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Abstract

In this paper, the concept of permeable values and energetic sets are introduced and studied in intutionstic fuzzy Hilbert
algebras. Some properties and relevant examples are given. Moreover, the relations between intutionstic fuzzy level sets and
energetic subsets are also discussed.
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1. Introduction

The concept of fuzzy sets was proposed by Zadeh [3]. After the introduction of the concept of fuzzy
sets, several research studies were conducted on the generalizations of fuzzy sets. The idea of intuition-
istic fuzzy sets suggested by Atanassov [1] is one of the extensions of fuzzy sets with better applicability.
Algebraic structures play a prominent role in mathematics with wide ranging applications in many dis-
ciplines such as theoretical physics, computer sciences, control engineering, information sciences, coding
theory, topological spaces and so on. Hilbert algebras are a class of logical algebras which is introduced
by Diego [2]. There is a deep relation between Hilbert algebras and posets. Today Hilbert algebras have
been studied by many authors and they have been applied to many branches of mathematics, such as
group, functional analysis, probability theory, topology, fuzzy set theory, and so on. In this paper, the
concept of permeable values and energetic sets are introduced and studied in intutionstic fuzzy Hilbert
algebras. Some properties and relevant examples are given. Moreover, the relations between intutionstic
fuzzy level sets and energetic subsets are also discussed.
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2. Preliminaries

Definition 2.1 ([2]). A Hilbert algebra is a triplet H = (H, %,1), where H is a nonempty set,  is a binary
operation and 1 is fixed element of H such that the following axioms hold for each x,y,z € H.

1. x*x(yxx) =1,
2. (xx(y*xz))x((xxy)*x(x*xz)) =1,
3. xxy=landy*xx=1imply x =y
The following result was proved in [2].
Lemma 2.2. Let H = (H, *,1) be a Hilbert algebra and x,y,z € H. Then
1. xxx =1,
2. 1xx =x,
3. xx1=1,
4. xx(y*xz) =yx*(x*z).

It is easily checked that in a Hilbert algebra H the relation < y defined by x <y & x*xy =1isa
partial order on H with 1 as the largest element.

Definition 2.3 ([2]). A nonempty subset S of a Hilbert algebra H = (H, *,1) is called a subalgebra of H if
(Vx,y e H)(x € S,y e S=xxy€S).

We let X be a nonempty set. An intutionstic fuzzy set in X (see [1]) is a structure of the form A =
{6 na(x), Ya(x)) : x € X}, where pa : X — [0,1] is a membership function and ya : X — [0,1] is a
non-membership function. For the sake of simplicity, we use the symbol A = (ua,va) for the intutionstic
fuzzy set A = {{x; pa(x), va(x)) :x € X}

3. Intutionistic fuzzy permeable values
Definition 3.1. A subset A of a Hilbert algebra X is said to be S-energetic if it satisfies

(Vx,y € X)(x*xy € A = {x,y;NA #0). (3.1)
A subset A of a Hilbert algebra X is said to be I-energetic if it satisfies

(V% y1,y2 € X)((y1 * (Y2 xx)) xx € A = {y1,y2} NA #0). (3.2)

Given an intutionstic fuzzy set A = (pa,va) in a set X, « € (0,1] and $ € [0,1), we consider the
following sets:
uE

uE
LG
LG

o, US (na, )" ={x € X: pa(x) > o,
BLUS(ya,B)" ={x € X:yalx) < B},
o, LS (1A, o) ={x € X: pa(x) < «f,
BYLLS(va,B)* ={x € X:yalx) > B}

Definition 3.2. An intutionstic fuzzy set A = (ua, v ) in a Hilbert algebra X is called an (&, €)-intutionstic
fuzzy subalgebra of X if the following assertions are valid:

(A, o) ={x € X: pa(x)
(YA, B) ={x € X:yal(x)
(Ha, &) ={x € X: pa(x)
(YA, B) ={x € X:ya(x)

x € US(1a, &x),y € US(ua, ay) = xxy € US(ua, o A oty ),

x € US(ya, Bx) y € US(Ya, By) = x*y € US(ya, Bx V By), (33)

for all x,y € X, oy, ¢y € (0,1] and By, By € [0,1).
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Lemma 3.3. An intutionstic fuzzy set A = (ua,YA) in a Hilbert algebra X is an (€, €)-intutionstic fuzzy
subalgebra of X if and only if A = (na,YA) satisfies
HA(Xx*Y) = pa(x) Apaly) >
Vx,y € X . 34
(Vxy )(VA(X*UKVA(X)\/VA(y) G4

Proof. Assume that A = (ua,vA) is an (€, €)-intutionstic fuzzy subalgebra of X. If there exist x,y € X
such that pa (x xy) < pa(x) Apa(y), then pa(xxy) < o < pa(x) A pa(y) for some o € (0,1]. It follows
that x,y € US(pa, &) but x xy ¢ US(pa, «). Hence pa(x xy) = pa(x) Apa(y) for all x,y € X. Suppose
that there exist a,b € X such that ya(a*b) > ya(a) Vya(b), then ya(axb) > B > yal(a) Vya(b) for
some [ € [0,1). It follows that a,b € US(ya,B) but axb & US(ya, ), which is a contradiction. Hence
Yal(x*xy) < ya(x) Vyal(y) for all x,y € X. Conversely, let A = (na,ya) be an intutionstic fuzzy set
in X which satisfies the condition (3.4). Let x,y € X be such that x € US(pa, o) and y € US(pa, xy).
Then pa(x) > ox and ua(y) = oy, which imply that ua (x *xy) > pa(x) Aua(y) = o A\ oy, that is,
xxy € US(ua, ox Ay ). Now, let x € US(ya, Bx) and y € US(ya, By) for x,y € X. Then ya (x) < Bx and
Ya(y) < By, and 50 Ya(x#y) < Ya(X)VYA(Y) < BxV By. Hence x +y € US(ya, Bx V By). Therefore
A = (Ha,YA) is an (€, €)-intutionstic fuzzy subalgebra of X. O

Proposition 3.4. Every (€, €)-intutionstic fuzzy subalgebra A = (ua,ya) of a Hilbert algebra X satisfies
(¥x € X) < Ha (1) = pa(x) > ' (3.5)

Proof. Let x € X. Then

w
YA(X)Vyal(x) =valx). O

Theorem 3.5. If A = (nua,YA) is an (€, €)-intutionstic fuzzy subalgebra of a Hilbert algebra X, then the subsets
L€ (pna, «) and LE(ya, B) of X are S-energetic subsets of X.

Proof. Let x,y € X and « € (0,1] be such that x xy € LS(pna, «). Then o > pa(x*xy) = pa(x) Apaly),
and thus pa (x) < o or pa(y) < o; thatis, x € LS(pa, «) ory € LS (ua, ). Thus {x,y} N L (na, &) # 0.
Therefore L€ (pna, «) is an S-energetic subset of X. We let x,y € X and B € [0,1) be such that x xy €

LS(ya,B). Then B < ya(x*y) < va(x)Vya(y). It follows that ya(x) > B or ya(y) > B; that is,
x € LS(ya,B) ory € LS(ya,B). Hence {x,y}NLE(ya,B) # 0, and hence LS(ya, ) is an S-energetic
subset of X. 0

The converse of Theorem 3.5 is not true, as seen in the following example.

Example 3.6. Consider a Hilbert algebra X = {1, a, b, c} with the following Cayley table:

Table 1: Cayley table for the binary operation .

*x |1 a b c
1|1 a b ¢
all 1 b b
b|1 a 1 a
c|/1 1 1 1

Let A = (pa, YA ) be an intutionstic fuzzy set in X that is given in Table 2.
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Table 2: Tabular representation of A = (1, vA).
X 1 a b c

ua | 06 02 03 03
Ya |03 07 08 0.7

If x € [04,0.5] and B € [0.5,0.6], then LS(pa, ) = {a,b,c} and LS(ya, ) = {a, b, c} are S-energetic
subsets of X. Hence L€(pa, x) and LS(ya, ) of X are S-energetic subsets of X but A is not an (€, €)-
intutionstic fuzzy subalgebra of X.

Definition 3.7. Let A = (ua,YA) be an intutionstic fuzzy set in a Hilbert algebra X and («, ) € Ay X Ag,
where Ay and Ag are subsets of [0,1]. Then («, 3) is called an intutionstic fuzzy permeable S-value for
A = (na,vA) if the following assertion is valid:

x*yeue(uA,cx):»uA(x)VuA(yD“)_ (3.6)

(¥ y €X) ( xxy € US(ya,B) = valx) Avaly) < B

Theorem 3.8. Let A = (ua,YA) be an intutionstic fuzzy set in a Hilbert algebra X and (x, ) € As x Ap, where
A« and Ag are subsets of [0,1]. If A = (ua,YA) satisfies the following condition:

iA(x ) < pA(X)V pA(y)
(Pxy € X) ( Yalx*y) > yA () Avaly) > (3.7)

then (o, B) is an intutionstic fuzzy permeable S-value for A = (LA, YA).

Proof. Letx,y € X be such that xxy € US(pna, «). Then ¢ < pa(x*y) < pa(x)V pa(y). Now, let a,b € X
be such that axb € US(ya,B). Then B > ya(axb) > ya(a) Aya(b). Therefore («, ) is an intutionstic
fuzzy permeable S-value for A = (pa,vA). O

Theorem 3.9. Let A = (ua,YA) be an intutionstic fuzzy set in a Hilbert algebra X and (o, ) € Ao X Apg, where
A and Ag are subsets of [0,1]. If (o, B) is an intutionstic fuzzy permeable S-value for A = (ua,YA), then the
subsets US (ua, o) and US(ya, B) of X are S-energetic subsets of X.

Proof. Let x,y,u,v € X be such that x xy € US(na, ) and uxv € US(ya,B). Using (3.6), we have
ua(x)Via(y) = acand ya (u) Aya(v) < B. It follows that pa (x) > xor pa(y) > «, thatis, x € US(ua, )
ory € US(pa,a) and ya(u) < B or ya(v) < B, thatis, u € US(ya,B) or v € US(ya,B). Hence
{x,y}NUS(pna, &) # 0 and {u,v}NUE(ya,B) # 0. Therefore US(pna, «) and US(ya, ) are S-energetic
subsets of X. O

Theorem 3.10. If A = (ua,YA) is an intutionstic fuzzy subalgebra of a Hilbert algebra X, then the subsets
X\UE (pa, «) and X\US(ya, B) of X are S-energetic subsets of X whenever they are nonempty.

Proof. Let x,y € X be such that x xy € X\U(pa,«) and xxy € X\US(ya,B) for «, B € [0,1]. If
{x, y}N (X\UE(pa, x)) =0, then x,y € US(pna, «) and so x xy € US(pa, o) since US(pa, o) is a subalgebra
of X. Assume that {x,y} N (X\U®(ya,B)) = 0. Then x,y € US(ya,B) and so xxy € US(ya,p) since
U€(ya,B) is a subalgebra of X. This is a contradiction. Hence X\U€(pa, ) and X\US(ya, ) are S-
energetic subsets of X for all t € [0, 1]. O

Definition 3.11. Let A = (ua, YA ) be an intutionstic fuzzy set in a Hilbert algebra X and (o, B) € Ay x Ag,
where Ay and Ag are subsets of [0,1]. Then («, 3) is called an intutionstic fuzzy anti-permeable S-value
for A = (na,va) if the following assertion is valid:

(3.8)

(¥, € X) ( xxy € LE(A, o) = pa(x) Aaly) < )

xxy € LE(A,B) = valx) Vyaly) > B
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Theorem 3.12. Let A = (pa,YA) be an intutionstic fuzzy set in a Hilbert algebra X and (o, B) € Ay X Ap,
where Ao and Ag are subsets of [0,1]. If A = (nua,YA) is an (€, €)-intutionstic fuzzy subalgebra of X, then (x, 3)
is an intutionstic fuzzy anti-permeable S-value for A = (Ha, YA ).

Proof. Let x,y,u,v € X be such that xxy € LS(pna, «) and u*xv € L(ya, B). Using Lemma 3.3, we have
HA () Apa(y) S palx*y) < o, Ya(W) Vya(v) = valuxv) > B, and thus («, ) is an intutionstic fuzzy
anti-permeable S-value for A = (pa,vA). O

Theorem 3.13. Let A = (pa,YA) be an intutionstic fuzzy set in a Hilbert algebra X and (o, B) € Ay X Ap,
where A« and Apg are subsets of [0,1]. If (o, B) is an intutionstic fuzzy anti-permeable S-value for A = (na,YA),
then the subsets L€ (pa, «) and LE(ya, B) of X are S-energetic subsets of X.

Proof. Let x,y,u,v € X be such that x *y € L§(pa, o) and u*v € LS(ya,B). Using (3.8), we have
A (X) Apa(y) < aand ya(u) Vya(v) = B, which imply that pa(x) < o or pa(y) < o, thatis, x €
LS(ua, ) ory € LS(pua, «); and ya(u) = B or ya(v) > B, thatis, u € LS(ya,B) orv e LS(ya, B). Hence
{x,ytNLE(pa, &) # 0 and {u,v}NLE(ya,B) # 0. Therefore LS(pa, ) and LE(ya, ) are S-energetic
subsets of X. O

Definition 3.14. An intutionstic fuzzy set A = (ua,va) in a Hilbert algebra X is called an (€, €)-
intutionstic fuzzy ideal of X if the following assertions are valid:

x € US(pa, ) = 1€ US(ua, x)
(vx € X) ( x € US(ya, B) = 1€ US(ya, B) )

Yy e US(ua, ) = xxy € US(na, o)
(Pxy €X] < y € US(ya, B) = x*y € US(ya, B) > (3-10)

Y1 € US(1a, ox), Y2 € US(pa, oy
Vx, Y1,y € X
(¥ y1,v2 € X) ( Y1 € US(va, Bx), Y2 € US(ya, By

(3.9)

— —

Sl eUie ho) )y
= (y1 (UZ*X))*XEUG(Y/\/BX\/ﬁy) ’

for all &, oy, &y € (0,1] and B, Bx, By € [0,1).

Theorem 3.15. An intutionstic fuzzy set A = (ua, YA ) in a Hilbert algebra X is an (€, €)-intutionstic fuzzy ideal
of Xif and only if A = (ua,YA) satisfies

AD) > 1A (x)
(VxeX)(Y 0 A(X)> (3.12)
HA (X *Y) > pa(y)
W’"“EX)< Alx#y) < A(y)>' (3.13)
tA (Y1 * (Y2 xx)) *x) = pa(y) A pnalyz)
(7%, ”“‘J?—ex)< Y1 % (W2 #%)) % x) < vay1) Vya (ua) ) (319

Proof. Assume that (3.12) is valid, and let x € US(pa, «) and u € US(ya, B) forany x,u € X, o € (0,1] and
B €0,1). Then pa(1) > pa(x) > acand ya (1) < ya(u) < B. Hence 1 € US(ua, ) and 1 € US(va, B),
and thus (3.9) is valid. Assume that (3.13) is valid, and let x,y,u,v € X such that y € US(pa, «) and
v € US(ya,B) for any « € (0,1] and B € [0,1). Then pa(x*y) > pa(y) = aand ya(uxv) <ya(v) < B.
Hence x xy € US(pna, ) and u*v € US(ya, B), and thus (3.10) is valid. Let x,y1,yz,u,v1,v2 € X be such
that y; € US(pa, &x), Y2 € US(pa, ay), vi € US(ya, Bu), and vo € US(ya, By) for all oy, oty € (0,1] and
Bu,Bv € [0,1). Then pa(y1) > ax, Ha(Yy2) = &y, Ya(V1) < By, and ya(v2) < By. It follows from (3.14)
that pa (Y1 * (Y2 *x)) xx) = pa(y) Ana(yz) = o Aoy, vallvix (vaxu)) *su) < va(vi) Vyal(vz) <
BV Byv. Hence (Y1 * (Y2 xx)) *x € US(pa, xx A ay) and (vq * (vp xu)) *u € US(ya, B V Bv). Therefore
A = (pa,YA) is an (€, €)-intutionstic fuzzy ideal of X. Conversely, let A = (pa,ya) be an (g, €)-
intutionstic fuzzy ideal of X. If there exists xo € X such that pa (1) < pa(xp), then xg € US(pa, ) and
1 ¢ US(ua, «), where o = pa(xg). This is a contradiction, and thus pa (1) > ua(x) for all x € X. If there
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exists xg € X such that ya(1) > ya(xg), then xg € US(ya,B) and 1 € US(ya,B), where B = va(xo).
This is a contradiction, and thus ya (1) < ya(x) for all x € X. If there exists xg,yo € X such that
rA(x0 *Yo) < HA(Yo), then yo € US(na,«) and xo*yo ¢ US(na, «), where o = pa(yo). This is a
contradiction, and thus pa (x xy) > pa(y) for all x,y € X. If there exists xg, yo € X such that ya (xo *yo) >
Ya(yo), then yo € US(ya,B) and xg xyo € US(ya,B), where B = ya(yo). This is a contradiction, and
thus ya(x*y) < va(y) for all x,y € X. Assume that pa((y] * (Y5 *x’)) xx') < pa(y}) Apa(yy) for
some x’,y},y5 € X. Taking o« = pa(y]) A paly)) implies that y) € US(pa, «) and y) € US(pa, ); but
(Y] * (Yp*x')) X" € US(na, «). This is a contradiction, and thus pa ((y1 * (y2*x)) xx) = pa(y1) A pa(yz)
for all x,y1,y2 € X. Suppose there exist a’, b, b} € X such that ya ((b] * (b)*a’)) xa’) > ya(b]) Vya(b)),
and take B =vya(b]) Vya(b}). Thenb] € US(ya,B), b5 € US(ya,B), and (b}« (b xa’))xa’ & US(ya,B),
which is a contradiction. Thus ya((y1 * (y2 *x)) *x) < va(y1) Vyal(yz) for all x,y1,y2 € X. Hence
A = (1a,YA) satisfies (3.14). O

Lemma 3.16. Every (€, €)-intutionstic fuzzy ideal A = (ua, YA ) of a Hilbert algebra X satisfies

HA(x) < pal(y)
(Vx,y € X) < x<y = { Yalx) > valy) > . (3.15)

Proof. Let x,y € X be such that x <y. Then x*xy =1, and thus

Ha(y) = pa(lxy)

—uA(((X*y) (x*y)) *y)
HA (X *Y) A pa(x)
—HAU)/\HA( )
= pa(x),
YA(y) =va(l*y)
=val((x*y) * (x*y)) *y)
<valx*y)Vyal(x)
=va(l)Vyalx)
=val(x). O

Theorem 3.17. If A = (pa,YA) is an (€, €)-intutionstic fuzzy ideal of a Hilbert algebra X, then the subsets
L€ (pa, o) and LE(ya, B) of X are I-energetic subsets of X.

Proof. Let x,y1,y2,u,v1,v2 € X, « € (0,1] and B € [0,1) be such that (y; * (y2 *x)) *x € LS(pa, «) and
(v1* (va*u))*u € LE(ya, B). Using Theorem 3.15, we have o > pa (Y1 * (Y2 x)) %) = pa(y1) Ara(yz),
B < vallvix(vaxu))xu) < ya(vi) Vyal(vz). It follows that pa(y;) < « or pa(yz) < «, that is,
Y1 € LS(ua, o) or yz € L€ (MA, o) and ya(vi) = B or ya(vz) = B, thatis, vi € LS(ua,y) or v2 € LE(ya, B).
Hence {y1,y2} N LS (ua, «) # 0 and {v{,v2} NLE(ya,B) # 0, and hence LS (ua, x) and LE(ya, B) are I-
energetic subsets of X. O

Theorem 3.18. If A = (1A, YA) is an intutionstic fuzzy ideal of a Hilbert algebra X, then the subsets X\U€ (pa, ot)
and X\U€ (ya, B) of X are I-energetic subsets of X whenever they are nonempty.

Proof. Assume that X\U€(pa, ) and X\U€(ya,B) are nonempty sets for all («,3) € [0,1] x [0,1]. Let
X,Y1,Y2,q, by, by such that yi * (ya *xx)) *x € X\US(pa,«) and by * (by x a)) x a € X\U(ya,B), then
o0 > pa((y1 * (Y2 #x)) *x) > min{pa (y1), na(y2)} and B < ya((by * (b2 * a)) * a) < max{ya(b1),va(b2)}
Then we have pa(y;) < « or pa(yz) < o, that is, y; € X\US(pna, o) or yo € X\U(pa, «). Hence
Y, y2} N (X\U€(na, «)) # 0. Then we get ya(by) > B or ya(bz) > B, that is, by € X\US(ya,B) or
by € X\U€(va,B). Thus {by, b2} N (X\UES(ya,B)) # 0. Therefore X\US(ua,«) and X\UE(ya,p) are
[-energetic subsets of X for all («, ) € [0,1] x [0, 1]. O



J. Princivishvamalar, N. Rajesh, M. Vanishree, J]. Math. Computer Sci., 31 (2023), 338-344 344

Definition 3.19. Let A = (1A, YA ) be an intutionstic fuzzy set in a Hilbert algebra X and (o, B) € Ay x Ag,
where Ay and Ap are subsets of [0,1]. Then («, ) is called an intutionstic fuzzy permeable I-value for
A = (na,vA) if the following assertion is valid:

(Y1 (Y2 %)) xx € U (na, o) = pa(y1) Vualy) 2 «
e €30 (L U B) S A Al <5 ) (3160

Lemma 3.20. If an intutionstic fuzzy set A = (ua,YA) in a Hilbert algebra X satisfies the condition of (3.7), then

e (2w ) 617

Proof. Straightforward. O

Theorem 3.21. Let A = (na,YA) be an intutionstic fuzzy set in a Hilbert algebra X and (o, ) € Ag X Ag,
where Ao and Ag are subsets of [0,1]. If («, B) is an intutionstic fuzzy permeable I-value for A = (A, YA ), then
the subsets US (ua, «) and US(ya, B) of X are I-energetic subsets of X.

Proof. Let x,y1,y2,u,vi,v2 € X and (&, ) € Ay x Ag, where Ay and Ap are subsets of [0,1] such that
(Y1 * (Y2 xx)) xx € US(na, o) and (vq * (vaxu)) xu € US(ya, B). Because (e, ) is an intutionstic fuzzy
permeable I-value for A = (pa,va), it follows from (3.16) that pa(y1) V pa(yz) > « and ya(vi) A
Ya(v2) < B. Hence pa (y1) > « or pa(yz) > «, that is, y; € US(na, o) or yo € US(pna, «) and ya(v1) < B
or Ya(v2) < B, that is, vi € US(ya,B) or vo € US(ya,B). Hence {y1,y2} NU(ua, ) # 0 and {vi,v2} N
US(ya,B) # 0, and US(pa, «) and US(ya, B) of X are I-energetic subsets of X. O
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