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Abstract

This work is involved with first-order impulsive functional nonlinear fuzzy integro-differential equations with nonlocal
condition in Banach space by using the concept of fuzzy numbers whose values are upper semicontinuous, normal, convex, and
compact. The result is obtained by using the Leray-Schauder alternative fixed point theorem. Finally, an application is given
that supports us to validate the result.
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1. Introduction

The study of impulsive integro-differential equations has attracted the attention of several researchers
from all over the world in recent years [4, 5, 8, 10], which can be used as modeling for many problems in
the field of physics, economics, biology, medicine, mechanics, and many other fields. To learn more about
impulsive functional differential equations, we refer to the studies [2, 17]. Fuzzy differential equations
provide an appropriate framework for the mathematical representation of real-world issues when uncer-
tainty or ambiguity is pervasive [13, 14]. To our best knowledge, there are not many studies on theory of
impulsive fuzzy differential equations. Some papers can be found in [7, 9, 11, 12, 18].

In [3] Benchohra et al. studied existence of fuzzy solution for impulsive differential equations

p/(T) = :])(TI pT)I p(TO) =ac an Ap(Tn) = jnp(’fn), T ?é tnl n= 1/21- . 'Ikl

by using a fixed point theorem for absolute retract, and in [16], Ramesh et al. studied existence and
uniqueness of a solution of the fuzzy impulsive differential equation by using the method of successive
approximation.
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Motivated by above work, in this paper we study the fuzzy nonlocal impulsive integro-differential
equations of the type:

o' (1) = Ap(7) + (1, o, L 3(t, 1w, pp)dp), T (0,7),

Ap(th) =Tnp(th), T#th, n=12,...,k,
p(T)+b(p0'1/p0'2/---/p0'q)(’r) :11’(’5)/ TE [_t/OJ/

(1.1)

where A : [0,T7] — X™ is the fuzzy coefficient, X™ is the set of all normal, convex, and upper semicon-
tinuous fuzzy numbers with bounded o-levels, P : [0, 7] x €([—¢,0], X™) x X™ — X™, H : [0, 7] x [0,T] x
X™ — X™ and b : (€([—r,0],X™)9 — X™ are regular fuzzy nonlinear functions, J, € C(X™,X™), and
P : [—r,00] — X™ are bounded functions. Ap(tyn) = p(T})) — p(T}), p(T})) = h1i_>r101+ p(tn +h), p(ty,) =

hlirrol+ p(tn —h) represents the left and right limits of p(t) at T = ty,, respectively, n = 1,2,...,k. For any
%

function p defined on [—t, 7] and any T € [0, 7], we denote p. the element of C([—t,0],X™) defined by
pr(w) = p(t+w);w € [—,0]. Here, p(.) represents the history of the state from time T —t, up to the
present time T.

The objective of the article is to investigate the existence of mild solutions of equation (1.1). We use
the Leray- Schauder alternative, and the generalization of Grownwall-type inequality to derive the result.
We are improving and generalizing the results mentioned in [3, 16].

This work is structured as follows. We deal with preliminaries and hypotheses in Section 2. We
present the statement and proof of the main result in Section 3. We given example to validate the result
in Section 4. Finally we conclude the study in Section 5.

2. Preliminaries and hypotheses

Let P+(93™) be the family consisting of all nonempty, convex, and compact subsets of Si™. Denote by
X ={3:R™ — [0,1] such that 9 satisfies (1)-(4) as bellow}.

(1) 9 is normal, that is, there exists an py € R™ such that &(py) = 1.

(2) ¥ is fuzzy convex, that is, for p,v € R™ and 0 < A <1, 3(Ap + (1 —A)v) = min{d(p), d(Vv)}.
(3) ¥ is upper semicontinuous.

(4) B1° ={p € ®™:d(p) > 0} is compact.

For 0 < o < 1,¥]* = {p € ®™ : ¥(p) = «}. Then from (1)-(4), it follows that the a-level sets [8]* €
P.(R™). If h : R™ x R™ — R™ is a function, then by using Zadeh’s extension principle, we can extend
h to X™ x X™ — X™ by the equation [H(d,0)(w)] = sup min{d(p), o(v)}. It is well knowledge that

(h(D, 0)]* = h(B]%, [0]%), VD, 0 € X™,0 < a < 1 and the function h is a continuous. In addition, we have

O+ 0]* = B]* +[0]%, [ad]* = a[d]%,

where
Po0eX™, 0<a<1 acfi.

Let B; and B, be two nonempty bounded subsets of i™. The distance between B; and B, is determined
by using the Hausdorff metric

Ha(Bq,Br) =max< su inf ||by —by||, su inf ||by —byl ¢,
o(B1,32) = max{ supinf by ~bal, sup inf [l ~bal}

where ||.|| denotes the usual Euclidean norm in $i™. Then (P, ("), H4) is a separable and complete
metric space [15]. We define the complete metric do, on X™ by

deo(d,0) = sup Hqa([BI%, [0]%) = sup B —of, 9 — o7,

O<ax<l O<ax<l
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for all 9,0 € X™. (X™, ds) is a complete metric space. Also V9,0, € X™ and A € R, we have d (9 +
1,0+ 1) = deo(9, 0) and deo (A9, A0) = |A|deo (9, o). We define 0 € X™ as 0(p) =1 if p =0 and O(p) =0 if
p # 0. The supremum metric H; on C([0,1],X™) is defined by

Hi(9,0) = sup deo(d(7), o(T)).
0<T<T

Hence (C([0,1],X™), 3;) is a complete metric space.

Definition 2.1. A family of functions (D(71)).>0 of continuous linear operators on X™ is called fuzzy
Co-semigroup if

1. for all p € X™ the mapping D(t)(p) : R — X" is continuous with respect to t > 0;
2. D(t+u) =D(T)D(W), YT, u e RT;
3. D(0) = I, where I is the identity operator on X™.

Definition 2.2. A continuous function p(t) : [0, 7] — X™ is said to be a mild solution of equation (1.1) if

T

n
p(1) = DIVRD(0) — b(pay, Do - Py )(O)] +J0 Dt — W P(1, oy L Ik, 0, po)do)dp

+ Z D(t—tn)Inp(tn), TE(O,'.T],

o<tn<Tt

P(T) +b(Poy Poys -+, Pog ) (T) =W(T), T € [0l

Theorem 2.3 (Leary-Schauder alternative, [6]). Assume that completely continuous operator is A : § — 8 and
suppose that 0 € 8. Let 8 be a convex subset of a Banach space €, and let

V(A) ={pe8:p=»AAp, for some 0 < A < 1}.
Then either V() is unbounded or A has fixed point.

Lemma 2.4 ([1]). Let for T > T, the following inequality holds

T

T ou
clnwpwdn+ | (| hinwolpedoldns T valtlp(a)

To JT0 To<Oon<T

ol1) < bm+J

To

where p, b € PC([1g, 00),R4), b is nondecreasing, c(, u) and h(T, u, o) are continuous and nonnegative functions
for T,u, 0 > 1o and are nondecreasing with respect to T, yn(T)(n € IN) are nondecreasing for T > 7o, then for
T > 79 the following inequality holds

T

) < b [T (1+ynleexpl|

T<Oon<T To

Tt
c(t,w)du) + J J h(t, u, o)do)du.

Ho JTo

We introduce the following hypotheses.

(Ap) The linear and continuous operator A generates a Cy semigroup (D(T))r>0 on X™ such that
|D(T)||xn <M VT =0 with M > 0.

(A7) Let P : [0,T] x C([—,0],X™) x X™ — X™ and H : [0,7] x [0,T] x C([—,0],X™) — X™ such that for
everyn € C([—v,0],X™), T,n € [0,7], p € X™ and there exists a continuous function p, q : [0, T] — R
such that:

N

doo (P(T, M, 0),0) < p(T)(deo(m, 0) + do(p, 0)), doo(H (T, 1,m),0) < g(T)doo(n, 0).
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(A2) Let b : (€[, 0], X™)9 — X™ such that for every pg,, Vs, € C([—,0,,X"), n=1,2,...,q and there
exists positive constants Q,, 9, n =1,2,..., q such that:

doo(h(p(ﬁ/ p()'zr-"/qu)(T)/h(VO'l/V(Tz/“'/V()'q Z QT]. p()'nzvo‘n)

max{doo(f)(pgl, sz/-"/pUq)(T) 0)} Ql/ VT e [ tlo}‘

(A3) Let I, : X™ — X™ such that for every p € X™, 1€ [0,T7], n=1,...,k and there exists a constant L,
such that

dOO(JTlp(TTL)/O) g LTLdOO(pIO)
(A4) For each positive number t, there exists a function vy, € L'([0, T], %) such that:
sup{doo(P(T, M, p),0) : doo(1,0) < t, doo(p,0) < ¢} < vee(T)

for each t € [0, 7).

(As) The function P(7,.,.) : C([—t,0],X™) x X™ — X™ is continuous, for each T € [0,T] and the function
P(,m,p):[0,T] = X™ is strongly measurable, for each (1, p) € C([—t, 0], X™) x X™.

(Ag) The function H(w,.,.) : €([—r,0],X™) — X™ is continuous, for each t € [0,T] and the function
H(.,.,m) : [0,T] — X™ is strongly measurable, for each n € C([—rt, 0], X™).

3. Main result

Theorem 3.1. Assume that the hypotheses (Ag)-(Ag) hold. Then the equation (1.1) has a mild solution p on[—t, T].

Proof. To prove the existence of mild solution of the equation (1.1) first we establish the priori bounds on
the solutions to the equation (1.1). For A € (0,1),

o' (1) = Ap(t) + AP(T, pr, L 3(t, 1w, pp)dp), T (0,7),

Ap(tn) =Tnp(tn), T#th, n=12,...,%,
p(T)+h(p0'1/p0'2/"'/p0'q)(T) :Ur)(T)/ TC [*t,O].

3.1)

Let p(1) be a solution of equation (3.1). Then it satisfies equivalent integral equation

T o
o(1) = T(T)A(0) — B(Poy, Doy ., Por, ) (O] +xj0 Tlt— w)P(r, pT,L %(n, 0, p5)do)dps
+ Y T(r—on)Inplon) ,TE(0,T.

O<on<T

Let |[P||xn = G, using hypotheses (Ag)-(A4) and the truth that A € (0,1), we have for T € [0, T]

T

doo(p(T),0) < doo(D(T)(0),0) + deo (D(T) (P, Poss - - -, Py ) (T),0) + doo (A L D(t—wP(T, pr

| 51(1,0,60)0), 0k + dl T Dlx— 00130 (pl0n),0)
0

MHII)HG 0], X)) T Mdoo(h(pclz Poyr s pdq)(T)/o) + Mdoo(J P(T, pr

H A A
|| 5600, 0,p0)d0), 01 + Ml 3 T (p(on), 0)
0
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T v
< M(9+Ql)+L Mp(u)[dm(pw@HL 9(0deo(pr, 0)dddpu+ Y MLndeo(p(on),0).

O<on<Tt

Then we get

T m
sup (doo(p(1),0)) < sup {M(9+Ql)+L Mp(m[dm(pu,mjo q(1) duo (pr, 0)drld

0<TLT 0<T<T
+ > MLndoo(p(cn),O)}.
O<on<TtT
Therefore

361(p(r),0) < MG +21) + | Mp(1):(p,,0)+ J;q(wml(pT,O)dﬂdu+ S MLuIalp(on),0). (32)

O<on<TtT

Let R(t) = supi{p(1),q(7)} and R* = sup{R(7) : T € [, T]}. Define the function v : [—,7] — R by
v(1) = sup{deo(p(p),0) : —v < p < 1,7 € [0,7]. Let ™ € [, 1] be such that v(t) = F;(p(7*),0). If
™ € [0, 7], then from (3.2) we have

rT*

A l’L A A
MG+ + | M0, 0)+ | a(mIor Odldns T ML (p(on),0
v O<on<Tt
rT R FL R R
MG+ 00+ | Mp( B (e 0+ | a0 (pr, 0+ T MLuHa(plon), )
J0 0 O<on<Tt (3'3)
MG+ )+ | MRV + | ROv(Ddddut T MLpvion)
J0 0 O<on<Tt
T T rp
MG+ ) + | MRVt | 1] MREREVDATdE Y MLav(ra)
J0 0 Jo O<on<Tt
If ™ € [—, 0], then
V(1) < [[blle(—ro,xm) +Q2 <G+ Q1. (3.4)

In view of inequalities (3.3) and (3.4), we can say that for v € [—t, 7], the inequality (3.3) holds good.
Now applying inequality given in Lemma 2.4, we get

v <MS+) ] (1+MLn)exP{LTMﬂ%(u)du+JT[JHMR(u)fR(T)dT]du}

O<on<Tt 0 J0

2
<M(G+ Q) H (1+MLn)exp{MfR*‘J’+MJQ*ZZ}:g{l

O<on<TtT

where X is constant. Therefore, we have du(p,0) = sup{doo(p('t),@) 11 € [—t, T} < XK. Now we rewrite
equation (1.1) as follows: For 1} € C([—t,0],X™), define P eXxn by

l,[)(’f) — q)(T)_b(pc1lpd2l~--lp6q)(T)/ ifTE [_tlo]l
D(T)N)(O) - h(po‘lr pUz/' s pUq)(O)]I lf TE [0/7]
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If w e X" and p(t) = w(1) + (1), T € [, T], then it is easy to see that w satisfies
0, if T € [—r,0],
w(Tt) = IO H/Wu‘i‘ll)u/jo (1, O-/WO‘—I_II)T)dT)dI"L
+ Z D(T 01 )In(We 4+ (om)), if te[0,7],
O<on<T
if and only if p(t) satisfies equivalent integro-differential to the (1.1),
T H
p(t) = D(T)W(0) = b(Poy, Poys - -+ Py ) (0)] + L D(t— WP, o, JO H(w, T, po)do)dp
+ Y D(r—on)nlplon)), TEIO,T], 35)
0<on<T
p(T) :w(T)_h(pcll p0'2/-~'/p0'q)(T)l TE [_tlo]l
Ap(TTl) :jnp(Tn)/ n:1,2,...,k.
We define the operator A : Xz — X, Xg ={w € X™ :wy =0} by
0, if T € [—,0],
(Aw)(t) =< Jo D P, wy + by, [§ H(, 0,we +bo)do)du (3.6)
+ Z D(T Un)jn(wc+¢(0n))/ ifte0,7].
O<on<T

From the definition of an operator A defined by the equation (3.6), it is to be noted that the equation (3.5)

can be written as w = Aw and the integral equation (3.1) can be written as w = AAw.

Now we prove that A is completely continuous. First, we show that A : X§* — X' is continuous. Let
{pm} be a sequence of elements of X converging to p in X§. Then there exists an integer £ such that
doo(pm(7),0) < £, Ym, T € [0,7]. So pm € X¢ and p € X§. Then by using hypothesis (As)-(Ag) we have

T

T
Plt, pme e, 4[0 H(t, Pmp + ll)u)du) — P(1, 0 +r, JO H(t, Pu+ ll)u)du)

and since J,, are continuous, we get

Y Inlpmlon)) = ) Inlp(on))

O<on<Tt O<on<TtT

for each T € [0, 7). Since

T

T
dooﬂ’(T, pm,le,J H(T, 1 Py + bp)dy, > + doofP<T, pT,le,J
0 0

H(T, 1, pp +Pu)dy, ) < 2vgr

where £’ = max{£ + deo (D, 0), TR*[£ + dso (P, 0)]}. Then by dominated convergence theorem we have

T R u "
doo (Apm) (1), (Ap(1))) < %(L Dt — WP, Py + By JO T, T, P + Do) do)dut

+ Y Dir— o lnlpme +blon)), | Dt wP, o+ i

O<on<TtT 0

i . ~
|, 30 pa - bo)doddut 3 Dl on)In(pa+blon)

0 O<on<Tt
T . 98 R
< JO Dt —u)llxndeo <:P(Ur pmu"‘wa’o H(W, T, pmo +VPo)do)
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~ l’L ~
/?(}‘L/ pu +lbp,/ JO :}f(l’LITI pcr +1|)U)d0—)> d}l

b Y 1D 0n)lhords (In(oma + (o)) Inlpe + o) ).

O<on<TtT

Then we get

T R H R
sup ((Apm)m,mp(m) <{ J \@(T—H)Hxndoo<fp(u,pmu+lbwj I(1, T, e + o) do)
0<T<T 0 0

~ LL ~
/:P(Hl pu +1-|)LLI JO }C(HzT, pO' +11)0')d0—)> d}‘L

+ X ID(v— 0l (Tn o+ H(om) Inlpa + b)) .

O<on<t

Therefore

T " 88 .
9{1<(/\pm)(T),(/\p(T))> < L 1D(% — )l doc (ﬂu, pmuwwjo T4, e + o) do)
A u ~
/:P(H/pl_l—i_lbu/J'o }C(H/T/p0+1l)0)d0-)>du

Y Dl 0wl de (Jn(pm+¢(on)),ﬂn(pc+¢(on))>

O<on<t

—0 as m — oo,V TellTl.

Since deo (Apm, Ap) = sup doo(Apm(T), Ap(T)), it follows that deo(Apm,Ap) — 0 as m — oo, which
T€l[0,7]
implies Apy, — Ap in X§. Therefore A is continuous.

Now, we show that A is completely continuous, i.e., A maps a bounded set of X{' into a relatively
compact set of Xi. Let Qg = {w € X : deo(w,0) < B} for B > 1, we prove that Aq, is uniformly
bounded. Let R* = sup{R(1) : T € [0,T]} and |[{|e((—r0,x7) < G+ Q1. Then from the equation (3.5) and
using hypotheses (Ap)-(A4) and the fact that deo(w,0) < B, W € Qp implies d (we,0) < B, T 0,7
Let 3 + G+ Q1 = B, we obtain

A T ~ l‘l‘ ~ A
doo(AW(1),0) < JO 1Dt — 1) xcn e (T(u, ou+ B, L 317, po + o) do)du, 0>

A . TR*
b3 It nllhonde (In(pa, +ba,),0) <3O+ TEB L Y ML,
O<tn<t O<on<T
Then we get
A . TR*
sup | doo(AW(T),0) )] < sup { MTR*[B + Bl + Z ML, B ;.
0<t<T 0<T<T 2 O<on<t
Therefore
R . TR*
51 { Aw(7),0) | < MTR*[B + = —B] + > ML.3B.
O<on<Tt

This implies that the set {(Aw)(T) : du w,0) < B,—t <t<M}is uniformly bounded in X™ and hence
Aq, is uniformly bounded. Now we will discuss that A maps Qg into an equicontinuous family of
functions with values in X™. Let w € Qp and 71, T2 € [, T]. Then from the equation (3.5) and using the
hypotheses (Ap)-(A4), we have following.
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i. Suppose 0 < 11 <1, <7,

doo ((AW)(12), (AW)(T1))

i

’T2 " .
< dw(L ®(Tz—u)?(u,wu+ll)wjo 5(1, 0, o + o) do)du

£ Y Dl onlalwlon) £ bon)), | Dlm—wP( o+ by

O<on<Tty

n R o
|} 56t 6w +baldolas + T Dim — onlm(w(on) + blow)))

0 O<on<T

T2 " 38 .
<J ID(t2 — 1) + D(11 — )| xn doo <9’(u,wu+1bu,J H(w, 0, we +r)do), 0>d
0

1

Y Dm-o+ Y D(n—on)uxndw@( (o) +b(ow) 0)

O<on<T2 O<on<T]

< J D2 — 1) + D1 — W) lxep(1) [dm(wu G, 0) +J

T 0

08
q(G)doo(wngbg,O)do} dp

Hl Y Dln-oat T D onllxeLndewilow) +(oa),0)

0<on<To O<on<T

T2 n
gJ ID(t2 — ) +D(11 — ) |[xnR(p [B—l—J fR(T)%dT] dup
0

T

+] Y Dm—on)+ Y Dlt—on)lxnLaB

0<on<T) 0<on<ty
T
gJ | D(t2 — )+ D(ty — \xniR*[B—i—‘J'iR*B]du—i— [H Z [D(T2 — o)
T 0<on<T]
+ Dty —on)l|xn + || Z ®(T2_0-n)||X“:|LnBz
T<on<T)
sup ((Aw)(), (Aw)i))
0<T<T
T
< sup {[ "Dt -+ Dw — o [B+ 9308 au+ | 3
0<T<T O<on<T

[iD(TZ_Gn)‘i"D(Tl_O'n)]”X“"F|| Z D(TZ_Gn)HX“:| I—nB};

9{1( ), (/\W)(Tz))
<

(Aw)(
| It )+@m—m|xnﬂz*[1%+m*ﬂa]du+[n S Dt o)

O<on<Tti

+D(Tl_0-nﬂ”xn+ H Z D(TZ_GTL)HXH:| LTLB'

TI<on<T)

ii. Suppose —t < 11 < 0 < 13 < T calculating as in (i), we get

T2

doo (AW)(12), (AW) (11)) < J

~ u ~ A
deo (@(Tz — WP, wy +¢H,J H(w, o,we +¢o)d0),0> du
0 0
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+doo< Z D(TZ_Un)jn(W(Un)+$(Gn))/o>

TI<on<T)

T2 " 5% " R
< L 1Dt — 1) xn o <D(u,wu+1bw JO I, 0, e +¢g)do),o) dn

Y Dl 0wl de (Jn(w(rn) +¢(crn)),0)

O<on<Tty

T
<| ||D(Tz—m||xnsz*[mfm*ﬁ]dw Y D(t— o) xeLn .

0 O<on<Tt

Then we get

sup (doo((Aw)(rz),(Aw)m))> < sup {J Dl — ) xR [1%”9%*1%} du

0<t<T 0<t<T WJo

+ Y ID(n- Gn)\annB}.

O<on<Ty

Therefore

%((Aw)m),mw)(m)gj 2H@(Tz—u)Han*[B+TﬂQ*B]dH+ S D0t o) xeLnB.

0 0<on<T)

iii. Suppose —t < 11 < T2 <0, then

deo ((AW)(12), (AW)(T1)) =0, sup (doo((AW)(TZ)/(AW)(Tl))) =0, H <doo((/\W)(Tz),(/\W)(T1)J> =0.
0<T<T

The right hand side in (i)-(iii) are independent of w € Qg and tend to zero as 1o — T — 0, since the
compactness of D(1) for T > 0 implies continuity in uniform operator topology, thus A maps Qg into
equicontinuous family of functions with value X™. We have already proved that Aq, is an equicontinuous
and uniformly bounded collection. To show the set Aq, is relatively compact in X", it is sufficient by
Arzela-Ascoli’s argument, to show that A maps Qg into a relatively compact set in X™. Let 0 < T < T be
fixed and € a real number satisfying 0 < e < 1. Moreover for w € Q g, we define

T—e R n R
(Aew)(r) = | Dlx—09tha wi by, | 31,0, +ho)do)d

+ ) D(r—on)In(wlon) +blon)).

O<on<Tt—E€

Since D(7) is the compact operator, the set V¢ (1) = {(Acw)(T) : w € Qp} is relatively compact in X™ for
every €, 0 < € < 7. Also by making use of hypotheses (Ag)-(A4) and the fact that deo(w,0) < B,WweQ B
implies doo(W(T),0) < B, T € [0,T], we have

T R 98 .
doo ((AW) (1), (Ae)w(T)) = doo<J0 Dlt—wP(u,wu +y, L Hlw, 0,we +1bg)do)dp

+ Y D(t—on)In(wlon) +(on))

O<on<Tt

T—e¢ R " R
1J0 Q(T_H)?(H/Wu‘f‘lpwJ'o j_(:(FL/O—/VVO' +'Ll)0-)d0—)d}l

+ Z D(T— 0on)In(W(on) +1T)(Gn)))

O<on<Tt
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T " 88 "
:%(J D= WO w4 b || 9ot 0w+ be)do)d
T—E€

+ Z D(T_Gn)jn(w(cn)+$(Gn))/o>

T—e<0on<T

T R 88 n R
< doo(j Dir— u)ﬂ’(u,wwrwwj I(w, o,wgwo)do)du,o)
0

T—€

tao X D(r—onltalvion) + blow),0)
. T—e<On<T .
<) \MT—u)I!an(u)[BJrL R(G)ﬁdc}dw > ID(t—on)x"LnB

N

n
|D(T—H)||xn93*[3+J ﬂz*BdT]dw S Dt on)fxeLaB
JT—e 0 T—e<0p<T
rT
< ‘ZD(T—M)”xnfR*['B—I-‘IR*B:|+ S D(r—on)llxnlnB

€

JT—

T—e<0on<T

< MR* {3 +‘IJQ*B} e+ Y ML.B.

T—e<0on<T
Then we get
sup <doo((/\w)(’r), (/\e)wm)> < sup {MCR* [B +m*3] e+ > MLnB}.
0<t<T 0<TT T—e<On<T
Therefore
s <(/\w)(ﬂ, (/\e)wm)> < MR [B +‘TiR*B} e+ ) MLyB.
T—e<0on<T

This proves that there exist relatively compact sets arbitrarily close to the set {(Aw)(t) : w € Qg}. Hence
the set {(Aw)(T) : w € Qp} is relatively compact in X™. This completes the proof that A is completely
continuous operator. Moreover, the set

VIA) =we Xy :w=AMw, 0<A<1},

is bounded in X™, since for every w in V(A), the function p(t) = w(t) + (1) is a solution of equation
(1.1) for which we have proved that du,(p,0) < J and hence du.(p,0) < d+ G+ Q;. Now by virtue of
Theorem 3.1, the operator A has a fixed point ¥ = W + 1 that is a solution of the equation (1.1). O

4. Application

To illustrate the application of our result proved in Section 3, consider the following nonlinear fuzzy
partial functional differential equation of the form

2 T
%v(v,’r) = %V(V,T) + Q(T,v(v,*r—r),L Wi, p,v(u—r))dp), 4.1)
velo,mn,telo,T],
v(0,t) =v(m1) =0, 0<T<7T, 4.2)

q
v(v,T) + Z Vv, Tn +T) =P(v,7), 0<V

n=1

(4.3)

N
&
|
L
N
=
N
&
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Av(v,tn) =In(viv,tn)), n=1,2,...,k, (4.4)

where Q: [0,T] x X™ x X™ — X", W:[0,T] x X™ — X™, T, : X™ — X™ are continuous. We assume that
the functions Q,' W, and J,, satisfy the following conditions.

i. For every T € [0,7] and v, v € X™, there exists nondecreasing continuous functions §,§ : [0, 7] — R

such that:
doo (Q(T, v, p),0) < H(1)(doo(v,0) + dos(p, 0)), doo (W(T, 1,v),0) < §(T)(doo(v,0)).
ii. There exists constants L,, and G,, such that:
q q
doo(In(p),0) < Lndoo(p,0), D doo(v(v, T +71),0) < ) Gn.
n=1 n=1

iii. For every positive integer t, there exists v, € £1(0,7):
sup{deo(2(t,1,p),0) : deo(n,0) < v, doo(p,0) <t} < vi(7) ace. for € (0,7].

We define the operator A : X" — X™ by Aw = w” with domain D(A) = {w € X™ : w and W' are
absolutely continuous, w" € X™, and w(0) = w(m) = 0}. Then the operator A can be written as

Aw = Z —m2(W, Wi )Wm, w e D(A),

m=1

where wi (v) = (\/% )sin(mv), m = 1,2,... is the orthogonal set of eigenvectors of A and A is the
infinitesimal generator of an analytic semigroup D(1), T > 0 and is given by

D(Tt)w = Z exp(—sz) (W, Wi )W, w e X™.

m=1

Now, the analytic semigroup D(t) being compact, there exists constant M such that |®(T)\ M for each

T € [0,7]. Define the functions P : [0,T] x C([—t, 0], X™) x X™ — X™, H : [0,T] x x C([— X" —
X™, ., X™ — X™ as follows
{P(T/ﬂ/ p)(V) - Q(T/n(_t)\’/ p(V)), J{(T/ K, C) - W(T/ P«/ C(—t)\)),

where T € [0,7], n,C € C([—,0],X™), p € X™, and 0 < v < 7. With these choices of the functions the
equations (4.1)-(4.4) can be formulated as an fuzzy integro-differential equations in X™,

p'(t) = Ap(T) + P(T, pr, JO Hit, w, pp)du), T€(0,7],

Ap(th) =Tnp(th), T#th, n=12,...,k,
p(T) +H(Poy, Poys -+, Pog ) (T) =W(T), TE€ [0l

Since all the hypotheses of the Theorem 3.1 are satisfied, Theorem 3.1 can be applied to guarantee the
existence of mild solution v(v,T) = p(1t)v, T € [0,7], v € [0.71], of the nonlinear fuzzy partial integro-
differential equations (4.1)-(4.4).

5. Conclusions

In this paper, the Leray-Schauder alternative fixed point theorem was employed to get the existence
results for impulsive fuzzy solutions for nonlinear integro-differential equations with the nonlocal con-
dition and the generalization of Grownwall-type inequality to draw the result. As an application, an
example was given to prove the validity of our result.
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