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Abstract

Using Hyers’ direct method, we introduced and proved generalized Ulam-Hyers stability of n-dimensional mixed-type
quadratic and cubic functional equation of the form

Zf (ini) = (%76) <Zf(xi)+Zf(—xi)> + (%) Z f(xi +x5)
=1 \j=1 i=1 i=1

1<i<j<n
n—8 —n2+4n\ & —n?2+8n-8)\ &
S(050) 5 e (Y $ s () $ o,
1<i<jgn i=1 i=1

where

in Banach space.
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1. Introduction

A classic question in functional equation theory is “Is a function that approximately satisfies the
functional equation e necessarily close to the exact solution €? If the problem accepts a solution, one
can say the equation e is stable. The concept of stability of a functional equation arises when we replace
the functional equation with an inequality which acts as a perturbation of the equation. The question
of stability is as follows: how does the solution of the inequality differ from the solution of the given
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the functional equation? In the fall of 1940, Ulam [50] gave a major talk at the University of Wisconsin
Mathematics Symposium in which he discussed many important open problems. These include the
following questions about homomorphic stability.

Let (Gy, %) be a group and let (G, ¢, d) be a metric group with the metric d(.,.). Given € > 0, does
there exists 5(€) > 0 such that if h: Gy — G satisfies the inequality

d(h(x*xy),h(x)oh(y)) <o, Vxvyce€Gy,

then there is a homomorphism H : G; — G, with d(h(x), H(x)) < e for all x € Gj.

If the answer is yes, the homomorphic functional equation is said to be stable. The following year,
Hyers [13] answered this question for additive groups in the affirmative, assuming the group is a Banach
space. He did a great job answering Ulam’s question about the circumstances under which G; and G, are
assumed to be Banach spaces. Hyers’ results are expressed as follows.

Theorem 1.1. Let f: E; — E; be a function between Banach spaces such that
[fx+y) —f(x) = f(y)l| < e (1.1)
forall x,y € Ey and € > 0 is a constant. Then the limit

A(x) = lim 27"f(2™x) (1.2)

n—o00

exists for each x € By and A : €1 — Ey is unique additive mapping satisfying
Ifx) =A< e
for all x € Eq. Moreover, if f(tx) is continuous in t for each fixed x € Eq, then the function A is linear.

Given this well-known result, the additive equation of the Cauchy function f(x +y) = f(x) + f(y) is
said to be Hyers-Ulam stable on (Eq, Ey) if a certain every function f : E; — E; of a particular e > 0 and
of all the inequalities (1.1) of x,y € E; has an additive function A : E; — E; makes f — A bounded by
Ei. The method in (1.2) provided by Hyers which produces the additive function A will be called the
direct method. This method is the most important and powerful tool for studying the stability of various
functional equations. Stability results for Hyers functions similar to unlimited Cauchy differences can be
displayed. Aoki (1950) [4] first generalized Hyers’ theorem for unlimited Cauchy differences with sums of
norms ||x||” + |ly||P. Rassias found the results [35] in 1978 and proved a generalization of Hyers’ theorem
for additive maps. This stability result is called Hyers-Ulam-Rassias stability or Hyers-Ulam-Aoki-Rassias
stability of the functional equation.

In 1982, Rassias [36] developed an innovative approach following Rassias’ theorem [35], where he
substitutes the factor ||x||P + [[y||P by ||x||” [[y||* with p+ q # 1. Later this stability result was called
Ulam-Gavruta-Rassias stability of functional equation. This stability result was later called stability of
the equation of the Ulam-Gavruta-Rassias function. At the 27 International symposium on functional
equations in 1990, Rassias raised the question whether such theorem in [38] can also prove that the value
of p is greater than or equal to 1 . In 1991, Gajda [11] provided an affirmative solution to Rassias’
question for p strictly greater than one. In 1994, Rassias’ Theorem [35] was further generalized by P.
Gévruta [12], substituted the bound e (||x||P + ||y||P) via the general control function ¢(x,y). This stability
result is called the generalized Hyers-Ulam-Rassias stability of the functional equation. In the sprit of
Rassias approach, Ravi et al. [46] considered the sum of the sum and the product of two p-norms, called
the Rassias Stability. The problem of the stability of various functional and differential equations has
been studied in detail by many authors, and there are many interesting results on this problem (see
[1,2,8,9,21-25,29-31, 33, 34, 37, 46, 49, 51]) and references therein quoted.

The functional equation

f(x+y)+flx—y)=2f(x)+2f(y) (1.3)
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2 is a solution of the

is said to be quadratic functional equation because the quadratic function f(x) = ax
functional equation (1.3).

Rassias [41] introduced a cubic functional equation
c(x+2y)+3c(x) =3c(x+y) +c(x—y) +6¢c(y)

and investigated its Ulam stability problem. Also Jun and Kim [16] discussed the generalized Hyers-
Ulam-Rassias stability of a cubic functional equation of the form

f2x +y) +f(2x —y) = 2f(x +y) + 2f(x —y) + 12f(x). (1.4)

More recently, Karthikeyan et al., introduced and established the general Ulam-Hyers stability of
mixed-type functional equations in various spaces [5, 26, 27] and cited references therein.

In this paper, the authors established generalized Ulam-Hyers stability of n-dimensional mixed type
quadratic and cubic functional equation of the form

if (iw) = <n;6> (Z f(xi)'i‘if(—xi)) + (g) > i)

i=1 j=1 i=1 i=1 1<igign
n—_§8 —n24+4n)
) T e () F g 0o
1<igjsn i=1
—n?+8n—38
< ) >Zf(_le)/
i=1

where

x--—{ —xj, ifi=j,
4 x5, ifi#i,
in Banach space using Hyers’ direct method.

In Section 2, the authors discussed the general solution of the functional equation (1.5). The general-
ized Ulam-Hyers stability of the functional equation (1.5) is presented in Section 3.

2. General solution of the functional equation (1.5)

In this section, the authors investigate the general solution of the mixed type functional equation (1.5).
Through out this section let us consider X and Y be real vector spaces.

Theorem 2.1. Let f: X — Y be an odd function, it satisfies the functional equation (1.5) for all x1,%2,...,xn € X
if and only if f : X — Y satisfies the functional equation (1.4) for all x,y € X.

Proof. Since f is an odd function, one can deduce from (1.5) that
n

Zf(zxﬁ) (ZXI)H > tbatg) - Py
i=1 j=1

1<igisn i=1

for all x1,%z,...,xn € X. The rest of the proof for this theorem can be derived from Theorem 2.1in [7]. [

Theorem 2.2. Let f : X — Y be an even function, it satisfies the functional equation (1.5) for all x1,%2,...,xXn € X
if and only if f : X — Y satisfies the functional equation

fi(x+y)+ f(x —y) = 2f(x) + 2f(y)

forall x,y € X.
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Proof. Since f is an even function, one can deduce from (1.5) that

n

Zf (inj) = (—n2+6n—4)Zf(xi)+(n—4) Z f(xierj)
i=1  \j=1

i=1 1<i<jgn

for all xq,%z,...,xn € X. The rest of the proof for this theorem can be derived from Theorem 2.1 in [6]. O

3. Stability results: Hyers’ direct method

In this section, we presented the generalized Ulam-Hyers stability of the functional equation (1.5)
using Hyers” direct method.

Through out this section, let X be a normed space and Y be a Banach space. Define a mapping
Df: X = Y by

n n

D f(Xl,Xz,...,Xn) :Zf Xy | — (Tl;6> (Z f(Xi)—FZf(—Xi))
i=1 1 i=1 i=1

j=

-8
_ <%) Z f(Xi—i-X)')— (nZ) Z f(—Xi—X]‘)
1<i<j<n 1<i<j<n
n

— <_1128+4n> Z f(2x;) — <—nz+88n—8> Zf(_zxi)
i=1 i=1

for all x1,x2,...,xn € X. Hereafter throughout this paper let us take A =n —2.

3.1. Stability results: even case
In this subsection, the authors discuss the Ulam-Hyers stability results of a quadratic functional equa-
tion (1.5) using Hyers” direct method in Banach spaces.

Theorem 3.1. Let j € {—1,1}. Let & : X™ — [0, 00) be a function such that }_

S(Aijl,/\kj X2,y AT xn)
yviS] converges
k=0
to R and
¥ (A¥x, A%y, ..., AW
et — AT ) oo G.1)
forall x1,%2,%3,...,%xn € Xand let f4 : X — Y be an even function that satisfies the inequality
HD fq(X1/X2/”~/XTL)H <8(X1,X2,...,Xn) (32)
or all x1,%2,%X3,...,%Xn € X. Then there exists a unique guadratic function Q : X — Y such that
que q
— B(AYx)
”fq(x) - Q(X)H < Z A2 7 (33)
-
where ,
B(AYX) = Wf)(/\iix, AYx, ..., AYx)
forall x € X. The mapping Q(x) is defined by
fq (AN
Q(x) = lim aAX (3.4)

k—oo  AZK)

forall x € X.



S. Karthikeyan, et al. , J. Math. Computer Sci., 31 (2023), 214-224 218

Proof. Assume j = 1. Since f is an even function, replacing (x1,X2,...,xn) by (x,%,...,x) and dividing by
A2, we get

fq(Ax 1
qf\z )—fq x| < W%(x,x,...,x) (3.5)
for all x € X. Letting (x) = ni\zﬁ(x, X,...,x) in (3.5), we arrive at
fq(Ax)
‘ g . —fqlx H (3.6)

for all x € X. Replacing x by Ax in (3.6) and dividing by A2, we get

fq(A%x)  fq(Ax) B(Ax)
— <
A4 A2 SN2
for all x € X. Combining (3.6) and (3.7), we obtain

2
f“(AAj‘) —fq(x)H < {ﬁ (x) + B(A/}")]

for all x € X . Using induction on a positive integer k, we obtain that
k—1 00 i
fq(A*x) B (AT B (AT
ol | < 3 B2 < 5 B 33)

i=0 i=0
for all x € X. In order to prove the convergence of the sequence {

(3.7)

q(ARx) , m
2K , replacing x by A™x and
dividing by A?™ in (3.8), for any m, k > 0, we arrive at

k—1 i o 24+m
B (AIA™X) B (A*™x)
< Z A2i+2m Z /\21+2m (3‘9)

i=0

H fq(/\k/\mx) fq(A™x) (AT

B B H fq(AKA™X)
A2k+2m A2m -

/\2k

for all x € X. Since the right hand side of the inequality (3.9) tends to 0 as m — oo, the sequence

Kk
{qu\ka)} is a Cauchy sequence. Since Y is complete, there exists a mapping Q : X — Y such that
L fq(ARY)
Q(X)—]}l_l;l’olo Ak vV x € X

Letting k — oo in (3.8), we see that (3.3) holds for all x € X. Now we need to prove Q satisfies (1.5),
replacing (x1,%2,...,%n) by (A*xq, A¥xp, ..., A¥xy) and dividing by A?* in (3.2), we arrive at
3 (/\kx1, Akxo, ., /\kxn)

A2k

~ax [P (AR, A%, .. AR ) || <
for all x1,x%,...,xn € X. Hence we get
D Q (A%x1, A¥a, ..., A¥xq) || = 0.

Hence Q satisfies (1.5) for all x1,x,...,xn € X. In order to prove Q is unique, let Q’(x) be another
quadratic mapping satisfying (3.3) and (1.5). Then

1
|1Q(x) —Q'(x)|| = ATk | Q(A*X) — Q" (A*x)|

1

< s QAR — g (A )| + [[f4 (A%) = Q"(A*)[[ } < Z /\2 o~ 0asn oo

for all x € X. Hence Q is unique.
For j = —1, we can prove the similar stability result. Hence completes the proof. O
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The following corollary is an immediate consequence of Theorem 3.1 concerning the stability of (1.5).
Corollary 3.2. Let A and s be nonnegative real numbers. If an even function f : X — Y satisfies the inequality
A,
n
A S Il s#2,
i=1

Dfgq(x1,%2,...,% < L
” q( 1, X2 n)” }\{l—[ ||Xi|s}, 87&%,
1i1 "

A {‘n Iealls + 3 ||xi||“8}, S# %

i=1 i=1

forall x1,%a,...,xn € X, then there exists a unique quadratic function Q : X — Y such that

A
n(AZ2-1)
Nl
a0~ QU < § Myl
A2 — AR
A+ 1) ™
AT A

forallx € X.

3.2. Stability results: odd case

In this subsection, the authors discuss the Ulam-Hyers stability results of a cubic functional equation
(1.5) using Hyers’ direct method in Banach spaces.

o0 kj kj kj
Theorem 3.3. Let j € {—1,1}. Let ¥ : X™ — [0, 00) be a function such that )_ 9(ntxn T)L:f """ nxn) converges to
k=0
R and
D (MYx, nMx,, ..., nM
lim 200, ) (3.10)
k—o0 le]

forall x1,%2,%3,...,xn € Xand let f. : X — Y be an odd function that satisfies the inequality
IID fe(x1,%x2,%3, ..., xn)|| <O (x1,%2,-.,%n)

forall x1,%2,%3,...,xn € X. Then there exists a unique cubic function C : X — Y such that

[fex)—CI < ) (p(TgZ.X) (3.11)

forall x € X. The mapping C(x) is defined by

C(x) = lim fe (k9]

PAEE (312)

forall x € X.
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Proof. Assume j = 1. Since f is an odd function, replacing (x1,x2,...,%xn) by (x,%,...,x) and dividing by
(n—6)n?, we get

fe(nx) 1
— < —m - . .
‘ n3 fC (X) H ~ (n* 6)113-8()(/ X/ IX) (3 13)
Letting @(x) = (nfw%(x,x, ...,x)in (3.13) we get
fe(nx)
20—t < @) (3.14)
n

for all x € X. Setting x by nx in (3.14) and dividing by n3, we get

fe(n®x) femx)|| _ @ (nx)

‘ 6 3 ||S e (3.15)
for all x € X. Combining (3.14) and (3.15), we obtain
f 2
Xt < [cp 0+ 2 ff;")} (3.16)
for all x € X . Using induction on a positive integer k, we obtain that
k—1 i 00 i
fe(n*x) o (n'x) _ 3= @ (n'y)
‘ ok fe(x)|| < Z 3t S Z ot (3.17)
i=0 i=0
fe(n*x) :
for all x € X. In order to prove the convergence of the sequence ¢ ——— ¢, replacing x by n™x and

dividing by n®™ in (3.16), for any m,k > 0, we arrive at

k—1
fe(nknmv) Cfem™x)|| 1 fe(n*n™mx) o] < Z @ (n'n™x) i @ ( trmy) (3.18)
30crm) wBm || T em nem ¢ S RETCEERY R Tetem) @
i=0 i=0

for all x € X. Since the right hand side of the inequality (3.18) tends to 0 as m — oo, the sequence

k
{fc:;kx) } is a Cauchy sequence. Since Y is complete, there exists a mapping C : X — Y such that
L fe(nkx)

C(X)—kh_{r;o T, YV x e X

Letting k — oo in (3.17), we see that (3.11) holds for all x € X. In order to prove C satisfies (1.5) and it is
unique the proof is similar to that of Theorem 3.1. O

The following corollary is an immediate consequence of Theorem 3.3 concerning the stability of (1.5).

Corollary 3.4. Let n and s be nonnegative real numbers. If an odd function f : X — Y satisfies the inequality

A,
n
A kil s #3,
i=1
n
||ch(X],X2,. . .,Xn)H < A H ||Xi||s, S 7& %
i=1
n n 3
A { LT Iill®+ > IIXiII“S} , SFE =
i=1 i=1
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forall x1,%2,...,xn in X, then there exists a unique cubic function C : X — Y such that

I, S
m—6)m3 -1/
nA[x|[®
-6 3 _ s’
e —Coal < ¢ g™
(n—6)n3 —nns|’
(4 1)A[[x||™s

(n—6)n® —nns|’

forallx € X.

3.3. Stability results: mixed case

This subsection deals with the Ulam-Hyers stability results of quadratic-cubic mixed type functional
equation (1.5) using Hyers” direct method in Banach spaces.

Theorem 3.5. Letj € {—1,1}and d : X™ — [0, 0o) be a function that satisfies (3.1) and (3.10) for all x1,X2, ..., Xn €
X. Let f: X = Y be a function satisfies the inequality

”D f(XLXZ/- . -/Xn)H < 8 (X1/X2/- . -;Xn)

forall x1,%a,...,xn € X. Then there exists a unique quadratic function Q : X — Y and a unique cubic function

C: X = Y such that
— [ B(AYx) B(—AYx) — [ @mYx) @(-nx)
5 (B B) o 5 (el 2oy

i=0 1=0

1£x) — Clx) — Q)| < 1{

2
forall x € X. The mappings C(x) and Q(x) are respectively defined in (3.12) and (3.4) for all x € X.
Proof. Let fq(x) = %{f (x) +f (—x)} for all x € X. Then fq (0) =0, fq (x) = fq (—x). Hence
IDfq (x1,%2, ..., xn)|| = %{HDf (x1,%2, -+, %n) + Df (—x1, —x2, ..., —xn ) ||}
< S IDF (et %2, x| IDF (1,3, =)}
< %{8 (X1, X2, .., Xn) + 9 (—x1, —X2, ..., —Xn )}
for all x € X. Hence from Theorem 3.1, there exits a unique quadratic function Q : X — Y such that

Ifq(x) — Q)| < % {Z (B(AA;X) + m@?”)} (3.19)

i=0

for all x € X. Again f.(x) = ;{f (x) —f (—x)} for all x € X. Then f. (0) =0, f. (x) = —f. (—x). Hence

1
Hch (X1/X2/ oo /XTL)H = E {HDf (X1/X2/ .. ~1XTL) + Df (_Xll_XZI ey _Xn)H}
1
< E {HDf (X1/X2/ .. -/XTL)H + HDf (_xll —X2,. .. /_XTL)H}

1
< 5{8 (X1/X2/' . -/Xn) +9 (_Xli_XZ/ .. -/_XTL)}
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for all x € X. Hence from Theorem 3.3, there exits a unique cubic function C : X — Y such that

Ifelx) — Ol < 5 {Z (B + w;ﬁ:”)} (3.20

i=0

for all x € X. Since f (x) = fq (x) + f (x), then it follows from (3.19) and (3.20) that

[f(x) — C(x) = Q)| = [[fq(x) +fe(x) — C(x) — Q] ||
< [Ifg(x) = QO + [[fe (x) = Clx) |

1|« (BAYX)  B(-AUx)\ « [(enVx) @(-nx)
<2{;)< A21 T A2 )""Z( n3ij + n3ij )}

i=0

for all x € X. Hence it completes the proof. O

The following corollary is an immediate consequence of Theorem 3.5 concerning the stability of (1.5).

Corollary 3.6. Let A and s be nonnegative real numbers. If a function f : X — Y satisfies the inequality

A,
n

A Il s#1lands # 3,
i=1
n

IDFCa X2 xn ) <4 TT Il s#Lands# 2,

i - 1 3

A { [T Ixill*+ X ||Xi||“s}, s#ands# 3,

i=1 iz

for all x1,%a,...,xn in X, then there exists a unique quadratic function Q : X — Y and a unique cubic function
C: X = Y such that

A ! b
(m—6m*—1] " n{A2-1))"
n 1
N n e,
_ _ (n—6)n® —ns| |/\2—AS|)
IF(x) — C(x) — Q)| < 1 . s
(=@ —nms| " Az As)
1 1 n
(n+ 1A <(n6)|n3nns| + n|/\2/\n5|> [Ix[I™s,

forallx € X.

4. Conclusion

This article has proved the Hyers-Ulam, Hyers-Ulam-Rassias, generalized Hyers-Ulam-Rassias, and
Rassias stability results of the quadratic functional equation, the cubic functional equation, and the
quadratic-cubic mixed type functional equation in Banach space.
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