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Abstract
This paper is concerned with the numerical blow-up time for a coupled system of two one-dimensional semilinear parabolic

equations with zero Dirichlet boundary conditions. Firstly, we derive the semi-discrete problem and prove that the blow-up
solution and numerical blow-up time of the semi-discrete problem are convergent to the theoretical ones, as we refine the space-
time grids. Secondly, we derive two fully discrete formulas of standard finite difference methods: the explicit Euler and implicit
Euler schemes, with non-fixed time-stepping formula. In addition, we investigate the consistency, stability and convergence of
the proposed schemes. Finally, we conduct two numerical experiments to show the accuracy and efficiency of the proposed
schemes. Namely, for each experiment, we use the proposed schemes to calculate the numerical blow-up time, error bounds and
the numerical order of convergence for blow-up times.
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1. Introduction

It is well known that many phenomena in the world can be described using partial differential equa-
tions. Therefore, since the last decades, the analytical and numerical solutions of partial differential
equations have been studied by many authors, see for instance [17, 20]. One of the remarkable phenom-
ena in time-dependent problems is the blow-up; which has been considered by many authors (for a single
equation and systems), see for instance [18, 21, 22].

In general, [19], for a time-dependent equation,defined in Ω ⊂ Rn, one can say that the classical
solution u(x, t) blows up in L∞-norm or blows up (for short), if there exists T < ∞, called the blow-up
time, such that u is well defined for all 0 < t < T , while it becomes unbounded in L∞-norm, when t
approaches to T , that is:

sup
x∈Ω

|u(x, t)|→∞ as t→ T−.
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For a system of two coupled semilinear heat equations, namely

ut = uxx + F(u, v), vt = vxx +G(u, v),

for (x, t) ∈ Ω× (0, T), Ω ⊂ Rn, where F,G : R2 → R, it can be said that a solution (u, v) blows up in finite
time, if there exists T <∞ such that either u or v blows up at t = T , this means

sup
x∈Ω

|u(x, t)|→∞ or sup
x∈Ω

|v(x, t)|→∞, as t→ T−,

while
sup
x∈Ω

{|u(x, t)|+ |v(x, t)|} 6 C <∞, t < T .

Moreover, we say that u, v blow up simultaneously, if both u, v blow up at T . One of the studied problems,
is a one dimensional coupled reaction-diffusion system with homogeneous Dirichlet boundary conditions:

ut = uxx + f(v), vt = vxx + g(u), 0 < x < 1, 0 < t < T ,
u(x, t) = 0, v(x, t) = 0, x = 0, 1,
u(x, 0) = u0(x), v(x, 0) = v0(x), 0 < x < 1,

(1.1)

where u0(x) ∈ C2(R), v0(x) ∈ C2(R), satisfying u0(0) = u0(1) = 0, v0(0) = v0(1) = 0; f,g ∈ C1(R) ∩
C2(R\{0}), are super linear functions, positive and increasing in (0, 1), and 1/f, 1/g are integrable at infinity.
Moreover, f′,g′, f′′,g′′ are positive functions in (0,∞). Hence f,g are both locally Lipschitz continuous,
i.e., ∀S > 0, there exists L1,L2 > 0, such that

|f (S1) − f (S2)| 6 L1 |S1 − S2| , |g (S1) − g (S2)| 6 L2 |S1 − S2| , (1.2)

for S1,S2 ∈ [0,S].
By standard parabolic theory, the local existence and uniqueness of non-negative classical solutions

to problem (1.1) are guaranteed [13]. In addition, for many types of the functions f and g, if the initial
functions (u0, v0) are suitably large, then T < ∞, [8, 9]. Moreover, only simultaneous blow-up can occur
and that is because the system in (1.1) is coupled.

In fact, problem (1.1) has been used to describe physical models arising in many fields of sciences,
for instance, the chemical concentration, the temperature and in the chemical reaction process [6]. The
coupled reaction-diffusion systems defined in a ball (or in a one-dimensional space) with homogeneous
Dirichlet boundary conditions have been studied in [7, 14, 26, 28].

In [7], under some assumptions on f and g, it is showed that the blow-up can only occur simultane-
ously, at a single point. Moreover, as applications to that result, two special cases of f,g were considered:
the power forms and the exponential forms, namely,

f(v) = vp, g(u) = uq, p,q > 1, (1.3)
f(v) = ev, g(u) = eu, p,q > 1. (1.4)

Later, for problem (1.1) with (1.3), [14] showed that the upper and lower blow-up rate estimates of this
problem are as follows:

c1(T − t)
−α 6 u(x, t) 6 c2(T − t)

−α, t ∈ (0, T), c3(T − t)
−β 6 u(x, t) 6 c4(T − t)

−β, t ∈ (0, T),

where Ci > 0, i = 1, 2, 3, 4 and α = p+1
pq−1 ,β = q+1

pq−1 , whereas, for problem (1.1) with (1.4), it has been
proven that the upper (lower) blow-up rate estimates are as follows [28]:

log c− log[q(T − t)] 6 qu(x, t) 6 logC− log[q(T − t)], t ∈ (0, T),
log c− log[p(T − t)] 6 pv(x, t) 6 logC− log[p(T − t)], t ∈ (0, T).

(1.5)
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Since in most cases the blow-up time cannot be estimated or evaluated theoretically, many authors have
studied the numerical blow-up time, see for instance [1–5, 10–12, 15, 16, 23, 24]. According to [1], it has
been shown that the blow-up solution and numerical blow-up time of the semi discrete problem of (1.1)
converge to the theoretical values as we refine the grids. Moreover, two numerical schemes (explicit and
linear implicit Euler) have been used to compute the blow-up solution and estimate the blow-up time for
the single equation

ut = uxx + u
p, 0 < x < 1, 0 < t < T ,

u(x, t) = 0, x = 0, 1,
u(x, 0) = u0(x), 0 < x < 1,

(1.6)

where p = 2 and u0(x) = 20 sin(πx) using the time-step formula:

kn =

 min
(
h2

2 , hα

‖Unh‖∞
)

, for explicit scheme,
hα

‖Unh‖∞ , for implicit scheme,

for n > 0,α > 0, where h is the space-step and Unh is the vector of numerical solution of the discrete
problem. In fact, the reason behind dealing with this type of time-steps rather than fixed time-steps is to
ensure that the time-step goes to zero as time is approaching the blow up time. Hence, in this way, we
avoid any possible instability, which may occur near blow-up time.

The authors [24] used the explicit and linear implicit Euler finite difference schemes to compute the
numerical blow-up solution and estimate the blow-up times for problem (1.6), where p = 3, 4, 5, with
u0(x) = 100

(
x − x2

)
. In order to increase the order of numerical convergence and get more accurate

results, a special time-steps formula, dependent on p, was used with these schemes:

kn =

 min
(
h2

3 , hα

(‖Unh‖∞)p
)

, for explicit scheme,
hα

(‖Unh‖∞)p , for implicit scheme,

for n > 0,α > 0. Moreover, the numerical simulations were carried out to support the numerical findings
and to confirm the known theoretical blow-up results.

Recently, [4] studied the finite difference approximation for axisymmetric (radial) solutions of a
parabolic system with blow-up:

ut = ∆u+ vp, vt = ∆v+ u
q, x ∈ Ω, 0 < t < T ,

u(x, t) = 0, v(x, t) = 0, x ∈ ∂Ω,
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

where p,q > 1, Ω ⊂ Rn. The authors used an explicit algorithm, in which uniform temporal grids are
used, for the computation of the blow-up time and blow-up behaviors. In addition to the convergence of
the numerical blow-up time, it has been also studied various blow-up behaviors numerically, including
the blowup set, blow-up rate and blow-up in Lp -norm. Moreover, the relation between blow-up of the
exact solution and that of the numerical solution was also analyzed and discussed.

In this work, we concern with the numerical approximations and blow-up time of the reaction diffu-
sion system (1.1). For this purpose, we propose two efficient finite difference schemes.

The work is divided into five sections. Firstly, the semi-discrete approximation problem is derived.
Secondly, some theories related to convergence of blow-up solutions and blow-up times of the semi-
discrete problem, to theoretical ones, are proved. Thirdly, two fully discrete finite difference approxima-
tions to problem (1.1): the explicit and implicit Euler schemes, are proposed. In the fourth section, two
numerical experiments are carried out to support the numerical findings. Namely, we estimate the nu-
merical blow-up time, error bounds, CPU, and numerical order of convergence. The results are presented
in the form of tables and figures. In the last section, some conclusions and possible future work are stated.
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2. The semidiscrete problem

Let I be a positive integer, and xi = ih, 0 6 i 6 I, where h = 1
I , then we can adjective by the solution:

(Uh(t),Vh(t)) ,

Uh(t) = (U0(t),U1(t), . . . ,UI(t))
T , Vh(t) = (V0(t),V1(t), . . . ,VI(t))

T .

By replacing the second-order space derivative in problem (1.1) by the standard second-order central
finite-difference operator δ2 [25], we obtain the semidiscrete problem:

d

dt
Ui =

Ui+1 − 2Ui +Ui−1

h2 + f (Vi) , (2.1)

d

dt
Vi =

Vi+1 − 2Vi + Vi−1

h2 + g (Ui) , (2.2)

U0(t) = UI(t) = 0, V0(t) = VI(t) = 0, (2.3)
Ui(0) = U0 (xi) , Vi(0) = V0 (xi) , 0 6 i 6 I. (2.4)

Definition 2.1. Let (Uh,Vh) be a nonnegative solution to problem (2.1)–(2.4). We say that (Uh,Vh)
archives blow-up simultaneously in finite time, if there exists Th <∞ such that:

‖Uh(t)‖∞ <∞ and ‖Vh(t)‖∞ <∞ for t ∈ [0, Th) ,
‖Uh(t)‖∞ →∞, ‖Vh(t)‖∞ →∞ as t→ Th,

where ‖Uh(t)‖∞ = max06i61 |Ui(t)| and ‖Vh(t)‖∞ = max06i61 |Vi(t)|.

Theorem 2.2. Let f,g ∈ C(R,R) be locally Lipschtiz continuous functions. If U,V ,W1,W2 ∈ C1
(
[0, T ],RI+1

)
such that: {

dUi(t)
dt − δ2Ui − f (Vi) 6

d
dtW1i − δ

2W1i − f (W2i)
dVi(t)
dt − δ2Vi − g (Ui) 6

d
dtW2i − δ

2W2i − g (W2i)

}
,

I be a positive integer for 1 6 i 6 I− 1, t ∈ [0, T ], and

U0(t) 6W10(t),UI(t) 6W1I(t), V0(t) 6W20(t),VI(t) 6W2I(t), Ui(0) 6W1i(0),Vi(0) 6W2i(0),

then

U(t) 6W1(t), V(t) 6W2(t), t ∈ [0, T ].

Corollary 2.3. Let (U,V) and (W1,W2), where U,V ,W1,W2 ∈ C1
(
[0, T ],RI+1

)
, be a lower and upper solution

of the discrete problem, respectively. Then

U(t) 6W1(t), V(t) 6W2(t), t ∈ [0, T ].

Theorem 2.4. Let (Uh,Vh) be a nonnegative solution of the semidiscrete problem, where the reaction functions f,g
are locally Lipchitz continuous such that f,g > 0 in (0,∞). If (Uh,Vh) achieves blow-up at time: Th < ∞, then
Th is bounded from below.

Proof. Suppose that (W1,W2) is the solution of the system:

dW1

dt
= f (W2) ,

dW2

dt
= g (W1) . (2.5)

Clearly (W1,W2) is an upper solution of the semi-discrete problem (1.4), and by Theorem 2.2 we obtain

Ui 6W1i, Vi 6W2i, ∀t ∈ [0, T ].

But, it is known that the solution of system (2.5) blows up in a finite time T [4]. Thus T 6 Th.
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Corollary 2.5. Let (Uh,Vh) be a nonnegative solution of the semidiscrete problem (2.1)-(2.4), where f = vp,g =
uq,p,q > 1. If (Uh,Vh) achieves blow-up at Th <∞, then∫∞

‖V0‖

ds

G2(s)
=

∫∞
‖U0‖

ds

G1(s)
= T 6 Th,

where

G1(s) =

[
p+ 1
q+ 1

Sq+1 − (p+ 1)C0

] p
p+1

,G2(s) =

[
q+ 1
p+ 1

Sp+1 − (q+ 1)C0

] q
q+1

,C0 =
1

q+ 1
u
q+1
0 −

1
p+ 1

v
p+1
0 .

Proof. The proof can be obtained easily, based on Theorem 2.4 and using some results from [4].

Proposition 2.6. Let (Uh,Vh) be a non-negative solution the discrete problem. Define

Q1(t) =

I−1∑
i=1

hUi(t)Υi,Q2(t) =

I−1∑
i=1

hVi(t)Υi,

where

Υi =
sin(πih)∑I−1

m=1 h sin(πmh)
, 0 6 i 6 I, −δ2Υi = λnΥi, Υ0 = ΥI = 0, λn =

(
4
h2

)
sin2

(πn
2

)
.

If f,g are convex functions (f′′, g′′ > 0), then

d

dt
Q1 > f (Q2) − λnQ1,

d

dt
Q2 > g (Q1) − λnQ2.

Proof. Multiplying the discrete equation by hΥi, (i = 1, . . . , I− 1) and taking the summation, yields

I−1∑
i=1

h

(
dUi
dt

− δ2Ui

)
Yi =

I−1∑
i=1

hf (Vi) Yi,
I−1∑
i=1

h

(
dVi
dt

− δ2Vi

)
Yi =

I−1∑
i=1

hg (Ui) Yi.

Thus

dQ1

dt
+ λnQ1 =

I−1∑
i=1

hf (Vi)Υi,
dQ2

dt
+ λnQ2 =

I−1∑
i=1

hg (Ui)Υi.

Since f,g are convex and
∑I−1
i=1 hΥi = 1 by Jensen’s inequality, we obtain

dQ1

dt
+ λnQ1 > f (Q2) ,

dQ2

dt
+ λnQ2 > g (Q1) ,

Thus
dQ1

dt
> f (Q2) − ληQ1,

dQ2

dt
> g (Q1) − ληQ2.

Theorem 2.7. Assume the following:

a) f,g ∈ C1([0,∞]) are convex (f′′,g′′ > 0), f(z) > 0 in (0,∞), and ∀ε > 0, we have∫∞
ε

dZ

f(Z)
<∞,

∫∞
ε

dZ

g(Z)
<∞;

b) ∃Z0 > 0 such that
(a)

(
f(z)
Z

)
> λn,

(
g(z)
Z

)
> λn for Z ∈ [Z0,∞) ;



M. I. Khalil, I. Hashim, M. A. Rasheed, E. S. Ismail, J. Math. Computer Sci., 32 (2024), 387–407 392

(b) limZ→∞ Z
f(Z) = 0, lim Z→∞ Z

g(Z) = 0;
c) the initial conditions are non-negative and such that

Uh(0) 6= 0, Vh(0) 6= 0, Q1(0) > Z0, Q2(0) > Z0, f (Q2(0)) − λnQ1(0) > 0, g (Q1(0)) − λnQ2(0) > 0,

where

Q1(t) =

I−1∑
i=1

hUi(t)Υi, Q2(t) =

I−1∑
i=1

hVi(t),Υi,

Υi =
sin(πih)∑I−1

m=1 sin(πmh)
, −δ2Υi = λnΥi, i = 1, 2, . . . , I− 1, Υ0 = ΥI = 0,

λn =

(
4
h2

)
sin2

(
πh

2

)
.

Then the non-negative solution (Uh,Vh) of the discrete problem achieves blow-up at time Th with

Th 6
∫∞
Q1(0)

dZ1

f (Z2) − λnZ1
, ∀Z2 ∈ [Z0,∞) , (2.6)

or

Th 6
∫∞
Q2(0)

dZ2

g (Z1) − λnZ2
, ∀Z1 ∈ [Z0,∞) . (2.7)

Proof. Let (R1,R2) be the solution to Cauchy problem:

dR1
dt = f (R2) − λnR1, dR2

dt = g (R1) − λnR2, R1(0) = Q1(0), R2(0) = Q2(0).

By Proposition (2.6), we have

dQ1

dt
> f (Q2) − λnQ1,

dQ2

dt
> g (Q1) − λnQ2.

By the maximum principle, we obtain

0 6 R1(t) 6 Q1(t), 0 6 R2(t) 6 Q2(t).

By the assumptions b and c, we have

lim
Z1→Z2

(
f (Z2)

Z1

)
> λn, lim

Z2→Z1

(
g (Z1)

Z2

)
> λn for Z1,Z2 ∈ [Z0,∞) ,

lim
Z1,Z2→∞

Z1

f (Z2)
= 0, lim

Z1,Z2→∞
Z2

g (Z1)
= 0.

Therefore, R1(t),R2(t) are non-decreasing, and they blow up simultaneously, in finite time, and

t =

∫R1(t)

Q1(0)

dZ1

f (R2) − λnZ1
=

∫R2(t)

Q2(0)

dZ2

g (R1) − λnZ2
. (2.8)

Now

1/f (Z2)

1/f (Z2) − λnZ1
=

1
f (Z2)

[
f (Z2) − λnZ1

1

]
= 1 − λn

Z1

f (Z2)
.
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Thus

lim
Z1,Z2→∞

1/f (Z2)

1/f (Z2) − λnZ1
= 1 − λn lim

Z1,Z2→∞
Z1

f (Z2)
= 1.

Similarly, we can show that

lim
Z1,Z2→∞

1/g (Z1)

1/g (Z1) − λnZ2
= 1.

It follows that

lim
Z1,Z2→∞

1
f (Z2) − λnZ1

= lim
Z1,Z2→∞

1
f (Z2)

<∞, lim
Z1,Z2→∞

1
g (Z1) − λnZ2

= lim
Z1,Z2→∞

1
g (Z1)

<∞.

So, we obtain

T =

∫∞
Q1(0)

dZ1

f (Z2) − λnZ1
=

∫∞
Q2(0)

dZ2

g (Z1) − λnZ2
<∞.

Hence, (Uh,Vh) achieves blow-up at time Th 6 T and (2.6) and (2.7) are held.

Lemma 2.8. Define the problem −wxx = λw, 0 < x < 1, w(0) = w(1) = 0 with the corresponding eigenvalue
λ = π2 and is normalized so that ∫ 1

0
w(x)dx = 1.

Then

max
06i6I

|Υi −w (xi)| = 0
(
h2) , h→ 0,

where Υi is defined as in Proposition 2.6.

The next theorem shows that the solution of the semi-discrete system (2.1)-(2.4) converges to the exact
solution of problem (1.1) as space-step approaches zero.

Theorem 2.9. Assume the following.

(a) The reaction functions f,g ∈ C1([0,∞]) and problem of system (1.1) has a solution (u, v),u, v ∈ C4,1([0, 1]×
[0, T ]).

(b) The initial condition
(
U0
h,V0

h

)
satisfies∥∥U0

h − uh(0)
∥∥∞ = O(1),h→ 0,

∥∥V0
h − vh(0)

∥∥∞ = O(1),h→ 0.

Then, for h sufficiently small, the semi-discrete problem (1.2) has a unique solution: (Uh,Vh) , Uh,Vh ∈ C1([0, T ]),
RJ+1 such that

max
t∈[o,T ]

‖Uh(t) − uh(t)‖∞ = O
(
‖e(0)‖∞ + h2) , h→ 0,

max
t∈[o,T ]

‖Vh(t) − vh(t)‖∞ = O
(
‖e(0)‖∞ + h2) , h→ 0,

where ‖e(0)‖∞ = max
{∥∥U0

h − uh(0)
∥∥∞ ,

∥∥V0
h − vh(0)

∥∥∞}.

Proof. Let t(h) be the greatest value such that t(h) 6 Th and for 0 6 t 6 t(h),

‖Uh(t) − uh(t)‖∞ < 1, ‖Vh(t) − v(t)‖∞ < 1.

Note that because of (b), t(h) > 0 for h sufficiently small. Next, we set t∗(h) = min[t(h), T ] and define

euh = Uh − uh, evh = Vh − vh.

If t ∈ [0, t∗(h)], then by problem (1.1), we have
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d

dt
eui − δ

2eui(t) 6 |f (Vi(t)) − f (V (xi, t))|+
h2

12
K1,

d

dt
evi − δ

2evi(t) 6 |g (Ui(t)) − g (U (xi, t))|+
h2

12
K2.

Let K = max16i6I−1

{
K1
12 , K2

12

}
, where ‖Uxxxx‖ 6 K1, ‖Vxxxx‖ 6 K2. Using the mean value theorem,

d

dt
eui − δ

2eui(t) 6M |evi|+Kh
2,

d

dt
evi − δ

2evi(t) 6M |eui|+Kh
2,

where

M = Max [M1,M2] ,
∣∣f′(u)∣∣ 6M1,

∣∣f′(v)∣∣ 6M2.

Define the functions

w1 = exp[(M+ 1)t]
[
‖e(0)‖∞ +Kh2] , w2 = exp[(M+ 1)t]

[
‖e(0)‖∞ +Kh2] ,

where

‖e(0)‖∞ = max {‖eu(0)‖∞ , ‖ev(0)‖∞} .

Clearly,

dw1i

dt
− δ2w1i >M |w2i|+Kh

2,
dw2i

dt
− δ2w2i >M |w1i|+Kh

2,

for 1 6 i 6 I− 1. So by Theorem 2.4, we obtain

eui(t) 6 w1i(t), evi(t) 6 w2i(t).

Thus

eui(t) 6 exp[(M+ 1)t]
[
‖e(0)‖∞ +Kh2] , evi(t) 6 exp[(M+ 1)t]

[
‖e(0)‖∞ +Kh2] ,

for t ∈ [0, t∗(h)]. By using the same argument for −eu,−ev, we obtain

‖Uh(t) − uh(t)‖∞ 6 exp[(M+ 1)t]
[
‖e(0)‖∞ +Kh2] , ‖Vh(t) − vh(t)‖∞ 6 exp[(M+ 1)t]

[
‖e(0)‖∞ +Kh2] .

We need to show that t∗(h) = T , assume that it is not true, then for some small h, where t∗(h) = t(h) < T ,
we have

1 = ‖Uh(t) − uh(t)‖∞ 6 exp[(M+ 1)t]
[
‖e(0)‖∞ +Kh2]→ 0,

1 = ‖Vh(t) − vh(t)‖∞ 6 exp[(M+ 1)t]
[
‖e(0)‖∞ +Kh2]→ 0,

which is impossible, so, t∗(h) = T . Thus

max
t∈[0,T ]

‖Uh(t) − uh(t)‖∞ = O
(
‖e(0)‖∞ + h2) , h→ 0,

max
t∈[0,T ]

‖Vh(t) − vh(t)‖∞ = O
(
‖e(0)‖∞ + h2) , h→ 0,

where ‖e(0)‖∞ = max [‖eu(0)‖∞ , ‖ev(0)‖∞].
The next theorem shows that the blow-up time of the semi-discrete system (2.1)-(2.4) converges to the

blow-up time of problem (1.1) as space-step approaches zero.
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Theorem 2.10. Assume the following.

(a) The functions f,g ∈ C1([0,∞),R) and f(Z),g(Z) > 0 is in (0,∞).
(b) There exists Z̄ > 0, such that

1.
(
f(Z)
Z

)
> π2,

(
g(Z)
Z

)
> π2, for Z ∈ [Z̄,∞);

2. limZ→∞ Z
f(Z) = 0, limZ→∞ Z

g(Z) = 0;
3. f(Z̄) − π2Z̄ > 0, g(Z̄) − π2Z̄ > 0.

(c) There exists T <∞ such that u, v ∈ C4,2([0, 1]× [0, T)) and

lim
t→T

∫ 1

0
u(x, t)w(x)dx =∞, lim

t→T

∫ 1

0
v(x, t)w(x)dx =∞,

where (u, v) is the solution of the original problem and W is defined as in Lemma 2.8.

If ‖Uh(0) − uh(0)‖∞ = 0(1),h → 0, then the solution of the discrete problem achieves blow-up, for h sufficiently
small at Th and

lim
h→0

Th = T .

Proof. For each h, we denote by [0, Th), the maximal interval, where Uh is defined. If Th −→
h→0

T , then

Uh,Vh blow up for h sufficiently small. To prove that, we need to show

lim inf
h→0

Th > T , (2.9)

lim
h→0

sup Th 6 T . (2.10)

First, if we suppose that (2.9) does not hold, then

T ′ = lim
h→0

inf Th < T .

Set M =
(T−T ′)

2 , there exists a sequence {hs}
∞
s=0 with hs −→

s→∞ 0 such that Th < T ′ +M < T . By Theorem

2.9, for h small enough, Uh,Vh are defined and bounded in [0, T ′ +M]. Thus, we have a contradiction,
because [0, Th) is the maximal interval, and

Th < T
′ +M.

So, (2.9) holds.
Next, we suppose that (2.10) is not held. Set T ′′ = limh→0 (sup Th) > T . If T ′′ = ∞, we choose T ′′ as

a fixed constant such that T ′′ > T . Set M =
(T ′′−T)

2 , there exists a sequence {hs}
∞
s=0 with hs −→

h→0
∞ such

that

T < T +M < Th. (2.11)

The next aim is to show that this is impossible. By the assumptions, we have for ε > 0,∫∞
ε

dZ

f(Z)
<∞,

∫
dZ

g(Z)
<∞.

By assumption (b), we have∫∞
y

dZ1

f (Z2) − π2Z1
<∞,

∫∞
y

dZ2

g (Z1) − π2Z2
<∞, y ∈ (Z̄,∞).
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Hence, there exists R ∈ (Z̄,∞) such that∫∞
y

dZ1

f (Z2) − π2Z1
<
M

2
,
∫∞
y

dZ2

f (Z1) − π2Z2
<
M

2
, y ∈ [R,∞). (2.12)

On the other hand, by assumption (c), there exists T0 with 0 < T0 < T such that, ∀t ∈ [T0, T),∫ 1

0
u(x, t)w(x)dx > 2R.

Next, we define T1 = T+T0
2 , by Theorem 2.9, the semi discrete problem has a solution (Uh,Vh) defined in

[0, T1], for h sufficiently small. In addition, for t ∈ [0, T1],∣∣∣∣∣
I−1∑
i=1

hUi(t)Υi −

∫ 1

0
u(x, t)w(x)dx

∣∣∣∣∣
=

∣∣∣∣∣
I−1∑
i=1

hUi(t)Υi ±
I−1∑
i=1

hUiw (xi)±
I−1∑
i=1

hu (xi, t)w (xi) −

∫ 1

0
u(x, t)w(x)dx

∣∣∣∣∣
6

∣∣∣∣∣
I−1∑
i=1

hUi(t) (Υi −w (xi))

∣∣∣∣∣
Υi +

∣∣∣∣∣
I−1∑
I=1

h (Ui(t) − u (xi, t))w (xi)

∣∣∣∣∣+
∣∣∣∣∣
I−1∑
I=1

hu (xi, t)w (xi) −

∫ 1

0
u(x, t)w(x)dx

∣∣∣∣∣ .
By Theorem 2.9 and equation (2.8), the first and second terms are bounded and approach zero, while, by
composite-trapezoidal formula, the third term is equal zero, when h→ 0, for t ∈ [0, T1]. Thus

lim
h→0

[
I−1∑
i=1

hUi(t)Υi −

∫ 1

0
u(x, t)w(x)dx

]
= 0.

So, by above and (2.12), it follows that

Q1(t) >

∫ 1

0
u(x, t)w(x)dx >

∫ 1

0
u(x, t)w(x)dx− R > R. (2.13)

Similarly, we can show that

Q2(t) >

∫ 1

0
v(x, t)w(x)dx >

∫ 1

0
v(x, t)w(x)dx− R > R.

By Theorem 2.7, with taking Uh (T0) as initial condition, and using λn 6 π2 and (2.12) and (2.13), it follows
that

Th 6 T0 +

∫∞
Q1(T0)

dZ1

f (Z2) − λnZ1
, 6 T0 +

∫∞
Q1(T0)

dZ1

f (Z2) − π2Z1
6 T0 +

M

2
< T +

M

2
.

Similarly, one can show that

Th 6 T0 +

∫∞
Q2(T0)

dZ2

g (Z1) − π2Z2
6 T0 +

M

2
< T +

M

2
.

Thus

Th < T +
M

2
< T +M,

which is a contradiction with (2.11), with h being small. Therefore, both (2.9) and (2.10) are held. Hence
Th −→

h→0
T .
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3. Finite difference schemes

In this section, we derive the explicit (implicit) fully-discrete finite difference formulas for the problem
(1.1), by approximating the time derivative in problem (1.2), using the forward (backward) finite difference
formula ([25]). We consider that Uni and Vni , are the approximate values of u (xi, tn) and v (xi, tn),
respectively, where tn+1 = tn + kn, I be a positive integer, and consider the grid: xi = ih, 0 6 i 6 I, h =
1
I , tn+1 = tn + kn, xi+1 = xi + h, and h is the space-step, and kn is the time-step.

3.1. Explicit Euler scheme
We approximate ut, vt by forward finite difference formulas at the mesh-point (xi, tn) as follows:

ut|
n
i =

Un+1
i −Uni
kn

+O (kn) , vt|
n
i =

Vn+1
i − Vni
kn

+O (kn) ,

where uxx, vxx are approximated as using 2d order central finite difference formula as follows:

uxx | ni =
Un+1
i − 2Uni +Uni−1

h2 +O
(
h2) , vxx | ni =

Vn+1
i − 2Vni + Vni−1

h2 +O
(
h2) .

By substituting all of these formulas in the system (1.1), we get:

Un+1
i −Uni
kn

=
Uni − 2Uni +Uni−1

h2 + f (Vni ) ,

Vn+1
i − Vni
kn

=
Vni − 2Vni + Vni−1

h2 + g (Uni ) . (3.1)

The last difference equations can be written as follows:

Un+1
i = (1 − 2rnh)U

n
i + rnh

(
Uni+1 +U

n
i−1
)
+ knf (V

n
i ) , (3.2)

Vn+1
i = (1 − 2rnh)V

n
i + rnh

(
Vni+1 + V

n
i−1
)
+ kng (U

n
i ) , (3.3)

I = 1, 2, 3, . . . , I− 1, n = 0, 1, 2, . . . ,

Unh =
(
Un1 ,Un2 , . . . . . . .,Un1−I

)
, Vnh =

(
Vn1 ,Vn2 , . . . . . . .Vn1−I

)
, rn =

kn

h2 .

In addition, in order to guarantee that the stability (convergence) condition of explicit scheme is satisfied,
the following non-fixed time-step formula is considered:

kn = min

(
h2

3
,
hα∥∥Unh
∥∥ ,

hα∥∥Vnh
∥∥
)

, α > 1. (3.4)

3.1.1. Local truncation error of explicit Euler scheme
Theorem 3.1. Let

(
Tnui, T

n
vi

)
be the local truncation error of the explicit Euler formulas (3.1) and (3.2) at the mesh

point (xi, tn). Then, there exist C1,C2,C3,C4 > 0, such that

|Tnui| 6 C1k+C2h
2, |Tnvi| 6 C3k+C4h

2,

where k = maxn∈N kn, i.e., Tnui = O
(
k+ h2

)
, Tnvi = O

(
k+ h2

)
.

Proof. Substituting the exact solution uni = u (xi, tn) , vni = v (xi, tn) in the explicit Euler formula (3.2),
yields that

Tnui =
(
un+1
i − uni

)
−
k

h2

(
uni+1 − 2uni + uni−1

)
− kf (vni ) = k

[
∂uni
∂t

+O(k)

]
− k

[
∂2uni
∂x2 +O

(
h2)]− kf (vni ) .
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It follows that

= k

[
∂uni
∂t

−
∂2uni
∂x2 − f (vni )

]
+ k

[
O(k) +O

(
h2)] .

From problem (1.1), with assuming all the partial derivatives are bounded at the meshpoint (xi, tn), we ob-
tain

∣∣Tnui∣∣ 6 C1k+C2h
2, i.e., Tnui = O

(
k+ h2

)
, C > 0. Similarly, we can show that Tnvi = O

(
k+ h2

)
, C >

0.

3.1.2. The stability analysis of Explicit Euler Method
In order to investigative the stability for the Explicit Euler formulas, we need to recall the following

definition.

Definition 3.2 (The stability condition, [30]). Set Enu=
(
enui, i = 1, 2, . . . , I− 1

)
,Env =

(
envi, i = 1, 2, . . . , I− 1

)
,

enui = uni −Uni , envi = vni − Vni , where
(
uni = u (xi, tn) , vni = v (xi, tn)

)
and

(
Uni ,Vni

)
are the exact and

numerical solutions of a one-dimensional time-dependent coupled system of two PDEs, respectively.
For any arbitrary initial rounding error:

(
E0
u,E0

v

)
, we say that the numerical solution (the difference

approximation) is stable, if there exists a positive number µ independent on the space-step (h) and time-
step (k), such that

‖Enu‖ 6 µmax
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} , Env 6 µmax
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} ,

where ‖Enu‖ = max16i6I
∣∣enui∣∣ , ‖Env ‖ = max16i6I

∣∣envi∣∣ , n = 0, 1, 2, . . ..

Theorem 3.3. The explicit Euler scheme (3.2), (3.3) is stable, if (1 − 2r) > 0, where k = maxn∈N kn, r = k/h2.

Proof. To prove this theorem, we use the maximum error stability-technique [29]. Let enui = uni −
Uni , envi = vni − Vni ,

(
uni = u (xi, tn) , vni = v (xi, tn)

)
is the exact solution of problem (1.1). To end

this, we apply the Mathematical induction. For n = 0, set
∥∥E1
u

∥∥ = max16i6I
∣∣e1
ui

∣∣ =
∣∣∣e1
uj

∣∣∣ ,∥∥E1
v

∥∥ =

max16i6I
∣∣e1
vi

∣∣ = ∣∣e1
um

∣∣. By substituting enuj in the explicit formula (3.2), we obtain

e1
uj = (1 − 2r)e0

uj + r
(
e0
uj+1 + e

0
uje−1

)
+ k

(
f
(
v0
i

)
− f
(
V0
j

))
.

Since (1 − 2r) > 0, we have∣∣e1
uj

∣∣ 6 (1 − 2r)
∣∣e0
uj‖+ r

(∣∣e0
uj+1

∣∣+ ∣∣e0
uj−1

∣∣)+ k∣∣ f (v0
i

)
− f
(
V0
j

)
| .

From (1.2), it follows that∣∣e1
uj

∣∣ 6 (1 − 2r)
∥∥E0
u

∥∥+ 2r
∥∥E0
u

∥∥+ kL1
∣∣v0
i − V

0
j

∣∣ ,∥∥E1
u

∥∥ 6
∥∥E0
u

∥∥+ kL1 ‖Evv‖ 6 (1 + kL1)Max
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} .

Similarly, we can show that∥∥E1
v

∥∥ 6
∥∥E0
v

∥∥+ kL2 ‖Evu‖ 6 (1 + kL2)Max
{∥∥E0

u

∥∥ , ‖Evv‖
}

.

Now, we suppose that

‖Esu‖ 6 (1 + kL)sMax
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} , s = 1, 2, 3, . . .n,

‖Esv‖ 6 (1 + kL)sMax
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} , s = 1, 2, 3, . . .n,

where L = Max {L1,L2}. For n+ 1, set
∥∥En+1
u

∥∥ = max16ivi
∣∣en+1
ui

∣∣ = ∣∣∣ es+1
uj

∣∣∣ . ∥∥En+1
v

∥∥ = max1xixy
∣∣en+1
vi

∣∣ =∣∣ en+1
um

∣∣. By substituting enuj in the explicit formula (3.2), we obtain

en+1
uj = (1 − 2r)enuj + r

(
enuj+1 + e

n
uj−1

)
+ k

(
f
(
vnj
)
− f
(
Vnj
))

.
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Since (1 − 2r) > 0, we have∣∣∣ en+1
uj

∣∣∣ 6 (1 − 2r)
∣∣ en
uj

∣∣+ r (∣∣enuj+1
∣∣+ ∣∣ en

uj−1
∣∣)+ k ∣∣f (vnj )− f (Vni )∣∣ .

Thus, from (1.2), it follows that∣∣∣en+1
uj

∣∣∣ 6 (1 − 2r) ‖Enu‖+ 2r ‖Enu‖+ kL1
∣∣vni − Vnj

∣∣ ,∥∥En+1
u

∥∥ 6 ‖En
u‖+ kL ‖En

v‖ 6 (1 + kL)nMax {‖Euu‖r ‖E
◦
v‖}+ kL(1 + kL)nMax

{∥∥E0
v

∥∥ ,
∥∥E0
v

∥∥} .

Thus
∥∥En+1
u

∥∥ 6 (1 + kL)n+1Max
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥},

6 exp((n+ 1)kl)Max {‖E◦u‖ , ‖E◦v‖} = exp (tn+1L)Max
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} .

Similarly, we can show that ∥∥En+1
v

∥∥ 6 exp (tn+1L)Max
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} .

So, this implies the stability for explicit scheme, if r 6 1/2.

3.1.3. Convergence analysis of explicit Euler scheme
Theorem 3.4. The explicit Euler formulas (3.2) and (3.3) are convergent with: O

(
k+ h2

)
, if (1 − 2r) > 0, where

k = maxn∈N kn, r = k/h2.

Proof. Set enui = u
n
i −Uni , envi = v

n
i −Vni

(
uni = u (xi, tn) , vni = v (xi, tn)

)
is the exact solution of problem

(1.1). Assume that e0
ui = 0, e0

vi = 0,∀i = 0, 1, . . . , I. We aim to show that there exists C > 0, such that

en+1
ui 6 C

(
k+ h2) , en+1

vi 6 C
(
k+ h2) , n = 0, 1, . . . .

To end this, we use the mathematical induction technique. For n = 1, we set
∣∣∣e1
uj

∣∣∣ = max16i6I−1
∣∣e1
ui

∣∣.
Substituting e1

uj in the explicit formula (3.2) yields that

e1
uj = (1 − 2r)e0

uj + r
(
e0
uj+1 + e

0
uj−1

)
+ k

(
f
(
v0
i

)
− f
(
V0
i

))
+ T 0

i = k
(
f
(
v0
i

)
− f
(
V0
i

))
+ T 0

i .

From (1.2), we obtain
∣∣∣e1
uj

∣∣∣ 6 Lk ∣∣∣e0
vj

∣∣∣+ ∣∣T 0
ui

∣∣ = ∣∣T 0
ui

∣∣ 6 C (k+ h2
)
, where L = Max {L1,L2}. Hence∣∣e1

ui

∣∣ 6 C (k+ h2) , i = 1, 2, . . . , I− 1.

Similarly, we can show that ∣∣e1
vi

∣∣ 6 C (k+ h2) , i = 1, 2, . . . , I− 1.

Suppose that
∣∣es
ui

∣∣ 6 C1
(
k+ h2

)
,
∣∣es
vi

∣∣ 6 C1
(
k+ h2

)
, s = 0, 1, 2, . . . ,n, C1 > 0. For n+ 1, we set

∣∣∣en+1
uj

∣∣∣ =
max16i6I−1

∣∣en+1
ui

∣∣. Substituting en+1
uj in the explicit formula (3.2) yields that

en+1
uj = (1 − 2r)enuj + r

(
enuj+1 + e

n
uj−1

)
+ k (f (vni ) − f (V

n
i )) + T

n
ui.

Thus ∣∣∣en+1
uj

∣∣∣ 6 (1 − 2r) ‖Enu‖+ 2r ‖Enu‖+ k
∣∣f (vnj )− f (Vnj )∣∣+ ∣∣Tnuj∣∣ .

From (1.2), we have∥∥En+1
u

∥∥ 6 ‖Enu‖+ kL
∣∣envj∣∣+ ∣∣Tnj ∣∣ 6 ‖Enu‖+ kL ‖Env ‖+ ∣∣Tnj ∣∣

6 (1 + kL)C1
(
k+ h2)+C (k+ h2) = [(1 + kL)C1 +C]

(
k+ h2) .

It follows that
∥∥En+1
u

∥∥ 6 C
(
k+ h2

)
,n = 0, 1, . . .. Similarly, we can show that∥∥En+1
v

∥∥ 6 C
(
k+ h2) , n = 0, 1, . . . .
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3.2. Implicit Euler scheme
We approximate ut, vt by backward finite difference formulas at the mesh-point (xi, tn+1) as follows

([25]): {
∂u
∂t

∣∣n+1
i

= 1
kn

(
Un+1
i −Uni

)
+O (kn) ,

∂v
∂t

∣∣n+1
i

= 1
kn

(
Vn+1
i − Vni

)
+O (kn) ,

while uxx, vxx are approximated as using 2d order central finite difference formulas follows:

uxx | n+1
i =

Un+1
i − 2Un+1

i +Un+1
i−1

h2 +O
(
h2) , vxx | n+1

i =
Vn+1
i − 2Vn+1

i + Vn+1
i−1

h2 +O
(
h2) .

By substituting all of these formulas in the system (1.1), we get:

Un+1
i −Uni
kn

=
Un+1
i+1 − 2Un+1

i +Un+1
i−1

h2 + knf (V
n
i ) , 1 6 i 6 I− 1,

Vn+1
i − Vni
kn

=
Vn+1
i+1 − 2Vn+1

i + Vn+1
i−1

h2 + kng (U
n
i ) , 1 6 i 6 I− 1.

Thus

(1 + 2rnh)U
n+1
i − rnh

(
Un+1
i+1 +Un+1

i−1

)
= Uni + knf (V

n
i ) , (3.5)

(1 + 2rnh)V
n+1
i − rnh

(
Vn+1
i+1 + Vn+1

i−1

)
= Vni + kng (U

n
i ) , (3.6)

1 6 i 6 I− 1, n = 0, 1, 2, . . .. In addition, since the implicit Euler method is unconditionally stable, we
choose the non-fixed time-stepping formula as follows:

kn = min

(
hα∥∥unh
∥∥ ,

hα∥∥vnh
∥∥
)

, α ∈ R. (3.7)

We can write the last equations in matrix form as follows:

(I− rnhH)U
n+1
h = Un

h + knF (V
n
h) , (3.8)

(I− rn
hH)V

n+1
h = Vn

h + knG (Un
h) , (3.9)

where H =


−2 1 0 · · · 0

1 −2 1 · · · 0
. . .

0 · · · 0 1 −2


(I−1)×(I−1)

, F
(
Vnh
)
=
(
f
(
Vn1
)

, f
(
Vn2
)

, . . . , f
(
VnI−1

))T ;G
(
Unh
)
=

(
g
(
Un1
)

,g
(
Un2
)

, . . . ,g
(
UnI−1

))T .

3.2.1. Local truncation error of implicit Euler scheme
Theorem 3.5. Let

(
Tnui, T

n
vi

)
be the local truncation error of the implicit Euler formulas (3.5) and (3.6) at the mesh

point (xi, tn+1). Then, there exist C1,C2,C3,C4 > 0, such that
∣∣Tn+1
ui

∣∣ 6 C1k+ C2h
2,
∣∣Tn+1
vi

∣∣ 6 C3k+ C4h
2,

where k = maxn∈N kn, i.e., Tn+1
ui = O

(
k+ h2

)
, Tn+1
vi = O

(
k+ h2

)
.

Proof. Substituting the exact solution uni = u (xi, 0) , vnl = v (xi, 0) in the implicit Enler formula (3.5),
yields that

Tn+1
ui =

(
un+1
i − uni

)
−
k

h2

[
un+1
i+1 − 2un+1

i + un+1
i=1

]
− kf (vn

i )

= k

[
∂un+1
i

∂t
+O(k)

]
− k

[
∂2un+1

i

∂x2 +O
(
h2)]− k [f (vn+1

i

)
+O(k)

]
.
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It follows that

Tn+1
ui = k

[
∂un+1
i

∂t
−
∂2un∗1i

∂x2 − f
(
vn+1
i

)]
− k

[
O(k) +O

(
h2)] .

From equation (1.1), with assuming all the partial derivatives are bounded at the meshpoint (xi, tn+1),
we obtain

∣∣Tn+1
ui

∣∣ 6 C1k+C2h
2, i.e.,

∣∣Tn+1
i

∣∣ = O
(
k+ h2

)
,C > 0. Similarly, we can show that there exist

C3,C4 > 0 such that ∣∣Tn+1
vi

∣∣ 6 C3k+C4h
2.

3.2.2. The stability analysis of implicit Euler method
Theorem 3.6. The implicit Euler scheme (3.5)-(3.6) is unconditionally stable.

Proof. To prove this theorem, we use the maximum error stability-technique [29]. Let enui = uni −
Uni , envi = vni − Vni ,

(
uni = u (xi, tn) , vni = v (xi, tn)

)
be the exact solution of problem (1.1). To end this,

we apply the Mathematical induction. For n = 0, set
∥∥E1
u

∥∥ = max16i6I
∣∣e1
ui

∣∣ = ∣∣∣e1
uj

∣∣∣ ,k = maxn∈N kn, r =

k/h2, we have∣∣e1
uj

∣∣ = (1 + 2r)
∣∣e1
uj

∣∣− r (∣∣e1
uj

∣∣+ ∣∣e1
uj

∣∣) 6 (1 + 2r)
∣∣e1
uj

∣∣− r (∣∣e1
uj+1

∣∣+ ∣∣e1
uj−1

∣∣)
6
∣∣(1 + 2r)e1

uj − r
(
e1
uj+1 + e

1
uj−1

)∣∣ = ∣∣e0
uj + k

(
f
(
v0
j

)
− f
(
V0
j

))∣∣ .
Thus, from (1.2), we obtain

∣∣∣e1
uj

∣∣∣ 6 ∣∣∣e0
j

∣∣∣+ k ∣∣∣f(v0
j

)
− f
(
V0
j

)∣∣∣ 6 ∣∣∣e0
j

∣∣∣+ kL1

∣∣∣v0
j − V

0
j

∣∣∣. It follows that∥∥E1
u

∥∥ 6
∥∥E0
u

∥∥+ kL1
∥∥E0
v

∥∥ 6 (1 + kL1)Max
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} .

Similarly, we can show that∥∥E1
v

∥∥ 6
∥∥E0
v

∥∥+ kL2
∥∥E0
u

∥∥ 6 (1 + kL2)Max
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} .

Now, we suppose that

‖Esu‖ 6 (1 + kL)sMax
{∥∥E0

u

∥∥ ,
∥∥E0
u

∥∥} , s = 1, 2, 3, . . . ,n,

‖Esv‖ 6 (1 + kL)sMax
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥} , s = 1, 2, 3, . . . ,n,

where L = Max {L1,L2}. For n+ 1, set
∥∥∥En+1
ij

∥∥∥ = max16i6I
∣∣en+1
ui

∣∣ = ∣∣∣en+1
uj

∣∣∣ , ∥∥Eh+1
v

∥∥ = max16i6I
∣∣en∗1
vi

∣∣,
k = maxn∈N kk, r = k/h2, we have∣∣∣en+1

uj

∣∣∣ = (1 + 2r)
∣∣∣en+1
uj

∣∣∣− r(∣∣∣en+1
uj

∣∣∣+ ∣∣∣en+1
uj

∣∣∣)
6 (1 + 2r)

∣∣∣en+1
uj

∣∣∣− r(∣∣∣en+1
uj+1

∣∣∣+ ∣∣∣en+1
uj−1

∣∣∣)
6
∣∣∣(1 + 2r)en+1

uj − r
(
en+1
uj+1 + e

n+1
uj=1

)∣∣∣ = ∣∣enuj + k (f (vnj )− f (Vnj ))∣∣ .
Thus

∣∣en+1
uf

∣∣ 6 ∣∣∣en
uj

∣∣∣+ k ∣∣∣f(vn
j

)
− f
(
Vn
j

)∣∣∣ 6 ∣∣∣enuj∣∣∣+ kL ∣∣∣vnj − Vn
j

∣∣∣. It follows that∥∥En+1
u

∥∥ 6 ‖Enu‖+ kL ‖Env ‖ 6 (1 + kL)nMax
{∥∥E0

u

∥∥ ,
∥∥E0
v

∥∥}+ kL(1 + kL)nMax
{∥∥E0

ν

∥∥ ,
∥∥E0
v

∥∥}
6 (1 + kL)n+1 Max

{∥∥E0
u

∥∥ ,
∥∥E0
v

∥∥}
6 exp((n+ 1)kL)Max

{∥∥E0
u

∥∥ ,
∥∥E0
v

∥∥}
= exp (tn+1L)Max

{∥∥E0
i

∥∥ · ∥∥E0
v

∥∥} .

Therefore, the implicit Euler scheme (3.5)-(3.6) is unconditionally stable.
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3.2.3. Convergence analysis of implicit Euler scheme
Theorem 3.7. The implicit Euler formula (3.5)-(3.6) is convergent, if r> 0 withO

(
k+ h2

)
, where k=maxn∈N kn.

Proof. Set en
ui = uni −Un

i , e
n
vi = vn

i − V
h
i

(
uni = u (xi, tk) , vni = v (xi, tn)

)
is the exact solution of problem

(1.1). Assume that e0
ui = 0, e0

vi = 0,∀i = 0, 1, . . . , I. We aim to show that there exists C > 0, such that

en+1
ui 6 C

(
k+ h2) , en+1

vi 6 C
(
k+ h2) , n = 0, 1, . . . .

To end this, we use the mathematical induction technique. For n = 1, we set
∣∣∣e1
uj

∣∣∣ = max16i6I
∣∣e1
ui

∣∣. Thus∣∣∣e1
uj

∣∣∣ = (1 + 2r)
∣∣e1

uj
∣∣− r(∣∣∣e1

uj

∣∣∣+ ∣∣∣e1
uj

∣∣∣) 6 (1 + 2r)
∣∣e1
uj

∣∣− r (∣∣e1
uj+1

∣∣+ ∣∣e1
uj−1

∣∣)
6
∣∣(1 + 2r)e1

uj − r
(
e1
uj+1 + e

1
uj−1

)∣∣
=
∣∣e0
uj + k

(
f
(
v0
i

)
− f
(
V0
i

))
+ T 0

i

∣∣ = ∣∣k (f (v0
i

)
− f
(
V0
i

))
+ T 0

j

∣∣ .
From (1.2), we have ∣∣e1

uj

∣∣ 6 kL ∣∣v0
j − V

0
j

∣∣+ ∣∣T 0
j

∣∣ ,
where L = Max {L1,L2}. We obtain∣∣e1

uj

∣∣ 6 Lk ∣∣e0
vj

∣∣+ ∣∣T 0
i

∣∣ = ∣∣T 0
i

∣∣ 6 C (k+ h2) ,
∣∣e1
ui

∣∣ 6 C (k+ h2) , i = 1, 2, . . . , I− 1.

Similarly, we can show that ∣∣e1
vi

∣∣ 6 C (k+ h2) , i = 1, 2, . . . , I− 1.

Suppose that
∣∣eSui∣∣ 6 C1

(
k+ h2

)
,
∣∣eSvi∣∣ 6 C1

(
k+ h2

)
, s = 0, 1, 2, . . . ,n, C1 > 0. For n+ 1, we set

∣∣∣en+1
uj

∣∣∣ =
max16i6I−1

∣∣en+1
ui

∣∣,∣∣∣en+1
uj

∣∣∣ = (1 + 2r)
∣∣∣en+1
uj

∣∣∣− r(∣∣∣en+1
uj

∣∣∣+ ∣∣∣en+1
uj

∣∣∣)
6 (1 + 2r)

∣∣∣en+1
uj

∣∣∣− r(∣∣∣en+!
uj+1

∣∣∣+ ∣∣∣en+!
uj−1

∣∣∣)
6
∣∣∣(1 + 2r)en+1

uj − r
(
en+1
uj+1 + e

n+1
uj−1

)∣∣∣ = ∣∣∣enuj + k (f (vnj )− f (Vnj ))+ Tn+1
j

∣∣∣ .
Thus ∣∣∣en+1

uj

∣∣∣ 6 ∣∣enuj∣∣+ k ∣∣f (vnj )− f (Vnj )∣∣+ ∣∣∣Tn+1
j

∣∣∣ .
By (1.2), we obtain ∣∣∣en+1

uj

∣∣∣ 6 ∣∣enuj∣∣+ kL ∣∣vnj − Vnj
∣∣+ ∣∣∣Tn+1

j

∣∣∣ .
It follows that ∥∥En+1

u

∥∥ 6 ‖Enu‖+ kL ‖Env ‖+
∣∣∣Tn+1
j

∣∣∣
6 C1

(
k+ h2)+ kLC1

(
k+ h2)+C (k+ h2)

6 (1 + kL)C1
(
k+ h2)+C (k+ h2) = [(1 + kL)C1 +C]

(
k+ h2) .

It follows that
∥∥En+1
u

∥∥ 6 C
(
k+ h2

)
,n = 0, 1, . . . ., i = 1, 2, . . . , I− 1. Similarly, we can show that∥∥En+1
v

∥∥ 6 C
(
k+ h2) , n = 0, 1, . . . .

Definition 3.8. The solution of the explicit, implicit Euler schemes blows up simultaneously in a finite
time Th, if the following conditions hold:

1.
∥∥Unh∥∥∞ →∞,

∥∥Vnh∥∥∞ →∞, as n→∞;
2. Th =

∑∞
n kn.

Remark 3.9.
1. Since the matrix A =

(
I− rnhH

)
is diagonally dominant with positive real diagonal entries, then it is

positive definite and nonsingular [27], hence the linear systems (3.8) and (3.9) are uniquely solvable.
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2. The blow-up time of the discrete solution is considered the numerical blow-up time of problem (1.1).
3. The numerical blow-up time depends on space step h and also on the choice of time steps kn.
4. It is well known that, for each fixed time interval [0, t], explicit (implicit) Euler numerical schemes

give approximate solutions with rate of convergence, O
(
k+ h2

)
where k = maxn kn, while with

the time-steps formulas (3.4) and (3.7), the rate of convergence becomes o (hα), as h→ 0, for α 6 2.
The same order of convergence might be expected to the numerical blow-up time.

4. Numerical experiments

In this section, we estimate the numerical blow-up times for two numerical experiments, with dif-
ferent space steps, using the proposed finite difference schemes (explicit Euler implicit Euler). All the
numerical computations codes are written in Matlab (R2020a) software. Moreover, we measure the order
of convergence to the numerical blow-up time, for each of these methods. The numerical blow-up time
is taken, once you find m ∈ N such that the condition

∥∥Umh ∥∥∞ > 1015 holds. In addition, the value
Th = tm =

∑m
n=0 kn is considered the numerical blow-up time to the studied problems. Eh = |T2h − Th| is

the error bonds between T2h and Th. For each example, we include some tables to present the numerical
results obtained from using the proposed schemes (explicit Euler and implicit Euler), with the mesh size:
I = {20, 40, 80, 160, 320}, and α = 1, 2. Each table shows the number of iterations, when numerical blow-up
occurs, the numerical blow-up times, and the central processing unit times (CPUTs) in seconds, the errors-
bounds of numerical blow-up times. Finally, in order to examine experimentally, the rate of numerical
convergence for the numerical blow-up times, we should take different mesh sizes with some values of
α, and we use the formula Sh =

log(E2h/Eh)
log 2 . Additionally, some numerical simulations are carried out to

support the numerical results.

4.1. Examples

Example 4.1. Consider the following system:
ut = uxx + v

4, vt = vxx + u
5, x ∈ (0, 1), t ∈ (0, T),

u(0, t) = u(1, t) = 0, v(0, t) = v(1, t) = 0, t ∈ (0, T),
u(x, 0) = 70

(
x− x2

)
, v(x, 0) = 80

(
x− x2

)
, x ∈ (0, 1).

Table 1: Example 4.1, explicit Euler scheme, α = 1.
h m Th cput Eh Sh

1/20 5 7.8225E − 04 0.050367 · · · · · ·
1/40 5 2.2906E − 04 0.063373 5.5319E − 04 · · ·
1/80 6 7.7405E − 05 0.100925 1.5165E − 04 1.8670
1/160 6 3.7762E − 05 0.177312 3.9643E − 05 1.9356
1/320 9 1.9175E − 05 0.327089 1.8587E − 05 1.0928

Table 2: Example 4.1, explicit Euler scheme, α = 2.
h m Th cput Eh Sh

1/20 6 5.2726E − 05 0.054967 · · · · · ·
1/40 8 1.9621E − 05 0.083085 3.3105E− 05 · · ·
1/80 18 1.1851E − 05 0.093601 7.7700E − 06 2.0911

1/160 71 1.0042E − 05 0.176785 1.8090E − 06 2.1027
1/320 366 9.6511E − 06 0.285960 3.9090E − 07 2.2103
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Table 3: Example 4.1, implicit Euler scheme, α = 1.
h m Th cput Eh Sh

1/20 5 7.8252E − 04 0.322480 · · · · · ·
1/40 5 2.2915E − 04 0.421447 5.5337E − 04 · · ·
1/80 6 7.7432E − 05 0.463314 1.5172E − 04 1.8668
1/160 6 3.7766E − 05 1.469750 3.9666E − 05 1.9354
1/320 9 1.9178E − 05 3.851017 1.8588E − 05 1.0935

Table 4: Example 4.1, implicit Euler scheme, α = 2.
h m Th cput Eh Sh

1/20 5 5.2742E − 05 0.139162 · · · · · ·
1/40 8 1.9623E − 05 0.202235 3.3119E − 05 · · ·
1/80 18 1.1852E − 05 0.453932 7.7710E − 06 2.0915

1/160 71 1.0042E − 05 1.192606 1.8100E − 06 2.1021
1/320 366 9.6511E − 06 3.832013 3.9090E − 07 2.2111

Figure 1: Evolution of numerical blow-up solution over time arising from using Explicit for Example 4.1, with h = 320,α = 2.

Figure 2: Evolution of numerical blow-up solution over time arising from using Implicit for Example 4.1, with h = 320,α = 2.

Example 4.2. Consider the following system:


ut = uxx + v

3, vt = vxx + u
4, x ∈ (0, 1), t ∈ (0, T),

u(0, t) = u(1, t) = 0, v(0, t) = v(1, t) = 0, t ∈ (0, T),
u(x, 0) = 70 sin(πx), v(x, 0) = 80 sin(πx), x ∈ (0, 1).
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Table 5: Example 4.2, explicit Euler scheme α = 1.
h m Th cput Eh Sh

1/20 3 1.9771E − 04 0.141475 · · · · · ·
1/40 4 6.9945E− 05 0.207396 1.2777E − 04 · · ·
1/80 4 2.4773E − 05 0.230424 4.5172E − 05 1.5000
1/160 4 8.8020E − 06 0.646888 1.5971E − 05 1.5000
1/320 4 5.1350E − 06 0.281267 3.6670E − 06 2.1228

Table 6: Example 4.2, explicit Euler scheme α = 2.
h m Th cput Eh Sh

1/20 4 9.9496E − 06 0.265604 · · · · · ·
1/40 4 1.8125E − 06 0.115497 8.1371E − 06 · · ·
1/80 5 3.7184E − 07 0.167696 1.4407E − 06 2.4977
1/160 7 1.2851E − 07 0.301928 2.4333E − 07 2.5658
1/320 17 7.7340E − 08 0.608993 5.1170E − 08 2.2495

Table 7: Example 4.2, implicit Euler scheme, α = 1.
h m Th cput Eh Sh

1/20 3 1.9771E − 04 0.344763 · · · · · ·
1/40 4 6.9945E − 05 0.583877 1.2777E − 04 · · ·
1/80 4 2.4773E − 05 0.848388 4.5172E − 05 1.5000
1/160 4 8.8020E − 06 0.931657 1.5971E − 05 1.5000
1/320 4 5.1350E − 06 4.605578 3.6670E − 06 2.1228

Table 8: Example 4.2, implicit Euler scheme, α = 2.
h m Th cput Eh Sh

1/20 4 9.9496E − 06 0.336013 · · · · · ·
1/40 4 1.8126E − 06 0.446961 8.1370E − 06 · · ·
1/80 5 3.7184E − 07 0.633924 1.4408E − 06 2.4976
1/160 7 1.2851E − 07 1.949431 2.4333E − 07 2.5659
1/320 11 9.3199E − 08 2.774117 3.5311E − 08 2.7847

Figure 3: Evolution of numerical blow-up solution over time arising from using Explicit for Example 4.2, with h = 320,α = 2.
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Figure 4: Evolution of numerical blow-up solution over time arising from using Implicit, for Example 4.2, with h = 320,α = 2.

4.2. Discussing the results
From the numerical results in Examples 4.1 and 4.2, we can point out the following notes.

1. The numerical blow-up can simultaneously occur at only a single point (x = 0.5), and that confirms
the known theoretical blow-up results of problem (1.1), see [7].

2. The blow-up time errors-bounds decrease when the space-steps are refined. This indicates that the
numerical blow-up times sequence Th is convergent, as the space-step approaches to zero.

3. The order of convergence of the numerical blow-up times Sh is close to or larger than the value of
α, which means, the numerical order of convergence is O (hα+ε), where ε > 0.

4. Due to dealing with the time-stepping formulas (2.1)-(2.4) and (1.6), for large α, the required number
of iterations to achieve blow-up, increases, comparing with taking a small value to α.

5. We see that the CPU times are increasing, as we refine the spatial step, or if we compare CPUT of
implicit method with that of explicit method.

6. Figures 1 and 2 show that, in each of studied problems, the numerical blow-up growth-rates, ob-
tained from using explicit Euler method, is almost the same as that obtained from using implicit
Euler method.

5. Conclusions

In this work, two finite-difference algorithms with non-fixed time stepping formulas, used for finding
the numerical blow-up solution and estimating the numerical blow-up time of a system of two coupled
semeilinear heat equations associated with zero Dirichlet boundary conditions. Firstly, the semi-discrete
problem was derived and its convergence regarding blow-up solutions and blow-up time to theoretical
ones were investigated. Secondly, two fully discrete finite difference methods are proposed and demon-
strated as the obtained results in work. In addition, two numerical experiments have been reported to
verify the theoretical results and to determine the rate of convergence of the numerical blow-up times.
The numerical results were presented and illustrated in the form of tables and figures. We see that the
considered methods were in high order of convergence and with good efficiency. It might be interesting
to extend the obtained results to the case of Neumann boundary conditions in the future works.
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[1] L. M. Abia, J. C. López-Marcos, J. Martı́nez, Blow-up for semidiscretizations of reaction-diffusion equations, Appl.
Numer. Math., 20 (1996), 145–156. 1

[2] Y. G. Chen, Blow-up solutions to a finite difference analogue of ut = ∆u+u1+α inN-dimensional balls, Hokkaido Math.
J., 21 (1992), 447–474.

[3] C.-H. Cho, On the computation of the numerical blow-up time, Jpn. J. Ind. Appl. Math., 30 (2013), 331–349.
[4] C.-H. Cho, Y.-J. Lu, On the numerical solutions for a parabolic system with blow-up, AIMS Math., 6 (2021), 11749–11777.

1, 2, 2
[5] C.-H. Cho, H. Okamoto, Finite difference schemes for an axisymmetric nonlinear heat equation with blow-up, Electron.

Trans. Numer. Anal., 52 (2020), 391–415. 1
[6] K. Deng, Blow-up rates for parabolic systems, Z. Angew. Math. Phys., 47 (1996), 132–143. 1
[7] A. Friedman, Y. Giga, A single point blow-up for solutions of semilinear parabolic systems, J. Fac. Sci. Univ. Tokyo Sect.

IA Math., 34 (1987), 65–79. 1, 1
[8] V. Galaktionov, Parabolic system of quasilinear equations. I., Differ. Equ., 19 (1984), 1558–1574. 1
[9] V. A. Galaktionov, S. P. Kurdyumov, A. A. Samarskiı̆, A parabolic system of quasilinear equations. I, Differentsial’nye

Uravneniya, 19 (1983), 2123–2140. 1
[10] Y. Han, Blow-up at infinity of solutions to a semilinear heat equation with logarithmic nonlinearity, J. Math. Anal. Appl.,

474 (2019), 513–517. 1
[11] W. Huang, J. Ma, R. D. Russell, A study of moving mesh PDE methods for numerical simulation of blowup in reaction

diffusion equations, J. Comput. Phys., 227 (2008), 6532–6552.
[12] W. Huang, R. D. Russell, Adaptive moving mesh methods, Springer, New York, (2010). 1
[13] O. A. Ladyženskaja, V. A. Solonnikov, N. N. Ural’ceva, Linear and quasi-linear equations of parabolic type, Izdat.

“Nauka”, Moscow, (1967). 1
[14] Z. Lin, C. Xie, M. Wang, The blow-up rate of positive solutions of a parabolic system, Northeast. Math. J., 13 (1997),

327–378. 1, 1
[15] I. Nayak, A. K. Nayak, S. Padhy, Implicit finite difference solution for the magneto-hydro-dynamic unsteady free convective

flow and heat transfer of a third-grade fluid past a porous vertical plate, Int. J. Math. Model. Numer. Optim., 7 (2016),
4–19. 1

[16] A. D. Polyanin, I. K. Shingareva, Non-linear blow-up problems for systems of odes and pdes: Non-local transformations,
numerical and exact solutions, Int. J. Non-Linear Mech., 111 (2019), 28–41. 1

[17] P. Quittner, P. Souplet, Superlinear parabolic problems, Birkhäuser/Springer, Cham, (2019). 1
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