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Abstract

In this article, we prove some new inequalities similar to Hardy’s inequality on time scales. The results as special cases
contain integral inequalities similar to Hardy’s inequality and contain discrete inequalities. Our main results are established by
using chain rule, Holder inequality, and some properties of multiple integrals on time scales. Furthermore, some applications
and examples are given to illustrate the investigated results.
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1. Introduction

In a note published in 1925, Hardy [7] proved that if 3 > 1, 0 is a nonnegative integrable function on
(0,&) and 6P is integrable and convergent on (0, c0), then

* (AE)NF B)B * o8
| < : ) da<(ﬁ_1 | orera, 1

where ¢
A(E) = J O(n)dn, forall & > 0.
0
Furthermore, the constant (8/(B —1))P is the best possible.
In 1964, Levinson [9] proved the inequality (1.1) on a finite interval [v1, V2] as follows. If 3 > 1 and
0 > 0 with 0 < V] < V3 < 00, then

v2 L A(E) B B B ruz 6
Ll( : ) az < (B_1> Lle (£)dE, (1.2)

*Corresponding author
Email address: wafy.211@azhar.edu.eg (Wafy M. Hasan)

doi: 10.22436/jmcs.032.03.05
Received: 2023-01-01 Revised: 2023-05-13  Accepted: 2023-08-02


http://dx.doi.org/10.22436/jmcs.032.03.05
http://dx.doi.org/10.22436/jmcs.032.03.05
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.032.03.05&domain=pdf

W. M. Hasan, et al., J]. Math. Computer Sci., 32 (2024), 241-256 242

where

£
/\(E,):J 0(m)dn, forall & > vs.

L1

In 2012, Sulaiman [16] proved that if > 1 and 6 > 0 on [vy,v2] C (0, 0), then

V2 & it B v B
8 (5) ax<tm—ont [T (5E) an- [T (B2 e 13)
Also, in the same paper [16] Sulaiman proved that if 0 < 3 < 1, then
v (AP <v2—v1>ﬁ v2 8 1 (v 5 6
> di — — — 0 dé, 14
). (5) aex () ], @ e g [ Me et )P e (1.4

where
3

A(E) =J om)dn, &€ [vy,val.

L1

In 2013, Sroysang [15] generalized the two inequalities (1.3) and (1.4) with another additional param-
eter y > 0, as follows: let 3 > 1, and 0 > 0 on [vq,v2] C (0, 00). Then

V2 AB v2 g V2 on
B Faar< amwn? | Star [ M-t an (15)
If0<p <1, then
V2 AP (E) (v —vp)P [¥2 B 1 BaB
B Fpaez PP | e an | e -vPee) e (16)

where
3

A(E) :J O(m)dn, &€ vy, vl
vy

In 2016, Sroysang et al. [17] generalized the two inequalities (1.5) and (1.6), by replacing &Y with a
non-decreasing function ¢ (&), as follows: let 3 > 1,y > 0, and 6,$ > 0 on [vy,v2] C (0,00), with ¢ be
non-decreasing. Then

V) B v2 AR Vo
I L L I i a2
If0< p <1, then
v2 AB(§) (L2 —v1)P V2 B 1 Y \Bab
BL (0% ) Lle )46 v o) L(E on)PORE) e 9

where

&
A(E) =J o(m)dn, & € for,val.

V1

In 2022, Bendaoud et al. [2] established if 3 < 0, v > 0, and 6,¢ > 0 on [v1,V3] C (0,0), with ¢ is
non-decreasing, then

v2 AB(E) (V2 —vq)P 22 B 1 2 _1.)1BgB
b, S oo, O 8 ey, (e ePe 2 -
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Also, in the same paper [2], the authors obtained the above inequalities (1.7), (1.8), and (1.9), with ¢ is
non-increasing as follows: let $ > 1, y > 0, and 6,¢ > 0 on [v,v2] C (0, c0), with ¢ be non-increasing.

Then
V2 /\f’ _ B rv2 1 Uy
BJ ¢V((gdg’<(vdzﬂ($)) J eﬁ(a)da_dﬁ/(vz)J’ (£—v1)PoP(g) e (1.10)
If0< B <1, then
vy /\B(E, B 5 rv2 GB(E) B rU2 B [36 (E,)
BJU] dﬂ(&)da%vz V1) . clﬂ(a)d‘(” wl(& v1) o7 (&)d‘t”' (1.11)
If B <0, then ; .
V2 AP(§) B 8 V2 9B (§) B rL2 [59 (£)
Bm ¢y(£)d5§(v2 V1) ., dﬂ(i)da wl(a V1) o7 (a)da, (1.12)

where ¢
A(E) = J 0(m)dn, forall & > vs.

The calculus of time scales was introduced by Hilger in his Ph.D. to devise a method that might unite
continuous and discrete analysis [8]. More information about the theory of time scales, see [3, 5, 6].

In 2005, Rehak [10] obtained the time scale version of Hardy’s inequality (1.1). In particular, he showed
that if § > 1, 0 is a nonnegative function and the delta integral flofi (8(1))P An exists, then

[ (g [} oman) e« (52)° [ vteiae

L1

unless 0 = 0. If, in addition, n(&)/& — 0 as & — oo, then the constant is the best possible. Rehak consid-
ered as the first one generalizes Hardy’s inequality on time scales. After that many authors established
several generalizations of the dynamic Hardy’s inequality. Here we mention papers [11-14].

The goal of this paper is to establish new dynamic inequalities on time scales. Our studies show the
time scales version of inequalities (1.7)-(1.12). Some discrete and integral inequalities are obtained. This
paper is arranged as follows. In Section 2, we cover the fundamental definitions and ideas of calculus on
time scales. In Section 3, we state and prove our main results. In Section 4, we give some examples of our
main results obtained.

2. Preliminaries

Before, we state our main results, let us review some time scales fundamentals. A time scale T is an
arbitrary nonempty closed subset of the set of real numbers R. We define the forward jump operator
0: T — T by on) :=inf{s € T : s > n}, and the graininess function p : T — [0, 00) for a time scale T
is defined by p(n) := o(n) —n. The interval [v,v;] in T is defined by [V, Volr =M € T: v <1 < vy},
ie, [y, vt = v,V NT. If 6 : T — R is function, then the function 6° : T — R is defined by
0°(m) = 0(o(n)), forallm € T, i.e.,, 0° = B o 0. For a function 8 : T — R, we define 62 (1) as follows. Let
n € T. If for all € > 0 there exists a neighborhood U of n with

(8(0(n)) —6(s)) —04(M)(o(n) —s)| < elo(n) —s)|, forall seU.

In this case, 82(n) is said to be the delta derivative of 8 at j and that 0 is delta differentiable at 1. In
this research we use the delta integral which we may be defined as follows. For vi,v2 € T and 0 is a
delta differentiable funct10n Cauchy integral is defined by fvz 024(n) = 0(v2) —0(v1). An infinite integral

is defined as J‘Ul O(M)An = limy, 00 jﬁf 0(n)An. The following key relations between T = R, T = hZ,

T=Zand T = ¢2 used as special cases of our results.
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If T =1, then

%2
Om+h)—0 vz 3
otn) =n-+h, 03 = LERZE [ Fopan— 3 hoi).
V1 Yy
~h
If T=2Z, then
V) U271
o) =n+1, 03 =8n+1)-0(n), | elman= Y o)
v1 n=v1
If T =qZ ={n=q*: ke Z U0}, where q > 1, then
log,vo—1
O(qt)—0 v2
ot =an, 04 = =0 [Fopman=(q-1) Y q¥o(q")
(q_ )n V1 k:lquvl

Lemma 2.1 (Chain Rule [5]). Let ¢ : R — R be a continuous function, ¢ : T — R be a delta differentiable
function on T*, and ® : R — R be a continuously differentiable function. Then there is c in the real interval
I, o(n)] such that

(80 d)*(m) = 0'(d(c))d*(n). (2.1)

Lemma 2.2 (Holder’s Inequality [1, Theorem 1.1.10]). Assume v1,v2 € T and 0, € Crq([v1, V2T, [0, 00)).
If>1withl/B+1/y =1, then

1 1

vy V) 7 V) ¥
| |e(n)¢(n)|An<<J Ie(n)BAn> (j |¢(n)|mn> . 22)

V1 V1 V1
The inequality (2.2) is reversed if 0 < 3 < land if 3 <0ory <O0.

Lemma 2.3 (Fubini’s Theorem [4]). Let 6 be bounded and A-integrable over R = [ug,up) X [v1,V2) and assume
that the single integrals
up

X(E) = J o, &)An  and T(n)ZJZG(n,E)Aé,

uq V1
exist for eachm € [uy, up) and for each & € [v1,v2), respectively. Then the iterated integrals
Uy Vo V2 wo
[Fan|Tomeiae  ana  [Tacom e
uq V1 V1 uq

exist and the equality
Uy Vo V2 up
| “an| "omeae = " ac | om cian,

uq V1 V1 up

holds.
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3. Main results
Theorem 3.1. Let 0, d, w > 0, be A-integrable functions over [v1, V2l C (0, 00), ¥ > 0 and define
g
Ale) = | Biman, €€ oy valr. G.1)
v
If B > 1, then we have following.
i) Assume & is non-decreasing, then
o2 AP(E) »2 08 () w(n) < vt P
A€ < J J (J A > AE)A 3.2
Jvl $Y (&) V1 dY(n) n V1 wﬁ(n) " " (3.2)
ii) Assume & is non-increasing, then
vy A[ﬁ(&) 1 JUZ < Vo < & 1 p—1
AE < L J J A > A )A ) 3.3
Ll 102 < oo |, (| (] o an)ac)an (33)
Proof. Utilizing Holder’s inequality (2.2) and Fubini’s Theorem 2.3 on time scales, we obtain that
i) If ¢ is non-decreasing, then
V) /\B rv2 I3 1 1 B
| e ae - dﬂ(a)(j B(n) w# (n) — An) AE
v, ¢ (Ev) Ju, vy wBh (T])
193 g B g 1 % B
< cb—wa)[(j eﬁ(n)w(nmn> <J = An) } AE
Ju, vy v WBET(N)
rv2 g £ 1 p—1
= ¢Y(E)<J GB(an(n)An> <J — An) A%
Ju, vy v BT (n)
rvo g 3 1 p—1
=[7[ oot mem (j = An> AnAL
Juy Jug v BT (1'])
rv2 g g 1 p—1
= [Tae] oo msm (J - An) An
Juy v v1 WBT(n)
fL2 1) E, 1 Bfl
=" ¢_V(E)9'5(n)w(n)<J = An) AE
Juy n v WBET(n)
Vo V) & 1 p—1
< wm)eﬁm)wm)u (J L An> A&]An-
Juy n v WBT(n)
ii) If ¢ is non-increasing, then, we proceed as in the proof (i) to obtain that
v2 AB (&) V2 v2 g 1 p-1
J Y AE,SJ AnJ ¢‘Y(E)9‘5(n)w(n)<J 1 An) Ag,
V1 $Y (&) V1 n v wFT(n)
V2 V2 & 1 p—1
<| cb—V(vz)eﬁ(n)w(n)H <J = An) AE]AT]-
vy n v wh-1(n)
The proof is complete. O
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Corollary 3.2. In Theorem 3.1, if we put w(n) = 1, inequalities (3.2) and (3.3), respectively, reduce to
V2 AP (E) V2 0P (&) vz 6P (&)
AE < (vy— BJ A—J —vq)P AE, 3.4
B, grieyae < e v | Tgraes | e-untaas G4
v2 AB () (L —v1)P JUZ B 1 JUZ BB
AE < 0 A& — — 0 AE. 3.5
B, A < v, 088 g | (e -untoteiae )
Proof. By putting w(n) =1 in (3.2), we obtain that
V2 /\B(E) Jvz B < v B
AE < Y(n)eP J - BlA)A. 3.6
L] GroAe < | o mePe (| e —vnPtasan (3.6)
Using chain rule (2.1), there exists ¢ € [§, 0(&)] such that
[(E=v1)P]% = Ble—v1)P 7! > ple—v)P L.
This implies
1
(& 0P < Slle—vn)?] "
Thus, we have
V2 V2 _ B_(n— B
J (&—v1)P1AE < 1J (6 —vy)P]2ag = L2 —m—v)® (3.7)
n S B
Combining (3.6) and (3.7), we get that
V2 AP () JUZ _ ((UZ—Ul)ﬁ—(n_Ul)B>
AE < Y(n)eb A
Ll A< e merm ; n
1 BJ"Z 0F (n) 1 JUZ g 0P ()
= —(vy— An— — — ,
B L e B ), T e
which is (3.4). Now, by putting w(n) =1 in (3.3), we obtain that
V2 /\fi(g) Jvz B < V2 -
AE < Y (vy)0P J — BlA)A. 3.8
Ll PO < | oo (| e —vnPta Jan (38)
Combining (3.8) and (3.7), we get that
V2 AP(E) Jvz . <(U2—U1)B—(H—U1)B>
AE < Y(vp)0P A
Ll L L) ; n
1 rsrz 0%m) _1r2 e 8Pm
B2 e B ), T v
which is (3.5). The proof is complete. O

Remark 3.3. In Corollary 3.2, if T = IR, then, the inequalities (3.4) and (3.5) reduce to inequalities (1.7) and

(1.10), respectively.

Remark 3.4. In Corollary 3.2, if T = R and ¢(&) = &, then, the inequality (3.4) reduces to inequality (1.5).

Corollary 3.5. In Corollary 3.2, setting v = 3, the inequalities (3.4) and (3.5), respectively, reduce to
o2 A(&))B Brz <e(a)>ﬁ J“z B<e(a)>ﬁ
2250 ) AL < (vp— —=1) AE— - —51) AE,
o, (5ry) e ommw | (Grgg) e[ e—w? () e

V) @ B vz_v1>f5 vy N _# vy - ; ;
BLl <¢(E)) A‘£<<¢(v2) Ll (0(&))" AL P (vy) Ll(i v1)” (0(&))" AE.

(3.9)

(3.10)
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Remark 3.6. In Corollary 3.5, if T = IR, then, the inequality (3.10) reduces to inequality (16) in [2].

Corollary 3.7. In Corollary 3.5, if (&) = &, then, the inequality (3.9) becomes

%)) /\ B — |3 f’
[, (°) Aﬁs (g g e
UQ—U1
< A
<d St ) B(e)AE
U2—U1
< A
[ (B2n ) ora
< (”2“1> 0P (£)AL
JUq Ul

For T =R, we have
I (M‘E))Bda < <”2_”1>B [“oreae,
vy & vy vy
which is similar to Levinson inequality (1.2) with the constant (”21);1”1)ﬁ
Remark 3.8. In Corollary 3.5, if T = R and ¢(&) = &, then, the inequality (3.9) reduces to inequality (1.3).

Corollary 3.9. In Corollary 3.2, if T = hZ, h > 0, then, the inequalities (3.4) and (3.5), respectively, reduce to

e if & is non-decreasing, then

71 B2 v
R /\B(h’t) 5 h eﬁ(h’t) R (39[3( )
B_Z o7 (ho) < (2 V1) _Z ¢V(hﬂ_T1(m_v” T
* if ¢ is non-increasing, then
) (ht) _ (va—vy)P - w1
—— B . \BgP
ﬁT:ﬂ $Y(h1) ~ Y (v2) T:LG (M) = v o) T_Zvl(hT 01)P0P (hr)

where

Z hO(hk), forall T>vy.

h
Corollary 3.10. In Corollary 3.2, if T = qZ, q > 1, then, the inequalities (3.4) and (3.5), respectively, reduce to
e if & is non-decreasing, then

log, v2—1

B> 4

t=log, v1

log, v2—1 log,v2—1

P (q7) L88(q") e BT
viqn S0t ) dige s 2 aatoe)P e

t=log, v1 T=log, v1
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e if ¢ is non-increasing, then

log,v2—1 log , vo—1 log , vo—1
AP(q7) _ (L2—v1)P % t
T < 16{3 Ty Tt —v [39[5 "C,
BHZ T o@D S oV —1Z a0 (4"~ 5o —1Z q*(q" —v1)PeP(q")
=log, v1 T=log, v1 T=log, V1
where )
T—
Al =(q—1) Y  q*0(q"), forall T>wvi.
k=log, v1

Theorem 3.11. Let 6, d, w > 0, be A-integrable functions over [v1, V2]t C (0,00), v > 0 and A(E) be defined as
in (3.1). If B < 1, then we have

i) assume ¢ is non-decreasing, then

V2 AP () 1 vz g < Uz< £ 1 >f5—1 ) |
L (87 ) Lle (o) ewln) L J S )Ae)am e
ii) assume ¢ is non-increasing, then
v2 AB(g) vzeﬁm)w(ﬂ)< ( - >Bl )
AE> | S A AE ) An. 3.12
Jvl oY (&) &> Ll dY(M) L Jvl WP () 1 & | An ( )

Proof. Utilizing reversed Holder’s inequality (2.2) and Fubini’s Theorem 2.3 on time scales, we get that

i) if ¢ is non-decreasing, then

V) /\B(E,) 100 . ( & 1 1 >(3
Ll o= e J mehin) ) ac
)] g I3 & BB
> cp—wa[(j Gﬁ(n)w(n)An>ﬁ<J ﬁf( )An> ﬁ} A
Jug v L1 WAR-T(M
V) g £ 1 p—1
- W(a)(J GB(an(n)An><J o )An) AE
V1 v Wk-1(N

Juv; Ju; vy wﬁ(n)

rv2 & £ 1 p—1
~[Cae] oo | = )An> An

Jug V1 v wh-T(n

(V2 V2 3 1 p—1
~[Can[Tov@etmem( | L) ac

vy n v WP ()

V2 V) g p—1
> w(vz)eﬁm)wm)U (J L An> AE}AH;

Juy n v WFT(N)

ii) if ¢ is non-increasing, then, we proceed as in the proof (i) to obtain that

Vo Aﬁ(a) Vo 153} . 5 < & 1 )E’_l
Ll ¢v(a)A‘E>L1 AnL o (£)8P n)w(n) j prtl)
V2 L)) g p—1
> | wm)eﬁ(n)wm)H (J 1 An) A&}An.
V1 n v W B-1 (T])
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The proof is complete. [

In the following, we have concluded some corollaries and remarks on the previous Theorem 3.11 with
the condition 0 < 3 < 1.

Corollary 3.12. In Theorem 3.11, in the case 0 < f < 1, if we put w(n) = 1, inequalities (3.11) and (3.12),
respectively, reduce to

v2 AB () (vy —v1)P 2 B 1 L \Bab
B 8> e | 0t BaE— g | e vRePelas (319)
V2 AP (g) e [eRE) . 8P
B, rgyae > emwl? [ rEiae | e—unt (e G19
Proof. By putting w(n) =1 in (3.11), we get that
V2 /\B(g) V2 . 5 < LV B b1 >
I, Gemaez] oot ( | (eviita)an (315)

Using chain rule (2.1), there exists ¢ € [§, 0(&)] such that

[(E—v1)P]? = Blc—v1)P T < BE—vy)P L.

This implies
(i
Thus
V2 V2 _ B_(m— B
j (£—vp)P 1AL > 1J [(6—v1)P]Aag = L2 — (w7 (3.16)
n By §
Combining (3.15) and (3.16), we get that
V2 AB(g) vz <(U2U1)B(HU1)B>
AE > Y (vp)0P
|, Grinaez| oot ; An
1 5[ 0Pm) 1™ 5 85 (1)
= gl | ren—g |, v g
which is (3.13). Now, by putting w(n) =1 in (3.12), we get that
V2 /\B(E) V2 7y 8 < L2 B b1 )
. Grgaez | et ( ] (e-vihtag)an (317)
Combining (3.17) and (3.16), we get that
V2 AB(g) vz <(U2U1)B(HU1)B>
AE > Y(n)ek
| Gvigae= | e vmerm ; An
71 . B V2 0P (n) _l vz . Beﬁ(ﬂ)
= gl | =g |, e’ grgan
which is (3.14). The proof is complete. O

Remark 3.13. In Corollary 3.12, if T = IR, then, the inequalities (3.13) and (3.14) reduce to inequalities (1.8)
and (1.11), respectively.
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Remark 3.14. In Corollary 3.12, if T = R and ¢(&) = &, then, the inequality (3.13) reduces to inequality
(1.6).

Corollary 3.15. In Corollary 3.12, setting vy = 3, the inequalities (3.13) and (3.14), respectively, reduce to

v (AE)) vy —vp\P 2 S S N B
o). (5i0)) 202 (o) [ @R ae- s [Memwrewrae e

L1

. A(&))B Brz <e(a)>B J B<e(a)>ﬁ
—= | AL > (vp—v — | Af— E—v — | A& 3.19

o, (4 e o) o T b 1)
Remark 3.16. In Corollary 3.15, if T = R, then, the inequality (3.19) reduces to inequality (17) in [2].
Remark 3.17. In Corollary 3.15, if T = R and ¢(&) = &, then, the inequality (3.18) reduces to inequality
(1.4).

Corollary 3.18. In Corollary 3.12, if T = hZ, h > 0, then, the inequalities (3.13) and (3.14), respectively, reduce
to

e if & is non-decreasing, then

v2_ J Y2_1
% /\f’(h'r) (L) —v1)P B
ht—v1)PeP (ht
P L v 7 97a) Zl Sy & T
=" =1 =11
e if & is non-increasing, then
"l ™
AP(ht) s 0F (h1)
B Zvl v () > V2 v Z (h—v)?
T= T—h T=7

where

= ) ho(hk), forall T>wvi.
Corollary 3.19. In Corollary 3.12, if T = q7, q > 1, then, the inequalities (3.13) and (3.14), respectively, reduce
to

e if & is non-decreasing, then

log,v2—1 T ( )[3 logqva—1 1 log,v2—1
L2 — Vg TAB(AT) _ T( AT BAB(TY.
B Y 4 > V) > qef(qY) 570 > 4 (g —v1)PeP(q");
T=log, v1 T=log, v1 T=log, v1
e if & is non-increasing, then
log, v2—1 T log, v2—1 Bt log, v2—1 Bt
P(q7) B 0" (q") s 6”(q")
B Y q YiqT) = 02— v) > T o7 q) D> qY(q —wv) o ()
t=log, vy T=log, v T=log, v1

where
1

AqY)=(q—1) Z q<0(q"), forall T>vy.

k:logq V1
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Also, in the following, we have concluded some corollaries and remarks on the Theorem 3.11, but with
the condition 3 < 0.

Corollary 3.20. In Theorem 3.11, in the case 3 < 0, if we put w(n) = 1, inequalities (3.11) and (3.12), respectively,

reduce to
V2 AB _ B rv2 V)
8| origaes I [Ter@ac- o [Tie-uifer g (3:20)
v AB(E) e [0 [, s 0P(E)
BL pr(g) oS v J SIGR J B ) A (321
Proof. By putting w(n) =1 in (3.11), we clarify that
%%} [3 1) L2
| igae= [ oo ( [ (e v tag)an 62)
V1 V1 n
Using chain rule (2.1), there exists c € [, 0(&)] such that
[(&—v1)P]® = Ble—v)P ! > BE—vy)P L.
This implies
(E—v)P > é[(i—vl)ﬁ]A~
Thus
) V2 _ B_(n— B
J (E—v1)P AL > 1J (& —vp)f]2ag = 2o — ()7 (3.23)
n B Jn &
Combining (3.22) and (3.23), we get that
V2 AP (g) v <(U2—U1)B—(H—U1)B>
AE > Y (v,)0P A
|, gz, o waet g "
_l . B v2 9‘5(11) _l v2 . B Gﬁ(n)
=gl J P70 B Ll o) v )
This leads to v AB(E) 68 () .
2 B 8 V2 n B V2 B 8 n
BL () oS v J (o) J N G (0, A
which is (3.20). Now, by putting w(n) = 1 in (3.12), we clarify that
V2 AR 1% L2
| vierae= [ omePi (| (e-viPtag)an (324)
V1 V1 n
Combining (3.24) and (3.23), we get that
V2 AB(g) Vi aB ((UZ_Ul)B —(ﬂ—v1)6>
Ll ¢V(E)A£>Ll¢ (m)6® () ; an
_l - B v2 GB(TI) _l v2 . [36'3(1'1)
= e | man g | e
This leads to AB(E) 68 () 08 ()
1% 5 _ B 1%) _n _ 1% _ (5 .rl
BL GRS J o7 ()" J =0 v iy A

which is the required inequality (3.21). The proof is complete. O



W. M. Hasan, et al., J]. Math. Computer Sci., 32 (2024), 241-256 252

Remark 3.21. In Corollary 3.20, if T = RR, then, the inequalities (3.20) and (3.21) reduce to inequalities (1.9)
and (1.12), respectively.

Corollary 3.22. In Corollary 3.20, setting v = 3, the inequalities (3.20) and (3.21), respectively, reduce to

vy B . B rvo Vo
o[ (50 ses (2o [ een® ac- i |- un® oten® ae

. o o2 ) o, o (0) o,
v (AE)" _b1)B ”2<9(‘5)>B e r5<9(51)>[3
BL <¢(a)> AL < (vz—u1) Ll o(e)) A° L“’ v e 4

Corollary 3.23. In Corollary 3.20, if T = hZ, h > 0, then, the inequalities (3.20) and (3.21), respectively, reduce
to

e if & is non-decreasing, then

Y2_1 v -
5 AP(ho) (Vy—v7)P § 5 R s
B = ¢Y (h) dY (V) TZ"l 0 (ht) o7 (02) TZvl(h’r v1)POP (h1)

T AB () s 0By 5 0B (h1)
P _Z o7 (1) < (v2—vq) _Zvldﬂ(hﬂ_ _Z(h'f—vl) o7 (hr)’

where

= ) ho(hk), forall T>wvi.

Corollary 3.24. In Corollary 3.20, if T = q7, q > 1, then, the inequalities (3.20) and (3.21), respectively, reduce
to

* if ¢ is non-decreasing, then

log, v2—1 'c (1) v )B log, v2—1 1 log, v2—1
2— V1 TAB (AT T( T BaB Ty,
< 0 — —v1)*0 ;
BT 1Z D S ovm) 1Z 40" (4"~ 5o 1Z q*(q" —v1)PeP(q)
8q V1 T=log, v1 T=log, v1
* if ¢ is non-increasing, then
log, v2—1 3 log, v2—1 0gq V2—1
0P (q7) 0P (q7)
B Z qT (UZ_vl)B Z chb‘y(qT) - Z qT(qT_Ul)Bcb,y(qT)/
t=log, v1 q t=log, v1 q t=log, v1 q
where
1

AqY)=(q—1) Z q<0(q"), forall T>vy.

k:logq V1
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4. Examples
In this section, we give some examples to illustrate our results obtained.

Example 4.1. Define functions 6, ¢ : [uy, vl - R by 6(n) =1 and ¢(§) = 1. Then 6,¢ > 0 and ¢ is
non-decreasing. Applying Corollary 3.2 with 3 =2 and y = 2, the left side of (3.4) becomes

8 g (I eman) =2

Using chain rule (2.1), there exists ¢ € [§, 0(&)] such that

& 2 V)
J An> AEzZJ (E—v1) AL 4.1)

V1 V1

[(&—v1)°]® =3(c—v1)? = 3(& — )2
This implies
Vo 2 195 2
ZJ (a—vl)zAa<3j (&~ v0)*] A8 = 2 (w2 — ) 4.2)

Combining (4.1) and (4.2), we find that the left side of (3.4) is as follows

BJ w1 (

For the right side of (3.4), we have

V1

g B )
J B(H)An> A& < §(U2 —vp)°. (4.3)

v gB(g) (v 0B (&) v e
(v2_v1)6 JU] (b‘y(Ev)AE'_Jln (E'_vl)ﬁcb‘y(a)AE' - (Uz_vl)zjln AE_JIH (a_vl)ZAE'

- (vz—vl)z(vz—vl)—j E—v)2AE (44)
_ (vz—vlﬁ—J “(E—u)AL

L1

Using chain rule (2.1), we have

J:(a—vl)zAa < ;J: (61 AL = 22—, 45)
This implies
—:12(5—1)1)2AE > —%(vz —v1)%,
(v2—v1)° — ;:2(5 —V1)?AE > (v —v)° — %(vz —v1)3, (4.6)
(V2 —v1)° — d::(ivl)ZAE > %(Uz —v1)°.

Also, from (4.5), since %(Uz —11)% < (V2 —11)3, we have

J (£ —01)2AE < (Vs —w1)2.

L1
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Since fﬁf (§ —v1)?A¢, is nonnegative, then

V2

(v2—v1)3—J (£ —v12AE < (v2— w1 ). 4.7)

V1

Combining (4.4), (4.6), and (4.7), we find that the right side of (3.4) is as follows

% 3 Y v2 9B (&) B L2 B Beﬁ(g)
S o) < o —on)® | AR | e u)t

So, it is clear from (4.3) and (4.8) that they confirm the result described by (3.4) in Corollary 3.2.

AE < (vp —v7)°. (4.8)

Example 4.2. Define functions 6, ¢ : [v1, Vol — R by 8(n) =n—v; and ¢(&) = & —v;. Then 6, ¢ > 0 and
¢ is non-decreasing. Applying Corollary 3.2 with =2 and y = 2, the left side of (3.4) becomes

V2 1 & 8 vy 1 £ 2

Using chain rule (2.1), there exists ¢ € [, o(1)] such that

[(n—v1)?]® =2(c—v1) > 2(n—v1).
This implies
g g
| m—vnan < | fn—vn? tan = S w2 (4.10)

L1

Combining (4.9) and (4.10), we have

1%0] 1 & ) 1003 1 (E,—Ul)z 2 _1 vy ) "
BL (&) (J 9(”)A”> AKZJ ( >A5—J (E—v)?AE (&11)

V1 vy (Ev —U )2
Using chain rule (2.1), there exists ¢ € [§, 0(&)] such that

[(&—v1))]® =3(c—v1)? 2 3(& — )2
This implies
1 V2 2 1 V2 3 A 1 3
ZJ (£—v1PAE < 6J (&~ 088 = (w2~ v 4.12)
V1 V1

Combining (4.11) and (4.12), we find that the left side of (3.4) is as follows

o[ oo

For the right side of (3.4), we have

o [ ORE) e [ ye 00 ()
a-wl® | ae- |, e-w® s

B 5 [V2 (E—11)? V2 (E—v1)?

e I e R

2
V1 (E,—Ul)z

= (L2 —)? Jvz AE — Jvz(ﬁ—vl)zAE

L1 L1

%(UZ Y (4.13)

L1

3 )
J e(n)An) Al <

Ag
(4.14)

100 V2

(£ —v1)2AE = (v —v1)? —J (£ —v1)?A¢,

L1

= (V2 —v1)* (V2 — V1) —J

L1
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Using chain rule (2.1), we have

J:(a—vlma < ;E (6~ v1*] 88 = 2 (w2 — i) (4.15)
This implies
—:?E—WVA5>—;wz—mP,
(U —v1)° — ::(5 —1)?AE > (v —v1)® — %(Uz —v1)%, (4.16)
(v2—v1)* — dp:j(i—vl)zAE > %(vz —v1)°.

Also, from (4.15), since %(vz —v1)% < (v —v1)3, we have
Uy
J (£ —v1)%A8 < (V2 —v1).
L1
Since ﬁjf (£ —v1)2AE is nonnegative, then
)
w2 —vrf = [ C(E-vPAE < 2 v (4.17)
V1

Combining (4.14), (4.16), and (4.17), we find that the right side of (3.4) is as follows

g B 3 B 5 V2 9[3(5) B L2 B Beﬁ(g)
3(1)2 v1)” < (V2 — V1) Ll dDV(&)AE Ll(i v1) o7 (E)

So, it is clear from (4.13) and (4.18) that they confirm (3.4) in Corollary 3.2.

AE < (v — ). (4.18)

5. Conclusion

In the present article, using of the time scales version of the chain rule, Fubini’s theorem, and Holder’s
inequality, we have successfully obtained some new dynamic inequalities. The proven dynamic inequali-
ties show the time scales version of inequalities similar to Hardy’s inequality. Future work might involve
studying different generalizations of inequalities similar to Hardy’s inequality utilizing the results demon-
strated in this article.
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