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Abstract

In this article, we prove some new inequalities similar to Hardy’s inequality on time scales. The results as special cases
contain integral inequalities similar to Hardy’s inequality and contain discrete inequalities. Our main results are established by
using chain rule, Holder inequality, and some properties of multiple integrals on time scales. Furthermore, some applications
and examples are given to illustrate the investigated results.
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1. Introduction

In a note published in 1925, Hardy [7] proved that if β > 1, θ is a nonnegative integrable function on
(0, ξ) and θβ is integrable and convergent on (0,∞), then∫∞

0

(
Λ(ξ)

ξ

)β
dξ 6

(
β

β− 1

)β ∫∞
0
θβ(ξ)dξ, (1.1)

where

Λ(ξ) =

∫ξ
0
θ(η)dη, for all ξ > 0.

Furthermore, the constant (β/(β− 1))β is the best possible.
In 1964, Levinson [9] proved the inequality (1.1) on a finite interval [υ1,υ2] as follows. If β > 1 and

θ > 0 with 0 < υ1 < υ2 <∞, then∫υ2

υ1

(
Λ(ξ)

ξ

)β
dξ 6

(
β

β− 1

)β ∫υ2

υ1

θβ(ξ)dξ, (1.2)
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where

Λ(ξ) =

∫ξ
υ1

θ(η)dη, for all ξ > υ1.

In 2012, Sulaiman [16] proved that if β > 1 and θ > 0 on [υ1,υ2] ⊆ (0,∞), then

β

∫υ2

υ1

(
Λ(ξ)

ξ

)β
dξ 6 (υ2 − υ1)

β

∫υ2

υ1

(
θ(ξ)

ξ

)β
dξ−

∫υ2

υ1

(ξ− υ1)
β

(
θ(ξ)

ξ

)β
dξ. (1.3)

Also, in the same paper [16] Sulaiman proved that if 0 < β < 1, then

β

∫υ2

υ1

(
Λ(ξ)

ξ

)β
dξ >

(
υ2 − υ1

υ2

)β ∫υ2

υ1

(θ(ξ))β dξ−
1

υ
β
2

∫υ2

υ1

(ξ− υ1)
β (θ(ξ))β dξ, (1.4)

where

Λ(ξ) =

∫ξ
υ1

θ(η)dη, ξ ∈ [υ1,υ2].

In 2013, Sroysang [15] generalized the two inequalities (1.3) and (1.4) with another additional param-
eter γ > 0, as follows: let β > 1, and θ > 0 on [υ1,υ2] ⊆ (0,∞). Then

β

∫υ2

υ1

Λβ(ξ)

ξγ
dξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

ξγ
dξ−

∫υ2

υ1

(ξ− υ1)
βθ
β(ξ)

ξγ
dξ. (1.5)

If 0 < β < 1, then

β

∫υ2

υ1

Λβ(ξ)

ξγ
dξ >

(υ2 − υ1)
β

υ
γ
2

∫υ2

υ1

θβ(ξ) dξ−
1
υ
γ
2

∫υ2

υ1

(ξ− υ1)
βθβ(ξ) dξ, (1.6)

where

Λ(ξ) =

∫ξ
υ1

θ(η)dη, ξ ∈ [υ1,υ2].

In 2016, Sroysang et al. [17] generalized the two inequalities (1.5) and (1.6), by replacing ξγ with a
non-decreasing function φγ(ξ), as follows: let β > 1, γ > 0, and θ,φ > 0 on [υ1,υ2] ⊆ (0,∞), with φ be
non-decreasing. Then

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
dξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
dξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
dξ. (1.7)

If 0 < β < 1, then

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
dξ >

(υ2 − υ1)
β

φγ(υ2)

∫υ2

υ1

θβ(ξ) dξ−
1

φγ(υ2)

∫υ2

υ1

(ξ− υ1)
βθβ(ξ) dξ, (1.8)

where

Λ(ξ) =

∫ξ
υ1

θ(η)dη, ξ ∈ [υ1,υ2].

In 2022, Bendaoud et al. [2] established if β < 0, γ > 0, and θ,φ > 0 on [υ1,υ2] ⊆ (0,∞), with φ is
non-decreasing, then

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
dξ 6

(υ2 − υ1)
β

φγ(υ2)

∫υ2

υ1

θβ(ξ) dξ−
1

φγ(υ2)

∫υ2

υ1

(ξ− υ1)
βθβ(ξ) dξ. (1.9)
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Also, in the same paper [2], the authors obtained the above inequalities (1.7), (1.8), and (1.9), with φ is
non-increasing as follows: let β > 1, γ > 0, and θ,φ > 0 on [υ1,υ2] ⊆ (0,∞), with φ be non-increasing.
Then

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
dξ 6

(υ2 − υ1)
β

φγ(υ2)

∫υ2

υ1

θβ(ξ) dξ−
1

φγ(υ2)

∫υ2

υ1

(ξ− υ1)
βθβ(ξ) dξ. (1.10)

If 0 < β < 1, then

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
dξ > (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
dξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
dξ. (1.11)

If β < 0, then

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
dξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
dξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
dξ, (1.12)

where

Λ(ξ) =

∫ξ
υ1

θ(η)dη, for all ξ > υ1.

The calculus of time scales was introduced by Hilger in his Ph.D. to devise a method that might unite
continuous and discrete analysis [8]. More information about the theory of time scales, see [3, 5, 6].

In 2005, Řehák [10] obtained the time scale version of Hardy’s inequality (1.1). In particular, he showed
that if β > 1, θ is a nonnegative function and the delta integral

∫∞
υ1
(θ(η))β∆η exists, then∫∞

υ1

(
1

σ(ξ) − υ1

∫σ(ξ)
υ1

θ(η)∆η

)β
∆ξ <

( β

β− 1

)β ∫∞
υ1

θβ(ξ)∆ξ,

unless θ ≡ 0. If, in addition, µ(ξ)/ξ → 0 as ξ → ∞, then the constant is the best possible. Řehák consid-
ered as the first one generalizes Hardy’s inequality on time scales. After that many authors established
several generalizations of the dynamic Hardy’s inequality. Here we mention papers [11–14].

The goal of this paper is to establish new dynamic inequalities on time scales. Our studies show the
time scales version of inequalities (1.7)-(1.12). Some discrete and integral inequalities are obtained. This
paper is arranged as follows. In Section 2, we cover the fundamental definitions and ideas of calculus on
time scales. In Section 3, we state and prove our main results. In Section 4, we give some examples of our
main results obtained.

2. Preliminaries

Before, we state our main results, let us review some time scales fundamentals. A time scale T is an
arbitrary nonempty closed subset of the set of real numbers R. We define the forward jump operator
σ : T → T by σ(η) := inf{s ∈ T : s > η}, and the graininess function µ : T → [0,∞) for a time scale T

is defined by µ(η) := σ(η) − η. The interval [υ1,υ2] in T is defined by [υ1,υ2]T = {η ∈ T : υ1 6 η 6 υ2},
i.e., [υ1,υ2]T := [υ1,υ2] ∩ T. If θ : T → R is function, then the function θσ : T → R is defined by
θσ(η) = θ(σ(η)), for all η ∈ T, i.e., θσ = θ ◦ σ. For a function θ : T → R, we define θ∆(η) as follows. Let
η ∈ T. If for all ε > 0 there exists a neighborhood U of η with

|(θ(σ(η)) − θ(s)) − θ∆(η)(σ(η) − s)| 6 ε|σ(η) − s)|, for all s ∈ U.

In this case, θ∆(η) is said to be the delta derivative of θ at η and that θ is delta differentiable at η. In
this research we use the delta integral which we may be defined as follows. For υ1,υ2 ∈ T and θ is a
delta differentiable function, Cauchy integral is defined by

∫υ2
υ1
θ∆(η) = θ(υ2) − θ(υ1). An infinite integral

is defined as
∫∞
υ1
θ(η)∆η = limυ2→∞ ∫υ2

υ1
θ(η)∆η. The following key relations between T = R, T = hZ,

T = Z and T = qZ used as special cases of our results.
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If T = R, then

σ(η) = η, θ∆(η) = θ ′(η),
∫υ2

υ1

θ(η)∆η =

∫υ2

υ1

θ(η)dη.

If T = hZ = {η = hk : k ∈ Z}, where h > 0, then

σ(η) = η+ h, θ∆(η) =
θ(η+ h) − θ(η)

h
,

∫υ2

υ1

θ(η)∆η =

υ2
h −1∑
k=

υ1
h

hθ(hk).

If T = Z, then

σ(η) = η+ 1, θ∆(η) = θ(η+ 1) − θ(η),
∫υ2

υ1

θ(η)∆η =

υ2−1∑
η=υ1

θ(η).

If T = qZ = {η = qk : k ∈ Z}∪ {0}, where q > 1, then

σ(η) = qη, θ∆(η) =
θ(qt) − θ(η)

(q− 1)η
,

∫υ2

υ1

θ(η)∆η = (q− 1)
logq υ2−1∑
k=logq υ1

qkθ(qk).

Lemma 2.1 (Chain Rule [5]). Let φ : R → R be a continuous function, φ : T → R be a delta differentiable
function on Tκ, and θ : R → R be a continuously differentiable function. Then there is c in the real interval
[η,σ(η)] such that

(θ ◦φ)∆(η) = θ ′(φ(c))φ∆(η). (2.1)

Lemma 2.2 (Hölder’s Inequality [1, Theorem 1.1.10]). Assume υ1,υ2 ∈ T and θ,φ ∈ Crd([υ1,υ2]T, [0,∞)).
If β > 1 with 1/β+ 1/γ = 1, then

∫υ2

υ1

|θ(η)φ(η)|∆η 6

( ∫υ2

υ1

|θ(η)|β∆η

) 1
β
( ∫υ2

υ1

|φ(η)|γ∆η

) 1
γ

. (2.2)

The inequality (2.2) is reversed if 0 < β < 1 and if β < 0 or γ < 0.

Lemma 2.3 (Fubini’s Theorem [4]). Let θ be bounded and ∆-integrable over R = [u1,u2)× [υ1,υ2) and assume
that the single integrals

X(ξ) =

∫u2

u1

θ(η, ξ)∆η and T(η) =

∫υ2

υ1

θ(η, ξ)∆ξ,

exist for each η ∈ [u1,u2) and for each ξ ∈ [υ1,υ2), respectively. Then the iterated integrals∫u2

u1

∆η

∫υ2

υ1

θ(η, ξ)∆ξ and
∫υ2

υ1

∆ξ

∫u2

u1

θ(η, ξ)∆η,

exist and the equality ∫u2

u1

∆η

∫υ2

υ1

θ(η, ξ)∆ξ =

∫υ2

υ1

∆ξ

∫u2

u1

θ(η, ξ)∆η,

holds.
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3. Main results

Theorem 3.1. Let θ,φ,ω > 0, be ∆-integrable functions over [υ1,υ2]T ⊆ (0,∞), γ > 0 and define

Λ(ξ) :=

∫ξ
υ1

θ(η)∆η, ξ ∈ [υ1,υ2]T. (3.1)

If β > 1, then we have following.

i) Assume φ is non-decreasing, then∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

∫υ2

υ1

θβ(η)ω(η)

φγ(η)

( ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

)
∆η. (3.2)

ii) Assume φ is non-increasing, then∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

1
φγ(υ2)

∫υ2

υ1

θβ(η)ω(η)

( ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

)
∆η. (3.3)

Proof. Utilizing Hölder’s inequality (2.2) and Fubini’s Theorem 2.3 on time scales, we obtain that

i) If φ is non-decreasing, then∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ =

∫υ2

υ1

φ−γ(ξ)

( ∫ξ
υ1

θ(η)ω
1
β (η)

1

ω
1
β (η)

∆η

)β
∆ξ

6
∫υ2

υ1

φ−γ(ξ)

[( ∫ξ
υ1

θβ(η)ω(η)∆η

) 1
β
( ∫ξ

υ1

1

ω
1
β−1 (η)

∆η

)β−1
β
]β
∆ξ

=

∫υ2

υ1

φ−γ(ξ)

( ∫ξ
υ1

θβ(η)ω(η)∆η

)( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

=

∫υ2

υ1

∫ξ
υ1

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆η∆ξ

=

∫υ2

υ1

∆ξ

∫ξ
υ1

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆η

=

∫υ2

υ1

∆η

∫υ2

η

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

6
∫υ2

υ1

φ−γ(η)θβ(η)ω(η)

[ ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

]
∆η.

ii) If φ is non-increasing, then, we proceed as in the proof (i) to obtain that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

∫υ2

υ1

∆η

∫υ2

η

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

6
∫υ2

υ1

φ−γ(υ2)θ
β(η)ω(η)

[ ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

]
∆η.

The proof is complete.
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Corollary 3.2. In Theorem 3.1, if we put ω(η) = 1, inequalities (3.2) and (3.3), respectively, reduce to

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ, (3.4)

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

(υ2 − υ1)
β

φγ(υ2)

∫υ2

υ1

θβ(ξ)∆ξ−
1

φγ(υ2)

∫υ2

υ1

(ξ− υ1)
βθβ(ξ)∆ξ. (3.5)

Proof. By putting ω(η) = 1 in (3.2), we obtain that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

∫υ2

υ1

φ−γ(η)θβ(η)

( ∫υ2

η

(ξ− υ1)
β−1∆ξ

)
∆η. (3.6)

Using chain rule (2.1), there exists c ∈ [ξ,σ(ξ)] such that[
(ξ− υ1)

β
]∆

= β(c− υ1)
β−1 > β(ξ− υ1)

β−1.

This implies

(ξ− υ1)
β−1 6

1
β

[
(ξ− υ1)

β
]∆.

Thus, we have ∫υ2

η

(ξ− υ1)
β−1∆ξ 6

1
β

∫υ2

η

[
(ξ− υ1)

β
]∆
∆ξ =

(υ2 − υ1)
β − (η− υ1)

β

β
. (3.7)

Combining (3.6) and (3.7), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

∫υ2

υ1

φ−γ(η)θβ(η)

(
(υ2 − υ1)

β − (η− υ1)
β

β

)
∆η

=
1
β
(υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(η)
∆η−

1
β

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(η)
∆η,

which is (3.4). Now, by putting ω(η) = 1 in (3.3), we obtain that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

∫υ2

υ1

φ−γ(υ2)θ
β(η)

( ∫υ2

η

(ξ− υ1)
β−1∆ξ

)
∆η. (3.8)

Combining (3.8) and (3.7), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

∫υ2

υ1

φ−γ(υ2)θ
β(η)

(
(υ2 − υ1)

β − (η− υ1)
β

β

)
∆η

=
1
β
(υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(υ2)
∆η−

1
β

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(υ2)
∆η,

which is (3.5). The proof is complete.

Remark 3.3. In Corollary 3.2, if T = R, then, the inequalities (3.4) and (3.5) reduce to inequalities (1.7) and
(1.10), respectively.

Remark 3.4. In Corollary 3.2, if T = R and φ(ξ) = ξ, then, the inequality (3.4) reduces to inequality (1.5).

Corollary 3.5. In Corollary 3.2, setting γ = β, the inequalities (3.4) and (3.5), respectively, reduce to

β

∫υ2

υ1

(
Λ(ξ)

φ(ξ)

)β
∆ξ 6 (υ2 − υ1)

β

∫υ2

υ1

(
θ(ξ)

φ(ξ)

)β
∆ξ−

∫υ2

υ1

(ξ− υ1)
β

(
θ(ξ)

φ(ξ)

)β
∆ξ, (3.9)

β

∫υ2

υ1

(
Λ(ξ)

φ(ξ)

)β
∆ξ 6

(
υ2 − υ1

φ(υ2)

)β ∫υ2

υ1

(θ(ξ))β∆ξ−
1

φβ(υ2)

∫υ2

υ1

(ξ− υ1)
β (θ(ξ))β∆ξ. (3.10)
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Remark 3.6. In Corollary 3.5, if T = R, then, the inequality (3.10) reduces to inequality (16) in [2].

Corollary 3.7. In Corollary 3.5, if φ(ξ) = ξ, then, the inequality (3.9) becomes∫υ2

υ1

(
Λ(ξ)

ξ

)β
∆ξ 6

∫υ2

υ1

(
(υ2 − υ1)

β

βξβ
−

(ξ− υ1)
β

βξβ

)
θβ(ξ)∆ξ

6
∫υ2

υ1

(
(υ2 − υ1)

β

βξβ

)
θβ(ξ)∆ξ

6
∫υ2

υ1

(
(υ2 − υ1)

β

βυ1
β

)
θβ(ξ)∆ξ

6
∫υ2

υ1

(
υ2 − υ1

υ1

)β
θβ(ξ)∆ξ

=

(
υ2 − υ1

υ1

)β ∫υ2

υ1

θβ(ξ)∆ξ.

For T = R, we have ∫υ2

υ1

(
Λ(ξ)

ξ

)β
dξ 6

(
υ2 − υ1

υ1

)β ∫υ2

υ1

θβ(ξ)dξ,

which is similar to Levinson inequality (1.2) with the constant
(
υ2−υ1
υ1

)β
.

Remark 3.8. In Corollary 3.5, if T = R and φ(ξ) = ξ, then, the inequality (3.9) reduces to inequality (1.3).

Corollary 3.9. In Corollary 3.2, if T = hZ, h > 0, then, the inequalities (3.4) and (3.5), respectively, reduce to

• if φ is non-decreasing, then

β

υ2
h −1∑
τ=

υ1
h

Λβ(hτ)

φγ(hτ)
6 (υ2 − υ1)

β

υ2
h −1∑
τ=

υ1
h

θβ(hτ)

φγ(hτ)
−

υ2
h −1∑
τ=

υ1
h

(hτ− υ1)
β θ

β(hτ)

φγ(hτ)
;

• if φ is non-increasing, then

β

υ2
h −1∑
τ=

υ1
h

Λβ(hτ)

φγ(hτ)
6

(υ2 − υ1)
β

φγ(υ2)

υ2
h −1∑
τ=

υ1
h

θβ(hτ) −
1

φγ(υ2)

υ2
h −1∑
τ=

υ1
h

(hτ− υ1)
βθβ(hτ),

where

Λ(hτ) =

τ−1∑
k=

υ1
h

hθ(hk), for all τ > υ1.

Corollary 3.10. In Corollary 3.2, if T = qZ, q > 1, then, the inequalities (3.4) and (3.5), respectively, reduce to

• if φ is non-decreasing, then

β

logq υ2−1∑
τ=logq υ1

qτ
Λβ(qτ)

φγ(qτ)
6 (υ2 − υ1)

β

logq υ2−1∑
τ=logq υ1

qτ
θβ(qτ)

φγ(qτ)
−

logq υ2−1∑
τ=logq υ1

qτ(qτ − υ1)
β θ

β(qτ)

φγ(qτ)
;
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• if φ is non-increasing, then

β

logq υ2−1∑
τ=logq υ1

qτ
Λβ(qτ)

φγ(qτ)
6

(υ2 − υ1)
β

φγ(υ2)

logq υ2−1∑
τ=logq υ1

qτθβ(qτ) −
1

φγ(υ2)

logq υ2−1∑
τ=logq υ1

qτ(qτ − υ1)
βθβ(qτ),

where

Λ(qτ) = (q− 1)
τ−1∑

k=logq υ1

qkθ(qk), for all τ > υ1.

Theorem 3.11. Let θ,φ,ω > 0, be ∆-integrable functions over [υ1,υ2]T ⊆ (0,∞), γ > 0 and Λ(ξ) be defined as
in (3.1). If β < 1, then we have

i) assume φ is non-decreasing, then∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

1
φγ(υ2)

∫υ2

υ1

θβ(η)ω(η)

( ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

)
∆η; (3.11)

ii) assume φ is non-increasing, then∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

θβ(η)ω(η)

φγ(η)

( ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

)
∆η. (3.12)

Proof. Utilizing reversed Hölder’s inequality (2.2) and Fubini’s Theorem 2.3 on time scales, we get that

i) if φ is non-decreasing, then∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ =

∫υ2

υ1

φ−γ(ξ)

( ∫ξ
υ1

θ(η)ω
1
β (η)

1

ω
1
β (η)

∆η

)β
∆ξ

>
∫υ2

υ1

φ−γ(ξ)

[( ∫ξ
υ1

θβ(η)ω(η)∆η

) 1
β
( ∫ξ

υ1

1

ω
1
β−1 (η)

∆η

)β−1
β
]β
∆ξ

=

∫υ2

υ1

φ−γ(ξ)

( ∫ξ
υ1

θβ(η)ω(η)∆η

)( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

=

∫υ2

υ1

∫ξ
υ1

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆η∆ξ

=

∫υ2

υ1

∆ξ

∫ξ
υ1

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆η

=

∫υ2

υ1

∆η

∫υ2

η

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

>
∫υ2

υ1

φ−γ(υ2)θ
β(η)ω(η)

[ ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

]
∆η;

ii) if φ is non-increasing, then, we proceed as in the proof (i) to obtain that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

∆η

∫υ2

η

φ−γ(ξ)θβ(η)ω(η)

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

>
∫υ2

υ1

φ−γ(η)θβ(η)ω(η)

[ ∫υ2

η

( ∫ξ
υ1

1

ω
1
β−1 (η)

∆η

)β−1

∆ξ

]
∆η.
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The proof is complete.

In the following, we have concluded some corollaries and remarks on the previous Theorem 3.11 with
the condition 0 < β < 1.

Corollary 3.12. In Theorem 3.11, in the case 0 < β < 1, if we put ω(η) = 1, inequalities (3.11) and (3.12),
respectively, reduce to

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

(υ2 − υ1)
β

φγ(υ2)

∫υ2

υ1

θβ(ξ)∆ξ−
1

φγ(υ2)

∫υ2

υ1

(ξ− υ1)
βθβ(ξ)∆ξ, (3.13)

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ > (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ. (3.14)

Proof. By putting ω(η) = 1 in (3.11), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(υ2)θ
β(η)

( ∫υ2

η

(ξ− υ1)
β−1∆ξ

)
∆η. (3.15)

Using chain rule (2.1), there exists c ∈ [ξ,σ(ξ)] such that[
(ξ− υ1)

β
]∆

= β(c− υ1)
β−1 6 β(ξ− υ1)

β−1.

This implies

(ξ− υ1)
β−1 >

1
β

[
(ξ− υ1)

β
]∆.

Thus ∫υ2

η

(ξ− υ1)
β−1∆ξ >

1
β

∫υ2

η

[
(ξ− υ1)

β
]∆
∆ξ =

(υ2 − υ1)
β − (η− υ1)

β

β
. (3.16)

Combining (3.15) and (3.16), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(υ2)θ
β(η)

(
(υ2 − υ1)

β − (η− υ1)
β

β

)
∆η

=
1
β
(υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(υ2)
∆η−

1
β

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(υ2)
∆η,

which is (3.13). Now, by putting ω(η) = 1 in (3.12), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(η)θβ(η)

( ∫υ2

η

(ξ− υ1)
β−1∆ξ

)
∆η. (3.17)

Combining (3.17) and (3.16), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(η)θβ(η)

(
(υ2 − υ1)

β − (η− υ1)
β

β

)
∆η

=
1
β
(υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(η)
∆η−

1
β

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(η)
∆η,

which is (3.14). The proof is complete.

Remark 3.13. In Corollary 3.12, if T = R, then, the inequalities (3.13) and (3.14) reduce to inequalities (1.8)
and (1.11), respectively.
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Remark 3.14. In Corollary 3.12, if T = R and φ(ξ) = ξ, then, the inequality (3.13) reduces to inequality
(1.6).

Corollary 3.15. In Corollary 3.12, setting γ = β, the inequalities (3.13) and (3.14), respectively, reduce to

β

∫υ2

υ1

(
Λ(ξ)

φ(ξ)

)β
∆ξ >

(
υ2 − υ1

φ(υ2)

)β ∫υ2

υ1

(θ(ξ))β∆ξ−
1

φβ(υ2)

∫υ2

υ1

(ξ− υ1)
β (θ(ξ))β∆ξ, (3.18)

β

∫υ2

υ1

(
Λ(ξ)

φ(ξ)

)β
∆ξ > (υ2 − υ1)

β

∫υ2

υ1

(
θ(ξ)

φ(ξ)

)β
∆ξ−

∫υ2

υ1

(ξ− υ1)
β

(
θ(ξ)

φ(ξ)

)β
∆ξ. (3.19)

Remark 3.16. In Corollary 3.15, if T = R, then, the inequality (3.19) reduces to inequality (17) in [2].

Remark 3.17. In Corollary 3.15, if T = R and φ(ξ) = ξ, then, the inequality (3.18) reduces to inequality
(1.4).

Corollary 3.18. In Corollary 3.12, if T = hZ, h > 0, then, the inequalities (3.13) and (3.14), respectively, reduce
to

• if φ is non-decreasing, then

β

υ2
h −1∑
τ=

υ1
h

Λβ(hτ)

φγ(hτ)
>

(υ2 − υ1)
β

φγ(υ2)

υ2
h −1∑
τ=

υ1
h

θβ(hτ) −
1

φγ(υ2)

υ2
h −1∑
τ=

υ1
h

(hτ− υ1)
βθβ(hτ);

• if φ is non-increasing, then

β

υ2
h −1∑
τ=

υ1
h

Λβ(hτ)

φγ(hτ)
> (υ2 − υ1)

β

υ2
h −1∑
τ=

υ1
h

θβ(hτ)

φγ(hτ)
−

υ2
h −1∑
τ=

υ1
h

(hτ− υ1)
β θ

β(hτ)

φγ(hτ)
,

where

Λ(hτ) =

τ−1∑
k=

υ1
h

hθ(hk), for all τ > υ1.

Corollary 3.19. In Corollary 3.12, if T = qZ, q > 1, then, the inequalities (3.13) and (3.14), respectively, reduce
to

• if φ is non-decreasing, then

β

logq υ2−1∑
τ=logq υ1

qτ
Λβ(qτ)

φγ(qτ)
>

(υ2 − υ1)
β

φγ(υ2)

logq υ2−1∑
τ=logq υ1

qτθβ(qτ) −
1

φγ(υ2)

logq υ2−1∑
τ=logq υ1

qτ(qτ − υ1)
βθβ(qτ);

• if φ is non-increasing, then

β

logq υ2−1∑
τ=logq υ1

qτ
Λβ(qτ)

φγ(qτ)
> (υ2 − υ1)

β

logq υ2−1∑
τ=logq υ1

qτ
θβ(qτ)

φγ(qτ)
−

logq υ2−1∑
τ=logq υ1

qτ(qτ − υ1)
β θ

β(qτ)

φγ(qτ)
,

where

Λ(qτ) = (q− 1)
τ−1∑

k=logq υ1

qkθ(qk), for all τ > υ1.
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Also, in the following, we have concluded some corollaries and remarks on the Theorem 3.11, but with
the condition β < 0.

Corollary 3.20. In Theorem 3.11, in the case β < 0, if we putω(η) = 1, inequalities (3.11) and (3.12), respectively,
reduce to

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6

(υ2 − υ1)
β

φγ(υ2)

∫υ2

υ1

θβ(ξ)∆ξ−
1

φγ(υ2)

∫υ2

υ1

(ξ− υ1)
βθβ(ξ)∆ξ, (3.20)

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ. (3.21)

Proof. By putting ω(η) = 1 in (3.11), we clarify that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(υ2)θ
β(η)

( ∫υ2

η

(ξ− υ1)
β−1∆ξ

)
∆η. (3.22)

Using chain rule (2.1), there exists c ∈ [ξ,σ(ξ)] such that[
(ξ− υ1)

β
]∆

= β(c− υ1)
β−1 > β(ξ− υ1)

β−1.

This implies

(ξ− υ1)
β−1 >

1
β

[
(ξ− υ1)

β
]∆.

Thus ∫υ2

η

(ξ− υ1)
β−1∆ξ >

1
β

∫υ2

η

[
(ξ− υ1)

β
]∆
∆ξ =

(υ2 − υ1)
β − (η− υ1)

β

β
. (3.23)

Combining (3.22) and (3.23), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(υ2)θ
β(η)

(
(υ2 − υ1)

β − (η− υ1)
β

β

)
∆η

=
1
β
(υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(υ2)
∆η−

1
β

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(υ2)
∆η.

This leads to

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(υ2)
∆η−

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(υ2)
∆η,

which is (3.20). Now, by putting ω(η) = 1 in (3.12), we clarify that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(η)θβ(η)

( ∫υ2

η

(ξ− υ1)
β−1∆ξ

)
∆η. (3.24)

Combining (3.24) and (3.23), we get that∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ >

∫υ2

υ1

φ−γ(η)θβ(η)

(
(υ2 − υ1)

β − (η− υ1)
β

β

)
∆η

=
1
β
(υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(η)
∆η−

1
β

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(η)
∆η.

This leads to

β

∫υ2

υ1

Λβ(ξ)

φγ(ξ)
∆ξ 6 (υ2 − υ1)

β

∫υ2

υ1

θβ(η)

φγ(η)
∆η−

∫υ2

υ1

(η− υ1)
β θ

β(η)

φγ(η)
∆η,

which is the required inequality (3.21). The proof is complete.
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Remark 3.21. In Corollary 3.20, if T = R, then, the inequalities (3.20) and (3.21) reduce to inequalities (1.9)
and (1.12), respectively.

Corollary 3.22. In Corollary 3.20, setting γ = β, the inequalities (3.20) and (3.21), respectively, reduce to

β

∫υ2

υ1

(
Λ(ξ)

φ(ξ)

)β
∆ξ 6

(
υ2 − υ1

φ(υ2)

)β ∫υ2

υ1

(θ(ξ))β∆ξ−
1

φβ(υ2)

∫υ2

υ1

(ξ− υ1)
β (θ(ξ))β∆ξ,

β

∫υ2

υ1

(
Λ(ξ)

φ(ξ)

)β
∆ξ 6 (υ2 − υ1)

β

∫υ2

υ1

(
θ(ξ)

φ(ξ)

)β
∆ξ−

∫υ2

υ1

(ξ− υ1)
β

(
θ(ξ)

φ(ξ)

)β
∆ξ.

Corollary 3.23. In Corollary 3.20, if T = hZ, h > 0, then, the inequalities (3.20) and (3.21), respectively, reduce
to

• if φ is non-decreasing, then

β

υ2
h −1∑
τ=

υ1
h

Λβ(hτ)

φγ(hτ)
6

(υ2 − υ1)
β

φγ(υ2)

υ2
h −1∑
τ=

υ1
h

θβ(hτ) −
1

φγ(υ2)

υ2
h −1∑
τ=

υ1
h

(hτ− υ1)
βθβ(hτ);

• if φ is non-increasing, then

β

υ2
h −1∑
τ=

υ1
h

Λβ(hτ)

φγ(hτ)
6 (υ2 − υ1)

β

υ2
h −1∑
τ=

υ1
h

θβ(hτ)

φγ(hτ)
−

υ2
h −1∑
τ=

υ1
h

(hτ− υ1)
β θ

β(hτ)

φγ(hτ)
,

where

Λ(hτ) =

τ−1∑
k=

υ1
h

hθ(hk), for all τ > υ1.

Corollary 3.24. In Corollary 3.20, if T = qZ, q > 1, then, the inequalities (3.20) and (3.21), respectively, reduce
to

• if φ is non-decreasing, then

β

logq υ2−1∑
τ=logq υ1

qτ
Λβ(qτ)

φγ(qτ)
6

(υ2 − υ1)
β

φγ(υ2)

logq υ2−1∑
τ=logq υ1

qτθβ(qτ) −
1

φγ(υ2)

logq υ2−1∑
τ=logq υ1

qτ(qτ − υ1)
βθβ(qτ);

• if φ is non-increasing, then

β

logq υ2−1∑
τ=logq υ1

qτ
Λβ(qτ)

φγ(qτ)
6 (υ2 − υ1)

β

logq υ2−1∑
τ=logq υ1

qτ
θβ(qτ)

φγ(qτ)
−

logq υ2−1∑
τ=logq υ1

qτ(qτ − υ1)
β θ

β(qτ)

φγ(qτ)
,

where

Λ(qτ) = (q− 1)
τ−1∑

k=logq υ1

qkθ(qk), for all τ > υ1.
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4. Examples

In this section, we give some examples to illustrate our results obtained.

Example 4.1. Define functions θ,φ : [υ1,υ2]T → R by θ(η) = 1 and φ(ξ) = 1. Then θ,φ > 0 and φ is
non-decreasing. Applying Corollary 3.2 with β = 2 and γ = 2, the left side of (3.4) becomes

β

∫υ2

υ1

1
φγ(ξ)

(∫ξ
υ1

θ(η)∆η

)β
∆ξ = 2

∫υ2

υ1

(∫ξ
υ1

∆η

)2

∆ξ = 2
∫υ2

υ1

(ξ− υ1)
2∆ξ. (4.1)

Using chain rule (2.1), there exists c ∈ [ξ,σ(ξ)] such that[
(ξ− υ1)

3]∆ = 3(c− υ1)
2 > 3(ξ− υ1)

2.

This implies

2
∫υ2

υ1

(ξ− υ1)
2∆ξ 6

2
3

∫υ2

υ1

[
(ξ− υ1)

3]∆∆ξ =
2
3
(υ2 − υ1)

3. (4.2)

Combining (4.1) and (4.2), we find that the left side of (3.4) is as follows

β

∫υ2

υ1

1
φγ(ξ)

(∫ξ
υ1

θ(η)∆η

)β
∆ξ 6

2
3
(υ2 − υ1)

3. (4.3)

For the right side of (3.4), we have

(υ2 − υ1)
β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ = (υ2 − υ1)

2
∫υ2

υ1

∆ξ−

∫υ2

υ1

(ξ− υ1)
2∆ξ

= (υ2 − υ1)
2(υ2 − υ1) −

∫υ2

υ1

(ξ− υ1)
2∆ξ

= (υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ.

(4.4)

Using chain rule (2.1), we have∫υ2

υ1

(ξ− υ1)
2∆ξ 6

1
3

∫υ2

υ1

[
(ξ− υ1)

3]∆∆ξ =
1
3
(υ2 − υ1)

3. (4.5)

This implies

−

∫υ2

υ1

(ξ− υ1)
2∆ξ > −

1
3
(υ2 − υ1)

3,

(υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ > (υ2 − υ1)

3 −
1
3
(υ2 − υ1)

3,

(υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ >

2
3
(υ2 − υ1)

3.

(4.6)

Also, from (4.5), since 1
3(υ2 − υ1)

3 6 (υ2 − υ1)
3, we have∫υ2

υ1

(ξ− υ1)
2∆ξ 6 (υ2 − υ1)

3.
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Since
∫υ2
υ1
(ξ− υ1)

2∆ξ is nonnegative, then

(υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ 6 (υ2 − υ1)

3. (4.7)

Combining (4.4), (4.6), and (4.7), we find that the right side of (3.4) is as follows

2
3
(υ2 − υ1)

3 6 (υ2 − υ1)
β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ 6 (υ2 − υ1)

3. (4.8)

So, it is clear from (4.3) and (4.8) that they confirm the result described by (3.4) in Corollary 3.2.

Example 4.2. Define functions θ,φ : [υ1,υ2]T → R by θ(η) = η− υ1 and φ(ξ) = ξ− υ1. Then θ,φ > 0 and
φ is non-decreasing. Applying Corollary 3.2 with β = 2 and γ = 2, the left side of (3.4) becomes

β

∫υ2

υ1

1
φγ(ξ)

(∫ξ
υ1

θ(η)∆η

)β
∆ξ = 2

∫υ2

υ1

1
(ξ− υ1)2

(∫ξ
υ1

(η− υ1)∆η

)2

∆ξ. (4.9)

Using chain rule (2.1), there exists c ∈ [η,σ(η)] such that[
(η− υ1)

2]∆ = 2(c− υ1) > 2(η− υ1).

This implies ∫ξ
υ1

(η− υ1)∆η 6
1
2

∫ξ
υ1

[
(η− υ1)

2]∆∆η =
1
2
(ξ− υ1)

2. (4.10)

Combining (4.9) and (4.10), we have

β

∫υ2

υ1

1
φγ(ξ)

(∫ξ
υ1

θ(η)∆η

)β
∆ξ 6 2

∫υ2

υ1

1
(ξ− υ1)2

(
(ξ− υ1)

2

2

)2

∆ξ =
1
2

∫υ2

υ1

(ξ− υ1)
2∆ξ. (4.11)

Using chain rule (2.1), there exists c ∈ [ξ,σ(ξ)] such that[
(ξ− υ1)

3]∆ = 3(c− υ1)
2 > 3(ξ− υ1)

2.

This implies

1
2

∫υ2

υ1

(ξ− υ1)
2∆ξ 6

1
6

∫υ2

υ1

[
(ξ− υ1)

3]∆∆ξ =
1
6
(υ2 − υ1)

3. (4.12)

Combining (4.11) and (4.12), we find that the left side of (3.4) is as follows

β

∫υ2

υ1

1
φγ(ξ)

(∫ξ
υ1

θ(η)∆η

)β
∆ξ 6

1
6
(υ2 − υ1)

3. (4.13)

For the right side of (3.4), we have

(υ2 − υ1)
β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ

= (υ2 − υ1)
2
∫υ2

υ1

(ξ− υ1)
2

(ξ− υ1)2∆ξ−

∫υ2

υ1

(ξ− υ1)
2 (ξ− υ1)

2

(ξ− υ1)2∆ξ

= (υ2 − υ1)
2
∫υ2

υ1

∆ξ−

∫υ2

υ1

(ξ− υ1)
2∆ξ

= (υ2 − υ1)
2(υ2 − υ1) −

∫υ2

υ1

(ξ− υ1)
2∆ξ = (υ2 − υ1)

3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ.

(4.14)
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Using chain rule (2.1), we have∫υ2

υ1

(ξ− υ1)
2∆ξ 6

1
3

∫υ2

υ1

[
(ξ− υ1)

3]∆∆ξ =
1
3
(υ2 − υ1)

3. (4.15)

This implies

−

∫υ2

υ1

(ξ− υ1)
2∆ξ > −

1
3
(υ2 − υ1)

3,

(υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ > (υ2 − υ1)

3 −
1
3
(υ2 − υ1)

3,

(υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ >

2
3
(υ2 − υ1)

3.

(4.16)

Also, from (4.15), since 1
3(υ2 − υ1)

3 6 (υ2 − υ1)
3, we have∫υ2

υ1

(ξ− υ1)
2∆ξ 6 (υ2 − υ1)

3.

Since
∫υ2
υ1
(ξ− υ1)

2∆ξ is nonnegative, then

(υ2 − υ1)
3 −

∫υ2

υ1

(ξ− υ1)
2∆ξ 6 (υ2 − υ1)

3. (4.17)

Combining (4.14), (4.16), and (4.17), we find that the right side of (3.4) is as follows

2
3
(υ2 − υ1)

3 6 (υ2 − υ1)
β

∫υ2

υ1

θβ(ξ)

φγ(ξ)
∆ξ−

∫υ2

υ1

(ξ− υ1)
β θ

β(ξ)

φγ(ξ)
∆ξ 6 (υ2 − υ1)

3. (4.18)

So, it is clear from (4.13) and (4.18) that they confirm (3.4) in Corollary 3.2.

5. Conclusion

In the present article, using of the time scales version of the chain rule, Fubini’s theorem, and Hölder’s
inequality, we have successfully obtained some new dynamic inequalities. The proven dynamic inequali-
ties show the time scales version of inequalities similar to Hardy’s inequality. Future work might involve
studying different generalizations of inequalities similar to Hardy’s inequality utilizing the results demon-
strated in this article.
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