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Abstract

In this paper, we derive some interesting identities that found relationships between degenerate Euler polynomials and
some special polynomials by using umbral calculus and λ-analogue of the Stirling numbers of the first and the second kind,
respectively. In addition, we present explicit formulas for representations of the degenerate Euler polynomials.
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1. Introduction

The Euler polynomials are given by

2
et + 1

ext =

∞∑
n=0

En(x)
tn

n!
, (see [1, 9, 10, 17, 35]). (1.1)

In the special case x = 0, En = En(0) are called the Euler numbers.
As one of the special functions, the Euler numbers and polynomials have been generalized in various

ways, and applications of these polynomials and numbers have also been investigated actively by many
researchers (see [1, 33]). In particular, Elmonser defined q-extension of λ-Apostol-Euler polynomial by
using symmetric q-extension function as one of the generalizations of Euler polynomials and found some
properties of that function arising from the q-umbral calculus in [8]. Bouzeraib-Boussayoud-Aloui found
relationships between Bernoulli and Euler numbers with k-Jacobsthal numbers, k-Jacobsthal-Lucas num-
bers, and bivariate Fibonacci, Lucas, Pell and Pell-Lucas polynomials in [2]. In [28], Kim-Lee constructed
a new type of degenerate poly type 2 Euler polynomials by using the degenerate polylogarithm func-
tion and gave some new explicit expressions and identities related to degenerate unipoly type 2 Euler
polynomials and some special numbers and polynomials.
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For any nonzero real number λ, the degenerate exponential function is defined to be

exλ(t) = (1 + λt)
x
λ =

∞∑
n=0

(x)n,λ
tn

n!
, eλ(t) = (1 + λt)

1
λ =

∞∑
n=0

(1)n,λ
tn

n!
, (see [3, 20]), (1.2)

where (x)0,λ = 1 and (x)n,λ = x(x− λ)(x− 2λ) · · · (x− (n− 1)λ), (n > 1).
The study of degenerate of functions was initiated by Carlitz, and since then, various versions of

degenerate of special functions have been defined and their properties have been also studied by many
researchers actively. In [11], Kim defined the degenerate Cauchy polynomials and found some interesting
combinatorial identities corresponding to Stirling numbers of both kinds, Bernoulli numbers, and Cauchy
numbers of the first and second kinds. Kim-Kim defined degenerate poly-Bernoulli polynomials and
presented explicit formulas in terms of the degenerate Bernoulli polynomials and Stirling numbers of
the second kind in [18]. In [30], Kwon-Park defined the modified degenerate Changhee polynomials and
derived some interesting identities and properties. Kim defined degenerate complete Bell polynomials
and gave some explicit formulas related to degenerate Stirling numbers in [12]. In [13, 25], authors
defined the degenerate Stirling numbers of the first and second kind and found relationships between
these numbers and some special functions.

For nonzero integers n and k with n > k, the Stirling numbers of the first kind S1(n,k) and the Stirling
numbers of the second kind S2(n,k) are defined by generating function to be

(x)n =

n∑
k=0

S1(n,k)xk and xn =

n∑
k=0

S2(n,k)(x)k, (see [3, 6, 35]), (1.3)

where (x)0 = 1, (x)n = x(x− 1) · · · (x−n+ 1), (n > 1).
As degenerate version of the Stirling numbers, the degenerate Stirling numbers of the first kind S1,λ(n,k)

and the degenerate Stirling numbers of the second kind S2,λ(n,k) are introduced by Kim-Kim (see [13, 25]) as
follows:

1
k!
(
logλ(1 + t)

)k
=

∞∑
n=k

S1,λ(n,k)
tn

n!
, and

1
k!

(eλ(t) − 1)k =

∞∑
n=k

S2,λ(n,k)
tn

n!
, (1.4)

where logλ(t) =
1
λ(t

λ − 1) is the compositional inverse of eλ(t) satisfying logλ(eλ(t)) = eλ
(
logλ(t)

)
= t.

As another degenerate version of the Stirling numbers, the λ-analogue of the Stirling numbers of the first
kind and the second kind, S(1)

λ (n,k) and S(2)
λ (n,k), respectively, are defined by

(x)n,λ =

n∑
k=0

S
(1)
λ (n,k)xk and xn =

n∑
k=0

S
(2)
λ (n,k)(x)k,λ, (see [21, 26]). (1.5)

By (1.5), we see that

1
k!

(
log(1 + λt)

λ

)k
=

∞∑
n=k

S
(1)
λ (n,k)

tn

n!
, and

1
k!

(
eλt − 1
λ

)k
=

∞∑
n=k

S
(2)
λ (n,k)

tn

n!
,

(see [21, 26]).

2. Review of umbral calculus

Let C be the complex numbers field,

F =

{
f(t) =

∞∑
n=0

ak
tn

n!

∣∣∣∣∣ak ∈ C

}
,
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and let

P = C[x] =

{ ∞∑
k=0

alx
k

∣∣∣∣∣ak ∈ C with ak = 0 for all but finite number of k

}
.

Let P∗ be the vector space of all linear functionals on P. For a given f(t) ∈ P, linear functional 〈f(t)| ·〉 on
P is defined by

〈f(t)| xn〉 = an, (n > 0), (see [31, 35, 36]). (2.1)

From (2.1), we have 〈
tk
∣∣ xn〉 = n!δn,k, (n,k > 0),

where δn,k is Kronecker’s symbol. For each k ∈N∪ {0}, the differential operator on P is defined by

(
tk
)
xn =

{
(n)kx

n−k, if k 6 n,
0, if k > n,

(2.2)

and, by (2.2), we see that for any f(t) =
∑∞
k=0 ak

tk

k! ∈ F,

(f(t)) xn =

n∑
k=0

(
n

k

)
akx

n−k, (see [31, 35, 36]).

Furthermore, it can is shown that for f(t),g(t) ∈ F, and p(x) ∈ P,

〈f(t)g(t)|p(x)〉 = 〈g(t)| (f(t))p(x)〉 = 〈f(t)| (g(t))p(x)〉 .

The order of f(t) ∈ F − {0}, denoted by o(f(t)), is the smallest nonnegative integer k for which the coeffi-
cient of tk does not vanish. If o(f(t)) = 0, then f(t) is called invertible, and if o(f(t)) = 1, then f(t) is called
delta series.

Note that the invertible series has a multiplicative inverse 1
f(t) of f(t), and the delta series has a

compositional inverse f̄(t) of f(t) with f̄(f(t)) = f(f̄(t)) = t.
For a delta series f(t) and an invertible series g(t), there is a unique sequence Sn(x) with degSn(x) = n

of polynomials satisfying the orthogonality conditions〈
g(t)

(
f(t)

)k ∣∣∣Sn(x)〉 = n!δn,k, (n,k > 0), (see [31, 35, 36]). (2.3)

In this case, Sn(x) is called the Sheffer sequence for (g(t), f(t)), which is denoted by Sn(x) ∼ (g(t), f(t)). It
is a well-known fact that the sequence Sn(x) is the Sheffer sequence for (g(t), f(t)) if and only if

1
g
(
f(t)

)eyf(t) = ∞∑
n=0

Sn(y)
tn

n!
, (see [31, 35, 36]),

for all y ∈ C, where f(t) is the compositional inverse of f(t) such that f(f(t)) = f(f(t)) = t.
The following lemma is proved easily by (2.3).

Lemma 2.1 ([23, 27]). Let Sn(x) be a Sheffer sequences for (g(t), f(t)) and let h(x) =
∑n
l=0 alSl(x) ∈ P. Then

ak =
1
k!

〈
g(t) (f(t))k

∣∣∣h(x)〉 .

In addition, the following theorem which is proved by Lemma 2.1, is one of the important tools for
studying the properties of a special function by using umbral calculus.
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Theorem 2.2 ([23, 35]). Let Sn and rn be Sheffer sequences for (g(t), f(t)) and (h(t), l(t)), respectively. Then we
have

Sn =

n∑
k=0

cn,krk,

where

cn,k =
1
k!

〈
h
(
f̄(t)

)
g
(
f̄(t)

) (l (f̄(t)))k∣∣∣∣∣ xn
〉

.

The early umbral calculus consisted of symbolic techniques for sequence manipulation with no its
mathematical rigor. In the 1970s, Rota made a completely solid foundations for theories based on modern
ideas for linear functionals, linear operators, and adjacency functions (see [36]), and since then, many
different umbral calculus has been applied in many fields such as graph theory with chromatic polyno-
mials, topology, probability theory, combinatorial counting problem, statistics, mathematical physics, etc
(see [23, 24, 27, 29, 31, 35]).

In particular, authors found some combinatorial identities between Catalan-Daehee polynomials and
special polynomials by using degenerate umbral calculus (see [15]), and in [32], authors introduced a
class of new integrals involving generalized Bessel functions and generalized Struve functions by using
operational method and umbral formalization of Ramanujan master theorem.

In this paper, we derive some identities between degenerate Euler and Bernoulli polynomials, Bernoulli
polynomials of the second kind, Daehee polynomials, Changhee polynomials, Bell polynomials, Lah-Bell
polynomials, Frobenius-Euler polynomials of order r, and Mittag-Leffer polynomials by finding the coef-
ficients of linear combinations of these polynomials.

3. Main results

In viewpoint of (1.1) and (1.2), the degenerate Euler polynomials of order r is defined by the generating
function to be (

2
eλ(t) + 1

)r
exλ(t) =

∞∑
n=0

E
(r)
n,λ(x)

tn

n!
, (see [19]). (3.1)

In the special case x = 0, E(r)n,λ = E
(r)
n,λ(0) are called the degenerate Euler numbers of order r. In particular, if

r=1, then En,λ(x) = E
(1)
n,λ(x) and En,λ = E

(1)
n,λ(0) are called the degenerate Euler polynomials and degenerate

Euler numbers, respectively. Note that, by (1.5) and (3.1), we get

∞∑
n=0

En,λ(x)
tn

n!
=

2
eλ(t) + 1

exλ(t) =

( ∞∑
n=0

En,λ
tn

n!

)( ∞∑
n=0

(x)n,λ
tn

n!

)

=

∞∑
n=0

(
n∑
m=0

(
n

m

)
En−m,λ(x)m,λ

)
tn

n!

=

∞∑
n=0

(
n∑
m=0

m∑
k=0

(
n

m

)
En−m,λS

(1)
λ (m,k)xk

)
tn

n!
,

(3.2)

and so, by (3.2), we see that

En,λ(x) =

n∑
m=0

m∑
k=0

(
n

m

)
En−m,λS

(1)
λ (m,k)xk. (3.3)

In addition, the Sheffer sequence of En,λ(x) is

En,λ(x) ∼

(
et + 1

2
,

1
λ

(
eλt − 1

))
.
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The Bernoulli polynomials are defined by the generating function to be

t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
, (see [2, 17]). (3.4)

In the special case x = 0, Bn = Bn(0) are called the Bernoulli numbers. By (3.4), the Sheffer sequence of the
Benoulli polynomials is

Bn(x) ∼

(
et − 1
t

, t
)

. (3.5)

In addition, we note that

eλ(t) − 1
t

=

∞∑
n=0

(1)n+1,λ

n+ 1
tn

n!
and

et + 1
2

= 1 +
1
2

∞∑
n=1

tn

n!
. (3.6)

Let En,λ(x) =
∑n
l=0 an,lBn(x). Then by Theorem 2.2, (3.5), and (3.6), we get

an,l =
1
l!

〈 λ(eλ(t)−1)
log(1+λt)
eλ(t)+1

2

(
log(1 + λt)

λ

)l∣∣∣∣∣∣ xn
〉

=

〈
2

eλ(t) + 1
λt

log(1 + λt)

eλ(t) − 1
t

∣∣∣∣
(

1
l!

(
log(1 + λt)

λ

)l)
xn

〉

=

n∑
m=l

(
n

m

)
S
(1)
λ (m, l)

〈
2

eλ(t) + 1
λt

log(1 + λt)

eλ(t) − 1
t

∣∣∣∣ xn−m〉

=

n∑
m=l

n−m∑
a=0

(
n

m

)(
n−m

a

)
S
(1)
λ (m, l)Ea,λ

〈
λt

log(1 + λt)

eλ(t) − 1
t

∣∣∣∣ xn−m−a

〉

=

n∑
m=l

n−m∑
a=0

n−m−a∑
c=0

(
n

m

)(
n−m

a

)(
n−m− a

c

)
S
(1)
λ (m, l)λcEa,λbc,λ

〈
eλ(t) − 1

t

∣∣∣∣ xn−m−a−c

〉

=

n∑
m=l

n−m∑
a=0

n−m−a∑
c=0

(
n

m

)(
n−m

a

)(
n−m− a

c

)
(1)n−m−a−c+1,λS

(1)
λ (m, l)Ea,λλ

cbc,λ

n−m− a− c+ 1
,

(3.7)

where bn,λ = λnbn are the Bernoulli numbers of the second kind which are defined by the generating
function to be

t

log(1 + t)
=

∞∑
n=0

bn
tn

n!
, (see [24]).

In addition, by Lemma 2.1, (3.3), and (3.6), we get

an,l =
1
l!

〈
e(t) − 1
t

tl
∣∣∣∣En,λ(x)

〉
=

n∑
m=0

m∑
k=0

(
n

m

)
En−m,λS

(1)
λ (m,k)

1
l!

〈
et − 1
t

tl
∣∣∣∣ xk〉

=

n∑
m=0

m∑
k=l

(
n

m

)(
k

l

)
En−m,λS

(1)
λ (m,k)

〈
et − 1
t

∣∣∣∣ xk−l〉

=

n∑
m=0

m∑
k=l

(
n

m

)(
k

l

)
En−m,λS

(1)
λ (m,k)(1)k−l+1

k− l+ 1
.

(3.8)
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Conversely, assume that Bn(x) =
∑n
l=0 bn,lEl,λ(x). Then, by Theorem 2.2 and (3.6), we get

bn,l =
1
l!

〈
et+1

2
et−1
t

(
eλt − 1
λ

)l∣∣∣∣∣ xn
〉

=

〈
t

et − 1
et + 1

2

∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xn

〉

=
∑
m=l

(
n

m

)
S
(2)
λ (m, l)

〈
t

et − 1
et + 1

2

∣∣∣∣ xn−m〉

=

n∑
m=l

n−m∑
a=0

(
n

m

)(
n−m

a

)
S
(2)
λ (m, l)Ba

〈
et + 1

2

∣∣∣∣ xn−m−a

〉

=

n∑
m=l

(
n

m

)
S
(2)
λ (m, l)Bn−m +

1
2

n∑
m=l

n−m−1∑
a=0

(
n

m

)(
n−m

a

)
S
(2)
λ (m, l)Ba.

(3.9)

By (3.7), (3.8), and (3.9), we obtain the following theorem.

Theorem 3.1. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
n∑
m=l

n−m∑
a=0

n−m−a∑
c=0

(
n

m

)(
n−m

a

)(
n−m− a

c

)
(1)n−m−a−c+1,λS

(1)
λ (m, l)Ea,λλ

cbc,λ

n−m− a− c+ 1

)
Bl(x)

=

n∑
l=0

(
n∑
m=0

m∑
k=l

(
n

m

)(
k

l

)
En−m,λS

(1)
λ (m,k)(1)k−l+1

k− l+ 1

)
Bl(x),

and

Bn(x) =

n∑
l=0

(
n∑
m=l

(
n

m

)
S
(2)
λ (m, l)Bn−m +

1
2

n∑
m=l

n−m−1∑
a=0

(
n

m

)(
n−m

a

)
S
(2)
λ (m, l)Ba

)
El,λ(x).

The Bernoulli polynomials of the second kind are defined by the generating function to be

t

log(1 + t)
(1 + t)x =

∞∑
n=0

bn(x)
tn

n!
, (see [24]). (3.10)

In the special case x = 0, bn = bn(0) are the Bernoulli numbers of the second kind. By (3.10), we see that

bn(x) ∼

(
t

et − 1
, et − 1

)
. (3.11)

By (1.4), Theorem 2.2 and (3.11), we get

an,l =
1
l!

〈 1
λ log(1+λt)
eλ(t)−1
eλ(t)+1

2

(eλ(t) − 1)l

∣∣∣∣∣∣ xn
〉

=

〈
2

eλ(t) + 1
t

eλ(t) − 1
log(1 + λt)

λt

∣∣∣∣ ( 1
l!
(eλ(t) − 1)l

)
xn
〉

=

n∑
m=l

(
n

m

)
S2,λ(m, l)

〈
2

eλ(t) + 1
t

eλ(t) − 1
log(1 + λt)

λt

∣∣∣∣ xn−m〉 (3.12)
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=

n∑
m=l

n−m∑
a=0

(
n

m

)(
n−m

a

)
S2,λ(m, l)Ea,λ

〈
t

eλ(t) − 1
log(1 + λt)

λt

∣∣∣∣ xn−m−a

〉

=

n∑
m=l

n−m∑
a=0

n−m−a∑
b=0

(
n

m

)(
n−m

a

)(
n−m− a

b

)
S2,λ(m, l)Ea,λBb,λ

〈
log(1 + λt)

λt

∣∣∣∣ xn−m−a−b

〉

=

n∑
m=l

n−m∑
a=0

n−m−a∑
b=0

(
n

m

)(
n−m

a

)(
n−m− a

b

)
S2,λ(m, l)Ea,λBb,λλ

n−m−a−bDn−m−a−b,

where Bn,λ are the degenerate Bernoulli numbers which are defined by the generating function to be

t

eλ(t) − 1
=

∞∑
n=0

Bn,λ
tn

n!
, (see [3]),

and Dn are the Daehee numbers which are defined as follows:

log(1 + t)

t
=

∞∑
n=0

Dn
tn

n!
, (see [4, 27]).

Conversely, assume that bn(x) =
∑n
l=0 bn,lEl,λ(x). Note that, by (1.3),

∞∑
n=0

bn(x)
tn

n!
=

t

log(1 + t)
(1 + t)x =

( ∞∑
n=0

bn
tn

n!

)( ∞∑
n=0

(x)n
tn

n!

)

=

∞∑
n=0

(
n∑
m=0

(
n

m

)
bn−m(x)m

)
tn

n!

=

∞∑
n=0

(
n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)bn−mxk

)
tn

n!
,

and so we see that

bn(x) =

n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)bn−mxk. (3.13)

By Lemma 2.1 and (3.13), we have

bn,l =
1
l!

〈
et + 1

2

(
eλt − 1
λ

)l∣∣∣∣∣bn(x)
〉

=

n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)bn−m

〈
et + 1

2

∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xk

〉

=

n∑
m=0

m∑
k=l

k∑
a=l

(
n

m

)(
k

a

)
S1(m,k)S(2)

λ (a, l)bn−m

〈
et + 1

2

∣∣∣∣ xk−a〉

=

n∑
m=0

m∑
k=l

(
n

m

)
S1(m,k)S(2)

λ (k, l)bn−m +
1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S1(m,k)S(2)

λ (a, l)bn−m.

(3.14)

By (3.12) and (3.14), we obtain the following theorem.

Theorem 3.2. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
n∑
m=l

n−m∑
a=0

n−m−a∑
b=0

(
n

m

)(
n−m

a

)(
n−m− a

b

)
S2,λ(m, l)Ea,λBb,λλ

n−m−a−bDn−m−a−b

)
bl(x),
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and

bn(x) =

n∑
l=0

(
n∑
m=0

m∑
k=l

(
n

m

)
S1(m,k)S(2)

λ (k, l)bn−m +
1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S1(m,k)S(2)

λ (a, l)bn−m

)
El,λ(x).

The Daehee polynomials are defined by the generating function to be

log(1 + t)

t
(1 + t)x =

∞∑
n=0

Dn(x)
tn

n!
, (see [4, 27]).

In the special case x = 0, Dn = Dn(0) are called the Daehee numbers. By the similar way to (3.13), we see
that

Dn(x) =

n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)Dn−mxk, (3.15)

and the Sheffer sequence of the Daehee polynomials is

Dn(x) ∼

(
et − 1
t

, et − 1
)

. (3.16)

Let En,λ(x) =
∑n
l=0 an,lDl(x). Then, by (1.4), Theorem 2.2, and (3.16), we get

an,l =
1
l!

〈 eλ(t)−1
1
λ log(1+λt)
eλ(t)+1

2

(eλ(t) − 1)l

∣∣∣∣∣∣ xn
〉

=
1
l!

〈
2

eλ(t) + 1
λt

log(1 + λt)

(eλ(t) − 1)l+1

t

∣∣∣∣∣ xn
〉

=
l+ 1
n+ 1

〈
2

eλ(t) + 1
λt

log(1 + λt)

∣∣∣∣ ( 1
(l+ 1)!

(eλ(t) − 1)l+1
)
xn+1

〉
=
l+ 1
n+ 1

n+1∑
m=l+1

(
n+ 1
m

)
S2,λ(m, l+ 1)

〈
2

eλ(t) + 1
λt

log(1 + λt)

∣∣∣∣ xn−m+1
〉

=
l+ 1
n+ 1

n+1∑
m=l+1

n−m+1∑
a=0

(
n+ 1
m

)(
n−m+ 1

a

)
S2,λ(m, l+ 1)Ea,λ

〈
λt

log(1 + λt)

∣∣∣∣ xn−m−a+1
〉

=
l+ 1
n+ 1

n+1∑
m=l+1

n−m+1∑
a=0

(
n+ 1
m

)(
n−m+ 1

a

)
S2,λ(m, l+ 1)Ea,λλ

n−m−a+1bn−m−a+1.

(3.17)

In addition, by (3.3), we have

an,l =
1
l!

〈
et − 1
t

(et − 1)l
∣∣∣∣En,λ(x)

〉
=

n∑
m=0

m∑
k=0

(
n

m

)
En−m,λS

(1)
λ (m,k)

1
l!

〈 (
et − 1

)l+1

t

∣∣∣∣∣ xk
〉

=

n∑
m=0

m∑
k=0

(
n

m

)
(l+ 1)En−m,λS

(1)
λ (m,k)

k+ 1

〈
1

(l+ 1)!
(
et − 1

)l+1
∣∣∣∣ xk+1

〉

=

n∑
m=0

m∑
k=0

(
n

m

)
(l+ 1)En−m,λS

(1)
λ (m,k)S1(k+ 1, l+ 1)
k+ 1

.

(3.18)
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Conversely, assume that Dn(x) =
∑n
l=0 bn,lEl,λ(x). Then, by Lemma 2.1 and (3.15), we get

bn,l =
1
l!

〈
et + 1

2

(
eλt − 1
λ

)l∣∣∣∣∣Dn(x)
〉

=

n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)Dn−m

〈
et + 1

2

∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xk

〉

=

n∑
m=0

m∑
k=l

k∑
a=l

(
n

m

)(
k

a

)
S1(m,k)Dn−mS

(2)
λ (a, l)

〈
et + 1

2

∣∣∣∣ xk−a〉

=

n∑
m=0

m∑
k=l

(
n

m

)
S1(m,k)Dn−mS

(2)
λ (k, l) +

1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S1(m,k)Dn−mS

(2)
λ (a, l).

(3.19)

By (3.17), (3.18), and (3.19), we obtain the following theorem.

Theorem 3.3. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
l+ 1
n+ 1

n+1∑
m=l+1

n−m+1∑
a=0

(
n+ 1
m

)(
n−m+ 1

a

)
S2,λ(m, l+ 1)λn−m−a+1Ea,λbn−m−a+1

)
Dl(x)

=

n∑
l=0

(
n∑
m=0

m∑
k=0

(
n

m

)
(l+ 1)S(1)

λ (m,k)S1(k+ 1, l+ 1)En−m,λ

k+ 1

)
Dl(x),

and

Dn(x) =

n∑
l=0

(
n∑
m=0

m∑
k=l

(
n

m

)
S1(m,k)S(2)

λ (k, l)Dn−m

+
1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S1(m,k)S(2)

λ (a, l)Dn−m

)
El,λ(x).

The Changhee polynomials are defined by the generating function to be

2
2 + t

(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
, (see [4, 7, 30]).

When x = 0, Chn = Chn(0) are called the Changhee numbers. By the similar way to (3.13), we see that

Chn(x) =

n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)Chn−mxk. (3.20)

Let En,λ(x) =
∑n
l=0 an,lChl(x). Since

Chn(x) ∼

(
et + 1

2
et − 1

)
, (3.21)

by Theorem 2.2 and (3.21), we get

an,l =
1
l!

〈
eλ(t)+1

2
eλ(t)+1

2

(eλ(t) − 1)l
∣∣∣∣∣ xn

〉
=

〈
1
l!
(eλ(t) − 1)l

∣∣∣∣ xn〉 = S2,λ(n, l). (3.22)
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In addition, by Lemma 2.1 and (3.3), we have

an,l =
1
l!

〈
et + 1

2
(
et − 1

)l∣∣∣∣En,λ(x)

〉
=

n∑
m=0

m∑
k=0

(
n

m

)
En−m,λS

(1)
λ (m,k)

〈
et + 1

2

∣∣∣∣ ( 1
l!
(
et − 1

)l)
xk
〉

=

n∑
m=0

m∑
k=l

k∑
a=l

(
n

m

)(
k

a

)
En−m,λS

(1)
λ (m,k)S2(a, l)

〈
et + 1

2

∣∣∣∣ xk−a〉

=

n∑
m=0

m∑
k=l

(
n

m

)
En−m,λS

(1)
λ (m,k)S2(k, l) +

1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
En−m,λS

(1)
λ (m,k)S2(a, l).

(3.23)

Convesely, assume that Chn(x) =
∑n
l=0 bn,lEl,λ(x). Then, by (3.20), we get

bn,l =
1
l!

〈
et + 1

2

(
eλt − 1
λ

)l∣∣∣∣∣Chn(x)
〉

=

n∑
m=0

m∑
k=0

(
n

m

)
S1(m,k)Chn−m

〈
et + 1

2

∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xk

〉

=

n∑
m=0

m∑
k=l

k∑
a=l

(
n

k

)(
k

a

)
S1(m,k)S(2)

λ (a, l)Chn−m

〈
et + 1

2

∣∣∣∣ xk−a〉

=

n∑
m=0

m∑
k=l

(
n

m

)
S1(m,k)S(2)

λ (k, l)Chn−m

+
1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S1(m,k)S(2)

λ (a, l)Chn−m.

(3.24)

By (3.22), (3.23), and (3.24), we obtain the following theorem.

Theorem 3.4. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(S2,λ(n, l))Chl(x) =
n∑
l=0

(
n∑
m=0

m∑
k=l

(
n

m

)
S
(1)
λ (m,k)S2(k, l)En−m,λ

+
1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S
(1)
λ (m,k)S2(a, l)En−m,λ

)
Chl(x),

and

Chn(x) =

n∑
l=0

(
n∑
m=0

m∑
k=l

(
n

m

)
S1(m,k)S(2)

λ (k, l)Chn−m

+
1
2

n∑
m=0

m∑
k=l

k−1∑
a=l

(
n

m

)(
k

a

)
S1(m,k)S(2)

λ (a, l)Chn−m

)
El,λ(x).

The Bell polynomials are defined by the generating function to be

ex(e
t−1) =

∞∑
n=0

Beln(x)
tn

n!
, (see [12, 20]).
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By the definition of the Bell polynomials, we see that

Beln(x) ∼ (1, log(1 + t)) , (3.25)

and

Beln(x) =
n∑
m=0

S2(n,m)xm.

Note that

1
l!

(
log
(

1 +
1
λ

log(1 + λt)

))l
=

∞∑
m=l

S1(m, l)
1
m!

(
1
λ

log(1 + λt)

)m
=

∞∑
m=l

S1(m, l)
∞∑
r=m

S
(1)
λ (r,m)

tr

r!
=

∞∑
a=l

a∑
m=l

S1(m, l)S(1)
λ (a,m)

ta

a!
.

(3.26)

Let En,λ(x) =
∑n
l=0 an,lBell(x). By Theorem 2.2, (3.25) and (3.26), we get

an,l =
1
l!

〈
1

eλ(t)+1
2

(
log
(

1 +
1
λ

log(1 + λt)

))l∣∣∣∣∣ xn
〉

=

〈
2

eλ(t) + 1

∣∣∣∣
((

log
(

1 +
1
λ

log(1 + λt)

))l)
xn

〉

=

n∑
a=l

a∑
m=l

(
n

a

)
S1(m, l)S(1)

λ (a,m)

〈
2

eλ(t) + 1

∣∣∣∣ xn−a〉

=

n∑
a=l

a∑
m=l

(
n

a

)
S1(m, l)S(1)

λ (a,m)En−a,λ.

(3.27)

Conversely, assume that Beln(x) =
∑n
l=0 bn,lEl,λ(x). Since

1
l!

(
eλ(e

t−1) − 1
λ

)l
=

∞∑
m=l

S
(2)
λ (m, l)

1
m!
(
et − 1

)m
=

∞∑
m=l

S
(2)
λ (m, l)

∞∑
r=m

S2(r,m)
tr

r!
=

∞∑
n=l

n∑
m=l

S
(2)
λ (m, l)S2(n,m)

tn

n!
,

(3.28)

and

ee
t−1 + 1

2
=

1
2
+

1
2

∞∑
n=0

1
n!
(
et − 1

)n
=

1
2
+

1
2

∞∑
n=0

∞∑
r=n

S2(r,n)
tr

r!
= 1 +

1
2

∞∑
n=1

n∑
m=1

S2(n,m)
tn

n!
, (3.29)

by (3.28) and (3.29), we get

bn,l =
1
l!

〈
ee
t−1 + 1

2

(
eλ(e

t−1) − 1
λ

)l∣∣∣∣∣∣ xn
〉

=

〈
ee
t−1 + 1

2

∣∣∣∣∣
 1
l!

(
eλ(e

t−1)−1

λ

)l xn〉

=

n∑
a=l

a∑
m=l

(
n

a

)
S
(2)
λ (m, l)S2(a,m)

〈
ee
t−1 + 1

2

∣∣∣∣∣ xn−a
〉

=

n∑
m=l

S
(2)
λ (m, l)S2(n,m) +

1
2

n−1∑
a=l

a∑
m=l

n−a∑
b=1

(
n

a

)
S
(2)
λ (m, l)S2(a,m)S2(n− a,b).

(3.30)
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By (3.27) and (3.30), we obtain the following theorem.

Theorem 3.5. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
n∑
a=l

a∑
m=l

(
n

a

)
S1(m, l)S(1)

λ (a,m)En−a,λ

)
Bell(x),

and

Beln(x) =
n∑
l=0

(
n∑
m=l

S
(2)
λ (m, l)S2(n,m) +

1
2

n−1∑
a=l

a∑
m=l

n−a∑
b=1

(
n

a

)
S
(2)
λ (m, l)S2(a,m)S2(n− a,b)

)
El,λ(x).

The unsigned Lah number L(n,k) has the explicit formula

L(n,k) =
(
n− 1
k− 1

)
n!
k!

and
1
k!

(
t

1 − t

)k
=

∞∑
n=k

L(n,k)
tn

n!
, (see [22, 37]).

In [14, 20, 22], Kim-Kim defined the Lah-Bell polynomials by the generating function to be

e
xt

1−t =

∞∑
n=0

BLn(x)
tn

n!
.

In the special case x = 1, BLn = BLn(1) are called the Lah-Bell numbers. Note that

ex
t

1−t =

∞∑
n=0

xn
1
n!

(
t

1 − t

)n
=

∞∑
n=0

n∑
m=0

xmL(n,m)
tn

n!
,

and so

BLn(x) =

n∑
m=0

L(n,m)xm, (3.31)

and the Sheffer sequence of the Lah-Bell polynomials is

BLn(x) ∼

(
1,

t

1 + t

)
. (3.32)

Let En,λ(x) =
∑n
l=0 an,lB

L
l (x). Since(

t

1 + t

)l
=

∞∑
r=0

(−1)r < l >r
tr+l

r!
,

where < x >0= 1 and < x >n= x(x+ 1) · · · (x+n− 1), (n > 1), by Lemma 2.1, (3.3), and (3.32), we get

an,l =
1
l!

〈(
t

1 + t

)l∣∣∣∣∣En,λ(x)

〉
=

n∑
m=0

m∑
k=0

(
n

m

)
En−m,λS

(1)
λ (m,k)

1
l!

〈(
t

1 + t

)l∣∣∣∣∣ xk
〉

=

n∑
m=0

m∑
k=l

(
n

m

)(
k

l

)
En−m,λS

(1)
λ (m,k)(−1)k−l < l >k−l .

(3.33)

Conversely, assume that BLn(x) =
∑n
l=0 bn,lEl,λ(x). Then by Lemma 2.1 and (3.31), we get

bn,l =
1
l!

〈(
et + 1

2

)(
eλt − 1
λ

)l∣∣∣∣∣BLn(x)
〉
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=

n∑
m=0

L(n,m)

〈
et + 1

2

∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xm

〉
(3.34)

=

n∑
m=0

m∑
a=l

(
m

a

)
L(n,m)S

(2)
λ (a, l)

〈
et + 1

2

∣∣∣∣ xm−a

〉

=

n∑
m=0

L(n,m)S
(2)
λ (m, l) +

1
2

n∑
m=0

m−1∑
a=l

(
m

a

)
L(n,m)S

(2)
λ (a, l).

By (3.33) and (3.34), we obtain the following theorem.

Theorem 3.6. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
n∑
m=0

m∑
k=l

(
n

m

)(
k

l

)
En−m,λS

(1)
λ (m,k)(−1)k−l < l >k−l

)
BLl (x),

and

BLn(x) =

n∑
l=0

(
n∑
m=0

L(n,m)S
(2)
λ (m, l) +

1
2

n∑
m=0

m−1∑
a=l

(
m

a

)
L(n,m)S

(2)
λ (a, l)

)
El,λ(x).

The Frobenius-Euler polynomials of order r are defined by the generating function to be(
1 − u

et − u

)r
ext =

∞∑
n=0

H
(r)
n (x|u)

tn

n!
, (see [5, 16, 29, 34]).

In the special case x = 0, H(r)
n (u) = H

(r)
n (0|u) are called the Frobenius-Euler numbers of order r. By the

definition of Frobenius-Euler polynomials of order r, we see the Sheffer sequence of those polynomials of
order r is

H
(r)
n (x|u) ∼

((
et − u

1 − u

)r
, t
)

. (3.35)

Since

(eλ(t) − u)
r =

r∑
b=0

(
r

b

)
(−u)r−bebλ(t) =

∞∑
c=0

r∑
b=0

(
r

b

)
(−u)r−b(b)c,λ

tc

c!
, (3.36)

by Theorem 2.2, (3.35), and (3.36), we get

an,l =
1
l!

〈 (eλ(t)−u
1−u

)r
eλ(t)+1

2

(
log(1 + λt)

λ

)l∣∣∣∣∣∣ xn
〉

=
1

(1 − u)r

〈
2

eλ(t) + 1
(eλ(t) − u)

r

∣∣∣∣
(

1
l!

(
log(1 + λt)

λ

)l)
xn

〉

=
1

(1 − u)r

n∑
r=l

(
n

r

)
S
(1)
λ (r, l)

〈
2

eλ(t) + 1
(eλ(t) − u)

r

∣∣∣∣ xn−r〉

=
1

(1 − u)r

n∑
r=l

n−r∑
a=0

(
n

r

)(
n− r

a

)
S
(1)
λ (r, l)Ea,λ

〈
(eλ(t) − u)

r
| xn−r−a

〉
=

n∑
r=l

n−r∑
a=0

r∑
b=0

(
n

r

)(
n− r

a

)(
r

b

)
S
(1)
λ (r, l)Ea,λ(−u)

r−b(b)n−r−a,λ

(1 − u)r
.

(3.37)
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Conversely, assume that H(r)
n (x|u) =

∑n
l=0 bn,lEl,λ(x). Then,

bn,l =
1
l!

〈
et+1

2(
et−u
1−u

)r (eλt − 1
λ

)l∣∣∣∣∣∣ xn
〉

=

〈
et + 1

2

(
1 − u

et − u

)r∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xn

〉

=

n∑
m=l

(
n

m

)
S
(2)
λ (m, l)

〈
et + 1

2

(
1 − u

et − u

)r∣∣∣∣ xn−m〉

=

n∑
m=l

n−m∑
a=0

(
n

m

)(
n−m

a

)
S
(2)
λ (m, l)H(r)

a (u)

〈
et + 1

2

∣∣∣∣ xn−m−a

〉

=

n∑
m=l

(
n

m

)
S
(2)
λ (m, l)H(r)

n−m(u) +
1
2

n∑
m=l

n−m−1∑
a=0

(
n

m

)(
n−m

a

)
S
(2)
λ (m, l)H(r)

a (u).

(3.38)

By (3.37) and (3.38), we obtain the following theorem.

Theorem 3.7. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
n∑
r=l

n−r∑
a=0

r∑
b=0

(
n

r

)(
n− r

a

)(
r

b

)
S
(1)
λ (r, l)Ea,λ(−u)

r−b(b)n−r−a,λ

(1 − u)r

)
H

(r)
l (x|u),

and

H
(r)
n (x|u) =

n∑
l=0

(
n∑
m=l

(
n

m

)
S
(2)
λ (m, l)H(r)

n−m(u) +
1
2

n∑
m=l

n−m−1∑
a=0

(
n

m

)(
n−m

a

)
S
(2)
λ (m, l)H(r)

a (u)

)
El,λ(x).

The mittag-Leffee polynomials are defined by the generating function to be(
1 + t

1 − t

)x
=

∞∑
n=0

Mn(x)
tn

n!
, (see [14, 31]).

When x = 1, Mn = Mn(1) are called the Mittag-Leffer numbers. By the definition of the Mittag-Leffer
polynomials, the Sheffer sequence of those polynomials is

Mn(x) ∼

(
1,
et − 1
et + 1

)
.

Let En,λ(x) =
∑n
l=0 an,lMl(x). Then by Theorem 2.2, we get

an,l =
1
l!

〈
1

eλ(t)+1
2

(
eλ(t) − 1
eλ(t) + 1

)l∣∣∣∣∣ xn
〉

=

〈
2

(eλ(t) + 1)l+1

∣∣∣∣∣
(

1
l!
(eλ(t) − 1)l

)
xn

〉

=

n∑
m=l

(
n

m

)
S2,λ(m, l)

1
2l

〈(
2

eλ(t) + 1

)l+1
∣∣∣∣∣ xn−m

〉

=

n∑
m=l

(
n

m

)
S2,λ(m, l)

2l
E
(l+1)
n−m,λ.

(3.39)
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Conversely, assume that Mn(x) =
∑n
l=0 bn,lEl,λ(x). Note that(

1 + t

1 − t

)x
=

(
1 +

2t
1 − t

)x
=

∞∑
m=0

(x)m2m
1
m!

(
t

1 − t

)m
=

∞∑
a=0

a∑
m=0

2mL(a,m)(x)m
ta

a!
=

∞∑
a=0

a∑
m=0

m∑
r=0

2mL(a,m)S1(m, r)xr
ta

a!
,

and thus we see that

Mn(x) =

n∑
m=0

m∑
r=0

2mL(n,m)S1(m, r)xr. (3.40)

By Lemma 2.1 and (3.40), we get

bn,l =
1
l!

〈
et + 1

2

(
eλt − 1
λ

)l∣∣∣∣∣Mn(x)

〉

=

n∑
m=0

m∑
r=0

2mL(n,m)S1(m, r)

〈
et + 1

2

∣∣∣∣
(

1
l!

(
eλt − 1
λ

)l)
xr

〉

=

n∑
m=0

m∑
r=0

r∑
a=l

(
r

a

)
2mL(n,m)S1(r,m)S

(2)
λ (a, l)

〈
et + 1

2

∣∣∣∣ xr−a〉

=

n∑
m=0

m∑
r=0

2mL(n,m)S1(r,m)S
(2)
λ (r, l) +

1
2

n∑
m=0

m∑
r=0

r−1∑
a=l

(
r

a

)
2mL(n,m)S1(r,m)S

(2)
λ (a, l).

(3.41)

By (3.39) and (3.41), we obtain the following theorem.

Theorem 3.8. For each nonnegative integer n, we have

En,λ(x) =

n∑
l=0

(
n∑
m=l

(
n

m

)
S2,λ(m, l)

2l
E
(l+1)
n−m,λ

)
Ml(x),

and

Mn(x) =

n∑
l=0

(
n∑
m=0

m∑
r=0

2mL(n,m)S1(r,m)S
(2)
λ (r, l)

+
1
2

n∑
m=0

m∑
r=0

r−1∑
a=l

(
r

a

)
2mL(n,m)S1(r,m)S

(2)
λ (a, l)

)
El,λ(x),
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