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Abstract

The oscillatory and non-oscillatory behavior of solutions of third-order neutral differential equations with distributed
deviating arguments is discussed. New sufficient conditions that guarantee the oscillation of solutions are deduced. The
obtained results improve and extend some recent criteria appeared in the literature. Two illustrative examples are given.
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1. Introduction

In this paper, we are concerned with the oscillation and asymptotic properties of solutions of a class
of third-order neutral differential equations of the type

1 1 AT\ e
( [( w (e))] ) [Catenfemennan=0, e (E%)

T (g) [\ 12 (¢€) c

where w(e) =x(e) £b(e)x (8 (¢)), and « is a quotient of odd positive integers. Moreover, we discuss the
existence of non-oscillatory solutions tending to zero of (E™) in the case of & = 1.
Throughout this study, we assume that the following conditions are satisfied.

(Al) T1 (E) ;T2 (5) ’ b (E) 7 & (E) cC ([801 oo)l (OI OO)) ’ o (E) <, and hmt—)oo d (5) = 00,

1 00
(A) f: T (e)de = fSO 2 () de = 00, 15 (€) > 0;
(A3) t(e,m) € C([eg,00) x (c,d),R) is a non-decreasing function for n and liminf; ,,,T(e,m) = oo,
q(e,n) € C(leg,00) x (¢, d), (0,00));
(Ay) 0<b(e)<b<1,feC(RR),f(x)>0,f(x)/x*>Aforall x # 0 and for some A > 0.
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S (e, w2 (e) = 1 Wl (0)]

By a solution of (Ei) we understand a nontrivial real valued function x (¢), which satisfies that the

/
property ﬁ (ﬁ [x(e)Eb(e)x(d (s))]’) is continuously differentiable and satisfies (Ei) forany ¢1 >

Now, set wl (¢) =w (¢), w (¢) =

€o. A solution of (Ei) is said to be oscillatory if it has an infinite set of zeros, otherwise it is termed
non-oscillatory. Equation (E¥) is said to be oscillatory if all its solutions are oscillatory.

There are several applications to oscillation phenomena in real life, like as in the frame of continuous
partial differential equations, and in particular in dynamical models, delay and oscillatory type effects
are often modeled by external sources and/or nonlinear diffusion, perturbing the natural evolution of
the related systems and those connected to mathematical biology see, e.g., ([6, 20, 25, 27]). In the last
recent decades, the oscillatory behavior of solutions of various types of differential equations has received
considerable interest see, e.g., [1-5, 7-19, 21-24, 26, 28-39]. Although the case of nonnegative neutral
coefficients has recently received great interest by several authors (see [14, 30, 34, 35, 37]), however those
which have negative neutral coefficients has not been received similar surge of interest (see [18, 19, 31]).
To the best of our knowledge, we notice that the existence of nonoscillatory solutions has received less
interest as well (see [11, 15, 16, 31]). For instance we mention some related papers that were concerned
with some special cases of (E*), and motivated this paper. Li [19] presented necessary and sufficient
conditions for testing the existence of non-oscillatory solutions of the differential equation

(r(e) ly(e)—ple)y(e— G)]')/+f(e,y (e—20))=0.

In [29], Mojsej and Tartalova were concerned with showing the existence of bounded non-oscillatory
solutions of the differential equation

(JQ (rzie)yl m) ) +q(e)f(y(e)) =0.

Zhang et al. [38] studied the differential equation

(v(s)

More recently Tian et al. [35] discussed the differential equation

o

where & > 0 is a ratio of two odd positive integers. Meanwhile, Jiang et al. [18], were concerned with the
differential equation with non-positive neutral coefficients of the form

b N d
a(e)([y(e)—J r(e,s)yms,s))ds] ) +j b(e,y) fly ((e) dy =0,

where 6 > 0 is a ratio of two positive integers. In 2017, Wang et al. [37] studied the asymptotic behavior
of solutions of the third order differential equation of the type

b
y(s)+j q(e,s)y (0 (e, 5)) ds

a

1"\ ! d
) +J P (e, 0 Fy (5 (e 0))) dg = O.

C

b N d
y(e)+j r(e,s)y(r(e,s))ds] ) +J b(e,0) f(y (o (e, 0))) dC =0,

a C

d

(pefc@bE+vEyeEr)]?)+ | aesryeesnas=o

C



A. A. El-Gaber, M. M. A. El-Sheikh, S. A. A. El-Marouf, ]J. Math. Computer Sci., 32 (2024), 283294 285

where o« > 0 is a ratio of two odd positive integers. More recently, Zhao [39] discussed the oscillation of
solutions of the differential equation

(QL) (bgs) fy () +7(e)y (a(em’) ) +q(e)F(y(8(e)) =0.

Very recently, Thandapani et al. [34] presented new oscillation results for the differential equation

(n (&) (r2 () [x (e) +p (e) P (c(e))]’)'> ()X (0 (&) =0,

where 3, x are ratios of odd positive integers satisfying 0 < B < 1,& > 1. In 2020, Qiu et al. [31]
studied the conditions guarantee the existence of non-oscillatory solutions tending to zero of the dynamic
equation on time scales of the type

A A
(a@) @y E+rEyEen*)") +oly e -o

In this article, we aim to improve and extend some oscillation results of [39] for equation (E™), and
those given by [18, 39] for equation (E™). Further, we study the case when there exist non-oscillatory
solutions tending to zero of (E™~), using Knaster’s theorem [17].

2. Preliminaries

Before giving our oscillation criteria, we outline the following auxiliary lemmas.

Lemma 2.1. Let x (&) be a non-oscillatory solution of (E*). Then there may exist €1 > &g such that w (¢) for €
> €1 > € has only one of the following two cases

(C)) w (e)wll () <0, w(e)Ww? (¢) > 0;
(C2) wie)wl (e) >0, w(e)w? (¢) > 0.

Proof. The proof can be deduced directly from the proof of Lemma 1 of [39]. O

Lemma 2.2 ([39]). Assume that x (&) is a solution of (E1),w (e) has the property (Cz). Then (1 —1b)|w (e)] <
Ix(e)l < w(e)l, for e > &1 > eg and lim o W (&) = lim¢ 0 [x (€)] = 00

Lemma 2.3. Assume that x (&) is an eventually positive solution of (E~). Then there may exist €1 > €g such that
for e > &1 > €9, w(€) has one of the following four cases

Q) wie)>0wl () >0, w? (e) >0
(i) w(e) > 0wl (e) <0, w? (¢) >0;
(i) w(e) < 0wl (e) <0, w? (¢) > 0;
(iv) w(e) <0wl (¢) <0, w? (¢) <.

Proof. Let x (¢) be an eventually positive solution of (E~). Then one can find ¢; > ¢g such that x(e) >
x(8(e)) > 0, x(t(e,m)) > 0,m = [c,d] for ¢ > ;. Now since from (E7), it follows that (w2 ))/
eventually, then w2l (¢) is decreasing and is of one sign for ¢ > &;. Now consider the case wl2 } (e) < 0

then there exists a constant M > 0 such that W [(w[l] (s))/} <—-M<O.

1
Then [(w[H (s))/} <=1 (¢) M. Integrating from e; to ¢, we have will (¢) <wll (g) — M= i
Thus as ¢ — oo, by (A2), we conclude that wlll (¢) < 0.

T (s) ds.
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Now since 14(¢) > 0 and

Wi () = 2w () - (w (&] o

(r2 (€))% 71 (¢)

w' (e) < 0, then W (¢) < 0, which leads to w (¢) < 0, and so

1
T2(€)

we get w (g) < 0,wlt (¢) < 0, and w? (¢) < 0. Thus we have the possibility that case (iv) holds.

we get W (¢) < 0. But since wlll(¢) =

Case 2: Let w2 (¢) > 0, Then either w!l! (¢) > 0 or w!¥! (¢) < 0. If w¥ (¢) > 0, then w (&) > 0, while if
wll (¢) < 0, then w (¢) > 0 or w(¢) < 0. This means that when w? (¢) > 0, and so we have the possibility
of the three cases (i), (ii), (iii). This completes the proof. O]

Lemma 2.4. Suppose that x (¢) is a solution of (E™) which is eventually positive. Suppose further that w (e)
satisfies the property (Cq) If

R~

e [n o[ e dnds] dydv = oo, @)

then lim¢ .o, x (¢) = 0.

Proof. The proof follows the same lines of the proof of the first part of [39, Theorem 1] and so it is
omitted. O

Lemma 2.5. Assume that x (&) is an eventually positive solution of (E™) and assume that the corresponding w ()
has the property (ii). If (2.1) holds, then lim, o, x (¢) = 0.

Proof. From the property (ii) there may exist e; > o such that w(e) > 0,wil (¢) < 0,w? (¢) > 0. Going
through as in the proof of [39, Theorem 1] , we get lim,_,. w (¢) = 0. Now the proof of the fact that x (¢)
is bounded and lim;_,, x (¢) = 0 follows from those of [18, Lemma 2.3] and so it is omitted. O

3. Oscillation theorems

Theorem 3.1. Let the condition (2.1) be satisfied and T (e,m) < e. If there exists a function @ (&) such that
@ (&) € C(leg,00),R), @ (&) > ¢, T(@ (¢),m) < ¢, and

@(e) rd T(sm) Y *
lim J J q(s,m) “ T (y)J T (v) dvdg] dnds = oo. (3.1)

€00 J¢ c £ €0
Then any proper solution x of (E™) is either oscillatory or vanishes eventually.

Proof. Assume that x is an eventually positive solution of (E*). Then by Lemma 2.1, w(¢) has one
of the two properties (C;) or (Cp). Suppose first that w(e) has the property (C;). Then by Lemma
2.4 we have lim,_,x (¢) = 0. Now if w(e) has the property (C), then there exists ¢; > ¢g such that
w(e) > 0,wl (¢) > 0and w (¢) > 0 for € > €. Let ¢, be such that T(e,1) > ¢, for € > €, > ;. Since
(wm (s))/ = —ff q(e,n)f(x(t(e,m)))dn < 0 for e > €, then wi? (¢) is a positive decreasing function.
Now integrating both sides of (E*) from ¢ to oo, we get

oo rd
w? () = w2 (c0) +J J q(s,m) £ (x (< (s,m))) dnds,

£ C

ie.,

oo prd oo rd
wm(s»J J q(s,n)f(X(T(s,n)))dnds27\J j q (s,m)x* (< (s,1)) dnds.
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Now by Lemma 2.2, we have

oo rd @(e) pd
e (e)>M1—b)°‘J J q(s,n)w“ms,n))dnds>A(1—b)°‘J j q(s,m) w® (t(s,m)) dnds. (3.2)

€ C &
Integrating w2 (¢) = w2 (¢) twice from ¢; to €, we get
€ s 1 %
w(e) > J T (S)J 7 (y) (wm (y)) dyds.
1 €1
Now since for ¢ > ¢1, we have
T(em) s 1 1
wielem) > [ (s | v ) (w2 ) dyds
€1

then

T(em) s 1 2l 1
whielem) > || nle) | ) (w ) dyds
€1

Substituting into (3.2), we get

X

w (&) >A(1 —b)“r)(s) Jd q(s,m) [J'T(Sln) ™ (y) Jy 1‘1é (v) (W[Z] (V)>; dvdy] dnds.

€ c €1 €1

Using the facts that w2l (¢) is decreasing, w2 (1 (@ (¢),m)) is nonincreasing, and %;5)’”) > 0, we get

€ c €1 €1

@(e) pd T(sm) 1 *
w (&) =>A1-b)*W? (r(@ (e),d))J J q(s,m) U K 1 (y) Jy T (v) dvdy] dnds.

But since w2 (¢) is decreasing and positive, we have

w2l (¢)

12 P (@ (o), d))

£ C €1 €1

@(e) pd T(sm) Yy 1 *
>A(1— b)“J J q(s,m) J r (y) J T (v)dvdy| dnds.
This is a contradiction with (3.1), and so the proof is completed. O

Theorem 3.2. Assume that (2.1) holds. If

I Jd q(em) UTW 2 (s) ds] " dnde = oo, (33)

Ep JC €0
then any proper solution of (E™), is either oscillatory or vanishes eventually.

Proof. Assume that x(¢) is an eventually positive solution. By Lemma 2.4, any solution x (¢) of (E*) tends
to zero as ¢ — oo in the case when w (¢) has the property (C;). Assume that w(t) has the property
(C2). Then there may exist ¢ > ¢¢ such that w(e) > 0,wll(¢) > 0,w? (¢) > 0 for ¢ > ¢;. Thus
wll (¢) > wll) (1) . By integrating from &; to ¢, we get

£ £

T2 (s)ds LJ 15 (s)ds,L > 0.

€1

w(e) = wll (El)J

€1

Moreover by Lemma 2.2, we have
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T(em)
x(r(em) > wlrlem) (1-b) > (1)L nisds (3.4
€1
Let ¢p > €1 be such that T (e,m) > €. Integrating Eq. (E*) from e to co, we obtain
oo rd
ex) ~w oo} = | [ als,m £ix(x(s,m)) dnds.

&y JC
Therefore d
| [ atsmex i) ands< oo,

Using (A4), we have

ie.,

Now using (3.4), we obtain
oo rd T(em) &
A(l—b)“L“J J q(s,m) J 1 (s)ds | dnds < co.
ey Je €1

This is a contradiction with (3.3), and so the proof is completed. O

Theorem 3.3. Suppose that T (e,m) < ¢,f (viva) = f(v1) f (v2) for vi,vo € R, and (2.1) holds. Iffé %du <

f(ur)

Joo Jd q(em) (J'T(Em 1 (s) r rlé (y) dyds) ) dnde = oo, (3.5)

€p JC €0 €0

oo, and

then any proper solution x (&) of (E™) is either oscillatory or vanishes eventually.

Proof. Suppose that x is an eventually positive solution. By Lemma 2.4 any solution x (¢) tends to zero
as ¢ — oo in the case when w (¢) has the property (C1). Suppose that w (¢)has the property (Cz). Then
there may exist ¢; > ¢g such that w(e) > 0,wl (¢) > 0,w? (¢) > 0 for all ¢ > ¢;. But since w? (¢) is
decreasing, we have

Therefore

Thus

w(e) > (Wm (g))g‘ Js - (S)JS r¥ (y) dyds. (3.6)



A. A. El-Gaber, M. M. A. El-Sheikh, S. A. A. El-Marouf, ]J. Math. Computer Sci., 32 (2024), 283294 289

Now by Lemma 2.2, it follows from (E™) that

/ d d
~(wR' @) = | atemtixteleman= | qten)fi—) (e ) an

C C

So (3.6) leads to

Thus

El mds >AM(1—b) Jg Jd q(v,n) “:V’n) 1 (s) El T% (y) dde] dndv.

Thus as ¢ — oo, we obtain

< 00.

I R U O) BRI R YO
Ll f([wm (s)]%) @ _me(oo) f(ﬁ)

This is a contradiction with condition (3.5) and so the proof is completed. O

Theorem 3.4. Suppose that (2.1) and (3.1) hold. Suppose further that t (e,m) < €, and there may exist a function
@ (&)such that @ (&) € C([eg,0),R),@ (¢) > ¢, T(@ (¢),m) < €. Then any proper solution x of (E™) is either
oscillatory or vanishes eventually.

Proof. Suppose that x is an eventually positive solution of (E7). By Lemma 2.3 we observe that for
€ > €1 = g9, we may have one of four cases (i), (ii), (iii) or (iv). Assume first that the case (i) is satisfied.
Then there exists €1 > ¢g such that w(e) > 0, w (¢) > 0 and w? (¢) > 0 for ¢ > ¢;. Then following the
lines of the proof of Theorem 3.1, we get a contradiction with (3.1) . Suppose that case (ii) holds. Then it
follows by Lemma 2.5 that lim_, x (¢) = 0. If case (iii) or (iv) holds, then as the proof of the last part of
[18, Theorem 3.1], it follows that x (&) vanishes eventually and thus the proof is completed. O

Theorem 3.5. Let (2.1) and (3.3) be satisfied. Then any proper solution x (&) of (E™) is either oscillatory or vanishes
eventually.

Proof. Suppose that x is an eventually positive solution, and w (¢) has the property (i). Then there may
exist €1 > ¢o such that w(e) > 0,wll! (¢) > 0,w?@ (¢) > 0 for ¢ > ¢;. Following the lines of the proof of
Theorem 3.2, we get a contradiction with (3.3). The proof for the cases (ii), (iii), (iv) will be as in Theorem
3.4, and so it is omitted. O
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Theorem 3.6. Suppose that T(e,n) < t,f(vive) = f(v1) f (v2) for vi,v2 € R, and fo ( >ds < oo.If (2.1) and

(3.5) hold, then any proper solution x (&) of (E™) is either oscillatory or satisfies lim _,o x (¢) = 0.

Proof. Suppose that x is an eventually positive solution of (E™), and w (¢) has the property (i). Then there
may exist £; > ¢p such that w(e) > 0,wt (¢) > 0,w?2 (¢) > 0 for all € > ¢;. Following the lines of the
proof of Theorem 3.3, we get a contradiction with condition (3.5) and the proof of the cases (ii), (iii), (iv)
will go through as in Theorem 3.4. 0

Remark 3.7. Although our technique of the proof of our oscillation results depends on that given in
[39], however beside our results are dealing with negative neutral coefficients which was not consid-

ered by [39], the author there was dealing with the special case « = 1 and fg q(e,m)fix(t(e,m)))dn =
q(e)f(x(8(e))).

4. Non-oscillation theorems

Now, we study the existence of nonoscillatory solutions of (E™)in the case & = 1, we assume that (A;),
(Az), and (A4) hold. We also assume that lim¢_,,, b (¢) = by, where 0 < by < 1.

Theorem 4.1. Let Ry (g9) < oo, and

oo s rd
J J J r1(s) q (w,n) f (kRy (T (w,n))) dnduds < oo, 4.1)

Ep JEgp JC

for some k # 0, and
lim Ry (8 (¢)) /Ry (e) =1,

£—00
where Ry (€) = [T rz s) ds. Then there exists an eventually positive solution x (&) of (E™), with lim¢ ., x (¢) =0,
where wi (&) and w2 ( ) are both eventually negative.

Proof. Assume that (4.1) holds for k > 0. The case k < 0 has similar arguments. Now since
lim Ry (8 (e)) /Ri(e) =1,
E—0

we may choose b < B < 1 such that b (¢) Ry (8 (¢)) /Ry (¢) < B and &1 > ¢ so large such that

oo rs rd
J J J T1(s) q (uw,n) f (kRy (T(w,Mm))) dnduds < (1 —B) q, (4.2)

€1 Jgp JdcC

where a = £. Consider the equation

o ry s pd
X(€) =0 (&)x (&) + L-B)aRi &)+ || | | mals)maly)alun fx(x(um) ddudsdy.  (43)
e JerJer Je
It is easily proved that any solution of (4.3) also satisfies (E~). Now consider the Banach space @ of all
bounded real functions x (&) with norm sup e Ix (&)|, endowed with the usual pointwise ordering <: for
x1,X2 € @, x; < X2 is equivalent to x; (¢) < xz (¢) for all ¢ > ¢;. Then @ is partially ordered. Define a
subset QO of ® as
Q1={xed:(1—B)aR;(e) <x(e) <2aR;(g),e > ¢1}.

For any subset Y C Qy, it is clear that inf Y € (1 and sup Y € ). Moreover, define an operator F: Q1 — @
as

oo ry s pd
(Fx) (e)=b(s)x(z‘>(s)>+(1—8)aRl(e)+J J J j T (s) 72 (y) g (wm)  (x (t (1)) dndudsdy.

Then the mapping F satisfies the assumptions of Knaster’s fixed point theorem [17], and satisfies follow-
ing.
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(I) F maps Q into itself. Indeed, if x € Q, then by (4.2), we have
(1—B)aRy (e) < (Fx)(e) <2b(e)aRy (8 (e))+ (1 —B)aRy () + (1 —B)aRy (¢).
Then
(1—B)aRy(e) < (Fx) (e) <2BaRj(e) + (1 —B)aRy (¢) + (1 —B) aRy (¢) =2aR; ().

(I) Since f is increasing, F is nondecreasing. That is, for any x1,x2 € Q1,%x; < x2 implies that Fx; < Fx.
By Knaster’s fixed point theorem [17], there may exist an x € Q; such that Fx = x, that is, x (¢) is a
non-oscillatory solution of (E™), with

o ry rs rd
J j J J vy (5) 72 (8) q (wom) £ (x (T (w,m)) dndudsdy

£ €1 J€g1JC

o0 S d
<Rl(e)J J j r1(s) q (wm)  (kRy (% (wn)) dnduds,

€1 Jg1 JcC
and 4
lim R, (t)j j J r1 (s) q (W) f (kRy ( (w,n))) dnduds = 0.
o0 e Jer Je

Thus we arrive at w (¢) vanishes eventually and by [31, Lemma 2.2], x (¢) vanishes eventually. Now for
€ € [e1,00), we obtain

" I3 3 d
w (e)z—(l—B)aRl(e)—J j J 1 (s) q (wm)  (x (7 (u,m))) dnduds < 0,

and .
w (e)z—J j q (wm)  (x ( (wm))) dndu < 0.

g1 JC

This completes the proof. O

Theorem 4.2. Suppose that Ry (¢¢) < oo and
oo pd
| 7] atemi et (e,m)) ande < oo (4.4)
Ep JC

Iflime o0 Ry (8 (€)) /Ro (€) = 1, where Ry (¢) = [T f;o 11 (s) 12 (y) dsdy, then (E~) has an eventually positive
solution x(¢), with limg o x (€) = 0, where w (¢) is eventually negative while w2l (¢) is eventually positive.

Proof. Assume that (4.4) holds for k > 0. The proof of the case k < 0 is similar. Now since

lim Ry (8 (e)) /Rz2 (e) =1,

E— 0

we may choose b < M < 1 such that b (e) Ry (8 (¢)) /R2 (¢) < M and ¢; > ¢g so large such that

oo rd
J J q(em) f (kR (t (,m))) dedn < (1— M) q,

€1 J¢C

where a = ¥. Consider the equation

oo poo poo pd
x(e)—b(s)x(é(e))+(1—M)aR2(e)+J J J JTl(S)Tz(y)q(u/ﬂ)f(x(’f(u/ﬂ)))dﬂdUdeU~ (4.5)
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It is clear that any solution of (4.5) must satisfy (E~). Consider the Banach space ® as in Theorem 4.1.
Now define a subset Q; of @ as

D ={x€®:(1-M)aRy(e) <x(e) <2aRa(e), e > e},

for any subset Y C Q5. It is clear that inf Y € O; and sup Y € ;. Moreover define an operator F: Q; — @
as

oo roo poo pd
(Fx)(e)=b(e)x(6(e))+(1—M)aRz(eHj j J Jr1(S)Tz(y)q(u,n)f(X(T(u,n)))dndudsdy,

e Jy Js Jc

¢ € [e1,00). As in the proof of Theorem 4.1, F satisfies the conditions of the fixed point theorem of Knaster

[17] and so there may exist an x € Q, such that Fx = x, i.e., x (¢) is a non-oscillatory solution of (E™), but
since

oo roo proo pd oo prd
J J J j rl(S)rz(y)q(u,n)f(X(T(u,n)))dndudsdy<Rz(£)J J q (wm)  (kRs (% (wn))) dndu

e Jy Js Jc €1 Jdc
and

oo rd
lim Rz(E)J J q (1) £ (kRy (1 (u,m))) dndu =0,

£—00 e Je

we conclude that w(e) vanishes eventually and consequently due to [31, Lemma 2.2], x (¢) vanishes
eventually. Now we obtain for € € [e1,00),

(e ¢]

oo roo pd
wm(e):—(l—M)J n(s)ds—j J Jrl(SJq(u,n)f(X(T(u,n)))dnduds<0,

€ £ S C
and

oo rd
w2 (s):(l—M)JrJ J q(w,n) f(x(t(w,n))) dndu > 0.

This completes the proof. O

Remark 4.3. Although our nonoscillatory results depend on the technique of [31], the authors there consid-
ered a neutral dynamic third order equation in the special case fg qle,m)f(x(t(e,m)))dn="~(ex(g(e))).

5. Examples

Example 5.1. Consider the third-order differential equation

—TT

(7 (x(e) + e (e —n))’)" +(1—e77) J e x(e+n)dn =0. (5.1)

5
—37

Here, r1(e) =1, 1m(e) = ef,a = 1,b(e) = e T,c = —%n,d =—mq(e,n) =e N, 1(e,m) =¢e+mn, and
f(x(t(e,m))) = (1 — 6*2”) x (¢ +m) . Thus clearly, the assumptions of Theorem 3.2 hold. Therefore, every
solution x (¢) of (5.1) is either oscillatory or vanishes eventually. In fact x (¢) = e®sine¢ is an oscillatory
solution of (5.1).
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Example 5.2. Consider the differential equation

N e—1 N 2 Ty e
_ _ 0 D (E)an = > 2. .
€ (s [x(e) R x (e 3)]) +37T2.L £2x<2) dn=0, ¢>2 (5.2)
Here 11 (e) = L,ma(e) = L,b(e) = 51,8(e) = e—3,1(em) = 5,f(x) = x,q(en) = 555,¢ =

m,d = 2m. It is obvious that the coefficients of (5.2) satisty (A1), (Az), and (A4). Moreover it is clear
that lim,_, b (¢) = 3. Now since f: m(uw)du = [ % < 1,and Ry (e) = [Py (u)du = % < 1, thus
lim, 00 Ry (8 (€)) /Ry (€) = lime 00 755 = 1, f (kRy (T (g,M))) = kRy (T (g,M)) <k < 00, k >0, and

1 o ) () £ O6R am) I
11 (u) q (u,mn) f(kRy (T (u,n))) dnduds <kJ J J ———=dnduds < oo.
JEO JSO JC ! q ! 2 2 Jm 3841"‘27.[2

Thus by Theorem 4.1, it follows that (5.2) has an eventually positive solution x(¢) that vanishes eventually,
where w (¢) <0, wiZ (¢) <0 eventually.
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