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Abstract

In this paper, we study some family of difference equations. The study involves the use of symmetries to find exact
solutions of difference equations with the aim of extending the studies that have been done in the literature. We also investigate
the periodic nature and behavior of the solutions in some cases. Finally, some numerical examples illustrating our findings are
presented.
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1. Introduction

During the nineteenth century, a prominent Norwegian mathematician, Sophus Lie (1842-1899) es-
tablished remarkable work that became an important part to the theory of groups of transformations
(continuous) that leave a differential equation invariant [14]. Lie aimed to create a theory of integrating
ordinary differential equations that is equivalent to the Abelian theory of computing algebraic equations.
He was inspired by Abel and Galois’ theory. He observed that the procedure in all exceptional cases
of a universal integration on differential equations is centered on the invariance of the differential equa-
tion under continuous symmetries. It is important to note that Lie’s group analysis classifies ordinary
differential equations in terms of the symmetry group associated with them.

Shigeru Maeda in 1987 showed that Lie’s method can be extended to also solve ordinary difference
equations. He showed that a set of functional equations amounted from the linearized symmetry condi-
tion of ordinary difference equations [15]. The philosophy of difference equations and their applications
have cemented a central importance in applicable analysis. Later, several authors studied ordinary dif-
ference equations and have obtained some interesting results, see [1-6, 8-13, 16, 17]. Maeda [15] showed
how to use symmetry methods to obtain the solution of a system of first-order difference equations. It is
now known that symmetries can be used to solve higher-order difference equations.
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In [18], the authors investigated the solutions of the fifth-order difference equation

Xn—2Xn—3Xn—4
XnXn—1 (il + ixn—zxn—Banﬂ

Xntl = ,n € Np. (1.1)

In [10], the authors investigated the solutions and behavior of solutions of the difference equation

XnXn—2Xn—4
, (1.2)
Xn—-1Xn-3 (7\ + HxnxanXn—4)

Xn+1 =
where A and p are real constants. In [7], the authors investigated the solutions and the properties of the
difference equation

Xn—3kXn—4kXn—5k (1 3)
Xn—kXn—2k (£1 £ Xn_3kXn—4kXn—5k)

Xn41 =

We show in this paper that the left-hand side in the above equation is x,,11 and not x,, as seen in [7].
Clearly, equations (1.1)-(1.3) are all special cases of

Xn—3kXn—4kXn—5k (1 4)

Xn+1 = ’
Xn—kXn—2k (@n 4+ bnXn_3kXn—4kXn—5k)

for some arbitrary real sequences a, and b,.

A symmetry based method will be employed to solve the generalized case (1.4) and compare the solu-
tions of the corresponding special cases to those of [7, 10, 18]. To achieve this, for the sake of definitions,
we will derive the solutions of the equivalent difference equation

XnXn+kXn+2k (1 5)
, )
Xn3kXn-+ak (An + BnXnXnitkXn42k)

Xn45k =

where (A )nen and (Bn)nen are non-zero real random sequences, using Lie group analysis technique.
Eventually, invariants of (1.5) are derived and a relationship between these invariants and the similarity
variables is given.

The paper is organized in the following manner. In Section 2, we revise some essential ideas that are
required for computing symmetries of difference equations and order reduction. In Section 3, symmetries
and solutions of (1.5) are obtained and a detailed analysis of some special cases is conducted. In Section
4, we study the periodicity and behavior of the solutions of (1.5).

2. Definitions and notation

The definitions and notations in this paper are similar to those that Hydon adopted in [13]. We
consider the general form of the ordinary difference equation

Xn45k = W (Tl, Xns Xn+ks Xn+2ks Xn+3ks Xn+4k) ’ (21)
for some function w with k € IN.

Definition 2.1. We define S to be the shift operator acting on n as
Simn—=n+1
Consider a one-parameter Lie group of point transformations given below
Ye:i(n,xn) = (M,xn+e&(n,xn)), (2.2)

for the continuous characteristic function & = &(n, xy). It is known that the action of the Lie group can be
recovered from the corresponding infinitesimal generators.
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Definition 2.2. The symmetry generator, denoted by X, is given by

0
X =&, xn)5 —. (2.3)
Xn
The linearized symmetry condition [13] is given by
§okE —Xw =0, (2.4)

provided (2.1) holds. Note that X denotes the prolongation of X to all shifts of x,, appearing in the
equation and is given by
0

- 0
X=t—+5¢ 4o ST E——. (2.5)
Oxn OXn+k 0Xn+4k

Definition 2.3. A function v is an invariant under the group of transformation (2.2) if and only if Xv = 0.
The generator in (2.3) can be used to derive the canonical coordinate which in turn can be used to

obtain the invariant functions. The method for finding symmetries is explained at length in [13].

3. Symmetry analysis and exact solutions

Consider the difference equation (1.5). So, in this case, the function w is given by

XnXn+kXn+2k

w e .
Xn+3kXn+4k (An + BnXnXnfiXni2k)

Assuming that the prolonged symmetry generator takes the form in (2.5), the linearized symmetry con-
dition (2.4) on (1.5) gives

Jw ow
E(Tl + 5kl Xn+5k) - ((,(Tl, XTL) ai - ((,(Tl + k'r Xn+k)
Xn OXntk
ow ow ow
— &M+ 2k, Xn42k) — &M+ 3K, xn43k) — &M 44K, xnqak) —— =0,
0Xn+2k 0Xn+3k 0Xn 4k
that is to say,
n, Xn)AnX X n+k,x AnxnX
E(1+ 5K, X p51) — E(M, Xn)AnXnikXni2k . &( n+k)AnXnXn42k ;
Xn43kXnt4k (An + BrXnXnikXni2k)?  Xng3kXnpak (An + BaXnXnixXnrok)
E(M =4 3K, Xn 3k ) XnXnkXn+2k E(M 4 4K, Xn 41 ) Xn XnkXn2k

2 2 (3.1)
Xn+3kxn+4k(An + BruXnXni2Xn2x) Xn+3kxn+4k(An + BnXnXnikXni2k)

. E,(Tl + 2k, Xn—|—2k)Aan—|—k
Xn+3kxn+4k(An + annxn—l—kxn—l—Zk)z

=0.

We apply the operator & + A +f3\:::;i“+kxn+2k) axfﬁk on (3.1). After clearing fractions and then dif-

ferentiating thrice with respect to x,, we obtain the following:

2(An + ZBanXnJranJer)E(?’) (n,xn) + (An + BanXn+an+2k)XnE(4) (n,xn) =0.
Now we separate the above, since & depends only on x,,, to get
Xn+kXn+2kXn+3k  Xn 5(4) (n,xn) + 45(3) (n,xn) =0, Xn+43k * Xniz—v(4] (n,xn) + 2((—'(3) (n,xn) =0,

whose solution is given by
&M, xn) = angl + YnXn +An (3.2)
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for some functions P+, Yn, and A, of n. Next, we substitute (3.2) into (3.1) and then separate the resulting
equation by the coefficients of products of shifts of u, and then setting them to zero. It turns out that
An = Bn = 0 and y,, must satisfy the following linear difference equation:

Yn + Yn+k + Yn+2k = 0.

Solving the above equation yields

(m) = . _27177c+2m7m (m) = . 2n77:+2m7m
Yn, (M) =exp i 3K . , Ynp(Mm) =exp i 3K . ,

where m = 0,1,...,k —1. From (3.2), we have the characteristics &; = yn,(Mm)xn and & = yn,(M)xn,
m=0,1,...,k—1. Hence, we obtain the following 2k symmetries:

0 0
Xim = ¥Yn, (M)xn — and Xom = yn,(M)xn—, m=0,1,..., k—1.

0Xn OXn
The canonical coordinate that linearizes (1.5) is given by
dxn 1
") ) Ty

and the function given by
Vi =¥nSn 4+ VnikSn+k + Yni2kSni2k

is invariant under the group of transformations admitted by (1.5) since X(Vy) = 0. For the sake of

convenience, we will use the invariant V,, = exp (—V,) and one can easily verify that X(Vp) = 0. It
happens that,
1
Vp=—"-—"7"—79#—— (3.3)
XnXn+kXn++2k

and applying the forward shift of 3k on V;, (and substituting x,, ;5 by its expression given in (1.5)) yields

Vhisk = AnVn + Ba. (34)

By iterating (3.4), we obtain its solution in closed form

Vakn+i = Vi H A3kmy+i +Z Baki+i H Askma+i |/ (3.5)

mip= 0 mo= 1+1

where1=0,1,2,...,3k— 1. It follows from (3.3) that

X _ Vn X
n+3k Vn+k n
and by iterating the above equation, we have that
n—1
Vaks+
X3kn+i = Xi < Var > 1k (36)
s+i+

where1=0,1,2,...,3k — 1. To avoid any possible confusion, we rewrite (3.6) in the following forms:

—1
T Vskssi .
xaknii = xi | [] oot ),i=0,...,2k—1 3.7)
S

g Vaks+itk
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and

n—1

V .

xaini =% | [ [ o—— ), i=2k,...,3k—1. (3.8)
g V3k(s+1)+i-2k

Using (3.5) in (3.7) and (3.8), remembering that Vi = 1/(xiXitkXi+2x), we have the following solutions of
(1.5):

s—1 s—1 s—1
n on-1 ( II ABkm1+i>+XiXi+kXi+2kZ <B3k1+i I1 ASkm2+i>

X! my=0 1=0 my=1+1
i+3k 1 2
X3kn+i = "7 , (3.9
X4 s=0 s—1 s—1 s—1
IT  Askmpixsi | FXirrXirokXiesk 2 | Baktakei [ Askmytksi
my=0 1=0 my=1+1
wherei=0,1,2,...,2k—1; and
AT n
XX o Xk
X3kn+i = "n on
XitkXitok
s—1 s—1 s—1
IT Askmiti | FxixigkxXivox 2 [ Bakiei T Askmati (3.10)
mi=0 1=0 my=1+1

n—1
<] :
0 S S S
sS—=
[T Askmy+i—ok | +Xi—okXi—kXi 2 | Baki+i—2k I1 Azkm,+i—2k

my=0 1=0 my=1+1

where i = 2k, 2k +1,...,3k — 1. We derive the solution of (1.4) by back shifting (3.9) and (3.10) 5k —1
times. This yields

X3kn—5k+1+1i

s—1 s—1 s—1
n n—1 I1 A3kmy+i | T Xi—5k-+1Xi—4k-+1Xi—3k+1 2 | bakiti I1 A3km,+i
_ Kokl m;=0 = my=1+1 (3.11)
—oon—1 4
X! s—1 s—1 s—1
i—5k+1 s=0
I1 A3kmy+k+i | T Xi—4k4+1Xi—3k+1X{—2k+1 2 | baklek+i [1 A3kmy+k+1i
my=0 = my=1+1
fori=0,1,2,...,2k—1; and
X3kn—5k+1+4+1
. n n
_ Xi5k+1Xi 7k 41X 6k+1
n n
Xi4k+1%i—3k+1
s—1 s—1 s—1 (3‘12)
et [T asimy+i | +Xioskr1Xi—akr1Xi—sk+1 2 | bakiri [ Gakmy+i
my=0 1=0 my=1+1
<11 :
0 S S S
Ss=
[I A3kmy+i—2k | T X{—7k4+1Xi—6k+1Xi—5k+1 2 | bakiti2k [1 A3km,+i—2k
my=0 = my=1+1

fori=2k,2k—1,...,3k—1.

3.1. The case where a, and by, are constant
Here, let a,, = a and b, = b, where a,b € R. Thus, equations (3.11) and (3.12) reduce to

s—1

1
n n—1 0%+ Xi_5k41Xi—4k+1Xi—3k+1D )_ @
X0k 1=0
X3kn—5k+i+1 = 17

s—1
L9kA1 s=0 05 4 x4 11X 3k +1Xi—2k+1b 2 al
1=0

7
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fori=0,1,2,...,2k—1; and

s—1

!
, n n n—1 @° 4+ X{_5k4+1X{—4k+1Xi—3k+1D D_ @
_ Xi5k1% 7k 1% pk+1 =0
X3kn—5k+i+1 = X X s ’
RISk L s=0 asT X 71X ek 1Xi-sk+1b ) at
1=0
fori=2k,2k+1,...,3k—1.
3.1.1. The case where a =1
We have
n n—1
kel = Xi2k+1 14X sk r1Xi—ak+1Xi—3k+1bS (3.13)
n—5k+i+1 = T . . : ’ :
Xi k1 sog LT Xi-dk+1Xi-3k41Xi-2k+1bS
fori=0,1,2,...,2k—1; and
n n —1
N Xi5k+1%{_7k+1%1 6k +1 1+Xi sk r1Xiakr1Xi3k+1bS (3.14)
n—5k+i+1 = , .
X a1 X3kt oo L Xi7ki1Xier1Xi-sk410(s +1)

fori=2k,2k+1,...,3k—1.

Remark 3.1. The results in [7] (see Theorems 2.1.1 and 2.2.1) are special cases of ours. In fact,

. n+l n+l n
X s P10 K = Bk sk X gk 1+ xi3kXi—2KkXi—Kkbs
kn+i — A3k(n+1)—5k+2k+is — Y4 =
X S T Xiskxiakxiaib(s + 1)

n
< H Xi—5kXi—4k T Xi—5kXi—4kXi—3kXi—2kXi—kbs
= Xi_3k
g Xi2kXik + X4 5k X4k Xi-3kXi-2kXi-kD(s +1)

and similarly,

X3kn+i = Xak(n+2)—5k—k+ir t=K+1,2,...,3k—1

n+2 n+l n
X3k 14+ % 6kXi—5kXi—4kbS N H Xi—3k + Xi—6kXi—5kXi—4kXi—3kb(s +1)
= Xi—3k -
XM 1op T XioskXiakXi—akbs g Xi-6k T Xi6kXi5KXi—41Xi-3Kb(s +1)

Consequently, Corollaries 3.1.1 and 3.2.1 are easily recovered from (3.13) and (3.14) by setting k = 2.

3.1.2. The case where a # 1
We have

»

n—1 l1—a

X1 ki1 a® + Xi—5k41Xi—ak+1Xi—3k+10 (%)

X3kn—5k+i+1 = n—1 — ’
X g1 520 @° F X4k X sk X 2k1b (%)

o)

[
[o}
»

fori=0,1,2,...,2k—1; and

1 l1—-a

s S
a® + Xi—5k1Xi—ak-+1Xi—3k+10 (%)

. n n n
X5k +1%{_ 7K+ 1% 6k +1

X3kn—5k+i+1 =

X gk 1¥ sk s+1 4 x; ~ - b (Lzat)’
=4k +171—3k+ s=0 A°" + Xi—7k+4+1Xi—6k+1Xi—5k+1 T—a

fori=2k,2k+1,...,3k—1.
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3.1.3. The case where k =1
Assume a,, = A and by, = p, where A, u € R. Thus, equations (3.11) and (3.12) simplify to
s—1
n on—1 ASFx_ax_gxop Y AL
X1 1=0
X3n—4 = —17 1
4 s=0AS 4 x 3x_ox g Z Al
o 1A% +x_3x_oXx_ 1HZ7\1
X3n—3 = ol H S _1 ,
3 s=0 As 4 x_px_qxou ) Al
1=0
s—1 1
A5+ x_ox_ A
XX 4Xn3n 1 +X_2X_1XoM )_
X3n—2 = N 5 .
—170 s=0 AST1 1 x_ 4x_3x_op Z Al
1=0
For A =1, using equations (3.11) and (3.12), we have that
1+ x_4x_3X_ous
Xon—4 = Sl_I 14+x_3x_>x_1us’
N | + X_3X_2X_1H1S
X3n—3 = no,l 1 , (3.15)
X137 o + X_2X_1XQUS

n—1
x_ox,xM, 1+ x_ox_1Xous
X3n—2 = | |

XXy 1+ x_4x_3x_ou(s+1)

The results in (3.15) were obtained by Yazlik in [18] (see Theorems 5 and 9). For A # 1, equations (3.11)
and (3.12) become

n—1 1-AS
x™ AS +x_gx_ax_op (50)
X3n—4 = — ’
XE41 7\S+X 3X_2X_ 1“(1 7}\5)
n—1 AS
N xg AS +X_3X_pX_ 1“(1 )\)l
3n—3 — —
T LN o o ()
n n—1 s 1—AS
. XX x", AS +x_ox_1xop (50)
n—2 — .
1—As+l
XEXET S ASTL XX ax ol ( o )
In particular, when A = —1, we have
2
Xgr4 = _Ti -1+ X_4X_3X_2U " Xgr_3 = %n -1+ X_3X_2X_1H "
e XZ_TZ L\ -1 +X_3X_2X_1W ’ n Zré 1 -1+ X_2X_1XpoHU
2n,2n n 2n+1 n
XX X5 [ =14+ x_oXx_1xoU 1 —14+x_4x_3x_ou
Xen—2 = 22n Xen—1= " 7q (3.16)
X5 —14+x_4x_3x_ou o\l x_axox_qp
2n+1,2n+1
< g <—1 + X—3X—2X1H> " < XXX (=1 4 xxogxou)™
6n — 6n+1 — .
ij},, —14+x_2x_1x0U XZ_T;'HxéTH'l (=1 +x_4x_3X_» },L)n'H

The results in (3.16) were obtained by Yazlik in [18] (see Theorems 7 and 11). Also, by replacing n with
2nor 2n+1in (3.11) and (3.12), we recover the results in equation (67) of [10].
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3.2. The case when k =2
When k = 2, thanks to (3.11) and (3.12), the solution of

Xn—6Xn—8Xn—10

Xn+1 =
Xn—2Xn—4 (@n +bnXn_eXn_8Xn—10)
is given by
s—1 s—1 s—1
1 [T aemi+i | +xioxizxi—s 2 | berri [I Qemy+i
n
Xi3 m;=0 1=0 my—1+1
X6n79+1 —  n-—1 7
xX: s—1 s—1 s—1
1—9 s=0
IT agmyr2+i | Fxizxisxi3 2 | beryari [  aempr2+i
my=0 1=0 ma=1+1

fori=0,1,2,3; and

X6n—9+1i

s—1 s—1 s—1
( I a6m]+i> +Xi—9Xi—7X{—5 ) _ <b61+i I1 a6m2+i>

my=0 1=0 my=1+1

S

7
S S
l_[ a6m1+i—4> + Xi—13Xi—11Xi—9 Z <b61+i—4 H a6m2+i—4>

my=0 my=1+1

17X15

_ Xi- 9X{ 13Xi 11 H

fori=4,5.

3.2.1. The case where a,, = a and by, = b are constant
The case where a = 1 we have

n—1
X? 14 xi_9xi_7xi_5bs

1+ xi_7Xx{_5%;_3bs !

Xen—94+i =

79 =0

w

fori=0,1,2,3; and

N X{—9Xi" 13Xi" 1q H 1+ xi{_9Xi_7xi_s5bs
n—9+i —
XI 7X1 5 S—0 1T+ xi-13%i11%i— 9b(3+1)

for i =4,5. More explicitly,

1 +X_9X_7X_5bs 1 +X_gX_gX_4bs

Xen—9 = | | Xen—8 = | |

" 1+x_7x_5x_3bs’ " 1+ x_gx_4xX_pbs’

s=0 s=0

N XT_H 1+ x_7x_sx_3bs N xé‘ 14 x_6x_4x_obs

6n—7 — 6n—6 —

" x" 1 1+ x_5x_3x_1bs’ " x1 1+ x_g4x_oxobs ’

—7 s=0 —6 s=0
1 1
X_5xMgx™, T 1+x_5x_3x_1bs X_ax™ex™ e T 1+ x_4x_2xobs
Xen—5 = | | ’ Xen—4 = .
xax™y 1+ x_9x_7x_5b(s+1) xx oy 14+ x_gx_gx_4b(s+1)

Setting b = +1 and replacing n with n 41 or n + 2 in the above equations, we recover the results in
[7] (see Corollaries 3.1.1 and 3.2.1). We note some typos in the formulas for x¢n+3 (d™ should be dn+2)
in Corollaries 3.1.1 and 3.2.1. In fact, Xgn13 = Xg(n42)—9 and it follows from the above expressions that
the power of x_3 must then be n 4 2. Another way to confirm that it should be n 42 is to set k = 2 in
equations (2.1.3) and (2.2.3) of [7].
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For the case where a # 1 we have

n—1

»

,_x

a
a

)

a® +Xi_9Xi_7Xi_5b (i

n
—

Xi 9 s—0

Xen—9+i =

fori=0,1,2,3; and

. n n
Xi—9%i_ 13%i_11

n—1

3

>_|

a
a

)’

a® 4+ X{—7X{—5Xi— 3b(1

N

)

a® + X{_9X{_7Xi_ 5b(1 g

Xen—9+i = T n
Xi_7Xi_5

for i = 4,5. More explicitly,

s=0 @514+ X{_13Xi_11X{_9b (

1—ast!
1—a

y

X", n—1q%+x_gx_7x_sb (11 ‘g) AP L 1 as +x_gx_gx_4b (1 ‘1:)
X6n79 = Xn_l R 1—as X6n78 = Xn 1 s _as 7
—9  s—0 a®+x_yx_s5x 3b (=% —8 =0 a% +X_eX_4X_2b 1 a
n n—1qgS+x_7x_5x_3b (11 ‘5) X n—1qgS 4+ x_gx_4x_»sb (11_‘(‘15)
X6n—7 = g Xen—6 = 57 !
X_ 7 s—opas®+x_5x_3x_1b (11 ‘1:) X_g s—0 aS—+x_g4x_oxgb (11 as)
—as 1—as
x_ 5x“9x“ n—1  a%+x_5x_3x_1b ( - ) x_ 4Xn8xn6 n—l a%4+x_g4x_oxpb ( 17‘1‘1 )
Xen—5 = o o1 s’ Xon—4 = o o1 EPNTAS
xDaxThy s=0 5T +x_ox_7x_5b (24 x2yxg o a +x_gx_gx_4b | F24
For a = —1, the formulas reduce to
2n 1 n 2n n
3 [—1+x_9gx_7x_5b N 5 [ —1+x_gx_ex_4b
X12n—-9 = 12n—8 =
T 27; P\ —1+x_7x_5x_3b T 2% LA\ —1+x_gx_g4x b ’
XN (—1+x_7x_s5x_3b\" X3 [ —14+x_ex_gx b\
X12n—-7 = X12n—6 =
T 2*} P\ —1+4x_5x_3x_1b T 2% LA =1+ x_4x_oxob
X SXZ%XZT; —14+x_5x_3x_1b\" X X 4X2T§X2Té —14+x_4x_oxob \"
12n—5 = 12n—4 =
X2T§x2q —1+x_9x_7x_s5b XZTEX%“ —1+x_gx_gx_4b
n+1 2n+1
1§+ —14+x_gx_7x_s5b\" 112+ —1+x_gx_gx_4b\"
X12n—3 = X12n—2 =
" 2% —14+x_7x_5x_3b " 2% —14+x_gx_g4x_ob
n+1
X =14+ x_yx_sx_3b\ " XA /14X ex gx b\
X1on—1 = Xion =
T 2"; -1+ X75X,3X_1b " 21}) -1+ X_4X,2X0b
2n+1 2n+l 2n—+1 2n+1
N —5XTg XT; (=14 x_5x_3x 1b)" N X_4XZg XTg' (=14 x_4x oxob)™
12n+1 = ; Xon42 = .
xzjgﬂx”;“ (_1 +X_9X_7x_5b)“+1 X2112.+1 gn+1 (_1 + X_8X_6X74b)n+1
If we set b = +1 and we replace n with n + 1 in the above equations, we recover the results [7] (see

Corollaries 3.3.1 and 3.4.1).
should be x121 111-

We note that the xion 45 in the last equation in Corollaries 3.3.1 and 3.4.1

4. Periodic nature and behavior of the solutions

Theorem 4.1. Let xy, be a solution of

XnXn+kXn+2k

Xn45k =

for some constants A # 1 and B. If the initial conditions xi, i = 0,...

(1—A)/B, then xn, =x = [(1—A)/BI/3 for all n.

Xn+3kXn44k (A + BXnXn 41k Xn42k)

(4.1)

3
i+k

,5k — 1, are such that x = X
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Proof. Suppose the initial conditions are such that x; = x;x and xi’ =(1—-A)/Bfori=0,...,k—1. From
(3.9) and (3.10), we have that

s—1
n—1AS + x%B > Al
1=0
X3kn+i = Xi H = Xi,

s—1
s=0 As +x3B IZO Al

where1=0,1,2,...,2k—1; and

s—1
n-1 AS —|—x§B > Al
— 1=0 _ Xi _
X3kn+i = X{ H = = X4,

s —1
s=0 AsHL+x3B 3~ Al An 3B nz Al
1=0 1=0

where 1 =2k, 2k +1,...,3k — 1. That is, X3xkn+i = xi, 1=0,...,3k—1, and X3xn itk = x4, for all k. O

Figure 1 illustrates Theorem 4.1. Note that x in Theorem 4.1 is a fixed point of (4.1). This theorem is
interesting in the sense that if any of the initial condition does not satisfy x? = (1—A)/B, xn, can neither
be a constant nor periodic even if the initial conditions are all the same (see Figure 2).
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Figure 2: Graph of ;419 = ,where xg =% =+ =x9 = -3 # ((1—A)/B)1/3.

Theorem 4.2. Let x,, be non-zero solutions of

XnXn+kXn+4+2k
Xn+3kxn+4k(1 + BXanJranJer)

Xn+5k =
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for some constant B. If the initial conditions xi, 1 =0,...,5k — 1, are such that x; = xi4x, then the solution can
not be periodic. Furthermore, the limit of Xy, as n — oo, does not exist.

Proof. Suppose the non-zero initial conditions are such that x; = xi k. From (3.9) and (3.10), we have that

n—1 3
1+ x7Bs
Xainai =% | [ T = x4,
S0 1+x7{Bs
wherei=0,1,2,...,2k—1; and
n—1 3
1+x7{Bs Xi
X, =X = Xi,
kntt lSli!)l—i-xz’B(s—i-l) 1+x%Bn 7 X

where i = 2k, 2k +1,...,3k — 1. It follows that li_r)n X3knii=Xxi fori=0,...,2k—1; and 1i_1>n X3kniti =0
n o0 n o
for i =2k,...,3k — 1. Thus, the limit does not exist. O

Figure 3 illustrates Theorem 4.2.
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Figure 3: Graph of x, 19 = , where xg =x; =--- =x9 = —2.
Theorem 4.3. Let xy, be a solution of

XnXn+kXn+2k
Xn43kXn 4k (A + BxnXn pxXni2k)

Xn45k =
for some constants A # 1 and B. If the initial conditions xi, 1 =0,...,5k — 1 are such that x; = Xi3k, then the
solution is periodic with period 3k if and only if xiXi4+xXi42k = (1 —A)/B.

Proof. Suppose the initial conditions are such that x; = xi43x and xiXi;xXitok = (1 —A)/B. From (3.9)
and (3.10), we have that

s—1
1
n—1 A® +XiXi1xXi2kB ) A
1=0
X3kn+i = X{ H 1 =Xy,
s=0 AS 4 XiXi4kXit2kB ) Al
1=0
wherei=0,1,2,...,2k—1; and
s—1 L
n—1 AS+XiXitkXit2kB ) A
_ 1=0 . Xi _
X3kn+i = Xi H s = = = Xi,
s=0 Astl + XiXikXit2kB Z Al A™ 4 X{XirkXit2kB Z Al
1=0 1=0

where i =2k, 2k +1,...,3k — 1. That is, xaxni =xi, 1=0,...,3k—1, and xgxn i3k = Xi, for all k. O
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Figures 4 and 5 illustrate Theorem 4.3.
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.,2k—1;and lim xgxnii =0

Xi,
=0,..

1+ xixirkXit2kBn
x; for i

+1i =

n—o0

0
.,3k — 1. Hence the limit does not exist.

Xi
S

1+ xiXitkXit2kBs

1+ xiXi4kXit2kB(s +1)

X3kn+i
=0

n—1
x]]

S

., 3k —1. It follows that lim x3yn

.,2k—1; and
X3kn+i
where i =2k, 2k +1, ..
Figure 6 illustrates Theorem 4.4.

wherei=0,1,2,..
fori=2k,..
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, where xg = x¢ = —2,X1 = x7 = —2/3,xp =xg = 1,x3 = x9 =

—3, X4 = 4,X5 =4,

5. Conclusion

We investigated the difference equation (1.4) by finding the symmetry generators and we used the
canonical coordinates to find its invariants which led to the solutions in closed form. We showed that the
findings in [7, 10, 18] are special cases of our results and we pointed out some errors in [7]. As a matter
of fact, all the formulas solutions found in [7] are solutions of (1.4), when a,, = b, = 1, and not (1.3).
Finally, we studied the periodic nature and behavior of the solutions in some cases.
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