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Abstract

In this paper, we study the pairwise open sets in the fuzzifying bitopological spaces and obtain new results. Also, we
investigate of separation axioms in the fuzzifying bitopological spaces and obtain important results. Furthermore, we introduce
and study new strongly pairwise axioms in the fuzzifying bitopological spaces.
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1. Introduction

The study of bitopological spaces was first initiated by Kelley [4] in 1963. In 1991-1993 [7-9], Ying
studied the basic concepts of the fuzzifying topological spaces (briefly, FISs) using the fuzzy logic. In
1993 Shen [6] introduced and studied the separation axioms in the FTSs.

In 2003 Zhang et al. [10], defined the fuzzifying bitopological spaces (briefly, FBTSs) and studied more
concepts in this subject. In 2007 Kilicman et al. [5], continued the study of bitopological separation axioms
which introduced by Kelley. In 2020, Allam et al. [1], introduced and investigated the separation axioms
in the FBTSs.

In 2019-2020 Al-Shami et al [2, 3], studied and investigated different types of separation axioms in soft
topology (consider as an extension of fuzzy topology).

This paper is presented as follows. In Section 3, the pairwise open sets in the FBTSs were studied and
some of new results between pairwise closure and pairwise interior operators were obtained. In Section
4, some important results regarding a pairwise normality, a weakly pairwise normality and a pairwise
regularity in the FBTSs were obtained. In Section 5, the concept of a new strongly pairwise axioms in the
FBTSs was introduced and studied. Finally, in Section 6 a conclusion is given.
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2. Preliminaries

Definition 2.1 ([7]). Let X be a universe of discourse. ¢ € J(P(X)) is called a fuzzifying topology, if

(1) ¢(X) =1and ¢(0) =
(2) VO,G e P(X), (0N G) > ((0)AL(G);

(3) forany {Ox: A € AL C( U Oa) = A C(Oy).
AEA AEA

Then (X, () is called a FTS.

Definition 2.2 ([7]). Let (X, ¢) be a FTS. The family of all fuzzifying closed sets “F” is defined as F(D) =
(X~ D), where X ~ D is the complement of D.

Definition 2.3 ([7]). Let (X, ¢) be a FTS. The fuzzifying closure (interior) operator "o” ( "1, is defined as
w0 = A (1-5(6), ({0IW = V. )

x¢G2O0 x€GCO
Definition 2.4 ([10]). Let (X, (1) and (X, (o) be two FISs. A system (X, (3, () is called a FBTS.

Definition 2.5 ([1]). Let (X, {1, () be a FBTS.

(1) The family of all fuzzifying pairwise open sets "OP” is defined as OP (Q) = min((;(Q), ¢2(Q)).
(2) The family of all fuzzifying pairwise closed "FP” is defined as J7(G) = OP (X ~ G).

Lemma 2.6 ([1]). Let (X, (1, () be a FBTS. Then FP(G) = min(F71(G), F2(G)).

Lemma 2.7 ([1]). Let (X, (1, () be a FBTS. Then

(1) ’: Op — Ci/ i= 1/2;

Q) TP —F,i=12

Definition 2.8 ([1]). Let p be the class of all FBTSs. The unary fuzzy predicates Tl(\li’j), WT](\li’j) J(p)

(pairwise normality axioms and pairwise weakly normality axioms), T,g: A) T]%’” € J(y), and T](;’]) € J(p)

(pairwise regularity axioms) are defined as follows respectively:

(1) (X, ¢, 0) € TT(\,i’j) =VOVG(0 e FENG e FHA0NG =0 —3QID(Qe GAD e ANOCDAGC
QAQND =0);

@) (X,4,G) € WT{ = VOVG(O € FPAG € FPAONG = — 3IQID(Q € LAD € G AO
DAGCQAQND =0);

(3) (X, 01, ) e T :=vxvQ(x € XAQ € FyAx ¢ Q — 30(0 € NL Ag;(0)NQ =0));
@) (X, 4, 0) eT“’” '—VxVQ(XEX/\Q €FjAx¢g Q—30(0 e NLAGi(0)NQ=0));
6) (X, G, 0) €Ty () = (X, 1, Q) € Ty, CDAX, G, 0) € T](q?j)-

N

3. Pairwise open sets in FBTSs
Theorem 3.1. Let (X, (1, () be a FBTS. Then (X, OP) is the FTS.
Proof.
(1) Clearly OP(X) =1 and OP(0) = 1.
(2) Let Q1, Q2 € OP, then
OP(Q1NQ2) = G1(Q1 N Q2) A G2(Q1N Q2)

> (G(Q1) A G (Q2)) A (C2(Q1) A 2(Q2))
= (G(Q) A %(Q1)) A (G1(Q2) A 2(Q2)) = OP(Q1) A OP(Q2).
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(3) Let{Dj :1i € I} be a family of pairwise open sets (i.e., D; € OP, Vi € I), then
(Do =alpoAalUDd) = (A ad)) A (A aD) = A (QDi)Akd)) = A 0P(D;
i€l iel iel i€l iel i€l iel

O

Definition 3.2. Let (X, (;, () be a FBTS and O C X. The fuzzifying pairwise closure operator "oP” is

defined as a?(0)(x) = A (1—FP(D)).
x¢DDO

Theorem 3.3. Let (X, () be a FTS. Then oP(0)(x) = A (1—min(1(Q), &2(Q))).
x€Q,QNO=0

Proof.
?0)x)= A (1-9°D)= A (1-min(F (D) F2(D)))
x¢DDO x¢DDO

- A (1—min (g (X ~ D), (X ~ D))

xEX~D,X~DNO=0

— /\ (1—min (G1(Q), &2(Q))).

x€Q,QNO=0
O

Definition 3.4. Let (X, (1, (2) be a FBTS and O C X. The fuzzifying pairwise interior ”"tP” is defined as
PO)(x) =V 0Op(G).

xeGCO
Theorem 3.5. Let (X, (1, () be a FBTS and O C X. Then oP(0O) = X~ (P(X ~ O).

Proof. From Theorem 3.3, we have

?(O)x)= A (1-min(&1(Q),(Q) =1— |/ min(G(Q),&(Q)) =1—P(X~0)(x).

x€Q,QNO=0 x€EQCX~0

Theorem 3.6. Let (X, (1, () be a FBTS and O C X. Then

(1) 01(0) < 0oP(0),1=1,2;
(2) P(0) £ y(0),i=1,2.

Proof.

(1) From Lemma 2.7, we have

?O)x)= A\ (1-3°MD)> A (1-F(D))=cn(0)x).

x¢DDO x¢DDO

By the same way, we can prove o (O)(x) > 02(0)(x), Vx € X.

(2) From Theorem 3.5 and (1) above, we have

P(O)(x) =1—0P(X~0)(x) <1—0i(X~0)(x), (Where 1=1,2) = ;(0)(x).
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From Theorem 3.6, we can have the following theorem.

Theorem 3.7. Let (X, (1, () be a FBTS and O C X. Then

(1) 01(0) A 02(0) < 0P (0);

(2) P(0) < u(0O)Ar(0).

Proof. 1t is clear. O

The following example shows that:

(1) 01(0) A 02(0) # 0P (0);
@) (0) # u(0) A 12(0).

Example 3.8. Let X = {s,t,w}, B ={s}, D = {t,w} and (3, {» be two fuzzifying topologies on X defined as
follow:

1/4, if O € {{w},{t, w}}, 1/4, if O € {{s},{s, t}},

1, if O €{0,X,{s},{s,w}}, 1, if O € {0, X,{t},{s,w}},
G1(0) = { 2(0) = {
0, if O e {{t},{s, t}}, 0, if O € {{w},{t,w}.

We can easily note that,

1, if O e{0,X{t){t,w), 1, if O e{0,X{t){s,w},
F1(0) 1/4, if O € {{s},{s, t}}, F2(0) =< 1/4, if O € {{w},{t, w}},
0, if O e{{wl{swi, 0, if O e{lsh{s t}},

and
1, if O €{0,X,{s,w}}, 1, if O € {0, X,{t}},
OP(0) =< 1/4, if O ={s}, FP0)={ 1/4, if O ={t, ),
0, 0.W., 0, O.W..
We have o4(B) = {(s,1), (t,3/4), (w,3/4) } 02(B) {(s,l (w,1)} and o (B) = { t (t,1), (w,1)}.
Also, 11(D) = {(s 0) (t 1/4) (w, 1/4 } { s,0),(t,1), (w, 0 )} and P (D :{ 5,0),(t,0),(w,0)} =0.
Therefore o1(B) ={(s,1), (w, 3/4 } # oP(B) and 1 (D) Aw(D) = {(s,0), t 1/4 (w,0)} £

P(D).

4. The pairwise normality and the pairwise regularity axioms in FBTSs

Theorem 4.1. Let (X, (1, (z) be a FBTS. Then = (X, &, G) € TW) «— YMYG(M € GAG € F;AGC M —
IQIK(Q e LAKEFAGC QCKC M)

Proof. To simplify, we put 0O¢ =X~ 0,D¢ =X~ D,

oNnG=0 QND=0,0CD,GCQ

= /\ min (1,1—min (¢i(0°), F5(G)) + \/ min (Ci(Q)/?j(Dc))>
GCOc QCD¢,DeCO,GCQ

= /\ min (1,1 —min (;(M), F(G)) + \/ min (Ci(Q),?j(K))>
GCM QCK,KCM,GCQ

= A min (1,1-min (G(M),5(6) + |/ min (&(Q),F;(K)).
GCM GCQCKCM
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Remark 4.2. Note that in Theorem 4.1, if G = M, then G = Q = K = M. Thus min (1,1 — min (Ci(M),
F;(G)) +min (& (Q), F; (K))> = 1. Therefore, we can define

(X, G, Q) € Tl(\li'j)] = /\ min (1, 1—min (¢;(M), F5(G)) + \/ min (i (Q), F; (K)))~
GCM GCQCKCM
The following example illustrates the Remark 4.2.
Example 4.3. Let X = {s,t,w}, and (;, (» be two fuzzifying topologies on X defined as follows:
1, if 0 € {0,X}, 1, if O €{0,X},
(1(0) =< 3/4, if O=/{s,t}, G(0) =< 1/3, if O ={t,w},

0, if ow,, 0, if ow,,

1, if O e{0,X], 1, if O e{0,X},
F1(0) =19 3/4, it O ={w}, F2(0) =4 1/3, if O ={s},
0, if o.w,, 0, if o.w..

Taking G = {s} and M = {s, t}, we have

X, e T = A min(L1-min(G(M),56)+ |/ min(G(Q),%(K)) =2/3.

GCcM GCQCKCM

Theorem 4.4. Let (X, (1, () be a FBTS. Then = (X, (1, 0) € T «— YMYG(M € OP AG € FP AG C
M —3QIK(Q e tAKeF;AGC QCKC M)

Proof. To simplify, we put O¢ =X~ 0,D¢ =X~ D,

(X0, G) e “Ty 1= A\ min(l,l—min(fr'“p(O),fr'“p(G))—i— \ min(Ci(Q),Cj(D)))

oNnG=>0 QND=p,0CD,GCQ

= A\ min (1,1—min (07(0%),57(G)) + \/ min (¢:(Q), (D))
GCOc QCD¢,DeCO,GCQ

- A min(l,l—min(OP(M),?p(G))+ \/ min(Ci(Q),S’j(K)))
GCM QCK,KCM,GCQ

= A min(1,1-min (0"(M),5°(@) + \/  min(G(Q),T(K)).
GCM GCQCKCM

Remark 4.5. From Remark 4.2, we have

[(X, (1, Q) € WT](\Ji’j)} = /\ min (1,l—min (OP (M), FP(G)) + \/ min (Ci(Q),?j(K))).

GcM GCQCKCM
Theorem 4.6. Let (X, (1, (o) be a FBTS. Then
= (X, 01, G) € TR — YxvH(x € XAH € G Ax € H—30(0 € (i Ax € O C 05(0) € H)).

Proof.

%0,0) e T = A min (1L,1-5(Q+ \/ min(NL(0), A (1-05(0)v)))

x€Q O€eP(X) yeq
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= /\ mm<11 G(X~Q)+ \/ mln N1 /\ (1—Uj(O)(y))))

xEX~Q OeP(X ng“Q
= A\ min (11— \/ min ( \/ (), A\ (1—-0;(0)w))
X€H 0O€eP(X x€EGCO y&H
min (1 1—Gi(H)+ \/ min (& (G), /\ (1—0]'(0)(9))))
er 0O€P(X) x€GCO y¢H
= A min(11-¢ V  min(G(6), A (1-0(0)w))
x€H OeP(X),xeGQO y¢H
= A\ min(11-¢ \V  min (G0}, A\ (1-05(0)(v)));
x€H OeP(X),er y¢H
O
Theorem 4.7. Let (X, (q,(p) be a FBTS. Then
= (X, 4, 0) € T]g‘;ﬂ s VxVH(x € XAH e G Ax e H—30(0 € i Ax € 0 Cai(0) CH)).
Proof. 1t is similar to the proof of Theorem 4.6. O

5. New strongly separation axioms in FBTSs
Now, a new strongly form of pairwise regular FBTS will be defined and studied.

Definition 5.1. Let p be the class of all FBTSs. The unary fuzzy predicates ST](;i’j), ST]({:’j) € J(p) and

ST]gi’j) € J(p) (pairwise strongly regularity axioms) are defined as follows, respectively,

(1) (X, ¢, G) € °Ty (1) :=VxVH(x € XAH € ¢ Ax e H—30(0 € (i Ax € O CaP(0) C H));

(2) (X,G1,0) € ST ” _VXVH(X eXAHe AxeH—30(0 € Axe O CoP(0)CH));

(3) (X, 01, G) € °Ty ) = (X,0, ) € T AX G, G) € ST,

Theorem 5.2. Let (X, (1, () be a FBTS. Then

M) E X&) e T — (Xq,6) e TR

@) E XG0 e Ty — X 6,0 e Ty

B) F X&) e T — (X4, 0) e TR

Proof. From Theorem 3.6, it is obvious. 0
The following example shows that in general the reverse of Theorem 5.2 need not be true.

Example 5.3. Let X = {s,t,w} and (3, ; be two fuzzifying topologies defined as follows:

1, if O €{0,X,{s,t}}, 1, if O €{0,X},
2(0) =

G(0)=< 1/4, it O ={w}, 1/3, if O € {{w},{s, t}},

0, 0.W., 0, 0.W..

Note that,

1, if O €{0,X,{w}}, 1, if O €{0,X},
?1(0) = { 1/4/ it O :{S/t}/ SFZ(O) = { ]-/3/ if O € {{W}I{slt}}l

0, 0.W., 0, 0.W..
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Thus

1, if O €{0,X},
1/3, if O ={w}
1/4, if O ={s,t},
0, 0.W..

FP(0) =

Since [(X, (1, () € T,(zli’z)] = A min (1,1 —Gi(H) + \V min (¢;(0), A (1— Gj(O)(y)))>, we have

x€eH O€eP(X),xeO y¢H

two cases to determine H as follows.

Case 1:
Case 2:

H={w},x =w, and O = {w}.

(1) H={s,t}, x =s,and O = {s, t};

(2) H={s,t}, x=1t,and O ={s, t}.
Note that, o1({w}) = {(s,0),(t,0), (w, 1)}, o1({s,t}) = {(s,1),(t,1), (w,3/4)}, o2({w}) = {(s,2/3),(t,2/3),
(W/ 1)}/ 02({31 t}) - {(SI 1)/ (t/ 1)/ (W/ 2/3)}1 and o? ({W}) = {(S/ 2/3)1 (t, 2/3)/ (Wr 1)}/ oP ({S, t}) - {(S, 1)/ (t/ 1)/
(w,3/4)}. Thus [(X, G, &) € Tp 21 =1/3, [(X, G, &2) € T = 11/12. Also, we have [(X, (1, &) € ST”)]

=1/4,[(X, 01, C2) € ST = 11/12. Therefore [(X, 1, C2) € {1 =1/3 £ 1/4 = [(X, &1, &) € STl

6. Conclusion

In the present paper, we introduced a generalization of pairwise separation axioms in the fuzzifying
bitopological spaces, also, we introduced and studied new strongly pairwise axioms in the fuzzifying
bitopological spaces. In the future, we hope study these axioms in the fuzzifying soft bitopological spaces
and its applications.
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