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Abstract

This paper derives existence results for a resonant fractional order differential equation with two-dimensional kernel on
the half-line using coincidence degree theory. Fractional calculus of Riemann-Liouville type is adopted in the study. The results
obtained are illustrated with an example.
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1. Introduction

Fractional order boundary value problems have attracted significant attention of researchers recently,
because of its wide applications in sciences, engineering, and commerce. Unlike integer order derivatives,
fractional derivatives are non local operators. This attribute makes it a powerful tool for modelling com-
plex phenomena with historical attributes, as typical of; viscoelastic media, electromagnetics, acoustics,
control theory, electrochemistry, finance and materials science (see [5, 6, 16, 20, 23, 27]). Useful results
have been obtained by researchers, using coincidence degree theory to establish the existence of solutions
of fractional order boundary value problems (BVPs) (see [7-10, 25, 26]) and the references therein. A
fractional order boundary value problem is at resonance if the corresponding homogeneous problem has
non-trivial solution.

Different researchers have studied resonant fractional order BVPs under different boundary condi-
tions, intervals, and dimensions of the kernel. Some are on finite interval [0, 1] with finite point or integral
boundary conditions in which the dimKer(L) =1 and 1 < x < 2 (see [1, 7, 12, 15, 23, 28]).

For other studies in which the dim Ker(L) = 2 on finite interval (0,1) see [25, 26]. Recently, Djebali
and Aoun [4] studied the following class of fractional multipoint boundary value problem at resonance
with dim Ker(L) =1 on (0, +00),

{ D&u(t) = f(t,u(t), D& Mu(t)), te (0,+00),
127%u(0) = 0, limy o D ul(t) = Y2 BiDE (&),
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wherel < a <2, 0< & <ép < <émo<+oo, 1 >0, i=1,2,..., m—2, with

m—1

BLZ

i=1

They established existence of solution using coincidence degree argument.

The existence of solutions for resonant fractional order boundary value problems with dimkerL = 2
on the half-line with multipoint and Riemann-Stieltjes integral boundary conditions have not been widely
reported in the literature. Motivated by this, this study focuses on investigating the existence of solution
for the following resonant fractional order boundary value problem with dim ker L = 2, using coincidence
degree theory:

D§x(t) = (4, x(1), D& (1), D& (1)), te (0,+00), (11)

subject to:
1
x(0) =0, DS *x(0) :J D& 2x(t)dA(t), D& x(+ ZKlD“ Ix(& (1.2)
0

where 2 < « < 3, dimkerL =2, ki e R,i=1,2,...,9, 0< & < H <& < - < §g < oo, At) isa
function of bounded variation on (0, 4o00), and f : (0, +0c0) x R® — R satisfies Caratheodory’s conditions
namely:

(i) f(u, g, 1) is Lebesgue measurable in t for all (u,gl) € R3; and
(ii) fis continuous in (u,g,1) for a.e. t € (0, +00).

Throughout this study, the following assumptions are made.
H) Y9 k=1, Y% «i& =0, jo dA(t) =1, and [; tdA(t) = 0.
(Ho) A=([ole s +t=1A M) ( L, k(e +De )= (T, ke &) (fol(t+De t+t-1)dA() #
0.

(H3) There exist nonnegative functions d;(t), d2(t), d3(t), d4(t) € L'(0, +o0) such that for all t € (0, +o0)
and (u, g, 1) € R?,

[f(t,u, g, VI < di(t)e” ™ ul + da(t)e™ ™ gl + da(t)[U + da(t), m >0,

Ci= flafls + llda s + Ildsllis, and fldifls = 3 dildt i = 1,2,3.
(Hg) There exists a non-negative constant M; such that, if one of the following properties hold:
(i) D& *x(t)] > My, for t € (0, T];
(ii) |D8‘+’1x(t)l > My, forall t € (T, +00),
then either Q1 Nx(t) # 0 or Q2Nx(t) # 0, for any x € domL \ KerL.
(Hs) There exists a constant M > 0 such that, for any x(t) = bit* 1+ bt* 2, by, by € R, satisfying |by|
or |by| > M, then either
b1Q1Nx(t) +b2QaNx(t) < 0 (1.3)

or
b1 Q1Nx(t) + baQ2Nx(t) > 0, (1.4)
then, BVP (1.1)-(1.2) has at least one solution provided W( < 1, where W = ( o T r( y+ T+ 2)

The rest of the paper is organized as follows. Section 2 presents some lemmas and definitions which
are relevant to the study. Section 3 focuses on the main existence results. Section 4 illustrates the results
with an example while Section 5 focuses on conclusion.
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2. Preliminaries

In this section, we present some results from fractional calculus of Riemann-Liouville type, Mawhin’s
coincidence degree theory, and some definitions, lemmas, and theorems that will be useful in the research
work.

Definition 2.1 ([4]). The Riemann-Liouville fractional derivative of order o« > 0 for a function f : (0, +o0) = R
is given by

n 1 n t
d d J (t— )™ %1 f(s)ds,

DEHY = G o0 = F gy aen

T 0

where n =[] + 1, provided that the right-hand side integral is point-wise defined on (0, +0c0).

Definition 2.2 ([4]). The Riemann-Liouville fractional integral of order « > 0 for a function f : (0,4+00) = R
is given by

x 1 t ax—1
I35 _F(oc)L (t—s)* f(s)ds

provided the right-hand side integral is point-wise defined on (0, 4+00).

Lemma 2.3 ([14]). If « > 0 and f, D§. f € L1(0,1), then
IS DEA(t) = f(t) + bt 1+ bot* 2 4o+ by t™ ™,

wheren =[] +1, by e R (1=1,2,--- ,n) are arbitrary constants.

Lemma 2.4 ([4]). Given that x >0, n € Nand D = d%, if the fractional derivatives (D, f)(t) and (D(‘)"f"f) (t)
exist, then
(D™ DA (t) = (DG (L),

Lemma 2.5 ([3]). Given that « > B > 0, suppose that f(t) € L1(0,1), then
I 10 F(t) = [05PF(E), D ISf(t) = [P IS f(t) = 155 Pr(b).

In particular,

Lemma 2.6 ([4]). Suppose that x >0, u > —1, t > 0, then

Mp+1)

F(HJFl) tu+o¢
NMu—a+1)

= 7 tH—x,
MNMu+oa+1)

Ig = , Dt =

In particular, D§, t*~™ =0, form=1,2,3,...,n, where n = [«] 4 1.
Definition 2.7 ([14]). Let n € R+ and m = [n]. The operator
Dy f =Dt IV f

is called Riemann-Liouville fractional differential operator of order n. If n = 0, then Dg+ = I, the identity
operator.

Lemma 2.8 ([3]). Let n € R+ and m € N such that m > n. Then

n __ m ym—n
o+ = Do+ Ipt
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Let (G,||-||) and (H,| - ||) be real Banach spaces. Suppose G = {x(t) : x(t),Dg‘jzx(t), Dg‘;lx(t)} €
C(0, +o0) such that lim_ o, e~ ™tx(t)|, limi_eo e_mtle'ﬁo_zx(t)I, and lim¢_s o IDialx(t)I exist, for m > 0,
with the norm

Ix(t)le = max{[[x(t) o, IDF} *x(t) oo, DF} % (t) ][00},

where

[x(t)|lc =supe “MYx (1) , Do 2 X(t)]|oo = sup e*mtlDigzx(t)l,
>0 >0

and
D (1) || oo = sup Dy x(t)].
t>0

Let H = L1(0, +00) be the space of Lebesgue integrable functions with the norm

+o0
Il =J [h(t)ldt.
0
Define a linear operator L : domL C G — H such that,
Lx(t) = Dg x(t),

where
x(0) =0, D& x(0) fOD"‘ 2x(t)dA(t),

domL=x¢€G:
{ D8(+71X(+OO) = Zl 1 K1D0+ X(al)

Let N : G — H be a nonlinear operator such that,
Nx(t) = f(t,x(t),Diazx(t),Dio_lx(t)), x € G.
Then the BVP (1.1) can be written as an operator equation
Lx(t) = Nx(t).

Definition 2.9 ([13]). A linear operator L : domL C G — H is called a Fredholm operator of index zero if

(i) ImL is a closed subset of H; and
(i) dim KerL = codim ImL < +o0.

Let L : domL C G — H be a Fredholm operator, then, there exist continuous projectors P : G — G
and Q : H — H such that InP = Kerl, KerQ = ImL, G = KerL& KerP, H = ImL & ImQ, and the
mapping L| domLn Kerp - domL N KerP — ImL is invertible. We denote the inverse of L| domLrKerp PY
Kp : ImL — domL NKerP and the generalized inverse of L is denoted by Kp o : H — domL N KerP where
Kp,o = Kp(I—Q) (see [17, 26]).

Theorem 2.10 ([18]). Let L : domL C G — H be a Fredholm operator of index zero and N : G — H is L-compact
on Q. Suppose that the following conditions are satisfied.

(i) Lx # ANx for any x € (domL \ KerL) N 9Q, A € (0,1);
(if) Nx ¢ ImL for any x € KerL N 0Q;
(iii) deg (QN| e KerL N Q,0) #0,

then, the equation Lx(t) = Nx(t) has at least one solution in domL N Q.
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3. Main results
Lemma 3.1. Suppose (H1) holds. Then

(i) KerL = {x(t) € domL : x(t) = byt* 1 4+ byt*2for all t € (0,400), by, by € R};

(ii) ImL={h € H:Qih=0= Qyh}, where Q1h = f(l) f;(t —s)h(s)dsdA(t), Quh =Y ki f(z h(s)ds
Proof.

(i) The homogeneous boundary value problem D\ x(t) = 0 has the solution x(t) = b1t 1 4 byt* 2 4
bst* 3, with 2 < « < 3. By using the initial condition x(0) = 0 = bz = 0, then, x(t) = bit* 1 4 byt* 2,
Apply the boundary condition (1.2) to x(t) to obtain

f dA(t) =1, Jl tdA(t) =0,

0 0

and q q
ZKi:L ZKiF,;l: 0
i=1 i=1

Thus, KerL—{x € domL: x(t)=b1t* 1+ brt*2forall t € (0,+0c0), by,bs € ]R}, provided f(l) dA(t) =
1, [JtdA(t) =0, Y% ki=1, and ¥ k& 1= 0.
(i) Assume h € Im L, then there exists x(t) € dom L such that
Lx(t) = h(t). (3.1)
Solving equation (3.1) yields
x(t) = I8 h(t) + bt 1+ bot* 2 + bt ™2,

Applying the initial condition x(0) = 0, gives bz = 0, hence,

x(t) = I§ h(t) + bt 1+ byt * 2. (3.2)

Applying the boundary condition (1.2) to (3.2) leads to
1
D& 2x(t) = Ii, h(t) + bl ()t + +bolM (e — 1), D& 2x(0) = J D& 2x(t)dA(t).
0

Then,
1t
bolM(ec—1) :J J (t—s)h(s)dsdA(t) +bol"(x—1),

which implies that
1t
J J (t—s)h(s)dsdA(t) = 0= Qih. (3.3)

0JO

To obtain Q2h, we apply the boundary condition D(‘]"flx(—i-oo) = Zl 1 kDG Ix(&;) to (3.2) and simplify
to get

q 00
D i J s)ds = 0= Qyh. (3.4)

i=1

O

Definition 3.2. Let A = ajpazp — aipQoy, where ajp = Qle_t = fé(e_t +t—1)dA( ), aip = Qze_t =
Y& kieTE, ay =Qqtet = jé((t+1)e*t+t—1)dA(t), ap=Qute t =Y k(& +1)e &
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Definition 3.3. Let ¥1,, : H — H such that Y1h = L(a»Qih— aQoh)e™t, Yoh = L(a;Qh—
a;pQih)et. It can be easily shown that: {1 (P1h) = P1h, Pi(Pah) =0, P2 (P1h) = 0, and P (Poh = Poh.

Lemma 3.4. Assume (Hi), then L:dom L C G — H is a Fredholm operator of index zero.
Proof. Let

Px(t) = r(loc)Dg;lx(O)t“l +

It is easy to show that

Fa—1) D0 (Ot and Qh=1pih+ (PRt

P2x(t) = P(Px(t)) = Px(t)

and
Q%h = Q(1h + (Woh)t = Y1 (Qh) +h2((Qh))t = Qh.

Thus, P and Q are projection operators.

Next, let h € H such that h = Qh + (h— Qh), then Qh € ImQ and Q(h — Qh) = Qh— Q%*h =
Qh—Qh = 0. Similarly, Qi(h— Qh) = Q2(h— Qh) = 0. Therefore, (h —Qh) € ImL = KerQ. If
h € ImLNImQ, then h = Qh = 0. Then, H = ImQ & ImL and dim KerL = codim ImL = 2. Thus, L is a
Fredholm operator of index zero. O

Lemma 3.5. Let L, = Llgomr nkerp : domL N KerP — ImL and Kp : ImL — domL N KerP such that

1 t
Kph=If h= J (t—s)* 'h(s)ds, h € ImL.
PR TR o

Then, Kp is the inverse of Lp and |[Kph||g < ||h/|{1.

Proof. To prove that Kp = L;l, let h € ImL C H, suppose Kph = [, h. Then, (L,Kp)h(t) = D, (Kph(t) =
D¢ I§ h(t) = h(t). Thus, for any x(t) € domL N KerP,

1 t
KpLpx(t) = o) L (t— s)o‘*ng‘er(s)ds = x(t) + byt* 1+ bpt* 2,

P(KpLpx(t)) = 0, since x(t) = byt* 1 + byt* 2 € KerL = ImP. Px(t) = x(t) and KpLpx(t) = x(t) — Px(t).
Thus, x € domL N KerP, hence KpLpx(t) = x(t). Hence, Kp = (LlgomLrkerp) = Lp .
efmt

e ™YKph| < su
PHS T T

Jt(t— $)* Th(s)ds
0

< THhHLl/

—mt

o

e*mtng‘szphl < sup

< Il
30 r(z) H HL

t
J (t—s)h(s)ds

0

and

Jt h(s)ds

0

e_mtID(‘)"Jr_lehI < sup
>0

< [Rdfee-

We infer that |[Kph|/g < [[h]|{1 for any h € ImL. O

Definition 3.6. e~ ™'x(t), e*mtx(t)Dg‘jzx(t), and Dg‘;lx(t) are said to be equiconvergent at infinity,
if given € > 0 there exists & = 5(e) > 0 such that [e”™"2x(t) — e ™hUx(4] < €, \e‘thDg‘sz(tz) —
e‘mtng‘fzx(tl)\ < g, and Inglx(tZ) — D(‘)";lx(tl)l < e forany ty,t > dand x € G.

Lemma 3.7. Suppose that (Hz) holds and Q C G is an open bounded subset such that dom LN Q # (), then N is
L-compact on Q, where N : Q — H.
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Proof.

(1) We show that QN(Q) is bounded. Since Q is bounded in G, there exists K > 0 such that ||x||g < K for
any x € Q. By using assumption (H3), (3.3), and (3.4) of Lemma 3.1, we get

|QuNx(t \_” J (t—s)Nx(s)dsdA(t)

1
- ” Jt(t—s)f(s,x(s),D(‘)"+2x(s),D8‘+lx(s))dsdA(t)’
0

1 “+o00
< J (J ‘dl(s)e—mshﬂ+dz(s)e—m8|9|+d3(s)|l|+d4(s)‘ds> dA(t)
0 0

1
< ((ldalls N1zl sl (max{]x () [loo, DS x(1)loo, DG % (6)]loo}) + [ dall1) L dA(t)

< ¢fx(t)[[g + [[daf[pr < CK 4+ [[dallpr := Ky,

q +oo
QaNx(t)] = [ ki | Nxts)]as

= s
q +oo
= | KlJ (s), D& 2x(s), D& x(s))|ds
i=1 &i
q +o00
ZKlj e ™Sl + da(s)e ™|+ da(s)U + da(s)|ds
i=1
q +o00
ZKlj dy(s)e~ ™5l + da(s)e™¥|g| + ds(s)IU + da(s) |ds
i=1
q
< Cx(W)]lg + ||dallp1, where) ki =1
i=1
< CK+ [[dagf[pr =Ky
Thus,
r+oo
IQNX(t)||1 = IQNx(s)|ds
J(ii—oo “+00
< |w1Nx(s)|ds+J WaNx(s)s]ds
JOJroo . 0
< —(IQ1Nx(s)az — Q2Nx(s)ap)e °|ds
JO |A|
—+o0 1
+L 7 1QaNx(s)an — QuNx(s)arz)se™*Ids
1 —+00
<WL (1Q:Nx(s)llazz] — [Q2Nx(s)llaz])e~*ds
1 —+o00
*wL (1Q2Nx(s)lapt] — [QiNx(s)llanz)se > ds

1
|A| <K1|a22| + Kilag| + Kqlag |+ K1|6112|>

|A| <<111| +lagn| + lax| + |(122|> 1:=Ka.

Therefore, QN(Q) is bounded.
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(2) We prove that Kp oN(Q) is compact on (0, +00), by establishing that Kp o N(Q) is bounded, equicon-
tinuous on any subcompact interval of (0, +00) and equiconvergent at infinity.

(i) First, given any x € Q, Nx = f(s, x(s), Dg‘jzx(s), Dg‘jlx(s)) and

+o0
INX(D)]]s = jo (s, x(s), DS 2x(s), DS x(s))lds

N

+o0

J |du(s)e ™l + da(s)e ™ Ig| + da(s)1| + da(s)|ds
0

< lx(®)lg + [dalles < K+ [dallir = Ky

Also,

Ik QM) =[S [ (- 91 - Qs s

o) Jo
efmt t N N d
< Ty | (Nx(s)+ QN s
1 *© 1 1
<rcx)L (INX(3)] +[QNx(s))ds < s UINXll + [QNX < s (K + Ka),

(
DS 2K p o Na(t)] = | Jt(t—s)(l J (INx(s)| + [QNx(s))ds < K; + K»
0+ Q r(z) 0 = 4

and

DS Kp oNx(t)] = < J (1 — Q)Nx(s)lds

Jt(I—Q)Nx(s)ds
0

< J INx(s) + QNx(s)lds < |[Nx(t)|l;1 + [|[QNx(t)]|{1 < K1+ Kp.

We infer that, Kp o N (Q) is bounded.

(ii) We establish that Kp,oN is equicontinuous on any subcompact interval of (0, +o0). Suppose x € Q,
by the assumption (H3),

INx(s)| = [f(s,u, g, V| < |d1(s)e” ™ ul + da(s)e” ™°|g| + d3(s)|l + da(s)|.
Let t1,t, € (0, +00) such that t; < ty, then

|€_mt2KP,Q Nx(tp) —e~™Hu Kp,oNx(t1)

efmt2 19] - efmtl t o
= Fo Jo (tp —s) (IQ)Nx(s)dstO (t1 —s) (I—Q)Nx(s)ds
e—mt2 t
<o |, s QINk(s)las
+ F(loc) "01 ‘e_mtz(tz—s)"‘_1 —e Mh(y —s)“_l‘l(l— Q)Nx(s)lds — Oast; — tp,
e ™2DE 2Kp o Nx(t2) — e ™D Kp, o Nx(t1)]
1 rto t
— ‘F(Z)< ; e ™2(t; —s)(I— Q)Nx(s )ds—J'0 e*mtl(t1—s)(I—Q)Nx(s)ds>

< j “le ™0ty — s)lI(I— Q)Nx(s)lds

t
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ty

|

0
D& Kp,oNx(t2) — D& Kp,oNx(t1)]

J 2(I — Q)Nx(s)ds — Ll (I—Q)Nx(s)ds

0

e Mty —5) —e ™Y () — s)‘l(l —Q)Nx(s)lds — 0Oast; — t,

0 ts

[(I—Q)Nx(s)|ds < J I(I—Q)Nx(s)|lds — 0ast; — tp.

t

< Jtz I(T— Q)Nx(s)lds +J

0 t1

Therefore, Kp, o N(Q) is equicontinuous.

(iii) Next, we prove that Kp,QN(ﬁ) is equiconvergent at infinity. Given any x € Q, we have [, > |(I—
QINx(t)lds < [INx(t)]|p1 + |IQNx(t)||{1 < Ki +Ky. Thus, given € > 0, there exists a positive number kg
and & > 0 such that for any t;,t; > 8 and 0 < s < ko,

+00
J (I—Q)Nx(s)lds < e, lim e ™Y (t—%ko)* =0, lime ™ (t—ko) =0, and lim e ™' =0.

ko t—o0 t—o0 t—o0

Thus,
le ™2ty — ko) T —e ™ (g — ko)

e ™2 (tp—ko) —e MM (t1 —ko)| < e

and ‘e‘mtz — e‘mtl‘ < €, where m > 0. Thus for any t,t, > & > ko,

|€7mt2KP,QNX(t2) — eimthp,QNX(tl)‘

- F(loc) Joz e ™2t —s)* (I Q)Nx(s)ds — Ll e ™Y (t; —s)* H(I— Q)Nx(s)ds
ko
<|fL)L [e7™ 2 (ta —5)* ! — 7™ (11 — )% (T - QINx(s)lds
b [ et 9 - QNaslas + [ et o)< - Qs as
M) Ji ! Mo) Jig 2
€ ko e [T 1
< o) JO I(I— Q)Nx(s)|ds + WLO I(I— Q)Nx(s)|ds < m(K1 +Ka)e.

By similar argument,

le ™D Y2 Kp, o Nx(t2) —e ™ DY Kp, o Nx(t1)] < (k1 + ke

Jf“— o= - omnes

and

D% Kp o Nx(ta) — D% Kp o Nx(ty)] =

to 0
<J|( |®+J (s)/ds
0 t
t2 “+00
<Juv— s)lds < Nx(s)lds < (K + Kp)e.
t 0

Thus, KP,QN(ﬁ)  is equiconvergent at infinity. It follows that KP,QN(ﬁ) is relatively compact. Hence, N
is L-compact on Q. O

Lemma 3.8. Assume that (Hs) and (Hy) hold, then the set Q1 = {x € domL\ KerL : Lx(t) = ANx(t), A € (0,1)}
is bounded in G.
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Proof. Suppose x € Q; and Nx € ImL = KerQ, then
Q1Nx(t) = 0 = QaNx(t).

Thus, from the condition (Hy), there exist t; € (0, T] such that |D8‘;2x(t1)| < My, and t; € (T, +o0) with
ID(‘)"jlx(tz)l < M; . Combinning this with Lemma 2.6, we obtain the following results

t
Dg‘glx(tZ) —i—J Dy x(s)ds
t2

ID§ x ()] =

t +0o0o
DS x(s)lds < My +J INX(s)lds = My + [N 1,

< D& x(t)] +J
0

1%

t
D& ?x(0)] = D 2x(t1) —J D%, x(s)ds|
0

t
< D& 2x(t)] +L DY, 'x(s)lds < My + [[DE%(1)]JooT < My (1+T) + T|Nx(t) 1.

Using definition of P and Lemma 2.6, we obtain

1 1
P — DD(—] 0 t(X—l DOC—Z 0 toc—z/
1 1
Px(t o = —mt Docfl 0 tocfl Dcx72 0 toc72
H X( )” i;%e F(OC) 0+ X( ) + F(Oé—l) 0+ X( )
1 1
< —— D& x(0)|supe ™M+ — D% ?x(0)|sup e ™t > 2
Mg Do+ X0 e Moa—1) 0+ o
1 1
< Docfl Dcx—z
r(0()| 0+ X(O)|+4r(oc71)| 0+ x(0)|
My N | ML+ T) + TN
h M) Mo—1) !
HDS‘jZPx(t)HOO = sup e*mtID(‘)’:sz(t)l
€0

<supe ™ D} 'x(0)Dg ! Dg?x(0)Dg 2
£0 I"( ) Mo—1)

D& 'x(0)|sup e ™'t + DS 2x(0)|sup e ™
>0 20

DS 1x(0)] + DS *x(0)]

My + [[Nx(t)[[p1 + M (1 +T) + T||Nx(t) || 11
M2+ T)+ (1+ T)|INx(t)|r1,
HDS‘;lPx(t)HOO = sup |D8‘+_1Px(t)|

N

NN

>0
~ eup D& 'x(0)DE 1%t D& ?x(0)DE X2
£>0 (o) Mo—1)

_ _ 1 _
< D& 'x(0)| + D *x (o)l sup < < D& x(0)] < My + [[Nx(t) |1
t>0



E. K. Ojo, S. A. Iyase, T. A. Anake, ]J. Math. Computer Sci., 32 (2024), 122-136 132

Therefore,

IPx(t)ll = max{|[Px(t) oo, [IDF; Px(1) oo, 1D Px(1)]|oc}

< [IPx(t)]loo + 1D 2Px(t) oo + [IDF P (1) loo
(3.5)

(M1 + [INx(t) 1) + (M1(1+T) +T[INx(t)|[p1) + M1 (2+T)

1 1
S T Foo— 1
+ (14 T)INx()[[ 1 + My + [[Nx(8)] 1.

It is observed that (I — P)x € domL NKerP and LPx = 0. From the definition, the operator Kp : ImL —
domL N KerP is such that for any h € ImL, Kph = I§"_h. Therefore,

I=P)xllc = [[KpLI=P)x[[c < [LI=P)x|l11 = [[Lx[|rr < [[Nx]|:. (3.6)
From (3.5) and (3.6), we obtain
1 14T 1 T
—|p I—P)x||c < T+3|M T+2 ) INx]|;:.
el = IPxlla + 1= Phele < (s + g + T+3)Mi+ (e + ey + 7+ 2) el

Let( s T T +T+3) Vand< R =] +T+2>:W,then,

X[l = VM1 +W|[Nx(t)[[1 < VM1 + W((|x|c + [|dal[11),
(1—-—W(Q) ||X||G VM1+W||d4HL1,
HX”G < VM1+W”d4HL1
1-W(
Thus, Q; is bounded, provided W < 1. O

Lemma 3.9. Suppose that (Hy)) and (Hs) hold, then the set Q; = {x € KerL : Nx € ImL} is bounded in G.

Proof. Let x € Qy, where x(t) = b1t* 1+ bt* 2, by, by € R, and Qi Nx(t) = 0 = QaNx(t). By condition
(Hs), it follows that,

b toc—l +b toc—Z oc—l oc—2
supe” ™Y[x(t)| = sup b1 — 2 | < |by|sup +|by| sup
>0 >0 € >0

supIDio_lx( ) =sup|b1DFy lyo— 1+b2Dj‘_O Lgo=2
0 0

< byl +1by| < 2M

emt emt

1
= [o1T () +[o2T (e —1)[sup — < [baT' ()] < MT'(ex),

t>0
sup e_mtlDﬁo_zx(t)l =sup e_mtllef_aZt“_l + szj‘_O_zt“_zl
0 >0
=supe ™Ybil ()t + bl (oc— 1)
0

< b1 () sup —y o T 1b2l (o —1) < [by|I(ex) + [b2M(ex—1 < (M) + T(x—1))M.
t>0 €

Thus, we conclude that Q, is also bounded in G. O
Lemma 3.10. Suppose that the condition (Hs) holds, then the set
Q3 ={x € KerL: vAJx(t) + (1 —=A)QNx(t) =0, A € [0, 1]}
) . [ =1, if(1.3) holds, ) ) ) ) . )
is bounded in G, where v = { 1, if (1.4) holds, and ] : KerL — ImQ is a linear isomorphism defined by

_ _ 1 - 1 B
J(bit* !+ bpt*2) = Z(022|b1| —agbalet + K(—a1z|b1| + aiiba)te ™, by, by € R.
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Proof. 1f (Hs) holds, x € Qg3 is such that x(t) = b1t 1 4 byt* 2, with by, by € R. If v = —1, AJx(t) =
(1 —=A)QNx(t), A € [0,1]. By the condition (Hs), we show that there exists a positive number M such
that [b1] < M and [by] < M. If A = 0, then QNx(t) = 0, which implies that Q;Nx(t) = 0 = Q2Nx(t). If
A =1, then Jx(t) = 0, which implies that b; = 0 = b,. Thus, b; < M and b, < M. For A € (0,1), with
AJx(t) = (1 —A)QNx(t), we have

{ Alazzby — appby = (1 —=A)(a2nQ1Nx(t) — a;2Q2Nx(t)),
Alajrbz —aziby = (1 —A)(a;1Q2Nx(t) — a2 Q1Nx(t)).

Since A # 0, we have
{ Alby| = (1 — )QlNX(t)I
Alba| = (1 —A)Q2Nx(t)]

Assuming |bi| > M or [by| > M, then

2 _ _
{ ;\E;z - 8 _gziglmg 0 < A(by2+b2) = (1-A) <b1Q1Nx(t) + szsz(t)> <0

leads to contradiction by (1.3). Hence,
b1l <M, |b2f <M

Thus, Q3 is bounded. If (1.4) holds, by similar argument we can see that (3 is bounded. O

Theorem 3.11. Suppose that (Hl) (Hs) hold, then, the BVP (1.1)-(1.2) has at least one solution in G provided
W <1, where W = ((rilgy + rrairy + T+2) and = [[daus + [zl + s

Proof. Let Q be a bounded open subset of G such that U3_,Q; C Q, i =1,2,3. We have shown that N is
L-compact on Q by Lemma 3.8. Applying Lemmas 3.9 and 3.10, we have established that

(i) Lx(t) # ANx(t) for any x € (domL|kerr) N0Q, A € (0,1);
(ii) Nx(t) € ImL for any x € KerL N 0Q), where 0Q is the boundary of Q.

Lastly, we prove that deg{QN|ker, Q NKerL, 0} # 0. Define
H(x,A) = vAJx(t) + (1 — A)QNx(t).

By Lemma 3.9, we infer that H(x, A) # 0 for any x € KerLN Q, A € [0,1]. Thus, by the homotopy of degree,
we have the

deg{QN|kerr, Q NKerL, 0} = deg{H(:,0), Q NKerL, 0}
= deg{H(-, 1), QN KerL, 0} = deg{=£], Q N KerL, 0} # 0.

Accordingly, it follows that the BVP (1.1)-(1.2) has at least one solution in G. O

4. Example

Consider the boundary value problem

Da,x(t) = f(t x(),D ( ),Di. x(1)), e (0,+00),

(t
x(0) =0, DZ x(0 )zj Lx(t )dA(t), (4.1)
Dg, x(+00) = —3DZ x(1 ) 3D2 x(3).
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A(t) =4t —3t% and

f 3 o2t e 3t . 1
f(t,x(t),D5+x(t),D5+x(t)) — { ) cosx(té) + &~ sin(Dg, x(t)), te (0,1],
€= cos(Dg, x(t)), t e (1,4+00).

Corresponding to BVP (1.1)-(1.2), x = %,m =2,k = —%, Ky = %, &= %, = %
For the existence of at least one solution for the BVP, we check if the assumptions (Hi)-(Hs) are
satisfied.

(Hq1): We see that
1

2 1
Y k=1 Y k&1=0, J dA(t) =1, and J tdA(t) = 0.
im1 0

i=1 0
(Hy): Determinant A = ajjaxp — appap; # 0, where a;; = —0.5570, a;p = 0.3191, ax; = 0.0364, and

Aapp = 0.7532,
A = (—0.5570)(0.7532) — (0.3191)(0.0364) = —0.4311 +# 0.

So (Hy) holds.

(Ha): We show that WC < 1, where W = (5 + 5 +3) = 4.8807 and du(t) = <%, da(t) = 5, da(t) =

ef5t

S5, da(t) =0,
¢ =||di|[p1 +||d2]l1 + || da]| 1 = 0.0746.

Therefore
W = 4.8807 x 0.0746 = 0.3641 < 1.

Hence, (H3) holds.

1
(Hq): Set My =5, if D3 gx(s) > My, then

1 pt e—3s e—Zs
Qle(t)>J J (t=s)(5-M1— 75 )dsdA(t) > ~0.003M; +0.0027 # 0.
0Jo

Hence, Q1Nx(t) # 0. Also,

oo o—5s 1 % e 3s e 28 3 % e—2s e 3s
[ (- a2 ()
Q2 X(t)>L 25 1+2J0 10 M) 2J0 5 10 M1)ds

> 0.05358M; — 0.0454 # 0.
So, Q2Nx(t) # 0. Thus, (Hy) holds.
(Hs): Take M = 10, if |bq] or |by| > M,

1 rt —3s —2s
lelNX(t) + szzNX(t) = Dby JO JO (t—s) <610 (blF(g)s + sz(%)) + 615 > dsdA(t)

5 [® 6—55 b, % e—3s 5 3 e—ZS
—|—b1b2F(2)L 5 dS—f—ZJO < 10 (blr(5)8+b2r(§))+ 15 )ds

3
3b, [t [ e 38 5 3 e 28

= 0.0087b3 +0.0111b3 — 0.0027b; 4 0.0322b, + 0.01583b; b,
> 0.00397M?2 — 0.0349M > 0.

Thus, (Hs) holds. Since the assumptions (Hi)-(Hs) of Theorem 3.11 are satisfied, the boundary value
problem (4.1) has at least one solution.
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5. Conclusion

The study has shown the existence of solutions for the resonant fractional order boundary value
problem with the dim KerL = 2 on half-line using coincidence degree theory. An example was given to
validate the results. It is anticipated that the outcome of the research will further expand the knowledge
of fractional order BVP and enrich the existing literature. Further work can still be carried out on this
problem by using a nonlinear p-Laplacian operator.
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