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Abstract

In this paper, we will generate some fractional Liendler type inequalities by using integration by parts, chain rule and
Holder inequality on conformable fractional calculus. As a special case, we obtain some formulas of Liendler type inequalities
atoe=1.
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1. Introduction

Functional inequalities have numerous applications in the study of qualitative theory (e.g., asymp-
totics, blow-up, boundedness, oscillation, periodicity, etc) of various classes of differential equations,
dynamic equations on time scales, and partial differential equations; for more details see, e.g., the papers
[7-9, 12, 20-24, 33].

In 1920, Hardy in [13] showed that

h

(o] h o
Z Zu j) <<h}—11> Zuh(n), h>1,
n=1

n=1 ]_1

foralln > 1, u(n) is a positive sequence.
In 1925, Hardy in [14] used calculus of variations to prove the inequality

© /1 % h h h roo
J (J f(t)dt) dx<<> J f(x)dx, (1.1)
0o \XJo h—1 0
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h

where f is an integrable and positive function on the interval (0,x), f" is integrable and convergent over

(0,00) and h > 1. The constant (h/ (h—1))" is the best constant.
In 1928, Hardy in [15] generalized the inequality (1.1) that if h > 1 and f is nonnegative for x > 0, then

00 X h h h roo
J x° <J f(t)dt> dx < ( > J K () dx, forc > 1, (1.2)
0 0 c—1 0

J:Oxc (ff(t)dt)h dx < <1EC>

where (h/(c—1)" and (h/(1—¢))" in (1.2) and (1.3) are the best constants. In 1927, Copson in [11]
showed that if
J < f(s)
ds,

x S

and

h roo
J x" e (x)dx, forc < 1, (1.3)
0

converges for x > 0, then

“f(s)  \" >0
J ds> dx < th 1 (x)dx.
X S 0

I

In 1970, Leindler in [17] proved that for h > 1 and A(n), g(n) > 0, then

(%) n h %) 00 h
Y A (Zg(s)) <HEY AR () (Z Ms)> g" (n), (14)
s=1 n=1 s=n

n=1 =

and
o] s h 0 n h
D> Al (Z g (k)) <hh Y AT (m) (Z A (k)) g™ (n). (1.5)
n=1 k=n n=1 k=1

In 1990, Leindler in [18] proved the converses of inequalities (1.4) and (1.5). He proved that for 0 < h <1,
then

o0 n h o0 o0 h
> Am) (Z g (k)) >h" Y A" (n) <Z A (k)) g™ (n),
n=1 k=1 n=1 k=n

and

o0 o0 h o0 n h
> Am) (Z g (k)) >ht Y AR () (Z A (k)) g™ (n).
k=n n=1 k=1

n=1

In last few years, by using the conformable calculus, the authors proved some classical inequalities for
examples: Hardy’s inequalities ([5, 30]), Minkowski’s inequalities ([25-27]), Lyapunov’s inequalities ([2,
3]), Hermite-Hadamard’s inequalities ([4, 32]) and Copson’s inequalities [29].

In this paper, we will prove some fractional Leindler type inequalities and their reversed inequalities
using conformable calculus.

This paper is arranged as follows. Section 2 contains the preliminaries and basic lemmas of con-
formable calculus and Section 3 contains our main results of Leindler type inequalities and its reversed
ones.

2. Preliminaries and basic lemmas

This section contains some essential definitions and lemmas on conformable calculus. The results are
obtained from [16]. For more information, see [1, 6, 16].
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Definition 2.1. The conformable derivative of order « of a function w : [0, co) — R is defined by

1—x) _
(9 =ty MEH Y (0
€e—

, foralls >0, x € (0,1).

Definition 2.2. The conformable integral of order « of a function w : [0, co) — R is defined as follows

(Igw) (x) = wa (s)dys = JX s Tw(s)ds, 0 < < 1.

a

Theorem 2.3. Let « € (0, 1], and w and v be «-differentiable such that x > 0. Then

1. Dy (aw+bv) (x) = aDew (x) + bDyv (x);

2. Do (X)) =M forall A € R;

3. D« (0) =0, for all constant functions w (x) = 6;
4. Dy (wv) (x ) wD Vv (x) +vDaw (x) ;

5. Dy (%) (x) = YRew(x)-wDev(x),

6. if wis dzﬁferentiable, then Dow (x) = x1~ “dv(‘{i)(().

Lemma 2.4. Let v (x) be «-differentiable with respect to x and w be o-differentiable with respect to v. The chain
rule using conformable derivative is defined as

Dew (v(x)) =v* 1 (x) (Daw (v (x))) Dav (x). (2.1)

Lemma 2.5. Let w and v be o-differentiable with respect to x on [a, b]. The integration by parts using conformable
calculus is defined as

b b
J Daw (x) v (x) dex =w (x) v (x) IE —J w(x) (Dgv (x)) dex. (2.2)

a a

Lemma 2.6. Let 0 < & < 1 and w, v : [a, b] — R . The Holder inequality using conformable integral is defined

as
b b % b %
j w (%) v (x)] dax < <J |w(x)|ﬁdax> O v ()l dax> , 2.3)

for +f—1and[5>1

In this paper, assume that the functions are nonnegative on [a, co) and their fractional integrals exist
and finite.
3. Main results

Theorem 3.1. Assume that x € (0, 1], €1, o0), u > 1,
C
A(s)dgs and @ () := J f(s)dgs.

1

Then

3.1)
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Proof. By using the integration by parts formula (2.2) on the term

ro A(Q) D%+ (0) dac,

1

such that u (¢) = ®* >+ () and Dyv (C) = A (), we obtain

o0

JWA (Q@* T () dal =v(Q)O* T (Q) > +J (—v(Q) D (@* > (Q)) dal.

Asv(Q) = —fzo A(s) dgs = —A (), then we have
[ Aot as=v@ o @+ [T AR Da (00 (1)) dat

1 1

Since A (oo) =0 and ® (1) = 0, then

rOA (0) D*+1 (¢) dul = ro A(0) Do (OF 1 (0)) docl. (32)

1 1

Employing the chain rule formula (2.1), we find that

D (O* M (0)) = ¥ (Q). (Da®@" ¥ (Q)) (@ () . Da® (¢)
D

As DD () =T(C), then
Do (O* () = (m—a+ 1) F(Q) O** (7). (3.3)

From (3.2) and (3.3), we have
wa)cb”““(o dacztu—owl)J A(DF(0) O**(0) dat,

which can be written as

JOOM(:)cD“—““ () dal = (n—o+ 1)J A (0) 0M (0) da. (3.4)

1 1
Performing Holder’s inequality (2.3), on the term

Joo AOTLE D (1) or 2 (0) dut,
CAR ()

with indices B = pand vy = ﬁ, then we have
ro/\(C) ()t

A (QOFTT () dal
LA ()

<
<

= (ALQF(Q)" >;<°°»H1 _“;‘1>‘if |
| (A‘ﬁ&)) ac) (] (@0 0) e (35)

AR (Q)
J, o

N

)C) dch> ' (ka Q) @5 (¢ daé> .

1
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From (3.4) and (3.5), we obtain that

ufl

| et ac s e ([T ST ) (|00 ©ae) T e

Taking the power u of the inequality (3.6), we have

0 K 00 W u—1
<J A(C)@M“(&)M) <(u—a+1)”(J ”Té%g) q Q) D W(&)%C) ,

1 ) 1

which is inequality (3.1). The proof is complete. 0

Corollary 3.2. In Theorem 3.1, if x = 1, then we obtain

0 o8 00 L) p—1
([ r@er@ac) < (7400 Fae) (| r@emwac) 37)

Dividing both sides of the inequality (3.7) by

. > AR (0 ()
([r@or@a) < ([ AT,
which is the Leindler type inequality of remark (1) in [28].

Theorem 3.3. Assume that € (0, 1], € [, o), u > 1,
A(s)dgs and @() = J f(s)dgs.
¢

Then
o0 28 [e%e)
([ 7\(C)®“°‘“(C)dch> <(u—cx+1)“<J Alu(cwmf“mdac)

00 w(p—o p—1
x (J A @ (“1)(C)daé> .

1

(3.8)

Proof. By using the integration by parts of formula (2.2) on the term

ro A(Q) D%+ (0) da,

1

such that u () = @* %1 () and D4V () = A (Q), we obtain

o0

Joo A(Q DM () dol = v (Q) O* QI +J v(Q) (~Dg (©*%H1(Q))) ol

1 1

As v ( fc s) das = A (), then we get

(0.¢]

rox (QO* () doC = v (Q) O (O +J A(Q) (Dg (O**1(0))) ol

1 1
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Since A (oo) =0 and ® (1) = 0, then
rox (OO > () dol = ro A(Q) (~Da (O**41(0))) dal. (3.9)

1 1

Employing the chain rule formula (2.1), we find that

Dy (O* ¥ (0)) = =0 Q). (Do @* Q) (@ (C))
=01 (Q) (p—at+ 1) DM ()
— (k= +1) O % () Da® () (3.10)
—(n— o+ 1) O () (—F (2))
=(p—a+1)f(Q)P* (7).

Using (3.10) in (3.9), we obtain

Joo Q) OF () dul = (n— o+ 1)J A(DF(Q O**(0) dat,

1 1

which can be written as

wa(a@wﬂmd (= (u— oc+1)roAA A (0 OR % () dac. (3.11)

1 1
Performing Holder’s inequality (2.3) on the term

J‘X’/\(C)f(é) 1 .
v ()

with indices f = pand vy = ﬁ, then we have

p1 A (QOH™ () daC
oA ()

= (AQfQ) >;<Oo o) )“ 612
<<J ( Mm> dt) (| (" @or = (0)" dut 312

- /\“( JP(Q) . \E ([ s i
- ([ Seingras)” (| a0 e waw)

From (3.11) and (3.12), we obtain

JOO/\(C)f(C) el

pn—1

JOOA(C) OF T (0) dal < (n—a+1) <r° W%C)u <JOOMC) 0" () dac>”. (3.13)

Taking the power p of the inequality (3.13), we have

00 B 00 o p—-1
<J A(C)@M“(C)M) <(u—a+1)”q Wmc) <J A(Q) 5 (C)%C) ,

1 ) 1

which is inequality (3.8). The proof is complete. O
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Corollary 3.4. In Theorem 3.3, if x = 1, then we obtain
> g AR Q) (0) > e
(J A(Q) D4 (Q) dC> < <J A“*”(C)dc) <J AQ) @ (Q) dC> . (3.14)
Dividing both sides of the inequality (3.14), by
0 p—1
<J MO @ () d&) ,

1

then

(Jm”@@”(a dc) <u (Jm Wdc),

which is the Leindler type inequality of remark (3) in [28].
Theorem 3.5. Assume that 0 < a < 1,0 < n <1,
0 c
Q) := J A(s)dgs and A(Q) := J f(s)d«s, forany ey, co).
4 1

Then

(0 Q* (A (Q) da<:>
00 wli—a p—1

x(J AOA l—“(&)%c) .

Proof. Employing the integration by parts formula (2.2) on the term

(3.15)

JOOMC) ARTH(0) dag,

as
w(g) = AP () and Dev (Q) = A (Q),

we obtain that

(o¢]

JOOA (O AR () Aol = v (£) AP () 20 +J (v (0) Do (A4 (1)) dat,

since v ({) = — fzo A(s)dgs = —Q (), therefore

(o.¢]

rx (O AR () Aol = —0 () AF—+1 (¢ 2 +J Q(0) Da (A1 () dacl.

1 1
Asv(oco) =0and A (1) =0, then

o0

Joo AOAF* () dol = J Q () Dy (A**T1(0)) dul.

1 1

Performing the chain rule formula (2.1), we obtain

Do (A7) = AYTHO) . (DaAR Q) (A (Q)) DA ()

o—1 —a+1—a x (316)
=AT (D p—a+ AR (DA (C) = (n—a+ 1) AF* () DA (),
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where D A (C) = (). Hence
Do (AM Q) = (n— a+ 1) F(Q) A* ().
From (3.16) and (3.17), we see that

JOOMC)/\”"‘“(C)daC—(u oc+1)J Q(0) £ (O A" (0) dul

1 1
1

(n— oc+1J Q" (Q) T4 (Q) ARIH—) (c))”dac.

Taking the power p of the inequality (3.18), we have

00 K 00 1 H
([ r@am=t@ad) =m-arn (|7 (@4 @ @A @) 4]

1 1

Employing Holder’s inequality formula (2.3) on the term
%) 1 g
(J (@ (@ (@A) ()" dac> :
with indices = = and Y= and letting

Q¥ () (0

Ara (g GO =ATHQAT(),

F(Q) =

therefore

Jw QM (O (ONTH QAR () C)

1

* (y1-u p(o—p) T-u h
J(?\ () AR (0)) d(xC>

1

Hence

00 00 Mlx u p—1
><J Q”(C)f”(C)?\l_”(C)daC) (J A A (C)daé) .

From (3.19) and (3.20), we obtain

o0 |38 (o)
(j A(C)AH“(C)M) >(u—cx+1)“<J Q”(C)f”(é)hl“(é)daé>

1 1

00 wla—p p—1
X<J AOA (1“](C)do¢C> ,

1

which is inequality (3.15). The proof is complete.

oo 1— o0 p(ox—p) w1
=(J QM (0) (O ”(C)%C) (J A(Q) AZES (C)dac> .

(3.17)

(3.18)

(3.19)

(3.20)
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Corollary 3.6. In Theorem 3.5, if x = 1, then we obtain

00 o 00 00 p—1
(J Mcwmdc) _ (j f“(cm“(ml—”mdc) <j ?\(C)/\”(C)dé> . (3.21)

1 1 1

Dividing both sides of the inequality (3.21) by

00 pn—1
(J A QA" (Q) dc) ,

1

then

o0

JOO?\(C) AR (0)d > b (J

1 1

(0 Q" (AT () dc) ,
which is the Leindler type inequality of remark (5) in [28].

Theorem 3.7. Assume that 0 < x < 1,0 < u <1,

o0

¢
Q(Q) ::J A(s)dgs and A(Q) = L f(s)das, forany e, o).

Then

o0

00 n
(j A(Q) AR () dac> > (u—at1)H <J

1 1

© (p—o u—l
x(J MO A (“1)(C)docé> .

1

F1(0) Q" (O ATH (Q) dac>
(3.22)

Proof. Performing the integration by parts formula (2.2) on the term

Joo A Q) AR () o,

1

such that u(¢) = AP~ *F1 () and Dov () = A (L), we get

(0.¢]

[TAOA I @ dat =y (@A QR+ (0 (D (A (@) dat

1 1

Asv () = A (s)das = Q (), therefore

1

(o.¢]

[r@a T Qa =0 @A @R+ 00 (Do (A Q) dat

1 1

Since A (oo) = 0 and Q (1) = 0, then we obtain

o.¢]

[r@are @aac=[ 00 (o (A @) dat

Employing the chain rule formula (2.1), we have
—Do (AFF(Q)) = =A*T () (DaA**H Q) (A(0)) DA (0)

= A1) (p— o+ 1) AR () DA (€)
= (b= a+ DA * () DA (0) = (—a+ 1) F (O AP (),
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where D A (¢) = —f (¢). Hence we get

Jm?\(é)/\”_"‘“(C) 4ol = (u— o«+1)J Q(0) F(O A" (0) dul

1 1
1

(h—o+1) J QF (Q) 4 (Q) ARIH—) (c))”dac. (3.23)

Taking the power p of the inequality (3.23), we obtain

00 28 00 1 H
(J MO AR () dac) = (p—a+ D (J (@ (@ (@A) ()" du:) . (G2
Performing Holder’s inequality formula (2.3) on the term

(Jw (0" (@) (@) Amln— (c))i da6> B

1

with indices 3 = ﬁ and vy = ;1 - and by letting
_ Q9 (9) _ - (1)
we deduce that
1 i
00 ) m 4 C
. oc /\H —p) ) o
> ¢)duaC
1—p
o dac>
00 1— (oc—p)
(J Q* (O (QATH () AH) () M)
o @

1 p—1
< (M @ At () dac)

1 oo n(a—p) n—1
=<j Q" (O£ () A “mdac> (J A QA" ((:)dac> |

1

Hence

(3.25)

From (3.24) and (3.25), we obtain

00 28
(J A(Q) AR docc>

1

oo o0 u( ﬂl n-l
>(u—a+1)“(J Q”mf“(c)xw(c)dac) <J A A (C)%C) ,

1 1

which is inequality (3.22). The proof is complete. O
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Corollary 3.8. In Theorem 3.7, if x = 1, then we obtain

(I

B o 0 p—1
%(C)A“(C)dc> > pH (J f”(C)Q“(C)Al_“(C)dC>X<J A(C)A“(C)dé> : (3.26)

1 1

Dividing the inequality of (3.26) by

then

which is the
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1 1
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