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Abstract

The aim of this study is to introduce and investigate two new classes of separation axioms called supra soft Ry and supra
soft R1. They are defined in the spaces of supra soft topologies by using the notions of supra soft open sets and supra soft closure
operator. We discuss the basic properties and characterizations of them. We also study the relationships between these classes
and some other supra soft separation axioms with many results and explanative examples. Moreover, the connections between
the properties of these classes and those in some generated soft topologies are presented. Finally, we show that these classes are
preserved under subspaces, which means they are supra soft topological properties.
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1. Introduction

In 1999, Molodtsov [38] initiated the notion of soft sets (S-sets) as a new approach to dealing with
uncertainty data while modeling problems in the real world such as economics, engineering, data science,
and health sciences. Many authors have applied the theory of S-sets as a mathematical framework for
addressing practical problems such as [24, 43]. To found abstract structures inspired by S-sets, Shabir-
Naz [44] introduced the idea of soft topology and studied various related concepts. Then, the intellectuals
interested in abstract structures endeavored to navigate topological concepts to the spaces of topologies.
For instance, it was introduced the concepts of soft compactness and Lindelofness [6], soft separation
axioms [30, 37, 42, 45], soft mappings [10, 31], soft menger [32], almost soft menger [17] and nearly soft
menger spaces [18] and soft metric [25]. Furthermore, the notions of generalized open sets have been
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explored in soft topologies by some authors like soft semi-open sets [23], soft somewhat open sets [7], soft
Q-set [3], weakly soft x-open sets [19] and weakly soft semi-open sets [20]. Some of these principles have
been examined in the frame of supra fuzzy soft topology such as [40, 41].

In 1984, Mashhour et al. [35] introduced a new extension of topology, namely, supra topology. A
supra topology on U is a collection p of subsets of U, which is closed under an arbitrary union and
), U € p. Then, a lot of topological researchers look at topological concepts via supra-topologies and
scrutinize their properties [4, 11-13, 28]. As a natural extension, it was displayed the concept of supra
soft topological spaces by Elsheikh et al. [29] as a hybridization of supra topological spaces and S-set
theory. The structures of supra topology have attracted the attention of many authors. We tackle the main
contributions in this framework, El-Shafei et al. [27] presented some types of operators and compactness
in supra topologies. Abd El-latif examined the concepts of supra soft compact spaces [2] and supra
strongly generalized soft closed sets [1]. Aras and Bayramov [21, 22] formulated supra soft separability
axioms with respect to soft points. Whereas, Al-shami with his coauthors [5, 14] created four levels of
supra soft separation axioms with respect to ordinary points and elucidated the interrelations among
them. Also, Al-shami and El-Shafei [15] combined supra soft topology with a partial order relation. Then,
they [16] established various types of supra soft separation axioms in ordered settings. We draw the
reader’s attention to that supra topological spaces have been employed to handle some real-life issues as
debated in [9, 33], which confirm and enhance the importance of continued contributions to this scope of
work.

The framework of this manuscript is the supra soft topology. We aim to introduce and study two
new classes of separation properties called supra soft Ry and Ry in supra soft topological spaces by using
the notions of supra S-open sets and supra S-closure operator. We investigate the basic properties and
characterizations of them. The relationships between these new supra soft separation axioms and their
relationships with some other properties are studied. Moreover, we describe the relationships between
these properties in supra soft setting and those in some generated topologies and present some results
and related theorems with some illustrate examples. We show that the supra soft separation axioms SSR;,
i=0,1 are supra soft topological properties.

2. Basic background

Through this paper, U refers to an initial universe set, T is the set of all parameters for U, and 2! is
the power set of U. In the following lines, we give some concepts and results about S-set theory.

Definition 2.1 ([38]). An S-set Gt = (G, T) on U is defined as a set of ordered pairs
Gr={(t,G(t)):teT, G(t) €21},

where G is a mapping from T to 2Y. The class of all S-sets on U will be symbolized by SS(U).

Definition 2.2 ([34]). For Hy, Gt € SS(U) and x € U, we have following.

e IfH(t) =0 (reip. H(t) = U) for all t € T, then Hy is called a null (resp. an absolute) S-set and
symbolized by  (resp. ).

e If H(t) = {x} and H(t') = 0 for every t" e T—{t}, then Hr is called a soft point (or S-point) in U. Tt
is symbolized by x. We write x¢{EHr if for the parameter t € T,x € H(t). The class of all S-points
in U is denoted by SP (U).

* The relative complement H$ of Hy is a mapping H® : T — 24 given by H¢(t) = U — H(t) for every
t € T. Clearly (H$)® = Hr.

® Hry is an S-subset of G, symbolized by HCGr, if H(t) C G(t) forallt e T.
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¢ The S-union (resp. S-intersection) of Hy and G is an S-set Ky (resp. Lt) given by K (t) = H (t) UG (t)
(resp. L(t) = H (t) NG (t)) for all t € T and it is symbolized by HrUGT (resp. HTNGT).

Definition 2.3 ([31]). Let SS(U) and SS(V) be two families of all S-sets on U with a set of parameters T
and V with a set of parameters E, respectively. Let u: U — V and p : T — E be two maps, then the
map fyp : SS(U) — SS (V) is said to be a soft map (briefly, S-map) and we have:
(i) for Ht € SS(U), the image fy, (Ht) of Hy is the S set on V given by f.,, (Ht) (e) = U{u(H (t)) : t €
pt(e)}ifp~t(e) #0and fup (Ht) (e) = () otherwise for any e € E;
(ii) for Gg € SS(V), the preimage f;%(GE) of Vg is the S-set on U given by f;rl,(GE) (t) =u 1 (G(p (1))
forany t € T.

The S-map fy,;, is called one-one (resp. onto, bijective), if u and p are one-one (resp. onto, bijective).

Definition 2.4 ([44]). A family T C SS(U) under a fixed set of parameters T is called a soft topology on U

if T is closed under arbitrary S-union, finite S-intersections and (},(l € t. The triple (U, 7, T) is called a soft
topological space (or STS). Any element in T is an S-open set, and the complement of any S-open set is
an S-closed set.

For the S-set Ht in STS (U, 7, T), the S-closure cl(Ht) of Hy is the S-intersection of all S-closed super
sets of Hy. The S-interior int(Hy) of Hy is the S-union of all S-open sets contained in Hr.

Definition 2.5 ([29]). A family p C SS(U) with a fixed set of parameters T is said to be a supra soft

topology (briefly, SST) on U if (), U € p and the S-union of any number of S-sets in p belongs to n. The
triple (X, u, T) is called a supra soft topological space (briefly, SSTS).

Definition 2.6 ([14]). Let (U, 1, T) be an SSTS, Ht € SS(U), and x € U, then:

¢ every element of p is called supra soft open set (briefly, SS-open set), and the set of all SS-open sets
on U is denoted by SSO(U);

* Hr is called a supra soft closed set (briefly, SS-closed set) in U if H{ € u and the set of all SS-closed
sets is denoted by SSC (U);

e if (U, 1, T) is an STS, we say that, u is an SST associated with tif T C y;

* an S-set Hr is called a supra soft neighborhood of an S-point x. if there is an SS-open set Gt such
that x;€G1CHr.

Definition 2.7 ([15, 26, 44]). for Ht € SS(U), Y C U, and x € U, we have:

(1) xeHyifxeH(t) forallt € T,and x ¢ Hr if x ¢ H(t) for some t € T;

(2) if H(t)={x}forall t € T, then Hr is called an S-singleton point, denoted by x1, we write xfEHT<=x €
Hr<=x(€Ht forallt € T;

(3) for x¢,yr € SP(U), we write xy #yr if x #yort #r;

(4) Y = (Y, T) refers to the S-set on U for which Y (t) =Y for all t € T, is called stable.

Definition 2.8 ([29]). Let (U, u, T) be an SSTS and Fy € SS(U). The supra soft closure (briefly, SS-closure)
of Fr, denoted by cls(Ft) is the intersection of all SS-closed super sets of Fr, and the supra soft interior
(briefly, SS-interior) of Fr, denoted by ints(Fr) is the union of all SS-open subsets of Fr.

Theorem 2.9 ([14]). For two SS-sets Gt and Ft in SSTS (U, u, T), we have:
(i) Gt € SSC(U) < cls(GT) = GT;

(i) GTCFr==cls(GT)Ccls(F1);

(iii) xt€cls (G1) <= FrNGT # 0 for all Fr € pand x¢€Fr.
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Definition 2.10 ([14]). For SSTS (U, i, T) and YCU. The family puy = {YOFy : Fr€p} is an SST on Y, and
(Y, uy, T) is called an SS-subspace of (U, u, T).

For the SST-subspace (Y, ny, T) of (U, u, T) and Ht € SS(Y) we have, Ht is an SS-open set in (Y, py, T)
if and only if Hy = YNNGt for some Gt € p.

Definition 2.11 ([14]). An S-map fyp, : (U, 1, T) — (V, 0, E) is called:

(i) SS-continuous if fi; (HE) € p for any SS-open set Hg € 6;
(ii) SS-openif fyp (GT) € 0 for any SS-open set Gt € ;
(iii) SS-homeomorphism if it is bijective, SS-continuous, and SS-open.

Definition 2.12 ([22]). An SSTS (U, u, T) is said to be:

(i) supra soft Ty (br1eﬂy, SSTy) iff for any xi # Y, € SP(U) there are SS-open sets Ht and Ft such that
x¢€Ft and Yy géHT or yt/EHT and xtgFT,
(ii) supra soft T1 (briefly, SSTy) iff for any x¢ # y,» € SP(U) there are SS-open sets Ht and Ft such that
xt€HT, Yy géHT and y, €Fr, xtgéFT,
(iii) supra soft T, (briefly, SSTy) iff for any x # y,» € SP(U) there are SS-open sets Ht and Ft such that
thHT ’ yt’éFT and HTﬁFT = 6

Remark 2.13 ([22]). SST, = SST; = SSTy.
Definition 2.14 ([39]). An STS (U, <, T) is called:

(i) soft Ry (briefly, SRy) if for any xe # ye € SP(U) with cl(xe) # cl(y.) implies cl(xe)Ncl(ye) = 6;
(ii) soft Ri(briefly, SRp) if for any xe # ye € SP(U) with cl(xe) # cl(ye), there are disjoint S-open
subsets Ht, Gt of U such that x, € Hr and y. € Gr.

Remark 2.15 ([39]). Every SRy space is SRy.

Definition 2.16 ([36]). A supra topological space (U, 1) is called:

(i) supra Rg (or sup-Rop) if any x #y € U with cl(x) # cl(y), cl(x)Ncl(y) = 0;
(ii) supra Ry (or sup-Rq)if any x #y € U with cl(x) # cl( ), there are disjoint supra open subsets A, B
of U such that x € A and y € B.

3. On supra soft Ry and Ry spaces

In the following, we introduce and discuss a new class of supra soft separation properties called
SSRi, 1 =0,1 and investigate some characterizations for them.

First, we give some definitions and lemmas which are used in the sequel.

Definition 3.1. Let (U, 1, T) be an SSTS, Fr € SS (U), and x; € SP(U).~The supra soft kernel (briefly, SSK)
of Fr is denoted by SSK (Fr) and given as SSK (Ft) = "{Grep : FrCGy). In particular, the supra soft
kernel of x; is defined by SSK (x¢) = "{GT1 € p: x¢:€GT}

Lemma 3.2. Let (U, u, T) be an SSTS and Fr € SS(U), then SSK (Fr) = U{x;y € SP(U) : cls(x¢)NFr # (0}

Proof. Let x¢€SSK (Fr). Assume that cls (x¢) NFr = 0, we get FrC(cls(x¢))€ and so, xt&(cls(x¢))¢ which
is an SS-open set contains Fr. This contradicts with x{€SSK (Fr). So cls (x¢) ﬁFT#@ and SSK (Fr) CU{x¢ €
SP(U) : clg (x¢)NFr£0}. B B B

Conversely, let clg(x¢)NFr#£0. Suppose x¢¢SSK (Fr), there is Gt € p such that FrCGr and x¢Gt. Let
yrecls (x¢) NFr, we have yr€cls (x¢) and Gt is an SS-open set containing y, imply x¢€Gr, a contradiction.
So that x¢€SSK (Fr) . This completes the proof. O
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Lemma 3.3. Let (U, y, T) be an SSTS and x¢€SP(U), then x¢Ecls(yy) if and only if yrESSK (x¢).
Proof. 1t is clear. O

Definition 3.4. An SSTS (U, u, T) is said to be:
(i) supra soft Ry (briefly, SSRy) iff x¢ # y» € SP(U) with x¢Ecls(yy) implies yrEcls(xt);
(ii) supra soft Ry (briefly, SSRy) iff x; # y, € SP(U) with cls(x¢)#cls(yr), there are SS-open sets Fr, Gt
such that x{€Fr and y,€G1 with FtNGT = (.

Theorem 3.5. Every SSR; space is SSRy.

Proof. Let x¢ # yr € SP(U) with xtgécl (yr), then clg(x¢)#cls(yy). Since (U, u, T) is SSRy, there is Gt € 1
such that y,€Gt and xt¢GT Thus yrgécl (x¢), and this completes the proof. O

The converse of the above theorem is not necessary true, the next example shows it.

Example 3.6. Let U be an infinite set. The class p = {@} U{HT: (H (1)) is a finite subset of U for all t € T}
is SST on U and (U, p, T) is called an SS-cofinite space. Now one can verify p is SSRy. But it is not SSR;.
Indeed, suppose that (U, u, T) is SSR; and x¢ # y, € SP(U) with cls(x¢)#cls(yr), there are Fr,Gt € p
such that x¢€F1 and y,€Gt with FrNGt = @ implies (F (t))° U (G ())¢ = U. Since (F(t))¢ and (G (1))¢
are finite subsets of U, this means that U is finite. This is a contradiction. Thus (U, u, T) is not SSR;.

Theoreln 3.7. Let (U, 7, T) be an STS and p be an SST associated with <, then (U, u, T) is SSRy if and only if
cls(x¢)CFy for any Fr € pwand x¢€Fy.

Proof. Let (U, u, T) be SSRy. Suppose cls(xt)iFT for some Fr € p and x(€F, there exists an S-point y;
such that yr€cls(x¢), yT;FT So that y,NFt —{) for some FrEp, x¢&Fr where xt, Yr are different S-points in
U. Thus xt;cl (yr). This is a contradiction. Hence, the necessary part holds. Conversely, let x¢¢Zcls(yr),
there is an SS-open set Gt contains x{ such that yrNGT= @ imply yrgéGT Clearly cl; (xt)CGT, we have
yrgécls (x¢). We obtain the desired result. O

Theorem 3.8. Let (U, T, T) be an STS and w be an SST associated with T, then (U, u, T) is SSRy if and only if for
any Fr € SSC(U) with x(¢Fy implies FrCGr and x &G for some Gt € .

Proof.

"— " Let F+ € SSC(U) and xt%FT, then xtéF% which is an SS-open set contains x;. Since (U, p, T) is
SSRp, we have clg (xt)éF% Take G = (cls (x¢))€, then Gt € pand x(¢GT.

"<=" Let x¢ # yr € SP(U). Suppose that xegel (yr) € SSC(U). By hypothesis, there is an SS-open set

Gt such that cl; (yr)CGT with x¢€Gr, this implies x¢€G§. So, cls (xt)CGC but yréGC Thus y,&clg(x¢)
and the result holds. O

Theorem 3.9. For SSTS (U, u, T), the next statements are equivalent:
(1) (W, w,T)is SSRy;

(2) Fy € SSC(U) = Fr = SSK(Fy);

(3) Ht € SSC(U) and x{€HT = SSK(x¢)CHrT;

(4) Xt € SP (U) — SSK (Xt) Cclg (Xt).

Proof.

(1) = (2) Let Fr € SSC(U). Suppose that xt%FT, we have xtéF% which is an SS-open set containing
x¢. Since (U, p, T) is SSRy, we get cls (x¢) iF-Cr this implies that cls (x¢) NFr=0. From Lemma 3.2, we get
xtZ€SSK(Fr1). So that Fr=SSK(Ft).
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(2) = (3) It follows from that Kt C Gy implies SSK(KT)§SSK(GT).
(3) = (4) Itis clear.

(4) = (1) Let x¢ £y, € SP(U) with x¢Ecls (yr). From Lemma 3.3, we have yrESSK (x¢) . Since x¢ €cls (x¢)
which is an SS-closed set and from (4), we get y€SSK (x¢) Ccls (x¢), that is yrEcls (x¢) and this completes
the proof. O

Proposition 3.10. An SSTS (U, u, T) is SSRy if and only if cl (x¢)CSSK (x¢) for all x¢ € SP(U).
Proof. 1t follows from Lemma 3.3 and Theorem 3.7. 0

Theorem 3.11. For SSTS (U, w, T), the next statements are equivalent:

(i) (U, T)is SSRy;
(ii) for any Fy € SSC(U) with Xt €Fr = clo(x¢)AFr=0;
(iii) for any x¢ # yr € SP(U), either cls (x¢) =cls(yy) or cls(x¢)Ncls (yr):@_

Proof.

(i) = (ii) Let Fr € SSC(U) and x{¢Ft, then xtNGFCT € pu. From Theorem 3.7, we get clg(x¢)CF§. So
~ ~
cls (x¢) NFr=0.

(ii) = (iii) Let x¢ # yr € SP(U) with cls(xt)#cls(ys), there is ze€cls(xt) and zedcls (yr) or ze€cls(yr)
and z.¢cls(x¢). So there is Fr =" such that y.¢F1, z¢€Fr and so, x;€Ft. Therefore x&cls(y,). From
(ii) we obtain cls(x¢)Ncls(yr)=0. The proof of the remaining case is similar.

(iii) = (i) Let x¢ # yr € SP(U) with xrécls (yr), then cls(x¢)#cls(yy) . From (iii) we get, cls(x¢)Ncls (yr)
=() = yr<cls (yr) C(cls (x¢))€. Therefore y,Zcls(x¢). The result holds. O

Corollary 3.12. Let (U, 7, T) be an STS and w be an SSTassociated with <, then (U, u, T) is SSRy if and only if for
any two different S-points x¢, yr in U with cls(x¢)#cls(yr) = cls (x¢)Ncls(yr) =

Proof. 1t follows from above theorem. O
Lemma 3.13. Let (U, u, T) bean SSTS, x¢,y» € SP(U), then SSK(x¢) # SSK(y+) if and only if cls (x¢) #cls (Yr).

Proof. Suppose that SSK(x¢) # SSK(y;), there is ze € SP(U) with z¢€SSK(x¢) and ze%SSK( r). Since
z.€SSK(xt). From Lemma 3.2, we get x¢Ncls (z¢) # 0 implies x€cls (z¢), that is cls (x¢) Cels (ze). Sim-
ilarly, since zeéSSK(yr) we get yrécls (ze). Since clg (x¢) Cclg (ze) and yrgécl (ze), we have yrgécl (xt).
Conversely, let cls (x¢) # cls (yr), there is ze € SP(U) with z.Ecls (x¢) and ze%cls (yr). Thus, there is an
SS-open set containing z. and so x; but not y,. Hence yT%SSK(xt). The proof is complete. O

Theorem 3.14. An S§TS (U, u, T) is SSRo if and only if x¢ # y» € SP(U) with SSK(x¢) # SSK(y.) implies
SSK(x¢)NSSK(y,) = 0.

Proof.

"=" Let (U, u,T) is SSRp and x¢ # y, € SP(U) with SSK(x¢) # SSK(yr). By Lemma 3.13, we get

cls(xt) # cls(yr) . Suppose SSK(x¢)NSSK(yy) # 0, there is 2 €SSK(x¢)NSSK(yy). Since z.€SSK(x¢), from
Lemma 3.3, we have x¢€cls(z.) implies cls(x¢)Ccls(ze). Since x¢€cls(xt) and from Corollary 3.12, we get
cls(x¢) = cls(z¢). Similarly, since z.€SSK(yy), we have clg(y,) =cls(ze)=cls(x¢). This is contradiction.

Therefore, SSK (xc) FSSK (yy) = 0.
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"«<=" Let x¢ # y, € SP(U) with cl; (xt);«écl (yr). From Lemma 3.13, we have SSK(x{) # SSK(y,). By

hypothe51s we get . SSK (x¢) NSSK (y;) = 0. Suppose that clg(x¢)Ncls (yr)#Q) there is z. in U such that
ze€cls (x¢) and ze€cls(yr). Form Lemma 3.3, we have xtESSK(ze) and y,€SSK(z¢) and by Lemma 3.2,

we obtain, SSK(x{)NSSK(ze) # 0 and SSK(yr)NSSK(ze) # 0. By hypothesis we get, SSK (x¢) = SSK(z¢)
and SSK (yr) =SSK(z.). Hence SSK(x¢) = SSK (yr). So, SSK(x¢)NSSK(y,) # (. This is a contradiction.
Hence cls(x¢)Ncls(yr)= (. From Corollary 3.12, we obtain the result. O

Proposition 3.15. An SSTS (U, u, T) is SSRy if and only if cls (x¢)CSSK (x¢) for all x¢ € SP(U).

Proof. 1t follows from Definition 3.1 and Theorem 3.7. O
From Lemma 3.3 and the above proposition one can verify the next corollary.

Corollary 3.16. An SSTS (U, p, T) is SSRy for any x¢ € SP(U), SSK (x¢) = cls(x¢).

Theorem 3.17. An SSTS (U, u, T) is SSRy if and only if for any x¢ # y» € SP(U) with SSK(x¢) # SSK(y+),
there are F1, Gt € w such that clg (x¢)CFr, cls (yr)iGT and FrNGt=0.

Proof. 1t follows from Lemma 3.13. O

Proposition 3.18. For an SSTS (U, w, T), the next statements are equivalence:

(1) (U, T)is SSRy;

(2) for any x¢ # yr € SP(U) with xe &l (yr), there are Ht, Gt € w such that x¢€HT,y,EGy and HrNGT = 0;

(3) for any x¢ #yy € SP(U) with cls (x¢)#cls(yr), there are Fr, Gt € wsuch that clg (x¢)CF and clg (yr)éGT
with FrAiGT = 0.

Proof. It follows from the above theorem and Lemma 3.13. O
Theorem 3.19. Every SS-subspace (Y, wy, T) of an SSR; space (U, u, T) is SSRy, 1 =0, 1.

Proof. We will show the case i = 1. The proof of the rest case is similar. To prove that (Y, puy, T) is SSRy,
let x¢ # yr € SP(Y) with cls(x¢)#cls(yr), then also x¢, y, are different S-points in U with cls (xt)#cls (yr)-

Since (U, w, T) is SSRl, there are F1, Gt € wsuch that x¢€Fr,y,€GT, and FrNGT = (. So there are SS-open
sets in Y say, T = YNF1 € py and V}( = YNGT € py, which are containing X, yr, respectively, with

HYAVY = §. The result holds. O
Corollary 3.20. An open SS-subspace of SSR; space need not be SSR; space, i =0, 1.

Proof. Clearly, it follows from that, the S-intersection of an S-open set and an SS-open set need not to be
SS-open soft. O

Remark 3.21. Clearly, every SR; space is SSR;, for i =0, 1.

4. More characterizations and relations

This section is devoted to investigating how the concepts of supra soft Ry and R; spaces navigate
between supra soft topological spaces and their parametric supra topological spaces. To demonstrate the
obtained relationships we provide some elucidative examples.

Definition 4.1. Let (U, o) be a supra topological space and T be a fixed set of parameters. The family
e ={Hr:H(t) = A forallt € T and A € o} defines an SST called stable SST on U derived from o. In
general, an SSTS (U, p, T) is called stable if any SS-open set in (U, u, T) is stable.
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Definition 4.2. An SSTS (U, p, T) is called a strong stable if p = {Hy : H(t) =B forallt € Tand B C U}.
In this case any SS-singleton point x1 is SS-open set.

Definition 4.3. Let (U, u, T) be an SSTS, then the class py = {F(t) : Fy € p} for each t € T defines a supra
topology on U which is called a parametric supra topology [14].

Remark 4.4.

1. If (U, u, T) is a strong stable SSTS, we have:
(i) any element in (U, p, T) is both SS-open and SS-closed set;
(ii) (U, p¢) is a discrete space forall t € T;
(iii) every stable SSTS (U, ug, T) is a subspace of a strong stable SSTS (U, u, T);
(iv) every strong stable SSTS (U, p, T) is a subspace of soft discrete space T =SS (U);

2. If (U,0) is a discrete topological space, then the SST ns, which is defined in Definition 3.1, is a
strong stable SST on U.

Definition 4.5. For an SST (U, p, T), if F$ € u for every Fr € p, then (U, p, T) is called a complemental
SST.

Example 4.6.

(1) Let U ={a,b,c}, T = {t1, t}, and the family 6 = {0, U,{c}, {a, b}, {b,c}, {a,c}}. Then 0 is an supra

topology on U and from Definition 4.1, we have the family pg = {6, U, {?}, {Ejl;}, {b, c} ,{7175}} is a stable SST
on U.

(2) Let U = {x,y,z} , T = {t1,t2} and T = SS(U) be a soft discrete topology on U. The family p =
0,0, x1,y1,z1, 0y} {x, 2L {y,z}} is a strong stable SST on U and any element in p is both SS-open and
SS-closed set. Moreover, 1 is a complemental SST and it is a subspace of T. On other hand, uy, = ug, =
{0,U,{x},{y},{z},{x,y},{x, z},{y, z}} is a discrete topology on U.

Theorem 4.7. Every strong stable SSTS (U, u, T) is SSRy,1 =0, 1.

Proof. We will prove only the case i = 1. The proof of the other cases is similar. Let (U, u, T) be a strong
stable SSTS and x¢ # y,» € SP(U) such that cls(x¢)#cls(y+). From Definition 4.2, there are SS-open sets

xT,YT such that x;€xt and y €yt with xryt = (. Hence (U, u, T) is SSR;. O
Corollary 4.8. Every stable SSTS (U, pu, T) is SSR;,1 =0, 1.
Theorem 4.9. Every complemental SSTS (U, u, T) is SSRy, 1 =0, 1.

Proof. We will prove only the case i = 1. The proof of other case is similar. Let x¢ # y, € SP(U) and
xt&cls(yr), then x¢€(cls(yy))¢ = Fr € w. Since (U, u, T) is a complemental SSTS, we have y,€cls(y,) =
Gt € u. Clearly, FrNGt = () and so, from Proposition 3.18 (2), we obtain (U, u, T) is SSR;. a

Theorem 4.10. If (U, , T) is SSRy, then (U, ) is sup-Ry forallt € T and i =0,1.

Proof. We will prove the case i = 1. The proof of the case i = 0 is similar. To prove that (U, p¢) is sup-Ry,
let x # y € U with cl(x) # cl(y), then either x¢cl(y) ory ¢ cl(x). Thus x¢&cls(yr) or yr&cls(x¢) imply
cls(x¢)#cls(yr). Since (U, w, T) is SSRy, there are Ft, GT€wn such that x;€Ft and y,€Gt with Fr NGt =0
and so, there are F(t)and G(t)eu; such that x€F(t) andy € G(t) with F(t)NnG(t) = ( for all t € T.
Therefore (U, p¢) is sup-R; forall t € T. a

The next example shows that the converse of the above theorem may not be true.
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Example 4.11. Let U = {u;, up} and T = {t, t2}. Consider the family p = {6, U, Fi1, For, F31 , Fa1), where

Fir = {(ty, {w})}, For = {(ty, {w}), (t2, {wa})} , Far= {(t1, {wa}), (2, {w2})}, and Fyr = {(t1,{w1}), (t2, W}
Then p is an SST on U and the class py, = {0, U,{a},{b}} is a supra topology on U. It is clear that
(U, nt,) is sup-Ry and sup-Ro. But (U, p, T) is not SSRo. Indeed, for (u1)y, # (u2)y, € SP(U) we have,

U = cls((w) ) #cls((u2)y,) = (u2),, but cls((ul)tl)ﬁcls((uz)tl)#ﬁ. Hence (U, , T) is not SSR;.
Proposition 4.12. If (U, u, T) is a strong stable SSTS, then (U, u, T) is SSRy if and only if (U, nt) is sup-Ry for
allte Tandi=0,1.

Proof. We will give the proof for i = 1. The proof for the case i = 0 is similar.

”"=" The proof follows from that of Theorem 4.10.

"<=" Let x¢ # yr € SP(U) with cls(x¢)#cls(yr), then x # y with cl(x) # cl(y). Since (U, p¢) is sup-Ry,
there are supra open subsets F, K of U such that x € F and y € K with FNK = () imply there are SS-open
sets Ht, Vr€p such that F = H(t) and K = V (t) for all t € T with x;€Ht and y,€Vy with HyNV1 = 0.
This completes the proof. O

Theorem 4.13. A supra topological space (U, 0) is sup-Ry if and only if (U, ue, T) is SSRy, 1 =0, 1.

Proof. We will give the proof for i = 1. The proof for the case i = 0 is similar.

"="" It is similar to that of the converse part in the above proposition.

"<=" Let x¢ # yr € SP(U) with cls(x¢)#cls(yr), either xécls(y,) or yécls(x) implies x¢#cls(yr)
or yrfcls(xt), then cls (x¢)#cls(yy). Since (U, ng, T) is SSRy, there are Fr , GT1€up such that x¢€F1,y,€GT

and FrNGt = ). Thus, there are disjoint supra open sets A, B € 0 such thatx € F(t) = Aand y € G (t) =
B for all t € T. Hence (U, 0) is sup-R;. O

Theorem 4.14. If (U, u, T) is SST;, then it is SSRy_1, 1 =1,2.

Proof. We will show the case i = 1. The proof for the case i = 2 is obvious. N
Let (U, u, T) be SST; and Fr be an SS-open set contains x¢. We want to show that cls(x¢)CFt. So let

yr%FT, then xtécls (yr) and x¢,y, are different S-points. Since (U, u, T) is SSTy, there is Ht€p such that
yrEHT and x¢¢HT, then yiZcls(x¢ ). Therefore clg (xt)iFT. This completes the proof. O

The converse of the above theorem may not be true. The next example shows it.

Example 4.15. Let U = {x,y} and T = {t1, to}. The family u = {#, U, Gy1, Go7}, where, G171 = {(t1,U)} and
Got = {(tp, W)} is an SST on U. One can verify (U, pu, T) is SSRy and SSR; but not SST;. Indeed, for two
S-points xi,,Yt,, the SS-open sets which are containing x, are U and Gi1 but also, they are containing
Y, Thus (U, i, T) is not SST;. Moreover, one can check that (U, p, T) is not SST,.

Theorem 4.16. For SSTS (U, w, T), the next items hold:

(1) (U, w,T)is SST; < it is both SSRy and SSTy;
(2) (U, w,T)is SST, < it is both SSRy and SST.

Proof. Necessity for two cases follows from Theorem 4.14 and Remark 2.13. The proof of converse part is
obvious, for two cases. O

Corollary 4.17. (U, p, T) is SSTy <= it is both SSRy and SSTj.

Definition 4.18. A property is called an SS-topological property if the property is preserved by SS-
homeomorphism.

Theorem 4.19. For a bijective SS-continuous map fyp, : (U, 1, T) — (V,0,E),if (V,0,E) is SSRy, then (U, u, T)
is also SSR; , i =0.1.



S. Saleh, et al., J. Math. Computer Sci., 32 (2024), 263-274 272

Proof. We will prove only the case i = 1. The proof of the rest case is similar. To show that (U, u, T) is
SSRy, let x¢ # y,» € SP(U). Since fyp is one-one, there are two different S-points a, b, in V such that
fup (xt) = ae and fyp (yt/) = b,s. Since (V,0,E) is SSRy, then there are two SS-open sets Gig, Goe € 0
such that a.€Gqg and b, €Gyeand so, xtéf;%(G1E) and ytféf;}g(GzE). Since fy,p is SS-continuous, we
have f;]lj (G1e) ,f;%(GZE) are SS-open sets in (U, u, T) with f;%, (G1e ) ﬁf;% (Gae) = 0. This complete the
proof. O

Theorem 4.20. For a bijective SS-open map ., : (U, w, T) — (V,0,E), if (U, w,T) is SSRy, then (V,0,E) is
also SSR; ,1=0,1.

Proof. We will prove only the case i = 1. The proof of the rest case is similar. To show that (V,6,E)
is SSR;. Let a. # b, €SP(V). Since fy, is onto, there are two different S-points x¢,y,/ in U such that
fup (xt) = ae and fy, (y,/) = b,. By hypothesis, there are two disjoint SS-open sets Fy, Fr€u such that
xtE€F1E, Y EF2e and 50, aeEfyp (Fi7) and b Efyp (Far). Since fyp is SS-open, we have fy,p (Fi1), fup (F2r)
are SS-open sets in (V, 0, E) with f, (Fig) ﬁfup (For) = (). The result holds. O

From the two above theorems, we have the next theorem.

Theorem 4.21. Let fy,, : (U, 1, T) — (V, 0, E) be an SS-homeomorphism map, then (U, w, T) is SSRyif and only
if (V,0,E)is SSR;y ,1=0.1.

Corollary 4.22. The supra soft properties SSRy are SS-topological property, for i =0, 1.

Corollary 4.23. From Remarks 2.13, 2.15, and Corollary 4.17, the following implications hold and describe the
relationships between SSRy and other soft separation properties.

SST, = SST; = SSTy

4 4
SSR; = SSRg

T ()
SR = SRy

5. Conclusion

The theory of soft sets proves its efficiency as a fruitful mathematical approach to tackling the incom-
pleteness and vagueness of knowledge, which is the utmost importance to cognitive analysis and artificial
intelligence. This theory has been exploited to initiate the concept of soft topologies and some of their
generalizations such as supra soft topologies and infra soft topologies [8].

In this work, we have defined and studied a new class of supra soft properties called supra soft Ry
and supra soft R; axioms in supra soft topological spaces, and have obtained basic properties of these
axioms. We have investigated more characterizations and relationships between these classes and other
soft separability properties. Several results and supported examples have been presented. Also, we have
showed that the properties of begin SSR; and i = 0, 1 are supra soft topological properties.

In future works, we will continue study some generalizations of some topological notions via supra
soft topological spaces such as supra soft d-topology. It is stated that the results obtained in this paper
may be useful for further research on supra soft topology and its applications.
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