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Abstract
In this paper, we study the following fourth-order elliptic equation with p-Laplacian, steep potential well and sublinear
perturbation:
Au— KApu+ uV(xJu = f(x,u) + £(x)ul9 2y, x € Q,
u=Au=0, on 0Q),
where N > 5, Q is a bounded domain in RN with smooth boundary 90, A2 = A(A) is the biharmonic operator, Apu =

div (|Vu\p*2Vu) with p > 2, i,k > 0 are parameters, f € C(Q xR, R), & € Lﬁ (Q) with 1 < g < 2, we have the potential
V € €(Q,R). Using variational methods, we establish the existence of infinitely many nontrivial high energy solutions under
certain assumptions on V and f.
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1. Introduction

In this paper, we are interested in the existence of solutions to the following fourth-order elliptic
equations with p-Laplacian:

(1.1)

APu— kApu+ pV(x)u = f(x,u) + &(x)[u[9 2, x€Q,
u=Au=0, on 0Q),

where Q is a bounded domain in RN with smooth boundary 0Q, A? .= A(A) is the biharmonic operator,
Apu = div (IVqu_ZVu) with p > 2, k,u > 0 are parameters, f € C(Q xR,R), V € €(Q,R), and
Eel”a (Q)withl<q<2.
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When considering problem (1.1) with the conditions V(x) = 0, p = 2, and &(x) = 0, we can derive the
following modified problem:
{ A*u + cAu = f(x,u) in Q, (1.2)

u=Au=0o0n0Q.

The study of fourth-order elliptic equations has concrete applications in many fields, which arises in the
study of traveling waves in suspension bridges (see [19, 20] and the references therein), as well as the
study of the static deflection of an elastic plate in a fluid, has been extensively investigated in recent
years. For the results of infinitely many nontrivial and sign changing solutions of problem (1.2), we refer
the readers to [1, 3, 4, 8, 10-14, 1618, 21, 26, 30] and the references therein.

For the whole space RN case, the main difficulty of this problem is the lack of compactness for
Sobolev embedding theorem. To overcome this difficulty, some authors assumed that the potential V
satisfies certain coercive condition, see [15, 24, 27] and the references therein. To reduce our statements,
we make the following assumptions for potential V:

V1) Vee(Q,R)and V > 0on Q;

(Vp) there exists a constant ¢ > 0 such that the set {V < ¢} ={x € Q| V(x) < c} is nonempty and has finite
measure;

(V3) £ =int V~1(0) is a nonempty open set and has smooth boundary with £ = V~1(0).

From (V1)-(V3), we can see 1V represents a steep potential well whose depth is controlled by p. Bartsch
and Wang first introduced this problem for the case of a nonlinear Schrodinger equation and the potential
nV with V satisfying (V1)-(V3) [5, 6]. Later, the authors in [29] considered the case &(x) =0 and p =2

{ A2u—Au+ pV(x) = f(x,u) in RN,

u e H2(RN). (1.3)

Using (V1)-(V3) they proved the existence and concentration of solutions for problem (1.3). In [28], by
the genus properties in critical point theory, Zhang et al. considered the regularity and existence of
infinitely many small energy solutions for problem (1.3). In [22], using the Gagliardo-Nirenberg inequality
and Mountain Pass Lemma, the existence and multiplicity of nontrivial solutions were obtained of the
following biharmonic equation with p-Laplacian problem:

Au—vA u+pV(x)u = f(x,u), x€ RN,
ue H? (RY),

where N > 1, p > 2, v € R and p > 0 are parameters. In [9], Benhanna and Choutri considered the
following biharmonic equation:

Au—Apu+pV(x)u = f(x,u) + vE(x)u/972u, x e RN,
ue H? (RN).

By using the Mountain pass theorem, Ekeland’s variational principle and Gagliardo-Nirenberg inequality,
the existence of at least two nontrivial solutions for this biharmonic equation was obtained. In [23],
Fenglong and al studied the following problem

APu—AApu = f(x,u) — ﬁ [ fly,u(y)) dy, xeQ,
Po) (1.4)

ou _ 28] _ 0, on 0Q,

where |Q] is the measure of O, A, u € R are parameters. By introducing an appropriate function space
with constraint [ u dx = 0, they obtained infinitely many sign-changing solutions for problem (1.4).

ol
Our goal is to obtain the existence of a sequence of infinitely many high-energy solutions to problem
(1.1). The strategy of the proof for this assertion is based on applications of the dual-fountain theorem that
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were primarily introduced by Bartsch [7] with consideration for the variational nature of the problem. The
dual-fountain theorem, as a key tool, is a dual version of fountain theorem in [6], which is a generalization
of the symmetric mountain-pass theorem in [2] and a powerful technique for ensuring the existence of
multiple solutions to elliptic equations of the variational type. This paper is organized as follows. We
first briefly review definitions and collect some preliminary results for the Sobolev spaces and Gagliardo-
Nirenberg inequalities. Next, we will give the existence criteria of infinitely many nontrivial high energy
solutions without the well known Ambrosetti-Rabinowitz condition.

2. Preliminaries

In this section, we briefly recall definitions and some elementary properties of Sobolev spaces. For
simplicity, ci, C, C; are used to represent different different generic positive constants. Let s € [2,2*], 2*

is the critical Sobolev exponent, that is 2* = 2™.. We give the definition the following norm:

s = hellis o) = j ()5 dt
Q

We define Sobolev space H? as follows:
H?(Q) ={uel?(Q): Vue *(Q),Auc *(Q)},

with the norm
i, = J IAUR + [Vuf +122 dx.
Q

Let
E= {u e H2(Q)NHL(Q): and J (IAuf + V(x)u?) dx < —1—00},
Q

be equipped with the inner product

(u,v) = J (AuAv +V(x)uv) dx, u,veE,
Q

and the norm
ulP = J(IAuIZ VW) dx, ueE
Q

Then E is a Hilbert space with the inner product defined above. Moreover, by Gagliardo-Nirenberg
inequality, there exists C; > 0 such that:

N|—

CZ
IVul? dx < C? |Auf? dx wdx | <= |Auf? dx+ | u? dx |,
! 2
Q Q Q Q Q

which indicates that:

2

C
J (IAuf +u?) dx < [Juf?. < <1+ 21) J (IAuf +u?) dx. (2.1)
Q o)
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It follows from the Holder, Gagliardo-Nirenberg inequalities, and conditions (V1)-(V3) that there exists
Cy > 0, such that:
2

1 }
JuZ dx = J u? dx + J u? dx < - J V(x)u? dx+ |V < c}l% (J > dx)
Q {V>=c} {V<c} {V=c} Q

< JV(X)LLZ dx + CH(V < )|~ J Au? dx.
Q Q

o | =

Combining the above inequality with (2.1) yields:
ellfe < oenilfull?, (2.2)
where

C2 1
an = (1 + 21> max{l + GV < C}|‘$/C} ,

which implies that the imbedding E — H? (RV) is continuous. For p > 0, we introduce another inner
product and normal

(u,v), = J (AuAv + pV(x)uv) dx, u,veeE, IIuIIfL = J(IAuI2 +uV(x)u?)dx, uecE.
Q Q

Let E,, = (E, | - ||n), then E,, is a Hilbert space and
[ull < ufly,  forw>1. (2.3)

By (V1)-(V2), the Holder and Gagliardo-Nirenberg inequalities, we can demonstrate that there exist posi-
tive constants B, fi (independent of p) such that

lulfe < Bnfulf,  forallue By p>f
-1
In fact, similar to the inequality (2.2), for p > fi == % [1 + C%l{V < c}l%} , We obtain:

[u?p < Brlul?, (2.4)

where )

Bn = (1 + C;) (1 + 3V < c}|%) > 0.

By the Holder, Gagliardo-Nirenberg inequalities, and conditions (V1)-(V2), (2.4), for any s € [2,2*], one

has:
J [ul® dx < (J luf? dx)

Q

2N—s(N—4) (s—2)(N—4)

)

IN—s(N—4) N(s—2)
8

8
N(s—2) (25
<G, ¢ (J uf? dx) (J |Auf? dx) )
Q Q

N(s—2) C2 b 3
< (1+1> (1+ C3HV < el ) .
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From (2.5), for any s € [2,2*] and p > i, we have:

J uf® dx < vsllully, (2.6)
Q

where

N(s—2) C2 3 H
Ye=C, * <1+21> (1+ v <)’

From (2.6), the Gagliardo-Nirenberg inequality, and Young inequalities, there exists C3 > 0, and t = 4—2_%,
such that:
P P
4 2t
J [VulP dx < C¥ (J |Aul? dx) (J utdx)
Q Q Q
3 2 » 27)
CP CP(B2 t
gf(ﬁ““ﬁ +(IMM) < SNy
Q Q

Definition 2.1. We indicate that u € E is a weak solution to the problem (1.1) if

J(AuAv + uV(x)uv) dx + J IVu/P2Vu - Vv dx = J f(x,u)v dx + J £(x)ul9%uv dx,
Q Q Q Q

for all v € E. Let us define functional ], 5 by
Jua(u) = A(u) —AB(u),

where

1 1

Alw) = 3+ 5 [ P00 dx, Bl = | Fixudx o | EGol® dx
Pa Q Q

for allu € E,, and A € [1,2]. It is easy to verify that ], (u) : E, — R is a C'-functional for A € [1,2] and

for any u,v € E,, its Fréchet derivative is given by

(Juaw),v) = J(AuAv + uV(x)uv) dx + J IVu/P2Vu - Vv dx

Q Q
(2.8)
—A [i f(x,u)v dx + J E(x)ul9%uv dx | ,
Q
for all u,v € E,,. Hence the critical points of J,, ; are solutions of (1.1).
For2 <p<2*= % , we assume that

(f)) &€ La (Q) and &> 0 on Q;

(f2) |lilm0 f(|)1(i|uJ = 0 uniformly in x € Q;
ul—

(f3) f € C(Q xR, R), there exist two constants ¢c; > 0,p <1 < 2, = % such that

fleowl <o (T4 ™), Vi) € QxR;

(f2) F(x,u) > 0 and | llim Fl(ji;” = 0o uniformly in x € Q.
u|—o0
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Let {e;} be a complete orthonormal basis of E. We define

k [e9)
Ej:=span{ej}, Yk ::@Ej, and Zy = @ E;, kelN.
i=1 j=k+1

Also
B ={ueYi:lull<px}l, Sk={ueZx:lull=r},

for px > 1 > 0. Clearly, E = Yy @ Zy with dim Yy < oo.
Theorem 2.2 ([31]). Let X be a Banach space, suppose that ], » € CH(X,R) satisfies:

(A1) Jua(u) maps bounded sets into bounded sets uniformly for A € [1,2], and
Jua(=w) =Jua(w)  for (A u) € [1,2] x X;

(A2) B(u) >0, Vue X, and A(u) — oo or B(u) = oo as |lu|| = oo;
(A3) there exist px > 1y > 0 such that

ex(A) = inf Jua(u) > fi(A) := max Jua(u), VA€ [1,2].

ueZy,|lull=ry ueYy,llull=px

Then

ex(A) < gx(A) = inf maxJua(v(u)), VA€(l,2],
yel‘k uEBk

where Ty, ={y € C(By, X)) : visodd, ylas, = id} (k > 2). In addition, for almost every A € [1,2], there exists a

sequence {u}i(?\)}:’:l such that

sup [un M)l < oo, Jia (UK(A) =0 and  Jua (uWS(A) = ge(D),  asn — oo

Lemma 2.3 ([25], Lemma 3.8). If 1 < s < 2* then we have that

Nk := sup luls =0, T := sup Vulp =0 as k— oo.
ueZy,[[ufu=1 ueZy, [ullp=1

Proof. 1t is clear that 0 < My41 < 1My, so Nk — 1 = 0(k — oo0). For every k € IN (by the definition of 1y ),
there exists ux € Zy such that |jux|| =1 and

], > % > 0. (2.9)
[e.°]
For any v= ) vje;, we have, by the Cauchy-Schwartz inequality,
i=1
(e, V)| = <uk/ZViei>‘ = <uk, > Viei> <l || D viei|| = < > V%) -0,
i=1 i=k+1 i=k+1 i=k+1

as k — oo, which implies that ui — 0 in E,,. The compact embedding of E,, — L% (Q) implies that
u —0 inL®(Q).

Hence, letting k — oo in (2.9), we get n = 0, which completes the proof. O
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3. Main Result

In this section, we employ the variant Fountain Theorem 2.2 and variational method to establish the
existence of a sequence of infinitely many solutions whose energy converges to infinity.
Here is the main result of this work.

Theorem 3.1. Suppose that (V1)-(V2), (f1), (F1)-(F3) hold, 2 < p < N 2, and F(x,—u) = F(x, u) for all (x,u) €

Q x R, then, for w > yy and k € (0, ko), (1.1) possesses infinitely many high energy solutions uLk) € Ey for any
k € IN, that is,

%H H2 J|Vuu [P dx—JF(x uu ) dx—JE(x)luﬁk)lq dx = 00, ask — oo.
P Q Q a Q
Lemma 3.2. Under the assumptions (V1)-(Va), (f1), (F1)-(F2) , for p > po and k € (0, ko), there exist ry. > 0 such

that
inf Jun (W) >0, VAell,?2],

ueZy,|lull=ry

where py = max{1, fi}.

Proof. Using (F;) and (F,), it follows that for any ¢ > 0, there exists a positive constant c, that depends on
¢ such that
F(x,u) < eful* +cehul” forall (x,u) € Q x R (3.1)

From (2.6), (3.1), and the Holder inequality, for any p > pg, u € Zy, one has

1 A
T () = g+ 5 [ IVP dx = [ Flu ) dx— ¢ | Efhul® ax
Q Q Q

—_

> Sl = Ayaelfulff — Acchuly — Alg] »_fulf

&

?\vz€> I[ull?, — Acentlfullf, — — Al 2 nkllullq-

N\P—‘

Let
M =20 (cen 9 +1e] 2 ).

Set 1, = (6M’ ) T, then
T — 00, as k — oo, forr € (2,2,),

which implies there exists a positive constant kg € IN such that ry = (6M) = > 1, for k > ko, k € IN. Take
Ilull,. = 1, w € Zx. Then, for A € [1,2],k > ko, k € N, we have that

3 1 T T
inf Jua(u) = ~ [l — 2cenylhull), —2[&| 2 T1k||u||q
UEZy,|lull=rk 3 (3.2)
> iz~ My, = 22 = L (em) 7 > 0
~3 KT 6 kT 6 '

O

Lemma 3.3. Assume that conditions of Theorem 3.1 hold. Then, for u > yg and x € (0, ko), there exist py > 1 > 0
such that

max Jua(u) <0, VAe[1,2].
ueYy,|lull=px
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Proof. By condition (F3), for any n € IN, there exists G,, > 0 such that
F(x,t) > nft|/’, for any [t| > G, and a.e. x € Q.

Denote F,, ;== max _|F(x,t)|+nG}k, by direct calculation, we see that
[t|<Gn,xEQ

F(x,t) > nit|P —F,, foranyt € R, ae. x € Q. (3.3)

From (2.6), (3.3), and the equivalence of the norms in the finite dimensional space Yy, for A € [1,2], u € Yy,
we obtain

1 A
Tn(u) = g+ 5 IV = [ Pl a2 | £hl® ax
Q
Pz %
KC3 (BN +Y*:)

1 2
< —
< i+ =250

e —nCE % + FulQL
nCj2p

Then, Choosing an k < ——*~———
C§ ( l?’]% +v)

= Ko, for some py large enough, |[u|| = px > 1 > 0, one has

max Jua(u) <0, VAel[1,2].
ueYy,|lull=px

O

Lemma 3.4. Assume that conditions of Theorem 3.1 hold. Then, for w > no, x € (0,k0), An € [1,2], Ay —
1,u(An) € B, with

sup [[u(An)]| < oo, Jia, (WAr)) =0 and  Jux (u(dn)) = gk(A),  asm — oo,

{u (An)} has a convergent subsequence in E,, for every k € IN.

Proof. Assume u (A,) — u weakly in E,. We can assume that there exist a subsequence {u(A,)} and
u € E, such that:
u(An) — u weakly in E,
u(An) — u strongly in L® (Q) for s € [2,2%), (3.4)
u(An) — u ae. in Q.

Next we prove that u(A,) — win E,,. We know that
Jon, @A) =T (W), u(An) —u) -0, n—oo.
By (2.8), we have that
on(1) =(Jia, (WAR)) =T (W), uAn) —u)

> () —ul 2 + & J Tun)P2VuAn) - V(i) — )

Q
_x J VP 2Vu- V() — ) — J Anf (1 (An)) — F00 ub)l () —ul dx 39
Q Q
_ J £() At (An) — % L (An) —ul dx.

Q

By employing equations (2.6) and (2.7), along with the fact that the embedding E,, — WP (Q) is contin-
uous, it can be concluded that:
u(An) — u weakly in WP (Q). (3.6)
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Then, from (3.4), (3.6), the Gagliardo-Nirenberg inequality, the Holder inequality, and the boundedness
of {u(An)}, we get

J(Wu(xnnp—zvmn) IVuP VW) - V(u(n) — ) dx
Q

_ J (IVuA)IP 2 = [VUP ) Vi (An) - V() —w) dx+ j VU2V (u(hn) — WP dx
Q

Q
qu P2 1P ) [ Vun)IV (w(An) — )] dx
Q

3.7)
E
— IVu(?\n)IB‘llv( (An) —u)lp = IVUulp” [VuAn)pV(wAn) —u)lp
p=2 P 2
>—Cy [|Vu(7\n)|g L vl [Vu(A n)|p:| IAWAR) —u)l5 [w(An) —ulf
P P
> — Cg | (1AuAn)B +18uB) * | ulAn) —ul?
~ Cofu(An) —ul[f — 0,1 — oo,
where 1 < %,2 <t= 4—3% < %. From (f1), (3.4), A\n — 1, and the Hélder inequality, we have that
J E(x) A (An) =9 T (An) —ul dx < |<ﬁ| 2_ w(An) —uld -0, n— oco. (3.8)

By utilizing equations (3.1), (3.4), the inequality A,, < 2, the Holder inequality, and the boundedness
of the sequence u(A,,), we obtain

j D6 () — Flo Wl LAn) — )] dx

Q
< J (12F (6w ()] 4+ [F06 W) e (n) — 1l dx
2 (3.9)
< | oo (120 Ol )+ (200 )" ) | o) — ]
Q
< Cio (2u(An)la + ul2) e (An) — uly + (2u)E ™ + T ) b (An) —ul, = 0, n = oo,
It follows from (3.5)-(3.9) that [[u(A,) — u| Iﬁ — 0, which implies u(A,,) — win E. O

Proof of Theorem 3.1. From (f;) and the property F(x,—u) = F(x,u), it is easy to see that J,, x(u) maps a
bounded set into bounded sets uniformly for A € [1,2]. Clearly, we have

Jua(=u) =Jua(u) forall (A,u) € [1,2] X E,
which shows that (A1) of Theorem 2.2 is satisfied. It follows from (F3) that
B(u) >0, foruet.
It follows from (2.3) that

1 K 1
Alu) = Sl + ’ J VuPdx > Jlhull? — oo, as ull — oo,
Q
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which implies (A;) of Theorem 2.2 holds. By Lemmas 3.2 and 3.3, conditions (A2)-(A3) of Theorem 3.1 are
satisfied. Consequently, according to Theorem 2.2, for any A € [1, 2], there exists a sequence {u‘fl(?\)}Oo
for k > ko, k € IN, such that:

n=1
sup [uli (Wl < 00, Jjn (W) =0, Jup (Wh (V) = gi(A). (3.10)

We also have gy (A) = inf max ]u,;\(y(uh(k))) > ex(A). Let By = %(67\4’)% > 0, then By — oo, as
'Yerk uEBk

k — oo. For k > kg, k € N, it follows from (3.2) that

gk(A) > ex(A) > Pi.

Therefore
gk(A) € [Br, BL] (3.11)
where
Bl = max Jur(y(ul(A), T ={y € C(By,Ey) :yisodd,ylos, =1id} (k>2),
k
with

Bx ={u e Yy :[ull < px}.

Choose A, — 1 as m — oo, for A, € [1,2]. Owing to (3.10), we can get the boundedness of {LLTk1 (?\m)},
which implies {uX (A;)} has a weakly convergent subsequence. Following a similar approach as the
proof of Lemma 3.4, it is possible to establish that {uX (A,,)} possesses a strongly convergent subsequence
in E, asn — oo. Let us assume that nlgrgo uk (Am) = uk (Ayy) for m € IN. Subsequently, by using equations

(3.10) and (3.11), it follows that for k > ko, k € IN:
Jiam (W Am)) =0, Jun, (W (Am)) € [Br, Bi] - (3.12)
Next we show {uk (?\m)} is bounded in E,,. We argue by contradiction. In fact, if it is not the case, then

[u* Am) Iy — 00,  asm — co. (3.13)

uk(}\m)
[k () [
subsequence in E,,. By (2.6), we can see that v,;, has a strong convergent subsequence in L* (Q), for
s € [2,2*]. Without loss of generality, we suppose vi, — v a.e. in L® (Q)), then v, (x) — v(x) for a.e. x € Q.
For q € [1,2), it follows from (f;), (3.13), and the Holder inequality that

Consider the sequence v, = , which satisfies ||V ||p = 1. Then v,y has a weakly convergent

k q
ey JE0 U )| dx<:r el 2 v3" e )] 1
S am < lim

=0.
m—r00 [uk Am )l m—o0 [uk Am)I

Let A = {x € Q:v(x) #0}. It's easy to see that A is nonempty. For any x € A, we have [uy(x)| — +oo.
Then, by (F3) and the Fatou’s Lemma, we have

F(x, u*(Am)) F(x, u*(Am))
liminf | ———————=* dx = liminf | —————=2% v (x)|P d
ﬁﬁjuwmmm X ﬁ$i|wmﬂp”(w X
[ FOouE(Am)
A
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For x € A, A,y € [1,2], combining (F3), (3.10)-(3.13), and Fatou’s lemma, we get

kCY ([31% -i-Yf) 1 1 ) k[ Vuk ) [P
1 > e )| =T (W (A > - P
" 2p Z T 0T <2 Ol = (w5 Om)) ) + 2 RSN
Am [f F(x, u* (Am)) dx—i—% J &) [uk (Am)}q dx}
_ Q Q
uk (Am) IR
» F(xuf (Am)) 1 [ &0 [u* )| o
>llvm(x)| Eet el g qi L dx o

This is a contradiction. Hence {u* (A;,)} is bounded in E,,, which shows {u* (A;;)} has a weakly con-
vergent subsequence. By Lemma 3.4, we know that {u* (A;;,)} has a strongly convergent subsequence in
Eu. Suppose

lim u* (Ap) =uk(1) = ut € E..
m—00

Then, for k > kg, k € IN, from (3.12) and 3y — 0o, as k — 0o, we have

Jin (uh) =0, Ju1 (uh) € [Br,By] = 00, ask — oo,
K
i
obtain infinitely many nontrivial critical points ul(uk) of J,,,1, which are also the nontrivial solutions of (1.1)
with high energy, that is,

which shows uf is a nontrivial critical point of ], 1. Consequently, for k > ko, k € N is arbitrary, we

Ju1 (uh) — 400, ask — oo.

Example 3.5.

8 (sin2 X) u3  In (1.3+ ‘Sinxz}) | |%_2

PN e

(A)>u— KApu+ puVu = u xe€Q, (3.14)

where q = % Obviously, from (3.14), we have

8 (si 2 5
f(x,u) :(smgx)us e C(OxR,R),

and
_In (1.3+ }sinle)

(x) = Y

€ 12(Q), which implies (f) is satisfied. From (3.14), we know F(x,u) =

_ In(13+[sinx?|)
Then 0 < &(x) = e )
(sinzx)u%

——>5— 20, and we have that

8 (sin2x) u5/3
) = | SO (g i),
If(x,u)] . 8(sin’x)u?/3 0
= 1 — =,
ul—0  ul | =0 9
F(x,u) . (sin?x) u5~P
= lim ~——— =00,
ul—oo UP ul—oo 3
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withp <r= % € 2,2,), c = 1, which shows that (F;)-(F3) of Theorem 3.1 hold. Let

0, x| <1,
V(X) = 2(|X| - 1)/ 1 < |X| < 2/
x|, [x| > 2.

Thus, it becomes straightforward to verify the satisfaction of (V1)-(V3). Moreover, it is evident that

F(x,—u) = F(x,u). In view of Theorem 3.1, for k € (0,kp), 1 > po, k = ko, k € IN, (3.14) has infinitely

many high energy solutions uﬂk) € Eu.
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