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Abstract

There are several nonlinear physical models emanated from science and technology that have always remained a challenge
for numerical analysts and applied mathematicians. Various one-step numerical methods were developed to deal with these
models, however, it requires the developed method to have consistency, stability, zero stability and convergence characteristics
to handle the non-linearity in the model. This paper proposes a new sixth order inverse polynomial method (SOIPM) with a
relative measure of stability for the solution of non-linear physical models with different flavors. Firstly, the properties of SOIPM
are analyzed and investigated. Moreover, three illustrative non-linear physical models have been solved to measure the accuracy,
computational performance, suitability and effectiveness of SOIPM. Furthermore, the results generated via SOIPM are compared
with the existing method of the celebrated Runge-Kutta of order four (RK4) in the context of the exact value (EV). Finally, the
absolute errors (ABEs) and final absolute errors (FABEs) incurred by SOIPM are computed and compared with that of RK4.

Keywords: Consistency, convergence, initial value problem, inverse polynomial method, linear stability, order of accuracy,
rational interpolating polynomial, zero stability.
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1. Introduction

First order initial value problems (IVPs) are known to arise in various models describing different real-
life scenarios such as the learning theory model, population models, epidemic models, models describing
falling bodies, models for mixture problems and chemical reactions, among many others [24]. The general
form for first order IVPs considered in this article is given by the equation

y' =f(x,y),y(a) =yo,x € [a,b], —00 <y < o0, (1.1)
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which will either have a unique solution, an infinite number of solutions, or no solution. In cases where
the IVP fails to have a solution or the solution is difficult to obtain, numerical solutions are considered.
These numerical solutions conventionally adopt methods such as Taylor series method and Runge-Kutta
methods. However, due to the problem of low accuracy, researchers still venture till date to introduce
numerical methods with improved accuracy than existing approaches, which is the main objective of this
article. Several authors have also studied the solutions of IVPs in ODEs via developed and existing meth-
ods, see [2, 4, 6-13, 15, 19, 21, 25, 27], just to mention a few. Heydari et al. [18] implemented the piecewise
spectral-variational iteration method (PSVIM) to solve the nonlinear Lane-Emden equations arising in
mathematical physics and astrophysics. This method was based on a combination of Chebyshev inter-
polation and standard variational iteration method (VIM) and matching it to a sequence of sub-intervals.
A numerical method for finding the solution of Duffing-harmonic oscillator was proposed by [17]. The
approach was based on hybrid functions approximation. The properties of hybrid functions that consist
of block-pulse and Chebyshev cardinal functions are also discussed. Heydari et al. [16] investigated the
application of a new modification of the piecewise variational iteration method for simulating the solu-
tion of the strongly nonlinear oscillators. The proposed method was based on a combination of spectral
method and variational iteration method. Tafakkori-Bafghi et al. [26] introduced an effective numeri-
cal method for solving two-point nonlinear boundary value problems. The proposed iterative scheme,
called the Legendre-Picard iteration method was based on the Picard iteration technique, shifted Legen-
dre polynomials and Legendre-Gauss quadrature formula. This article develops an inverse polynomial
method of order six to solve first order initial value problems with better accuracy. Inverse polynomial
methods for the solution of differential equations have been explored by various studies including [1, 20],
where a fourth stage inverse polynomial scheme was developed, and [14] which introduced a fifth stage
form of the inverse polynomial scheme. These highlighted studies extended the concept of Taylor series
solution for first order initial value problems which was discussed by [3, 5]. The advantage of this new
approach coined as the inverse polynomial method as an accurate approach for solving first order ODEs
was discussed extensively by [22, 23], thus justifying the usability of this method to solve first order IVPs.
This article will describe in subsequent sections, the derivation of the new sixth order inverse polynomial
method, its properties in terms of convergence and stability will be identified, and some numerical ex-
amples will be considered. In the section detailing the numerical results, comparison will be made with
the Runge-Kutta method of order four (RK4) in the context of the exact value (EV). This gives a fair basis
of comparison to show the suitability, accuracy and effectiveness of the new method in the context of the
exact value. Thereafter, the sections following will discuss the results obtained and then conclude the
article.

2. Derivation of a new proposed sixth order inverse polynomial method
To derive the SOIPM for the solution of initial value problem of the form (1.1), consider the inverse
interpolating polynomial
5 -1
Yn+1 =Yn Z ajxgl ’
j=0

where the coefficients a;’s are to be determined from nonlinear equations that will be generated by the
sixth order inverse polynomial, k = 6,

—1

6
j 0 2 3 4 5 6711
Uni1 =Un | > aiXh | =yn [aox) + a1xn + axd + asxd, + agxh, + a5, + aexl] (2.1)
j=0

Setting ag =1, (2.1) becomes

Ynr1 = Ynll+ arxn + axh + asx, + asxy + asx +agxq] (2.2)
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Taking the binomial expansion of (2.2), we get

Ynt1 ®Ynll — (a1xn + azx2 + a3x3 + a4x4 + a5x5 + a6x6 )

a1Xn + (12X + a3x + 0.4X + (15X + (16X 2

—(a1xn + azxTL + c13xn + a47<n + a5xTL + agx 3

'S

a1

—(a1xn + azx%L + c13x‘:’L + a‘pc?1 + a5xfL + agx
6

+( )

( %)
+ (a1xn + (12x%1 + c13xf1 + azpc‘f1 + (15xf1 + (167(?1)

( %)
+ (a1xn + azxf1 + agxf1 + a4xf‘1 + a5xf1 + aéxfl)
Equating the LHS of (2.3) in terms of Taylor’s series expansion of the form

h3 h.4 X h.S v h6 .
'y///_’_iy(lv) 79( )—f—fy%vl)

h2
y(xn +h) %Un'i‘hy;x"f_jyg"}_ 31 4! 51 9™ 6!

yields

h? h’ [LSCED BRSO eD B LSO e
! 1 1244 vi
TR T TR DA

(2.3)

=Yn — A1XnYn + (a% —ap)x nyn (—al +2aja; — az)x nyn + (a‘l1 — 3a%a2 +2ajaz + a% — a4)xiyn (2.4)

+ (—a‘i’ + 4ai’az —3a a% —3a3 a% +2a1a4 +2aza3 — c15)x151yn

=+ (a? — 5a‘11az —|—4ai’a3 + a% + 6a%a% — ag — 3a%a4 +2ara4 +2ajas5 —6ajaraz — a6)xflyn.

Equating (2.4) term by term, we obtain the values of aj, ay, az, a4, as, a¢ as follows

_h /
ap = 7yn,
XnYn
_ 2h%(y))? —hzyny{{
ap = 2X2 ’
—h3yny4{’ 6h3(y’, )3 + 6h3ynyly”
as = 3.3 ’
6XnYn
1 .
Qs = 5yt 24 ()" = 36N yn (yr Py 4+ 8Ty - Ryl +6ht (yn) 2y )n )2,
n
1 5 5 3./ 5 2.1
QSZW[ 120h (U ) +240h yn(y )Un 180h Un(y )Un
—90n°y2 (y4 ) (y/)? + 1003 (yh yn) +20n3y3y iy —hoy,
1
A6 = 55— [=720h°(y,)® — 1800 Y/ yny/ +480h°(y})? (yn)® + 1080h° (y, ) (yn ) (yn)?
720x5y%
+90h® (yn )2 (Y1) + 27008 (y/) 2 (yn) Py (y2)2 — 120R8(y /)2 (yn )Pyt (y/)2,

Substituting (2.5) into (2.2), one obtains

Ynt1 :Un[l_[

XnYn 2x2 yn 6x3 UTL
24h(y/)* —36h*yn(y, )Zy”+8h4ynynyii’ hay3 yl) 4 6ht (yn )2 (y /)2 &
24x4 y4 "
—120h°(y/,)° 4 240h°yn (Y5, )3y) — 180h5yn(y 2y’ —90n°y2 (yr)(yi)?] s
+ Xn
120x5,y5,

hya]XnJthz(%)z hzynyii]szr[ nyZy) — 6h3(y4J3+6h3yny£yK 3
mn

(2.5)

n
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n

n 10R°y3 (yl yn) + 20053 y /iy — hoyy)
120x3 y2,
1
+ Sanys 720n (un)® — 18000yl + 4800 (y7,)*(yn)* + 1080R° (7 Py ()
nn

-1

7

+ 90R®(yn ) (y#)® + 2700 (y1, )2 (yn )y (9102 — 1200y, P lym Pyl (yr) xS |
Yoot = yn |1 [h%] N {2112(%) —hzynyii] N [—h3ynyii’ 6h3(yﬁ)3+6h3ynyﬁyﬂ

] Yn 2y2 6y3,

N 24h4(y! )4 — 36htyn (yh )2y L + 8hiy2ylyl — hiydy Y + 6hd(yn)2(yl)?
24yTL

N —120h5(y )° + 24002y (Y1, >yl — 1800y (Y1 )2y — 90h°y? (y) ) (uy)?

i 120y3,
N 10n3y3 (y/ )y + 20n5y3 y /iyl — oyl

120y3,
1

+ Zaage 7200 (yn)® — 1800Ry .yl + 480h°(y 1) (yn)® + 10800 (yn 2 (yn )y’
n

iv i —1
+90h8 (yn)3(y!)? + 270h (y /)2 (yn )Py (y!)2 — 120h° (y/ )2 (yn )Py (y!)?

Therefore,

Yni1 = 720y7, [7209?1 — 720hy3 Yy, + 720h%y s (y7)* — 360y h*y )l — 1200°y3 y ' — 720hy3 (y1,)°
+720R%y% Yy + 720u2 hi (! )* — 1080h4y3 (!, )2y + 240h*y yly
—30n*ySyn”) +180n* (yn ) (yy)? — 760ynh°(y},)?
+14400°y7, (yn )’y — 1080h°y5, (y5,) Yy — 5400y (yn) (yy)? (2.6)
+60n°y¥ (yr)yn +120h°y Ly iy — 6hynyl”
—720h°(y,)° — 1800h°y 1 ynyy, +480h° (y;,)* (yn)® + 1080h°(yy,)*(yn)*(yn)?

. i —1
+90R® (yn )2 (y)? 4 27008 (Y2 ) 2 (yn ) (yn) ™) (y/)2 — 120R8 (y /)2 (yn )Py ) (y 1)

Equation (2.6) is the new sixth order inverse polynomial method.

3. The properties of sixth order inverse polynomial method

In this section, the consistency, stability and convergence properties of the newly constructed sixth
order inverse polynomial method were analyzed and investigated in the following results.

3.1. Consistency property of SOIPM
Theorem 3.1. Consider the SOIPM given by (2.6) for solving (1.1), then the increment function is

¢ (xn,Yn; W) = f(xn,yn) as h—0.
Proof. From the definition of general one step method we have that

IEI — e, yni ). (G
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Using (2.6), yields

YUn+1—Yn =

720y7,

720y — 720hy> y/, 4 720n%y? (y1)? —360y> h2y” —120n3y> y/"" — 720033 (y/,)*]
+720n3y% y! y” 4+ 720y2 h (y/)* — 1080 Y3 (y /)2y + 2400ty yl oyl
—30h*y5un + 180t (yn ) (/)2 — 760y h® (ys,)® + 14400°y2 (), )Py e
—1080h°y3 (y )2y’ —540h°y3 (yn ) (yr)? + 603y (yf Juk™ + 12005y hy iy Y
— 6hynylY) — 720n8(y/)® — 1800h8y  yny !’ + 480h°(y/ )2 (yn)°
+1080h°(yp,)*(yn)*(yn)* +90h° (yn)* (yy,)°?

| +270R8 (y 2 )2 (yn)® (yn) W) (Y12 — 120R8 (y )2 (yn) Py ™)) (y22)?

Simplifying further, (3.2) becomes

Yn+1l —Yn =

This implies that

Yn+l —Yn _

[720y%.y s — 720hy3, (yn)? + 360yS hy /L + 120h2y8 y ' + 720h?y}, (y1,)?

[720hy8 y/, — 720h%y> (y1)? + 360y8 h2y” + 120n3y8 y ! + 720n3y4 (y/,)*]
—720h3y2 yhy ! — 7203 hH (yh)* 4 1080h*y% (y 1 )2y — 240n* Sy y
+30ntySyiY) — 180R* (yn)? (y/)? + 760yA 13 (y1)® — 1440n°y3 (y ), )Pyr,
+1080h%y% () 2y 2’ +540h%y4 (1) (yi0)? — 60R°y3, (7, )y
— 120y y sy + 6h°yAyl) + 720h0yn (y4)® + 1800ny /iyl y
—480h°(yy,)* (yn)® — 1080h°(y1,)* (yn)*(y7,)* — 90h° (yn)* (y 1)

[ — 27008 (y 1, )2 (yn)®(yn) ) (y1)2 + 12008 (y 1) (yn )y ) (yer)?

_yn'

+720R3y Ry Lyl + 720y3 ht (y ) )* — 1080h*y3, (y) )2y

+240h4yt YLy — 30ntyS y' Y+ 180nt (yn )t (y?)? — 760y h3 (y))°
+ 1440h°y7, (yn )Pyn — 1080h°y3, (yf )%y —540h°y3 (1) (yn)?
+60n%y4 (yl )yt +120n0y4 y iy — 6hPyny ) — 720m8(y/, )6

| +270h8(y/)2 (yn)® (yn) ™) (y/)? — 1208 (y )2 (yn ) (W) (y 12

n

—180h%(yn)° (y4)* + 760y% h* (y 1, )3 —1440n*y3 (y/ )%y 21 + 1080y} (yh) Py

— 720y W2 (y1)* + 1080R%y% (y 1 )Py — 240h3y Syl y s + 30h3ySy LY

n

+1800h%y/ y2 yl — 480h5(y/)® (yn)® — 10800 (y1 )% (yn )3 (y1)? — 90h> (yn ) (y12)?

+540h* Y (y4) (yi)? — 60h*yS (yh )yt — 120n4y3 y /iyl + 6ty ylY) + 72003y (yh )

L —270R% (Y1) (yn)®yn) W) (y!)2 + 1200% (y 4 )2 (yn) * (y i) (y 1)

720y%, — 720hy3,y;, +720h?y}, (y5,)? — 360y3 h*y s — 120h°y5y ) — 72003y (yn)* |

— 1800h°y/ yny?l + 480n°(y4 )3 (yn)® + 10800 (y1 )2 (yn ) (y1)? + 90h® (yn )3 (y11)?

—720n*y3yhyn ]

h

+ 720h3ynynyn +720y% ht (y/)* — 1080h*y3 (y) )2yl + 2400 yhyny st
—30h*y3y ) +180n* (yn )4 (y1)? — 760y nh3(y/)® + 14407%y2 (y /)Py
—1080h°y3, (y )2y —540h%y3, (y 2 ) (/)2 + 60h2y (y 4 )y W) + 120n°y 4y y Y

— 6h%ynyy) —720m8 (y/, )6 — 1800h°y/ yny1! +480h°(y/ )3 (yn)®
+ 10808 (y/,)? (yn)? (yX)? +90h® (yn )3 (y2)?

| +270R8(y 2 )2 (yn)® (yn) W) (Y12 — 120R8 (y )2 (yn) P (y i) (y22)?

(72045, — 720hy3y;, + 720h*y, (Y5 )* — 360y5 hy s — 120n°y3 y ' — 720h3y3, (5, )]

(3.2)

(3.3)

(3.4)
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Comparing (3.1) and (3.4), the increment function ¢(xn, yn;h) for SOIPM is given by

[720y5,yy, — 720hy3, (1) 4 360y% hy ! + 120h%yS y) + 72007y, (y7,)°
— 720h%y3yfynm — 7203 h2 (y/ )" + 1080R%y 1 (y/ )2y — 24003y3 yny
+30n%ySyiY) — 1801° (yn)? (y/)? + 760yA ht (y1)® — 1440hy3 (1, )Py1,
+1080n*y (4 )2y +540n 4 (/) (y/)? — 60n*y3, (y 4y
120045y Y 1 6hty2ylY) + 720n3yn (y” ) + 1800h3y/ y2 Yy
—4801° (y7,)* (yn)® — 1080R° (y/,)* (yn )’ (yn)> — 90R° (yn)* (y11)°

| —270R% (y /)2 (yn )8 yn) W) (y!)? + 1200% (y 4 )2 (yn) * (y i) (y22)?

d)(men; h) = -

+720n3y% yl y” 4+ 720y2 h (y/)* — 10804y (y /)2y + 2400ty y oyl
—30ntySyn +180R* (yn )4 (yi)2 — 760ynh®(y})° + 1440n%2 (1 )Pyy!
—1080n%y3, (4 )2y s ~5400%y3, (/) (y /)% + 60R°yh (y/ ™) +120n5yhy iy
— 6h3ynylY) — 720n8(y/)® — 1800h8y  yny !’ + 480h°(y/ )2 (yn)°

+1080h° (y;,)%(yn)? (yn)? +90h° (yn ) (yn)?

720y, — 720y y;, + 720h%y s (yn )2 — 360y5 h?y;, — 120n>ydy7 — 720n%y3 (y 1 )*]

| +270R (y 2 )2 (yn)® (yn) W) (y!)? — 120R8 (y )2 (yn ) (yn ™)) (y22)?

Taking the limit of (3.5) as h — 0, this yields

720y8yn

hm d)(xn/yn/' h) = = Un = f(xnzyn)-

h—0 - 72048

Equation (3.6) confirms the consistency property of (2.6).

3.2. Zero stability property of SOIPM

Theorem 3.2. Consider the linear multistep method with k =1 of the form

1 1
Z }\jyn+j = hZ ijn+)'
=0 j=0

and the SOIPM given by (2.6) for solving (1.1). Let the first characteristic polynomial is defined as

then SOIPM satisfies the Dahlquist root conditions:

a) all roots of the first characteristic polynomial satisfy |d| < 1
b) multiple roots of the first characteristic polynomial satisfy |d| < 1.

(3.5)

(3.6)

Proof. From (2.6), we deduce that A; =1 and A9 = —1, so the first characteristic polynomial is obtained as

n(d) =Md+A=n(d)=d—1 = n(d)=0= d—1=0 = d=1.

Since SOIPM satisfies the Dahlquist root conditions, hence it is zero stable.
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3.3. Stability property of SOIPM
3.3.1. Case 1

Theorem 3.3. Consider the SOIPM (2.6) for solving (1.1) with h € (0,hy). Let the initial error be given by ey,

there exist a constant M such that h > 0, then the ultimate error ey, satisfies the inequality

en < Mey, M € (0,1).

Proof. Using (2.1), one can write

-1
6
_ j
Yn+h =Yn+h-1 Z QX4 i h .

j=0

The theoretical solution y(x) is given as

1
Y(xnin) =yxnin-1) {Z anLJrh] + Tngh.

Subtracting (3.7) from (3.8), yields

-1 —1
6 6
Y(Xn+n) = Yn+n =Yy(Xnin-1) |:Z ajxil+h] “Yn+h-1 [Z aszn+h] + Tatn

j=0 j=0

1
6
= Y(Xnin-1) = Ynih-1] X n | 4 Tagh
=0
Therefore,
1
6
€n+th = €nth—1 Z X n| A+ Tath
j=0

where

ent+h =Y(Xnth) —Ynt+h €nth-1 = Y(Xn+h—1) = Ynth-1l.

Taking the norm of both sides of (3.9), one obtains

—1
6 .
lensnll = |[ensno {Zajx]m] + Tyl

j=0
Let
6
Q = Z ajxn+h'
j=0
Then

6 ' -1 6 ‘ -1 6 ' -1
> ai¥ = 1> a¥in| o D a¥n| =Q =M, lleninll < Mlleninaall+Tainl.
=0 =0

j=0

(3.7)

(3.8)

(3.9)
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Let

Enin =suplenyn), T =sup(Tnin), Engn-1 =sup(entn-1), 0 <n < oo,

We then have

Enin < MEnin+T,

For h = 1, — En+1 METL + T/

NN

Forh=2, = Esi»

Continuing this way, we have

5
Enie < MOEn + Z MT,  lentel < Ensn < MPEn+ ) M*T.

=0

Since M < 1 and as 1 — oo, Ev i — 0 and this shows that SOIPM is stable.

Remark 3.4. For the general case, we have that

h—1

Entn < MFER 4+ ) M*T

=0

and

h—1
leninl < Engn < MFEq + ) MOT.

=0

3.3.2. Case 2: linear stability analysis of the method
Theorem 3.5. Consider the linear test equation of the form
Yy’ =1y,y(x0) = Yo,
where T is a constant, then stability function of SOIPM (2.6) yields
6 24
- qz_o S

Proof. From (3.10), we have that

) "

Yp=fn=1yn,y, =1 £l
(v) _ £(3)

Yn n :Tyn/ ()_fn :Tynzyn

Thus, (2.6) becomes

MEni1+T < M(MEn +T) + TEnso < M2Ep + MT+T.

= yn, Yy, _fn =7 yn,

= n :Tyn.

_l’_

Un 2 3! 41

Setting z = th, then (3.11) becomes
2 3 4 5

20 3! 4! 5!

Yn
This completes the proof.

The linear stability region of SOIPM is obtained and given in Figure 1.

3 4
Yne1 _ (1 P A

z z z
y“+1—(1+ ottt Ta

(3.10)

(3.11)
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L |
-4 3 -2 - 1} 1 2
Real (z)

Figure 1: Linear stability region of SOIPM.

3.4. Convergence property of SOIPM

Theorem 3.6. Let y,, be defined as a point in the interior of the interval whose end points are yn and y3,. Applying
the mean value theorem, then SOIPM (2.6) is convergent and the increment function (3.5) is Lipschitzian.

Proof. Simplifying (2.6) further as
Yns1—yn =+ AR+ BT + O DY 4B,

where

h h? h3 h? h°
A - E ’

S A T v [ T

thus, the increment function becomes

@ (xn, yn; ) =+ AR+ BAL + CFY o+ Dfy + Efy)
=f (Xn/yn) + Af(l) (Xn/yn) + Bf(z) (anyn) (312)
+ Cf(B) (anyn) + Df(4) (Xn/yn) + Ef(5) (Xn/yn) .

Suppose

@ (xn,y ) = f (xn,y") + AFD (x, y%) 4+ BF?) (xn,y%)

(3.13)
+ CF® (xn, yi) + DEW (e, yi) + EF) (x, y7)-

Subtracting (3.13) from (3.12), one gets

P (an Yn,s h) - (an y;; h) =f (Xn/ yn) —f (an ny + A[f(l) (Xn/ yn) - f(l) (anyil)]
+ B (i, yn) — F2 (xn, Y7 + CHE® (ki yn) — F9) (xn, yi)] (3.14)
+ D[f(4) (Xn/yn) - f(4) (any;n + E[f(E) (anyn) - f(S) (Xn/y;)]

Let y,, be defined as a point in the interior of the interval whose end points are y,, and y;,. Applying the
mean value theorem, we have

of (an gn) ( * ), (315)

f(xn,Yn) —f(xn,yp) = sup Yn —Yn

(Xn/yn)eD ayn

(1) I
£ (e, yn) — £ (X, y5) = sup of” (xn, Yn)

—yn), 3.16
(Xn/yn)eD ayn (yn yn) ( )
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of(?) (Xn/gn)

2 (xn,yn) = (xn,yl) =  sup 5 (Yn —yh), (3.17)
(xn,yn)€D Yn
of®) (xn, 7
£0) (xnyn) — £ (xmyy) = sup o OmBn) ey (3.18)
(men)ED ayn
of M) (xn, 7
9 e yn) — F (xnyt) = sup O e nd ey (3.19)
(anyn)ED ayn
of) (xn, Y
£5) ey yn) — £ (xnyl) = sup O e Und (3.20)
(Xn/yn)eD ayn
We define,
. (1) (y o @) (. T
F= sup 7@f(xn,yn)/ G= sup —af (Xn'y“), H= sup —af (Xn'yn),
(men)GD ayn (men)GD ayn (Xn/UH)ED ayn
3f®) (xn, Un) Af™ (xn, Un) Af®) (xn, Up)
[= sup —————, J= sup ———7, K= sup —Fp—".

(xn,yn)ED ayn (xn,yn)ED ayn (xn,yn)ED ayn
Equations (3.15)-(3.20) become

f (xn,yn) = O, y3h) = Flun =y, £ G yn) = 1 G, y3) = Glun —uih),
2 (e, yn) = % (e, y3) = Hyn —yi), £ G, yn) = %) (e, y3) = Tun —u30), (3.21)
4 (e, yn) = 1% G, yi) = Tyn — i), £ (e yn) = 1) G, u3) = Klyn —y3).
Substituting (3.21) into (3.14) and simplifying further yields
D (xn,yn;h) =P (xn,yj;h) = [F+ AG+BH+ CI+ DJ + EKl(yn —y5)- (3.22)
Taking the norm of both sides of (3.22), one gets
1P (xn, yn; h) — D (xn, y5; NIl < [[F+AG+ BH+ CI+ DJ + EK|| [[yn —yxll, (3.23)
where the Lipschitz constant is given by
L=|[F+AG+BH+CI+DJ+EK].
Therefore, (3.23) becomes
[P (xn,yn;h) = @ (xn, yr; I < Lllyn —yall.
Hence, SOIPM (2.6) is convergent and the increment function ®(xy, yn; h) (3.12) is Lipschitzian. O

Remark 3.7. Alternatively, for a numerical method to be convergent, the necessary and sufficient conditions
are consistency and stability. Since these conditions have been achieved previously, we can conclude that
SOIPM is convergent.

Remark 3.8. The convergence of the proposed scheme is given by the following result.

Theorem 3.9. Given any well-posed initial value problem, then the SOIPM (2.6) is convergent, since it satisfies the
following conditions:

a) consistency;

b) stability.

Remark 3.10. By means of the local truncation error (LTE) for (2.6) obtained as

7

h
LTEsorrm = %fm)(xmyn) + -

it is clearly seen that the derived method (2.6) has sixth order accuracy.
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4. Numerical examples

The suitability, accuracy and performance of the derived method are tested on the following non-linear
physical models with different flavours. The comparative results analyses of SOIPM (2.6), RK4 given by

h
Yn+1 =Yn + g(kl + 2kp + 2k3 + ky), (4.1)
with

1 1 1 1
ki =f(xn,yn) ko =f (Xn + Ehlgﬂ. + 2k1> Jky ="~ (Xn + Eh,yn + 2k2) Jkg = f(xn +h,yn +Xk3),

and the exact value shall be presented. The absolute error at x,, and final absolute error on [a, b] defined,
respectively by
ABE = [y(xn) —yn| and FABE = max_ y(xnt1) = Ynial

asng

for SOIPM (2.6) and RK4 (4.1) shall be computed.

Example 4.1. Consider a non-linear physical model of the form

dy > 7 7
ar — My ey Y0 =71 4 =08 @ = an5000°
with the exact value given by
571a;e%1t

(t) = (4.2)

a; +571ax (et —1)7

where a; is the virus transmission mechanism rate and a; is the quarantine rate. The comparative results
analyzes of SOIPM (2.6), RK4 (4.1) and EV (4.2) and ABEs computed are displayed in Tables 1 and 2.

Example 4.2. Consider a non-linear physical model of the form

dy_m<%—9

N G > y(0) =4, r=25

with the exact value given by
(x) — 80e™x
YT 19

The comparative results analyzes of SOIPM (2.6), RK4 (4.1) and EV (4.3) and ABEs computed are displayed
in Table 3. The FABEs generated via SOIPM (2.6) and RK4 (4.1) are displayed in Table 4.

(4.3)

Example 4.3. Consider a non-linear physical model of the form

dy _ 2 _2
Yy v =¢
with the exact value given by
2 ,x
ge
X)=——F>——. 4.4
R (44)

The comparative results analyzes of SOIPM (2.6), RK4 (4.1) and EV (4.4) and ABEs computed are displayed
in Table 5. The FABEs generated via SOIPM (2.6) and RK4 (4.1) are displayed in Table 6.
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Table 1: The comparative results analyses of SOIPM (2.6), RK4 (4.1), and EV (4.2) for Example 4.1 with h = 0.1 and different
values of time t (days).

t(days) SOIPM RK4 EV ABESOIPM ABERK4

0 571.000000000000 571.000000000000 571.000000000000 0.000000000000  0.000000000000
5 2266.103420036719  2266.103405749799  2266.103420036581 0.000000000139  0.000014286782
10 8457.563886923883  8457.563798505764  8457.563886922031  0.000000001852  0.000088416267
15 25923.854096541858  25923.853848460403  25923.854096542524  0.000000000666  0.000248082120
20 52826.493984558489  52826.493719219063  52826.493984553577  0.000000004911  0.000265334515
25 70994.527830096296  70994.527692920543  70994.527830096500  0.000000000204  0.000137175957
30 77573.486837016710  77573.486784128749  77573.486837016419  0.000000000291  0.000052887670
35 79387.635604725554  79387.635586962890  79387.635604725525  0.000000000029  0.000017762635
40 79848.116894757739  79848.116889236670  79848.116894757666  0.000000000073  0.000005520997
45 79962.492437872614  79962.492436233428  79962.492437872585  0.000000000029  0.000001639157
50 79990.747480797407  79990.747480325139  79990.747480797450  0.000000000044  0.000000472312
55 79997.718158025498  79997.718157892130  79997.718158025382  0.000000000116  0.000000133252
60 79999.437292604693  79999.437292567658  79999.437292604678  0.000000000015  0.000000037020

Table 2: The comparative results analyses of SOIPM (2.6), RK4 (4.1), and EV (4.2) for Example 4.1 with h = 0.1.

tn (days) SOIPM RK4 EV ABEsoipm ABEgk4

0.0 571.000000000000  571.000000000000  571.000000000000  0.000000000000  0.000000000000
0.1 587.094946807399  587.094946728635 587.094946807399  0.000000000000  0.000000078764
0.2 603.640118867513  603.640118705663  603.640118867514  0.000000000000  0.000000161851
0.3 620.647913364301  620.647913114868  620.647913364302  0.000000000001  0.000000249433
0.4 638.131057592256  638.131057250567  638.131057592257  (0.000000000001  0.000000341690
0.5 656.102617101494  656.102616662689  656.102617101495  0.000000000001  0.000000438806
0.6 674.576004006246  674.576003465277  674.576004006247  0.000000000002  0.000000540970
0.7 693.564985457754  693.564984809376  693.564985457756  (0.000000000002  0.000000648380
0.8 713.083692282365 713.083691521129  713.083692282367  0.000000000001  0.000000761237
0.9 733.146627785476  733.146626905724  733.146627785477  0.000000000002  0.000000879754
1.0 753.768676721770  753.768675717628  753.768676721772  (0.000000000002  0.000001004144

Table 3: The comparative results analyses of SOIPM (2.6), RK4 (4.1), and EV (4.3) for Example 4.2 with h = 0.1.

Xn

SOIPM

RK4

EV

ABEso1pm

ABERK4

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

4.0000000000000
6.3877041904300
10.012905523178
15.268732237921
22.400329045712
31.254602812292
41.110901769627
50.834079405603
59.347386587158
66.057222691939
70.920615221808

4.0000000000000
6.3869308532960
10.010782619961
15.264702526237
22.394184281537
31.246730899601
41.102181767458
50.825520453662
59.339647124272
66.050387768979
70.914569370827

4.0000000000000
6.3876934521450
10.012879839867
15.268711060481
22.400364973206
31.254700733190
41.110934640935
50.833986027699
59.347306972859
66.057237226231
70.920665925259

0.000000000000
0.000010738285
0.000025683311
0.000021177440
0.000035927494
0.000097920898
0.000032871308
0.000093377904
0.000079614299
0.000014534292
0.000050703451

0.000000000000
0.000762598848
0.002097219906
0.004008534244
0.006180691669
0.007969833589
0.008752873477
0.008465574037
0.007659848587
0.006849457252
0.006096554432

Table 4: The FABE generated via SOIPM (2.6), RK4 (4.1) by varying the step length h for Example 4.2.

h FABEsoipm  FABEgrka

0.1 0.000050703451  0.006096554432
0.01 0.000000000046  0.000000668329
0.001 0.000000000000  0.000000000068
0.0001 0.000000000000  0.000000000000
0.00001 0.000000000000  0.000000000000
0.000001  0.000000000000  0.000000000000
0.0000001  0.000000000000  0.000000000000
0.00000001  0.000000000000  0.000000000000
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Table 5: The comparative results analyses of SOIPM (2.6), RK4 (4.1), and EV (4.4) for Example 4.3 with h = 0.1.

Xn

SOIPM

RK4

EV

ABEsorPm

ABERx4

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.400000000000
0.424222038729
0.448813669556
0.473658134962
0.498633726438
0.523616137863
0.548480927451
0.573105985409
0.597373904008
0.621174153740
0.644404982788

0.400000000000
0.424222037019
0.448813666287
0.473658130255
0.498633720377
0.523616130491
0.548480918768
0.573105975371
0.597373892527
0.621174140697
0.644404968035

0.400000000000
0.424222038718
0.448813669530
0.473658134918
0.498633726374
0.523616137777
0.548480927346
0.573105985287
0.597373903873
0.621174153598
0.644404982645

0.000000000000
0.000000000011
0.000000000026
0.000000000044
0.000000000065
0.000000000086
0.000000000105
0.000000000122
0.000000000134
0.000000000142
0.000000000143

0.000000000000
0.000000001700
0.000000003244
0.000000004663
0.000000005996
0.000000007286
0.000000008577
0.000000009917
0.000000011346
0.000000012901
0.000000014610

Table 6: The FABEs generated via SOIPM (2.6), RK4 (4.1) by varying the step length h for Example 4.3.

h FABEso1pm FABEgrka
0.1 0.000000000143  0.000000014610
0.01 0.000000000000  0.000000000001
0.001 0.000000000000  0.000000000000
0.0001 0.000000000000  0.000000000000
0.00001 0.000000000000  0.000000000000
0.000001 0.000000000000  0.000000000000
0.0000001 0.000000000000  0.000000000000
0.00000001  0.000000000000  0.000000000000
%10’ 12510

ABE

Figure 2: The plots of ABEs generated via SOIPM (2.6)
and RK4 (4.1) for different values of t with h = 0.1 using

Table 1.

x10”

tdays

20 &0

ABE

sl —— SOFH
—— K4

0 02 03 0.4 os 0g or 08 09
Mesh pairt, in

Figure 3: The plots of ABEs generated via SOIPM (2.6)
and RK4 (4.1) with h = 0.1 using Table 2.

e SOIPW
= RK4

01 02 03 04 05 05 07 08 08 1
Mesh point, xn

001 002 003 004 005 006 OOF 008 003 01
Step lsngth, h

Figure 4: The plots of ABEs generated via SOIPM (2.6)
and RK4 (4.1) with h = 0.1 using Table 3.

Figure 5: The plots of FABEs generated via SOIPM (2.6)
and RK4 (4.1) with different step length using Table 4.
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Figure 6: The plots of ABEs generated via SOIPM (2.6) Figure 7: The plots of FABEs generated via SOIPM (2.6)
and RK4 (4.1) with h = 0.1 using Table 5. and RK4 (4.1) with different step length using Table 6.

5. Discussion of results

The comparative results analyses in Tables 1 and 2 show that the numerical solution of Example
4.1 obtained via SOIPM (2.6) (with the correctly specified parameters for COVID-19 outbreak) leads to
the results, which are in good agreement with the exact value for different values of t and h = 0.1,
respectively. The ABEs generated via SOIPM (2.6) and RK4 (4.1) for different values of t and h = 0.1
displayed in Figures 2 and 3, respectively show that SOIPM (2.6) follows the exact value curve more
elegantly and perform better than RK4 (4.1). The comparative results analyses for Examples 4.2 and 4.3
are shown in Tables 3 and 5, respectively. It is observed from Tables 3 and 5 that SOIPM (2.6) outperforms
the popular RK4 (4.1). It is also observed from Figures 4 and 6 that the ABEs generated via SOIPM (2.6)
are smaller than that of RK4 (4.1). The FABEs generated by SOIPM (2.6) and RK4 (4.1) are plotted in
Figures 5 and 7 using Tables 4 and 6 for Examples 4.2 and 4.3, respectively. It is observed from Figures
5 and 7 that SOIPM (2.6) performs excellently and yields smaller error for every decreasing step length,
h. It is also observed from Tables 4 and 6 that the sixth order accuracy/convergence of the SOIPM
(2.6) has been confirmed with the step length h having a first order decrease in its magnitude, that is
h =0.1,0.01,0.001, 0.0001, 0.00001, 0.000001, 0.0000001, 0.00000001. It is clearly seen in Tables 4 and 6 that
for every one-order decrease in h, there are sixth-order decrease in the magnitude of the computed final
absolute errors (FABEs). The CPU time for the proposed method ranges from 3-5 secs.

6. Concluding remarks

In this paper, a new method of the family of explicit schemes with sixth order convergence/accuracy
characteristics for the numerical solution of non-linear physical models with different flavours has been
constructed successfully. The properties of SOIPM (2.6) have been analysed and investigated. Also the
error analysis of the scheme in terms of ABEs and FABEs have been examined. Three non-linear physical
models are solved via SOIPM (2.6) and RK4 (4.1). At the same time, the main computations were carried
out in the context of the exact value. From the analysis of the properties, SOIPM (2.6) was found to be
consistent, linearly stable, zero-stable, and thus convergent. The results show that SOIPM (2.6) compares
favourably with the exact solution. The results also show that SOIPM (2.6) performs better than RK4 (4.1)
and converges faster to the exact value for every one-order decrease in h which confirms the sixth order
accuracy/convergence of the method. It is noteworthy to say that SOIPM (2.6) is more efficient than RK4
(4.1) because it requires less computer time unlike its counterpart that requires more computer time and
four gradient evaluations for each iteration. The methodology can further be applied to two dimensional
non-linear physical models emanated from real-life situations. Finally, the results were carried out via
MATLAB R2014a, Version: 8.3.0.552, 32 bit (win 32) in double precision.
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