauchy sequence is convergent. A subset
A of X is said to be F-bounded if there exists t>0 and O<r<1 such that M(x,y,t)>1 -r
for all x, y € A.

Theorem 1.3. In a fuzzy metric space every compact set is closed and F-bounded.

Theorem 1.4. In a fuzzy metric space every compact set is complete.

Corollary 1.5. Every closed subset of a complete fuzzy metric space is complete.

2. Main Result
e[0])

on X such that m(x,y,t) =%, for each x,y €X and t>0 and m and M induce the same topology on X.

Lemma 2.1. Let (X,M,*) be a fuzzy metric space and let then there exists a fuzzy metric m

Proof. We define m(x,y,t)=max {4, M (x, y,t)}. We claim that m is fuzzy metric on X. The properties
of (1), (2), (3) and (5) are immediate from the definition. For triangle inequality, suppose that x,y,z
e X and t,s>0. Then

m(x,zt+ s)> A and so m(x,z,t+s) > m(x,y,t) * m(y.z.s) when either m(x,y,t)= A or m(y,zs)= A. The
only remaining case is when m(x,y,t)= M(x,y,t)> A and m(y,zs) =M(y,zs)> A. But M(x,z,t+s) >
M(x,y,t) * M(y,z,s) and m(x,z,t+s) > M(x,zt+s) and so

m(x,z,t +s) = M(x,z,t+s) and so

m(x,z,t+s) >2m(xy,t) * m(y,zs). Thus m is a fuzzy metric on X. It only remains to show that the
topology induced by m is the same as that induced by M. But we have

m(xn, x,t) = 1ifand only if {4, M (X, X,t)} — 1lif and only if M(xs,x,t) > 1, for each t>0, and we are
done.

The fuzzy metric m in above lemma is said to be bounded by 4.

Definition 2.2. Let (X,M,*) be a fuzzy metric space, x€X and ¢=# Ac X.
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We define
D(x,A, t) = sup {M(x,y,t):y € A}(t>0).
Note that D(x,A,t) is a degree of closeness of x to A at t.
Definition 2.3. A topological space is called a (topologically complete) fuzzy metrizable space if
there exists a (topologically complete) fuzzy metric inducing the given topology on it.
t
Example . Let X=(0,1]. The fuzzy metric space (X,M,.) where M(x,y,t)= ﬁ (standard fuzzy
+]x—y
metric, see[2]) is not complete because the Cauchy sequence {1/n} in this space is not convergent.
t

Now, if we consider triple (X,m,.) where m(x, y,t) = . It is straightforward to

1 1
b Xy 4] = |
Xy

show that (X,m,.) is a fuzzy metric space, and that is complete. Since, x, tend to x with respect to

fuzzy metric M if and only if |Xn - X| — 0 if and only if x, tend to x with respect to fuzzy metric m,

then M and m are equivalent fuzzy metrics. Hence the fuzzy metric space
(X, M,.) is topologically complete fuzzy metrizable.

Lemma 2.4. Fuzzy metrizability is preserved under countable Cartesian product.

Proof. Without loss of generality we may assume that the index setis N

Let {(X,,m,,*):n e N}be a collection of fuzzy metrizable spaces. Let 7, be the topology induced
by m, on X, for n€N and let (X, ) be the Cartesian product of {(X,,7,):ne N} with product
topology. We have to prove that there is a fuzzy metric m on X which induces the topology 7 . By the
above lemma, we may suppose that m, is bounded by 1— g™, (5(”) = e

My, (Xnynt)= max{1-£™ M (x.,y.,0)}.

Ponints of X =I1,_, X, are denoted as

neN
sequences X ={X,} with X, € X for ne N . Define m(xy,t)= I, ma(Xnynt) , for each x,y €X and
t>0, (IT;a, =a,*a,*..a,).

First note that m is well defined since a, =TT}, (1—&™)is decreasing and bounded then converges
to ¢ €(0,1) . Also m is a fuzzy metric on X because each m, is a fuzzy metric. Let u be the topology

induced by fuzzy metric m.We claim that u coincides with 1. If G €u and x = {Xx»} € G, then there
exists 0<r< 1 and t>0 such that

B(x,r,t) <G. For each O<r<1, we can find a sequence {J,} in (0,1) and a positive integer No such

that.
Ny 0

[[a-s6)* [Ja-¢T)>1-r.
n=1 n=Ny+1
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For each n=1, 2, ..., Ny, let V, = B(X,,9,,,t) , where the ball is with respect to fuzzy metric m,. Let
V=X, for
n> No. Put V = HneN V., then XeVand V is an open set in the product topology 7 on X

Furthermore V < B(X,r,t), since for each y eV

mx,y,t) = [Imn(Xn,yn,t)

n=1
Ng 0
= [Im oy )* TTma (X yait)
n=1 n=Ny+1

\

Ta-6)* [Ta-s)

n=Ng+1
>1-r.
Hence V < B(X,r,t) = G. Therefore G is open in the product topology. Conversely suppose G is

open in the product topology and let X ={X,} € G. choose a standard basic open set V such that
XeVandV cG.LetV = HneNVn’ where each V, is open in X, and V,=X, for all n>N,. For n=1, 2,

..., No,
let rn: Dn (Xn, Xn' Vn,t), lf X n ¢ Vn ) and

r

n

=& otherwise. Let r =min{r,, ..., I, }.We claim that

B(x,r,t) V. If y={y,}e B(x,r,t), then

m(X’ y’t) = H::lmn (Xn Y ’t) >1-Tand
so m,(X,,Y,,t)>1—r>1-r, for eachn=1, 2, ..., No. Then Yy, €V, , for n=1,2,..., No. Also for n>No,
Y, €V, = X,.Hence y €V and so B(X,r,t) cV < G. Therefore G is open with respect to the fuzzy

metric topology and I < U.Hence r and u coincide.

Theorem 2.5. An open subspace of a complete fuzzy metrizable space is a complete fuzzy
metrizable space.

Proof. Let (X, M, *) be a complete fuzzy metric space and G an open subspace of X. If the restiction
of M to G is not complere we can replace M on G by othere metric as follows. Define
f :G x (0,0) - R*by
1
1-D(x, X —=G,t)
(f is undefined if X- G is empty, but then there is nothing to prove.) Fix an arbitary s>0 and for
X, Y € G define.

m(x, y,t) =M(x, y,t) *M(f (x,s), f(y,5),1),

f(xt) =

479



G. A. Afrouzi, S. Shakeri, S. H. Rasouli/ TIMCS Vol .2 No.3 (2011) 475-482

for each t>0. We claim that m is fuzzy metric on G. The properties (1), (2), (3) and (5) are
immediate from the definition. For triangle inequality, suppose thatx,y,z € Gand t, s, u >0, then.
m(x,y,t) *m(y,z u)=
= M(xy,0)* M(f(x,s), f(y.s),t))*

M(y,z,u)* M(f(y.s), f(z.5),u))
= M(xy.0* M(y,zu))* (M(f(xs) , f(y,s) *
M(f(y.s) , f(zs),u))
< M(x,z,t+u) * M (f(x,s), f(z,s), t+u)=m(x,z,t+u).
We show that m and M are equivalent fuzzy metrics on G. We do this by showing that m(x,,x,t) = 1
if and only if M(x,,%,t) = 1. Since m(x,y,t) < M(x,y,t) for all x,y €G and t>0, M(x,,%,t) = 1whenwver
m(xy,%x,t)—>1 . To prove the convers, let M(xyx,t)—> 1, we know from [7] Proposition 1 M is

continuous function on X xX x (0,0), then since.

lim D(x,, X =G,s) = |im (sup{M(x,. y,s):y € G}) >limM(x,,Y,S)

N—o0 nN—oo

=M (x,y,5s)

Therefore lim, D(xn , X-G, s)> D(x, X-G,s). On the other hand, there existsa Y,€ X —G and n, e N
such that for every n = n,we have.

D(x,, X —G,s)*(l—%) <M (%, Yo.5).

Then

lim, D(xn, X-G,s) < M (X, Y,,S) <Sup {M(X,V,8):y € X —G}=D(xX-G,s).

Therefore

lim (x,, X =G,s) =D(x, X —G,5s).

This implies

M(f(xa, s), f(x,5),t) — 1.

Hence m(X,,X,t) — 1. Therefore m and M are equivalent. Next we show that m is a complete fuzzy
metric. Suppose that {x,} is a Cauchy sequence in G with respect to m. Since for each m,n € N and
t>0 m(X,,X,,t)<M(X,,X,,t), therefore {xn} is also a Cauchy sequence with respect to M. By

completeness of
(X, M,¥) , {xn} converges to point p in X. We claim that peG. Assume otherwise , then for each

neN,if pe X —-Gand M(X,, p,t) < D(X,, X —G,t), then

1-M(x,, p,t) >21-D(x,, X —=G,t) >0,
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Therefore
1 S 1
1-D(x,, X =G,t) 1-M(x,,p,t)
That is
f(x,,t)= ;
1-M(x,, p.1)

for each t>0 . Therefore as N — oo, for every t>0 we get f(X,,t) — . In particular, f (x,,S) = o

.0On the other hand,
M(f(x,,s), f(x,,s)t) =m(X,, X,,t) for every

m,n € N, thatis {f (X,,S)}is an F-bounded sequence. This contradiction shows that p € G. Hence

{xn} converges to p with respect to m and (G,m,*) is a complete fuzzy metrizable space.

Theorem 2.6. (Alexandroff) A G;set in a complete fuzzy metric space is a topologically complete

fuzzy metrizable space.

Proof. Let (X,M, *) be a complete fuzzy metric space and G be a G; set in X, thatis G=n_G,,

where each G, is open in X. By the above theorem, there exists a complete fuzzy metric m, on G,

and we may assume that m, is bounded by 1—&™. Let H be the Cartesian product l_[:;Gn with

the product topology. Then H is a complete fuzzy metrizable space. Now, for each ne Nlet

f, :G — G, be the inclusion map. So the evaluation map € :G — H is an embedding . Image of e is

the diagonal AG which is a closed subset of H and by Corollary 1.6, AG is complete. Thus AG is a

complete fuzzy metrizable space and so is G which is homeomorphic to it.
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